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Introduction 


Abdus Salam is one of the leading theoretical physicists of his generation. His 
275 published papers span a huge range and contain many seminal contributions. 
It is quite impossible to include all the important papers in a single volume. As 
editors, we have had to make very difficult choices, omitting many papers that we 
would have wished to accommodate. We have tried to include representatives of all 
the different periods of his work and all the different fields to which he contributed, 
though inevitably some are better represented than others. 

The papers appear in roughly chronological order, but they have been grouped 
into five broad sections, each representing a different major strand in his work. 

Abdus Salam was born in Jhang, now in Pakistan, one of the least developed 
areas of a developing country. Before leaving for England, his name was already a 
legend in his home country as, in the fierce competition of pre-partition India, he 
passed every examination at Punjab University, Lahore with the creation of a new 
record. 

Salam came to Cambridge in 1946. Following a brilliant undergraduate career, 
he began research in the Cavendish Laboratory in 1949 at a most opportune mo- 
ment. During the second world war, many of the leading theoretical physicists had 
been involved in the Manhattan project or other work for the war effort. When 
the war ended they returned to their universities to attack with renewed vigour 
the problems they had left behind, including the intractable problem of infinities 
in quantum electrodynamics (QED). There was a sudden surge of progress, most 
notably the development of renormalization theory, which showed how to control 
the infinities by absorbing them into corrections to the observable parameters of 
the theory, the mass and charge of the electron. 

When Salam graduated, he asked Nicholas Kemmer to take him on as a research 
student. Kemmer told him that all the fundamental problems of making QED finite 
had been solved by Shin-ichiro Tomonaga, Julian Schwinger, Richard Feynman and 
Freeman Dyson, and that Paul Matthews, then just completing his PhD, had nearly 
done the same for spin-zero meson theory, but might have some problems left. 
Matthews had proved renormalizability to lowest order and suggested that Salam 
try to extend the proof to higher orders. He was amazed when Salam returned 
almost at once with a solution to one of the outstanding difficulties, the problem 
of ‘overlapping divergences’. Matthews became Salam’s PhD supervisor and they 
worked together on the problem. Thus began one of the longest-lasting and most 
productive collaborations of Salam’s career. 


vii 


viii 


Salam’s work made an immediate impact. He was at once recognized as a 
major contributor to the field. Following a brief visit to Princeton and a three-year 
spell as professor at his alma mater, Government College, Lahore, and Head of 
the Mathematics Department in Panjab University, he returned to Cambridge as 
a lecturer in 1954 and was appointed Professor of Theoretical Physics at Imperial 
College in 1957 at the age of 30. During this period he made some of the key 
advances in quantum field theory, especially concerning proofs of renormalizability 
and extending the validity of dispersion relations. These papers constitute the bulk 
of the first section of the collection. 


Following the successful description of electromagnetic interactions by QED, 
physicists sought to apply similar ideas to the other fundamental interactions — 
the strong and weak nuclear forces and gravity. Salam made one of the key early 
advances in developing a theory of weak interactions when he introduced the 5 
invariance principle for neutrinos, leading to the two-component theory of the neu- 
trino. Since the triumph of QED, the greatest advance in fundamental theoretical 
physics has been the development in the 60s and 70s of the unified theory of weak 
and electromagnetic interactions, a gauge theory based on the symmetry group 
SU(2)xU(1). Abdus Salam played a major role, recognized by his sharing the 
1979 Nobel Prize for Physics with Sheldon Glashow and Steven Weinberg. Salam’s 
contributions in this field are represented by the papers in Sec. 2. 

Once again this success was a spur to further work, a challenge to extend still 
further the ideas of unification. The next two sections of the book represent two 
different directions in which Salam sought to go beyond the electroweak theory. 


One obvious question was: is it possible to develop a unified theory that embraces 
not only electromagnetic and weak interactions, but the strong interactions too? 
By this time, physicists had a good understanding of both electroweak and strong 
interactions separately. Both are described by gauge theories — in the case of the 
strong interactions, by quantum chromodynamics (QCD), based on the symmetry 
group SU(3). According to this theory the strongly interacting particles, or hadrons, 
are seen as composed of quarks, held together by exchange of gluons. Thus the 
proton and neutron are each made of three quarks, and the pion of a quark-antiquark 
pair. So theorists started to look for a ‘grand unified theory’ that would combine 
the symmetries of the strong and electroweak theories, SU(3)xSU(2)xU(1), into a 
single larger group, a symmetry that would unite the quarks and the leptons (the 
electron, muon, tauon and neutrinos). One such proposal, due to Jogesh Pati and 
Salam, is described in the papers collected in Sec. 3. This was an influential and 
fascinating development. 


The greatest remaining challenge to theoretical physics is to bring gravity within 
the same framework as the other interactions. So far, a viable quantum theory of 


gravity eludes us. Though we have an excellent classical theory of gravity — Albert 
Einstein’s general theory of relativity — it cannot be quantized; the attempt leads 
to irremovable infinities. 

One possible direction of escape is to change the classical theory, replacing gen- 
eral relativity by ‘supergravity’ or ‘superstring theory’. One of the key ideas here is 
supersymmetry, which relates fermions to bosons. Though there is no direct exper- 
imental evidence for supersymmetry, there are indirect hints, and it is theoretically 
a most attractive hypothesis, which does much to tame the infinities. Even more 
radically, string theory postulates that the most fundamental entities are not point- 
like but extended, one-dimensional objects. This too helps to tame the infinities. It 
is possible that by some combination of these ideas we will eventually reach a viable 
theory, not only embracing a quantum theory of gravity, but also uniting all four 
interactions in a ‘theory of everything’ — though this still remains a distant hope. 
Section 4 contains a number of major contributions by Salam and his collaborators 
to these developments. 

The final section, devoted to some of Salam’s most recent work, illustrates both 
the breadth of his interests and the continuing originality of his ideas. Unlike most 
of his previous research, these papers are not concerned with elementary particles 
but with fundamental problems in condensed matter physics and biology. 

One of the most exciting developments in the condensed matter field in recent 
years was the discovery of materials that are superconducting up to relatively high 
temperatures. Whereas the mechanism of superconductivity in conventional metal- 
lic superconductors is now well understood, there is as yet no accepted theory for 
the mechanism of high-temperature superconductivity. The papers presented here 
describe a very promising line of attack, involving field theories restricted to two 
spatial dimensions, corresponding to the layered structure of these materials. 

Also included are two papers proposing a solution to one of the long-standing 
puzzles of evolutionary biology — the origin of chirality or handedness in biological 
molecules. 

Each of the five sections is preceded by a brief introduction, setting the scene 
for the papers that follow. 

The editors are very conscious of the omissions from this volume. Many impor- 
tant papers, especially long ones, had to be eliminated to keep the total number 
of pages within bounds. However, a complete list of Salam’s published papers is 
included from which those we could not accommodate can be found. 

The volume also omits all Salam’s many wider contributions — to debates on 
science policy, development in the third world, international peace, and so on. Many 
of these have already appeared in other collections. 


We are grateful to numerous colleagues for their advice about what should be 
included, and only regret that we were unable to accept all their suggestions. 


Ahmed Ali 
Christopher Isham 
Tom Kibble 
Riazuddin 
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1. Quantum Field Theory and Dispersion Relations 


The first paper in this collection is a remarkable contribution from a 17-year- 
old student at Government College, Lahore, in which he describes a better way of 
solving a set of coupled nonlinear algebraic equations than the one found earlier by 
the mathematical genius Srivanasan Ramanujan. It shows that from a very early 
age Abdus Salam exhibited astonishing mathematical ingenuity and originality. It 
is of course a mere foretaste of what was to come. Salam’s other early contributions, 
of which only a small selection is reprinted here, are far more significant. He played 
a major role in the epoch-making advances in quantum field theory from 1950 
onwards. 

Soon after the advent of quantum mechanics, Paul Dirac and others applied 
it to the electromagnetic field, but they soon ran into difficulties. The first-order 
perturbation theory results gave good agreement with experiment, but all attempts 
to go beyond the leading order yielded nonsensical infinite answers. It was only 
after the second world war that Julian Schwinger, Shin-ichiro Tomonaga, Richard 
Feynman, and Freeman Dyson showed how the infinities could all be absorbed into 
corrections to the mass and charge of the electron. This ‘renormalization theory’ at 
last allowed physicists to get sensible answers for higher-order corrections. Within a 
very few years, quantum electrodynamics (QED) became one of the most accurately 
tested of all scientific theories, with successful predictions of radiative corrections 
to such quantities as the magnetic moment of the electron and the Lamb shift in 
the energy levels of hydrogen. 

The problem Paul Matthews had worked on was whether ‘meson theories’ in- 
volving interactions between scalar, pseudoscalar or vector meson fields and spinor 
fields, were also renormalizable. He had shown that scalar and pseudoscalar theo- 
ries with Yukawa interactions, represented by an interaction Lagrangian of the form 
gv or gpiyst¢, could be renormalized at least in lowest order in the coupling 
constant g. He suggested that Salam try to extend the proof to higher orders. Al- 
most immediately, Salam succeeded in solving one of the outstanding difficulties, 
that of ‘overlapping divergences’. The problem arises with diagrams like that of 
Fig. 1b, which contains two overlapping subdiagrams, each of the form of Fig. la. 
Both the corresponding integrals must be rendered finite, but it is not obvious how 
to do this simultaneously. Salam, as a very young research student in Cambridge, 
deployed his formidable mathematical skills to bridge this gap, thus completing 
Dyson’s proof that QED could be rendered entirely finite by renormalization. 

From this auspicious start, Salam, together with his PhD supervisor, Paul 
Matthews, went on to prove that the renormalization procedure does indeed work 
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Figure 1: Feynman diagrams representing (a) a primitive divergence and (b) overlapping 
divergences 


for a variety of different theories involving interactions between scalar, pseudoscalar 
and spinor field and the electromagnetic field. Only a few of their many papers on 
this subject can be represented here. 

Salam and Matthews also made a number of other very important contributions 
to the mathematical foundations of quantum field theory. In particular, they es- 
tablished connections between solutions obtained by Feynman’s diagrammatic tech- 
niques and the methods used for the solution of Fredholm integral equations, thus 
bringing to bear much prior mathematical expertise. They also derived interesting 
and useful results concerning the equations satisfied by the Green’s functions and 
‘Feynman amplitudes’ — the vacuum expectation values of time-ordered products, 
such as (in a scalar theory), 


(0/T[¢(z1)...6(¢n)]|0). (1) 


In two papers which naturally followed their paper on the Fredholm solution, 
Salam and Matthews gave the first field-theoretic formulation of Feynman’s ‘sum- 
over-histories’ principle. 

A somewhat later paper worthy of special note is by Susumu Kamefuchi, 
Lochlainn O’Raifeartaigh and Salam. They addressed a question of considerable 
intrinsic interest and wide applicability, namely: when are two classically equiv- 
alent theories also equivalent quantum mechanically? Roy Chisholm had proved 
a theorem to the effect that if we take any quantum field theory and apply to it 
a ‘point transformation’ of the field variables — i.e., the new variables ¢'(r) are 
local functions of the old ¢(x) — then, provided the free Lagrangian is unchanged, 
the S-matrix elements are also unchanged. Kamefuchi, O’Raifeartaigh and Salam 
gave an improved version of the proof (for a slightly restated theorem), and dis- 
cussed more generally the whole question of equivalence theorems relating different 
quantum field theories. 


Following the triumph of QED, the outstanding unsolved problem was to find a 
viable theory of the strong interactions that bind protons and neutrons in atomic 
nuclei. The most popular idea was that strong interactions were carried by a triplet 
of fundamental pion fields, (r+,2°,—), represented as a vector in ‘isospin space’, 
® = (m41,%2,%3), where t* = (1//2)(m + im2) and 7° = 73. The basic strong 
interaction was assumed to be a Yukawa interaction of the form g¥rW-2, where 
WV is an eight-component nucleon field, combining the proton and neutron spinor 


fields, 
v= oo (2) 


while r = (17, 72,73) denotes the Pauli matrices in isospin space. 

The obvious difficulty with this theory was that in a strongly interacting theory, 
the coupling constant g, unlike the electric charge, would not be small. In QED, 
successive terms in the perturbation series are suppressed by increasing powers of 
the fine structure constant, 


e? 1 


Oo = The © 137" (3) 


but in a strong-interaction theory the corresponding factor would be of order 1 or 
larger, rendering perturbation theory useless. 

Consequently, there was a widespread search for alternative methods of calcu- 
lation, based so far as possible on fundamental properties of the theory such as 
relativistic invariance, causality and conservation of probability. A great deal of ef- 
fort went into studying the implications of these fundamental requirements for the 
scattering amplitudes, or S-matrix elements, which encode the information obtain- 
able from scattering experiments. One of the most successful approaches was based 
on dispersion relations, integral relations between the real and imaginary parts of 
scattering amplitudes, stemming from the causality requirement, analogous to the 
similar relations long used in optics and acoustics. 

The requirement of causality can be shown to imply that the scattering ampli- 
tude M(E) for an elastic scattering process is analytic in the complex energy plane, 
with a discontinuity across those parts of the real axis representing the energies 
of physically possible intermediate states. In the simplest case, it follows, by a 
contour-integra] argument, that 

P f* ,_, ImM(E’) 
ReM(E) = = [. ap (4) 
where P denotes the principal part. In practice, the rate of decrease at infinity 
is usually not sufficient to ensure the validity of this simple relation; one needs to 


include ‘subtractions’, for example to consider in place of M the subtracted function 


M(E) ~ M(Eo) 


BoE (5) 


In 1955, Salam made a key contribution to the development of dispersion rela- 
tions, extending the relations previously obtained for the specific case of forward 
scattering to arbitrary momentum transfer. Then with his student Walter Gilbert 
(later a distinguished molecular biologist), he enlarged their scope further to include 
spin-flip amplitudes. Later Matthews and Salam extended the discussion to cover 
the scattering of K-mesons, a case in which significant new features arise. 

Dispersion relations were used, among other things, to establish connections 
between the strong and weak interactions. For example the Goldberger-Treiman 
relation between the weak axial vector constant and the strong pion-nucleon cou- 
pling, involving the leptonic decay rate of the pion, could be seen as arising from the 
pole term in a dispersion relation for a matrix element of the axial vector current. 
In an intriguing paper included in this collection, Gordon Feldman, Matthews and 
Salam discussed how far one could extend this to cover decays of the hyperons, A 
and &. 

Another important fundamental contribution also stemming from the collabora- 
tion between Salam and Matthews was their treatment of unstable particles. They 
pointed out that the conventional approach was inconsistent with fundamental prop- 
erties of relativistic quantum mechanics. An unstable particle is often represented 
as having a complex mass, M — 3iA, so that its wave function has a time dependence 


p(r) x exp(—tMr — 3 Ar), (6) 


where 7 is the proper time, and its probability changes exponentially, |p|? « e~>7. 


But although such a treatment may sometimes give the right answer, it cannot 
be fundamentally correct —- energies cannot really be complex. In an S-matrix 
treatment, only truly stable particles can appear in the initial and final states; 
unstable particles appear only as resonance peaks in scattering amplitudes. 

Salam and Matthews showed how one could set up a rigorous formalism in which 
the unstable particle states are treated as appropriate superpositions of the states of 
their decay products. They pointed out, among other results, that the exponential 
decay law is of limited validity — for very long times additional power-law terms 
(coming from thresholds in the scattering process) take over. 

Salam continued to work not only on specific quantum field theory models, such 
as the unified electroweak theory described in the following section, but also on 
fundamental general aspects of quantum field theory. Included in this first section 
are two significant later contributions, both written jointly with John Strathdee. 


One dates from 1970. Our present standard model of elementary particle interac- 
tions (gravity aside) is based entirely on what are now known to be renormalizable 
gauge theories. But the proofs of renormalizability, by Gerard ’t Hooft, and by 
Benjamin Lee and J. Zinn-Justin, came later. In 1970 it still seemed highly likely 
that we might eventually have to find a way of making sense of non-renormalizable 
theories. 

Salam and Strathdee proposed a way of dealing with theories with non- 
polynomial interactions. In earlier work, particularly by the Soviet physicists G.V. 
Efimov and E.S. Fradkin, it had been suggested that although interactions of fi- 
nite degree greater than four lead to irremovable divergences, it could be that by 
including interactions of all orders one might find better behaviour, perhaps even 
finiteness without the need for any infinite renormalization. In their 1970 paper, 
Salam and Strathdee developed a momentum-space approach, based on the work 
of another Soviet physicist, M.K. Volkov. They devised a graphical technique, with 
‘superlines’ each representing a Borel sum over the contributions of all numbers of 
lines from 0 to oo. 

Although this work did not, as they hoped, lead directly to viable theories of 
the strong interactions and of gravity, the techniques used are in many ways quite 
similar to those that were successfully deployed some years later in dealing with 
string theories (see Sec. 4 of these collected papers). 

The final paper in this first section builds on the now classic paper of Sidney 
Coleman and Erick Weinberg, in which they suggest that spontaneous symmetry 
breaking in a massless scalar theory with \¢* interaction could be a purely quantum- 
mechanical effect. They discussed the renormalization of such a theory and showed 
how it could lead to the intriguing phenomenon of ‘dimensional transmutation’, in 
which the dimensionless parameter 4 is ‘traded’ for a dimensionful parameter o, the 
position of the minimum of the effective potential. Salam and Strathdee showed 
how this result could be obtained using the framework of the Dyson-Schwinger 
integro-differential equations, a result of very considerable importance. 
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Reprinted from the Maths, Student—Vol. XI. Nos. 1-2, Mar.-June 1943 


A Problem of Ramanujam + 


Solve 
teaty we (i) 
y=atz a. (ii) 
zematu .. (iii) 
wmatr .. (iv) 


1. Suppose x, y, z, « are the roots of a biquadratic 
+p E+ps tps ttp,=0 

We denote 51" by Su. 

Now S,=-p, 


Se=4a+S,=4a-p, from the given equations we (a) 
Also S.+p,8,+2p.=0 
| “ 
*, Substituting for S,, S, we have p= ment w. (A) 


2. Subtract (iii) from (i) and (iv) from (ii) 
P-Dey-u; Y-uw=az-zr 
(2° ~ 29Xy? ~ u*) =(y -— u)(z- x) 


or szyt2zyturtuz=-1 


But 2zy=p; 
So rztuy=p +1 .. (ce) 
3. 2=art+ ry 
y=aytyz 
Adding S,=aS,+2y+ zyturtuz 
= ~ap-1 vw. (a) 


Also x*z*=a?+ au +ay+uy 
yur<ai+aztarter 
Adding, 272" + 1*u? =2a?+ aS; tuy+zr 
(xz + uy)? =2a? + aS, t+ pat l+2%y, (2yzu =n] 
(pp + 1P=2a° -ap,tp,+1+2y, 
2p, = pe” + De - 2a? + ap, we (e) 
4. Evidently 
(x? ~ y8)(y? - 2°)(2? - u?u? - 2?) = (2 - yXy - 2)(z- uu —2) 
or (rt+yyt2(ztulutr)=1 
or (2523 + 3 y? + Qryzu) + 3 rtyz=1 
(pe+1P + py ps~4py= 1 (S2%yz= Pp, ps 4p,) 
Substituting for p, from (e) 
Py Py ps" + 4a® - 2ap, = 0 ee AP) 


t Vide Collected Papers of Srinivasa Ramanujan, 1927, p. 332 Q. 722 Also J. 1. M.S. 
Series I Vol. VII p. 240. 
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5. We know 
Si +p, S_+ 5 S, + 3ps ~ 0 
Substituting for S;, Se, 8), py 
we get 
6p, = 3p;? +p’ - 10 ap, +2 (9) 
Substitute for p, from (9) in (Ff) 


we get 
py -(4a-3) py? -4p,=0 we (A) 
Dp, {p-(4a-3) p- 4} =0 
The cubic in p, can be solved -by the usual methods. p, known. 
De Ps, P, Can easily be discovered and the corresponding biquadratic 


in ¢ can be framed. The biquadratic may be solved by usual 
methods for 2, y, zu; For the particular value p,=0 the biquadratic is 


-% U+4 t+a®-a=0 
6. By employing the same methods, we can solve the system of 
equations 
Beaty 
ypratz 
Zratz 


much more rapidly than Ramanujan did. His is a very laborious 
method. 


ABDUS SALAM, 


Gout. College, Lahore. Fourth Year Student 


St. Joseph’s I. S. Press, Trichy—1944. 
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Overlapping Divergences and the S-Matrix 


Aspus SALAM 
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(Received September 29, 1950) 


By extending considerations given by Dyson, general rules are obtained for isolating divergent parts 
from integrals corresponding to overlapping graphs, and a proof is obtained for the appearance of an extra 
factor Z,7! from “d divergences.” In the last section the possibility of renormalization for scalar meson- 


nucleon interactions is demonstrated. 


L INTRODUCTION 


N his treatment of spinor electrodynamics Dyson! 

has defined operators A,, Z*, and II* corresponding 
to the three types of primitive divergent graphs in the 
theory. In the calculation of the contribution to I, 
arising from a reducible vertex part Vx it is possible to 
break Vz down unambiguously into an irreducible 
vertex part plus various inserted self-energy (S) and 
vertex (V) parts. The divergences introduced by the 
latter can be removed in a well-defined manner because 
any two of the insertions made in Vz are either com- 
pletely non-overlapping or else are so arranged that one 
is completely contained in the other. This procedure 
fails, however, in the calculation of the contributions 
to 2* or Ii* from reducible self-energy graphs. Con- 
sidering, for example, the electron self-energy, there is 
just one irreducible graph W, (Fig. 1). V parts inserted 
at one of the two end vertices a or 6 appear simultane- 
ously as vertex insertions at the other vertex. Corre- 
spondingly, the contribution to Z* arising from a 
reducible part We is, in general, an integral which 
involves divergences corresponding to each of the ways 
in which Wp might have been built up by insertion of 
V parts at either or both vertices of W;. Dyson has 
called these ‘-divergences” and their expected effect 
is appearance of an extra factor Z,~' in his Eqs. (88) 
and (89). In order to demonstrate the possibility of 
renormalization, it is vital that this factor should 
appear ; and it is the purpose of this paper to attempt a 
formal proof. The considerations presented here throw 
some light on the prospects of renormalization for 
scalar electrodynamics. 


Il. SEPARATION OF OVERLAPPING DIVERGENCES 


Dyson? (unpublished) has defined a formal mathe- 
matical procedure for the isolation of the divergent 
part from an integral representing overlapping diver- 
gent graphs. This procedure is illustrated most readily 
by an example. 

Figure 2 represents an electron self-energy graph 
which could be obtained by the insertion of a V part at 


'F. J. Dyson, Phys. Rev. 75, 1736 (1949), referred to as D I, 


in this paper. 
* The only published calculation for an integral co’ ndin; 
to an over! ost an 


lapping (fourth order) is that of R. 
I. M. Luttinger, Helv. Phys. Acta 33, 201 (1949), who have 
ollowed Dyson’s procedure. 


vertex a or 5 of Fig. 1. Here 


=(W2, p= fff audar.co, 4)G,(p, 4, )H,(p, te), (1) 


where 
1 in(p—hh)—« 
F, , b= ET | 
ram Te 
ty(p—-h-k)—« 


G, yA, t = 77. Oe 
lp 1y = (p—h—h) +e 


AP, ~ Gwe A 


Not only is the double integral over #,/; linearly diver- 
gent, but it also diverges logarithmically if the integra- 
tion is performed over either 4 or 4, while the other 
variable is held fixed. In order to isolate these diver- 
gences, we use (here and in the subsequent work) the 
invariant separation procedure outlined in Sec. VI of 
DII. 
Rewrite Eq. (1) as follows: 


2Ws pad f f dbydtaLF (by th)Gon(py tr to) (ts) 


—F,(po, Gl Do, hy 0)4.(p, te) 
—F,(P, 4)G,,(po, 0, +)H,(po, te) ] 


+e( f GisF (po, t1)Gra(Do, f1, ) 


x( fant, t) +e fenrec, 4) 


x ( f asGntoe 0, t2)H (po, 4), (2) 


Pentel 
- 


a S 
“ N 
ra ‘ 
’ ‘ 
’ x 
i en ne Ce 
a 
W, 6 
Fig. 1. 
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ty. oT ireero tb 
ra Pi ~, bare 
a ie ‘ ‘N 
fr UG v * ‘ fe 
CUE ana ee a a On, Ce SY 
a + 

Wi 

Fic. 2. 


where po2-+ = 0, typot+x=0. If 


fF bo, 4)Gru(po, hy 0) = Ley:, 


f abs rn(po, 0, te) Hs(Poy ts) = Lory 


then we write 


2(W, p)=e f f dtydtsR(p, tr, t)] 


+L, f vHAp, hdtteLs f Fp, trait, (3) 


where R(p, t,t) is the expression within square 
brackets in Eq. (2). 

The terms within the square bracket are such that if 
te is held fixed, the integration over é, is convergent if 
the first and the second terms are combined—this 
second term being obtained by putting in those factors 
of F a(P, 4)G,,(2, hy, )H AP, ts) which contain hy all 
momenta other than #, equal to their free particle 
values—while, if é, is held fixed, the first and the third 
terms in the square bracket combine to give a con- 
vergent /2 integration. 

Algebraically, it is impossible to find a single term 
which if subtracted might make the ¢, and #, integra- 
tions convergent simultaneously. Even as it stands, 
the expression within the square brackets, is, as a 
whole, convergent neither over ¢; nor over f, nor has 
this subtraction made any difference in its degree of 
divergence when the double integration is performed. 
However, when #, is held fixed and the integration over 
4, is performed, the third term in the square bracket 


— ff enderce. t)G,,(Po, 0, 1) H(po, te) 


can be written 


= (ff fasatstP te, 4) Flo 4) 
— (9 Po)(8/9)F bes 4) Gale 0, 4) (P, 4) 
—{ atch atpe 4+ (0-20) /2P)F (de 4) 
( f ateGon(bo 0, 4)(00 4). 
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The integrand in the first angular bracket, ( ), above 
is absolutely convergent as far as the /, integration is 
concerned, while the second angular bracket, { \ ), 
is a product of a divergent constant L, with a term of 
the form A+B(yp-ix). Hence, with é fixed, the 
integral of R(p, i, ¢2) over #, consists of an absolutely 
convergent part together with a divergent part, the 
latter being unambiguous and fully determinate. Since 
a similar result holds for ¢z2, we can say that the expres- 
sion in the square bracket is “convergent” in a special 
sense over both the /, and ¢, integrations. It is to be 
emphasized that this has been made possible because, 
in the second (and also the third) term in the square 
bracket, the overlap factor G no longer appears as 
a function of two variables and so the integrand 
F,( po, 4)G»u(po, 4, 0)H,(p, #2) splits into a product of 
two functions, each a function of a single variable. 

In order to obtain the absolutely convergent (and 
physically significant) part of 2(W2, p), we now perform 
the final separation. Thus, 


2.(W2, p= J enaeiere, hi, te) — R( po, th, te) 


—(p— po)(9/9P)R( ho, ts, #2)]- (4) 


If Eq. (4) is written out in full, we notice the basic 
point of this procedure. Whereas, in Eq. (4), we have 
subtracted terms with a view to securing convergence 
over the double integration, we have also succeeded, by 
the same step, in making 2.(Ws, p) convergent for each 
of the two é and é; integrations. The part which we 
designated above as the unambiguous and fully deter- 
minate divergent part of the é, integration, has in fact 
canceled out.2* The first subtraction in Eq. (2) made 
the expression “‘convergent” in our special sense over 
and é,, the final subtraction in Eq. (4) made it absolutely 
convergent over all the 41, é2 and f/2 integrations. With 
the final step we have succeeded in isolating from the 
integral, divergences corresponding to the inserted V 
parts as well as the divergence corresponding to the 
over-all S part. 


Ill. GENERAL RULES FOR THE SEPARATION 
OF DIVERGENCES 


The procedure of Sec. IT for the separation of diver- 
gent parts can be generalized to apply to any divergent 
n-fold integral howsoever complicated by overlapping 
or non-overlapping insertions. Consider a graph having 
n basic? momentum-vectors /; associated with internal 
lines, such that the momentum vectors of the remaining 
lines are expressed in terms of these vectors. The 
contribution to the corresponding matrix element is an 
integral, I, over » variables. 

In general the integral will consist of a product of 
functions of each variable #; (and possibly of momenta 
corresponding to external lines) with overlap functions, 

* Thi i multiplyi and 
cee ieee 

3p. T. Matthews, Phil. Mag. 41, 185 (1950). 
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ie., functions of two or more variables, ¢;. If a set of 
variables tef,- + -fm is held fixed, the integration over the 
remaining variables will be called a “subintegration.” 
To estimate the convergence of each subintegration we 
employ the considerations given in Sec. V of D II and 
merely count the powers of the relevant ¢ in the numer- 
ator and the denominator of the integrand. An n-fold 
integral, I, will be absolutely convergent if, besides 
the final integration, the subintegrations over all of the 
smaller sets of variables ¢;, él), tijte, -+*, are also 
absolutely convergent for all possible choices of the 
basic variables. If by. merely counting the powers of 
i; we find that an integral is itself convergent, while 
any one of the subintegrations is not, the integral will 
be called “superficially convergent.” 

In general in an n-fold integral over éf2---tn a 
subintegration over i:fe---¢; can be made convergent 
only if we subtract from the integrand terms in which 
those factors in the integrand which are functions of 
trot, ‘*+és only are left unchanged, while in the re- 
maining factors the external momenta (which now 
include é,41, --*én) are given their free-particle values. 
Thus, to fulfill the condition of convergence over all 
subintegrations, we must subtract from the integral 
divergent terms corresponding to each subintegration, 
the degree of divergence of the integrand for a particular 
subintegration, in general, being unaffected by sub- 
tractions corresponding to other subintegrations. 

The considerations of Sec. II can now be generalized. 
We define true divergence over a subintegration #;f2:--t, 
as the divergent part finally to be subtracted corre- 
sponding to this subintegration, in order to make the 
subintegration absolutely convergent, after the terms 
involving divergences corresponding to #;, tity, tstjte, °°, 
tity---tp1, «>> subintegrations have already been sepa- 
rated. Anticipating the procedure to be formulated, we 
shall find that the above-mentioned divergences, corre- 
sponding to these latter integrations over smaller 
number of variables are themselves their true diver- 
gences. Thus, for example, to obtain the true divergence 
over ff, subintegration we hold, first, all variables 
except f; fixed and subtract from the integrand diver- 
gent terms corresponding to 4, leaving the rest of the 
integrand unchanged; similarly, holding all variables 
except / fixed, we subtract divergent terms corre- 
sponding to fz. Finally, holding all variables except hf, 
fixed in this new integrand, we subtract divergent terms 
corresponding to the double integration. These last 
constitute the true divergence over ff: subintegration. 
The integrand after the separation of all these divergent 
parts is absolutely convergent as far as /;/, subintegra- 
tion is concerned. 

We can now give, in analogy with Sec. II, unambig- 
uous rules for the separation of divergences from an 
n-fold integral. Before making the final subtraction 
corresponding to the n-fold integration which will make 
the remaining integral an absolutely convergent one, 
we subtract from the integrand divergent terms corre- 


219 


sponding to each of the subintegrations ¢,, éitj, ttjte, 
+++, hle-++ta—1. The divergent term to be separated 
corresponding to the ¢,; subintegration would, for 
example, consist of an m-fold integral over ¢tife---é,, in 
which the part of the integrand containing ¢; or ¢; is 
such as to give, on integration, the true divergence 
corresponding to i,/; multiplied by those factors in the 
original integrand which contain neither ¢; nor ¢; and 
have thus been left unchanged. In this expression, the 
integration over all variables other than ¢,t; will corre- 
spond to a graph which we shall call the “reduced 
graph,” and the corresponding integral the “reduced 
integral.” Thus, in Sec. II, /Sdty,H,(p, 2) and 
JSatF ,(p, 4:)y, are reduced integrals. 

Our final result can be stated thus. The entire diver- 
gence to be separated from an #-fold integral is equal 
to the true divergence over the ¢, integration multiplied 
by the reduced integral over é::--t, plus the true 
divergence over the é; integration multiplied by the 
reduced integral over é:/s:-+¢, and so on, together with 
the true divergence over the 4/2 integration multiplied 
by the reduced integral over ésf4:--/, and so on, to- 
gether with similar sets of terms ending finally with the 
true divergence over the final fyfg-+-/, integration. 
After all these divergent terms have been isolated, 
the remainder is an absolutely convergent integral. 

The maximum possible number of terms which may 
need to be isolated is 2*—1. Of course, not all of the 
subintegrations will be divergent, a considerable number 
being “superficially” convergent, so that no corre- 
sponding separations will need to be made. 

It may be possible (and indeed as we shall see later, 
it is possible in some special cases) to secure the actual 
convergence of certain subintegrations before the true 
divergence of the n-fold integration is separated. How- 
ever, that this last separation will always leave behind 
an absolutely convergent integral as remainder, would 
follow from a generalization of considerations given in 
Sec. I. 

A few remarks on superficial convergence will be 
relevant at this stage. 

(a) In spinor electrodynamics all graphs with four or 
more external lines (except graphs corresponding to 
scattering of light by light) are at least superficially 
convergent. The “scattering of light by light” itself is 
not a genuine primitive divergent on account of the 
gauge invariance of the theory. It should, therefore, 
always be possible to find other graphs which when 
combined with the graph in question should give a 
convergent result. We shall therefore treat the integrals 
corresponding to the “scattering of light by light” too, 
as being at least formally superficially convergent. 
Opening two or more lines in a connected self-energy 
graph always leads to superficial convergence in the 
connected?» part of the remainder and so does the 


% A general proof of this will be published elsewhere. 
a» Any part of a connected graph is joined to the rest by at 
least two lines. 


220 ABDUS 
opening of one or more lines in a vertex part, unless, of 
course, So many lines are opened that the only connected 
graph left isa V part. These considerations will immedi- 
ately give the number of superficially convergent 
integrations, when dealing with S or V parts. 

If an internal line ¢ in a graph contains a self-energy 
insertion with associated momenta 4, fa, ---f,, then the 
subintegrations over u,, Ujt;, Stity file> a ee (but 
not é;f2---t,) are superficially convergent. i, being an 
internal line, itself belongs to a loop, which at the very 
worst consists of two electron lines, with but two 
external photon lines, the whole forming as far as 
é,---t, integration is concerned, a photon self-energy 
graph. Opening one single line belonging to the self- 
energy insertion inside ¢ gives at worst a scattering of 
light by light graph. Thus the subintegrations #,, ij, 
+e, tlye++tpa, -++ are certainly superficially conver- 
gent, while with the convention adopted above for the 
scattering of light by light graphs, the subintegrations 
over the last set f#fo---¢,1, --- are also superficially 
convergent. 

(b) If two sets of variables (/;---#;) and (¢a°--fs) are 
such that the corresponding graphs do not overlap and 
if the integration over each set has been made conver- 
gent, then the product of these convergent integrands 
is also convergent over the subintegrations 4;, fa, fila, 
+++, d+ djta:+-ty. For integration of functions with no 
overlap terms certain new features arise. Taking a 
simple example, the integral /(/dijdhF(p, t1)G(p, #2) 
has no overlap term, and thus, if both ¢, and f, subinte- 
gtations are divergent (in this example logarithmically), 


ff [sdstee, a) Fb, IGE, 4)—Glho,4)] 


is absolutely convergent. We notice that the divergent 
part separated is 


f f dtsdtsl F(p, 1)G(po, ts) 
+F (po, t:)G(p, t2)—F (bo, t1)G(Po, 4) J. 


Although it loses its precise significance, we may still 
formally retain the expression “true divergence” over 
t for fdt,F (po, 1), over te for SdtsG(po, tz), and over 
tits for — SfdtydteF (po, t:)G(po, ts). The negative sign 
before the true divergence from 4;/; integration, when 
overlap does not occur, makes the use of our general 
rule inconvenient for non-overlapping graphs. 

The above remarks do show, however, that for non- 
overlapping graphs it is immaterial in what order 
divergences are removed, while for divergences arising 
from graphs one of which is completely contained in the 
other, Dyson’s prescription of successive removal start- 
ing from the innermost insertion is a particular case of 
the general rule given above. We shall illustrate this 
rather more fully by considering self-energy insertions. 

(c) Suppose a line #, in a graph J, contains a self- 
energy insertion with momenta f;, 42, ---ty. It will be 
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convenient to remove divergent parts from the integral 
corresponding to subintegrations 4), - «+ tyl2, > ++, files > +tp. 
After the “true divergence” over éf2:--t, has been 
removed, the subintegration over this set is left abso- 


- lutely convergent. The momenta associated with the 


self-energy insertion in line ¢ define (except for #), no 
overlap function with any other momentum variable 
i, in J. According to Remark (b), if the integrand is 
made convergent over ¢a, its convergence over (afi, 
++ +tatite: + -é,, is already assured. Remark (a) shows that 
the same result holds for the only variable (¢) which 
does have overlap functions with these variables. At 
this stage the only integrations in which 4, te, ---t, 
appear explicitly are the #/.---t, subintegration, and 
other subintegrations in which these variables appear 
as a group. But from considerations given by Dyson 
we know already that, for questions of convergence, this 
group will behave precisely as though the line ¢ had no 
insertion inside it. This shows that it is immaterial 
whether we retain the variables 4, f2, ---¢, or perform 
the integration over them at this stage; the latter 
procedure implies replacing Sr(t) by S.(¢)Sr(i)/2r, 
which is precisely the result one would get if one 
followed the procedure of successive removal as de- 
scribed in D ITI. By using results on superficially con- 
vergent subintegrations derived by applying Remark 
(a), a similar proof could be constructed to show the 
validity of the procedure of successive removal for 
divergence arising from V parts one of which is com- 
pletely contained in the other. 


Iv. APPLICATION TO ELECTRON 
SELF-ENERGY GRAPHS 


We shall now apply the above considerations to the 
case of electron self-energy graphs. According to the 
Dyson-Feynman procedure for obtaining the effective 
radiative corrections to any physical process, one draws 
the relevant irreducible graphs and then replaces Sr by 
Sri’, Dr by Dry’, and y, by Ty: in the corresponding 
integrals. One already uses the same procedure for 
calculating Py: itself (Sec. VII, D II); one draws all of 
the irreducible vertex graphs and then makes the above 
substitutions. We attempt to obtain a similar set of 
self-energy graphs in which these substitutions can be 
made unambiguously—only in this case this set of 
graphs will not be irreducible. For this purpose we 
establish the following categories of self-energy graphs. 

Category [1] consists of the sole irreducible self- 
energy graph in Fig. 1. 

Category [2] consists of all graphs formed by in- 
serting‘ at the end vertex 5 in Fig. 1 all irreducible V 
parts of any order in ¢. The first end’ vertex of each 
category [n] will be called ¢ and the last 5, although 
sometimes, for clarity, we use aj.) and dry). 

To obtain the graphs in category [3] insert at 5; all 

‘End vertices of self-energy graphs, vertex graphs, or Compton 


graphs, are the vertices where the external electron line enters or 
leaves the graph. 
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irreducible vertex parts, and so on for all subsequent 
categories. 

Continuing the above procedure we obtain an infinite 
number of categories, each (except [1]) containing an 
infinite number of graphs. Figure 2, for example, 
belongs to category [2]. All graphs in [7] can, in fact, 
be built up in precisely » different ways from the graph 
in Fig. 1 by the insertion of vertex parts at a, or dn; 
or both. Further, all graphs in [] could equally well 
have been built by insertions at aj.-1; rather than at 
btn). This complete symmetry will be found to be 
important for the subsequent proof. 

A graph belonging to [»]} will contain precisely 
(*%—2) photon lines such that if these are opened (i.e., 
their associated integration variables held fixed), the 
graph splits into two vertex parts. Given a graph in 
{] we denote by L,} the divergent constant arising 
from the irreducible V part which was inserted at b;.-1) 
in order to obtain this particular graph in [7], by L?? 
the “true” divergent constant arising from the reducible 
part which was inserted at b[,-2) to obtain this graph 
in [n], and so on. This last Y part is reducible because 
its end vertex has as an insertion the V part with the 
divergent constant Z,'. Similar definitions apply for 
L,!, L.’, ---. We shall now prove the following lemmas. 


Lemma 1.—Denote by [1] the integral corresponding to . 
particular graph in the category [1]. We have the following result. 
Ca ]~(Loi(n— 11+ Ln 214- Lote 3}4+--- + Lee) 

+(Li([n—1]+ Litin—2)+Le[n—3]+--- +L." (1) 
—f be Lan 2]4-LL'[n—3)4+L'Li[n—4]+--> 
+LELii(n—3]4+ LOL J(n—4]+--- 
+210)", (5) 
where 
Lose A pm t+ Bia yP— tx) + Zain,” 
A and B characterize the true divergence from [J], and (s—r] 
stands for an integral corresponding to a certain graph in category 
[s—r] obtained from [1] by successive removal of V parts from 
a or b as the case may be. 

Proof.—It is convenient to associate the basic variables with 
the photon lines in the graph. Suppose [1] has & basic variables 
of which »—2 are critical. The photon line ¢, starts from ataj, 
while é ends at d;,). 

For the proof we shall systematize our procedure as follows: 
we hold each one of the variables & initially fixed, in turn. and 
remove all of the divergent terms corresponding to all possible 
subintegrations over the remaining (s—1) variables. Of course, 
in following this procedure we shall have to guard against sub- 
tracting a divergent term more than once. However, holding ts 
fixed we make the removal unambiguously corresponding to the 
subintegrations é1, «++, a1, baba, «°°, babe—a, baba, +> +, batant, °° +, biteha, 
coe, dle esty_s. This immediately gives us the terms in the 
first bracket of Eq. (5) by our general rule. The constants Ly’, 
L.3, +++, ete., come from the successive reduction of a reducible 
vertex parts. It.is to be emphasized that the first line in Eq. (5) 
is the result of the removal of divergences, corresponding to all 
the above subintegrations, due regard being paid to those sub- 
integrations which are superficially convergent [see Remark (a)]. 
Now holding 4: fixed we remove divergent terms corresponding 
to all the possible subintegrations over subsets of variables 
ta, 2, -+ +t A number of these terms (those, for example, corre- 
sponding to subintegrations over f2, ts, -+-ta—1, tots, ** iba, °°, 
etc.) have already been removed. However, the subintegrations 
from these subsets which still remain, i.e., over ts, tute, -> tote, 
++ +be—ila-n, +--+ (barring those which are superficially con- 
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vergent), cover the successive divergent parts of the (reducible) 
vertex graph one obtains by opening the line #, and are just 
sufficient to give us the second bracket in Eq. (5). The maximum 
number of subintegrations corresponding to which divergent terms 
still remain to be separated is 2*-* at this stage. These terms 
must be separated by holding each of the remaining &—2 basic 
variables initially fixed. Of these only (#—2) are critical. As noted 
earlier, opening a critical line splits the graph into two discon- 
nected segments with no overlap term between them. As an 
example, let us assume fs to be the first critical variable, occurring 
from the left. Holding it fixed, we notice that the only divergent 
terms yet to be separated are the true divergences corresponding 
to the subintegrations fits, fiéste—t, fitata_s, «+ -, those corresponding 
to ty, be, baat, tfa—z, -**, Otc., already having been removed. 
Since these are the true divergences for integrations over non- 
overlapping parts, we shall get a negative sign before the sepa- 
rated terms as noted in Remark (b). This leads to the isolation 
of divergent terms of the form — L,'Ly'(n—2]. Starting from 
end a and opening all the critical lines, we shall get all the sub- 
tracted terms on the right-hand side of the Eq. (5). It remains to 
prove now that holding each one of the remaining (4—#) lines 
fixed gives no further divergent terms to be separated. We notice 
that every other line, if opened, converts the graph into a C 
part,§ which we know to be at least superficially convergent in 
spinor electrodynamics. If the C part obtained by opening a line 
is reducible, the only imsertions its irreducible skeleton has are 
vertex parts, inserted at its end vertices. But the divergent terms 
corresponding to the subintegrations over the variables associated 
with these vertex insertions have already been removed by the 
successive removal performed by holding é and és fixed initially. 
Thus, these C parts give no further contribution to Eq. (5). 
This establishes the lemma. 

If we bad started with basic variables associated with electron 
rather than with photon lines, opening a basic line would convert 
the graph into an M part‘—again at least superficially convergeat 
—and similar considerations would apply. 

Lemma 2.—This is a restatement of Remark (c) for the par- 
ticular case of graphs in these categories. The divergent separa- 
tions after inserting S parts in all the lines or V parts in all the 
internal vertices (all vertices except a and 6) of [1] are given by 
the divergent parts corresponding to the subintegrations over the 
internal variables of the insertions [as in Remark (c)], together 
with the divergent terms to be separated from (#], where Sr(é) 
is replaced by S-(t)Sr(t), De(t) by Dr(t)D.(¢), and y, by Ayelf, £). 
As a concrete example, we see that if a photon self-energy 
is inserted in a line ¢ of [xs], such that De()*()=C+D,(), 
then the resulting integral is equal to C{»J+([]*, where (#]* 
is the integral obtained by replacing Dr(t) by D.(¢)Dr(t) in the 
integrand. The proof is exactly similar to that of Remark (c). 

If we now desire to construct all self-energy graphs up to a 
given order +4, say, we draw all of the graphs in the various 
categories defined above up to this order. No graph belonging to 
category [k+2] or higher will be needed, the lowest order graph 
belonging to the category [4+-2] being of the order ¢4**, Taking 
each one of the graphs drawn above, V and S parts will be inserted 
in its internal vertices and all its lines. No insertions ove ever to be 
made in the end vertices of the graphs of any category. If the graph 
in which insertions are being made is of order 2r, these insertions 
need only consist of graphs up to the order (24— 2r-+2). 

It is easy to verify now that the above procedure gives accu- 
rately all self-energy graphs up to order (2k+2) and that no 
graph appears more than once. Among them we shall, of course, 
find all the graphs which could have been obtained by insertions 
of vertex parts up to order 24 at the vertices o (or 5) of the funda- 
mental self-energy graph in Fig. 1. To verify the appearance of 
all vertex parts, up to the given order, we notice, for example, 
that by the very principle of their construction the graphs of 


*A Compton h—a graph with 2 external photon and 2 
external n lines. 
* Meller graph—a graph with four externa! electron lines. 
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category [3] represent the insertion of vertex parts in the end 
vertices of graphs of category [2], while the insertions in their 
own end vertices are given by the graphs of the higher categories. 

Correspondingly, adopting the procedure in Sec. VII of DIT 
of dropping the divergent constants when they appear, if we 
assume that S:’, Dr;’, 41 are defined up to order &* by, respec- 
tively, Sy plus Sp multiplied by a finite sum of products of 
S(W,), Dr plus Dp multiplied by a finite sum of products of 
D(W,‘), and 7, plus a finite sum of A,.(¢, /), we can obtain Sp,’ 
up to the order e**** by drawing all of the graphs in the various 
categories, up to the order ¢**?, and then substituting in all lines 
Sm’, Dry’ (defined as above) instead of Sp and Dr, and T,: in alt 
internal vertices instead of y,. The -y, occurring at the two end 
vertices are always to be left unchanged. Once again, in a graph 
of order 2r belonging to any one of the categories, it will only be 
necessary to substitute Sr’, etc., up to the order (24—2r-+2). 

Lemma 3.—If by the above changes in all of the lines and 
internal vertices of an integral arising from a graph in category 
(] we obtain an integral [»]*, then 
(n= Ln 1+ Ln IP LaLa 3 Pt 

+ Len 14+ Len — 2+ L3*[n—3]*+--- 
—(LEXL [9 — 1 PH LLY — 3K + AZ is 

where L,'™ stands for the “true” divergent constant from the V 
part introduced at aj._1) in [s— 1]* in order to obtain [#]*. The 
definition of the other constants is similar. Noticing that Sr;‘(é) 
and Dp;'(t), and Iya, as defined above, behave precisely as do 
Sp(é), Dr(t), and y, as far as the power of variables involved and 
the question of convergence are concerned, the proof follows from 
Lemma 1. 

Lemma 3 immediately gives the following set of 


equations 
(1 = 2p) 
C2 P= (La*+-Lo®)(1 K+ 2" ty 
[3P= (LX Lo 2+ (Lt L POLAR 
= La*L s(t + 2*¢3)* 

(6) 
If in each equation the L*’s are once again understood 
as defined up to tke requisite order and a summation 
is carried out over all graphs, we obtain, by summing 
up Eqs. (6), 
(AP +(2 +--+ --+[4+1P)(1-2L+L?) 


=D t Dept 2% pen, (7) 
where, following Dyson’s definition of L, 
L=LeX+LX+L,%+-:- 
=LyX+LyX+LyX+---. (8) 


It is to be understood that the terms in the factor 
(1—2L+-L*) on the left-hand side of Eq. (7) in fact 
only appear to the order needed. The symbol [r}* 
now stands not only for an individual graph but for all 
of the graphs in the category [r] with the inser- 
tions which have been needed to build up Sm’, to 
the required order. The right-hand side, consisting 
of the “true” divergent and the absolutely convergent 
parts of all the self-energy graphs up to the given 
order is, in Dyson’s terminology, precisely equal to 
A(e)+(1/2x)B(e)Sr+(1/2x)S.(e)Se-'. Equation (7) 
is the result of substituting Syi‘(e), Dr’(e) in all the 
lines and I'x(e) in all but two vertices of the various 
graphs in our categories. Thus [1 }<+[2/+::- will 
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be called 2:* (corresponding, but not equal to 2,* in 
D II), and we obtain 


SpLi*(e) = — 2xiduSe+(1—L)-CA (e)Se 
+(1/2x) Ble) +(1/2%)S.(e)]. (9) 


Equation (9) replaces Dyson’s Eq. (88). Here the term 
involving é« has been added to take account of the 
self-energy graph consisting of a point. 

To proceed with the rest of the proof for the possi- 
bility of renormalization, we follow Dyson’s arguments 
closely. Since no overlaps occur for V parts, their struc- 
ture gives immediately a proof of Eq. (96) in D II; ie. 
2, 1—L(e). We notice now that a self-energy graph 
of order 2r, belonging to any of the categories [vn], 
contains r photon line, 2r—1 electron lines, and 2r ver- 
tices. A substitution of .y=Z;7T (a), Sp’ = ZaSny'(ea), 
Dp'=Z,Dp;'(e:), made in the internal! vertices, and all 
the lines gives an e factor, e"Z,-**+#Z,*"—"'Z3". An extra 
factor Z,;* appears from Eq (9), and one thus obtains 
a possibility of absorption of these factors in charge 
renormalization if we choose Z;=1+B(e)/2x. It may 
be emphasized, once again, that in this manner of proof 
all constants and operators, and the charge renormal- 
ization itself are defined up to the requisite orders. A 
similar proof can be constructed for photon self-energy 
graphs, where, once again, insertions at one end vertex 
appear simultaneously as V-insertions at the other end 
vertex. It will be found to be expedient, in that case, 
to associate basic variables with electron lines in order 
to be able to remove practically all possible divergences 
with a single choice of basic variables. 


(A) Pseudoscalar and Scalar Meson-Nucleon 
Interactions 


The considerations given so far apply with minor 
modifications to exhibit the possibility of renormaliza- 
tion for the scalar theories of nuclear interaction. The 
possible primitive divergents for the interaction of 
scalar and pseudoscalar mesons with nucleons are the 
same as for spinor-electrodynamics.? But, whereas in 
electrodynamics graphs representing scattering of light 
by light do not in fact constitute a genuine primitive 
divergent, the corresponding graphs in meson theories, 
with four external meson lines are definitely logarithmi- 
cally divergent. Further, in electrodynamics, graphs 
with three external photon lines could be paired with 
others obtained by reversing the direction of internal 
electron lines and were thus shown to vanish by an 
application of Furry’s theorem (D II, Sec. IV). Since 
“charge-conjugation” does not lead to a reversal of 
sign in the case of scalar theories, graphs with three 
external meson lines present a new type of primitive 
divergent. 

However, if Furry’s theorem does not apply, we can 
still exclude graphs with odd numbers of external 
meson lines if the mesons are charged, by charge conser- 
vation. Also, for neutral pseudoscalar mesons, Dyson 
has shown, by using reflection properties of the relevant 
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wave functions, that such graphs are in fact not 
divergent.’ 

In the sequel we shall consider pseudoscalar (charged 
or neutral) and scalar (charged) theories. Thus, besides 
the primitive divergents in electrodynamics the only 
new feature would be the divergent graphs correspond- 
ing to the Mller scattering of two mesons (M-parts). 
Following a suggestion first given by Matthews, it will 
be proved that the divergences arising from these M 
parts can be canceled consistently by adding an appro- 
priate éStype interaction between mesons to the 
lagrangian. We consider in detail only the case of 
pseudoscalar neutral meson, the remaining cases being 
almost identical. 

Following Matthews we write the interaction hamil- 
tonian as 


Hiy(x) = tf (x)-yah (2) (x) — heduod(x)y(z) 
~- 4529?(x) — BAG *(x). 


The corresponding graphs will have, besides the 
vertices with two nucleon and one meson line incident, 
also vertices with two nucleon, two meson, or four 
meson lines incident. These last will be called 4-vertices, 
while graphs formed entirely from 3-vertices will be 
called the “original graphs.” 

The following remark will apply to all except meson 
self-energy graphs, which will be considered later. 

Corresponding to any original graph (formed entirely 
from 3-vertices), which itself represents a Mller scat- 
tering of mesons, or contains M parts inside itself, there 
exist in the theory graphs formed by replacing the M 
parts by 4-vertices in all possible ways. It is easy to 
verify that for a field theory with ¢‘ as the only inter- 
action term there are two primitive divergent graphs, 
graphs with two external meson lines (meson self-energy 
graphs), and graphs with four external meson lines 
(M parts). 

We shall call a graph “simple” if it does not contain 
an M part inside itself, or is a Mgller graph which 
cannot be formed by joining two or more ¥ parts. We 
shall retain the definition of reducibility of a graph as 
adopted in electrodynamics. Thus, a graph may not 
be “simple” but may still be irreducible if it satisfies 
the criteria of irreducibility as in electrodynamics. 

To choose the constant 8A we proceed in three steps. 

(1) Consider the category of all original M parts 
which are both “simple” and irreducible. If 5 is chosen 


7” Nokes added in proof.—Dyson has, in fact, proved that the con- 
tribution F(p,, f:, fs) from any graph with just three meson lines 
(Py, ps Ps) in neutral pseudoscalar theory vanishes identically. 
Let p be a vector obtained from » by space reflection. Since 
HMM rdolP)FlA, Ae fs) is 2 scalar, F(pi, pr, fs) is a pseudo- 
scalar function and therefore F(p) = —F(p). (This can be demon- 
strated by a more explicit mathematical proof.) But F(~) is 
invariant under a proper Lorentz transformation; for example, 
under a space rotation, through 180° about an axis in line per- 
pendicular to ~ and f;, which transforms fr to pf; and ps to Pr, 
and since p+ p:+p:=0, also transforms fr to fx Therefore, 
F(’)= F(f). Hence, F(p) must vanish identically. 

The author is indebted to Mr. F. J. Dyson for kindly com- 
municating the proof. 
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equal to the sum of their true divergences (the true 
divergence of an M part consists of a constant), the 
term —6éA¢* suffices to cancel all divergences arising 
from the above graphs. 5) is thus a power series in /. 

(2) Now consider the category of all original irre- 
ducible M parts which are not simple. Before removing 
the true divergence from the over-all M part, divergent 
terms hive to be removed corresponding to the Mf parts 
inside the graph in accordance with the procedure given 
in Sec. HII. We illustrate the points involved with a 
simple example. Figure 3 represents an (irreducible) 
M part obtained by joining two simple M parts. The 
corresponding integral is given by* 
pf dhdtetedt Trace 145(p+h)rS(P+h—A) 

X -yS(h—g)re5 (ts) JA (ts) A(p-+ q— #2) 
[Trace ve5(p'+4)70S(h) 1S) 1S) 
XyeS(p'+ be be) eS (p'+4— ) JA (fs). 

The integral is logarithmically divergent with respect 
to the 4;, fst, and fisf, subintegrations, besides being 
logarithmically divergent with respect to the final 
4fold integration. The remaining subintegrations are 
at least superficially convergent. 

The divergent terms to be separated before the true 


divergence over flstal, is separated, in order to leave 
behind an absolutely convergent integral are 


(a),f f diadtydtA(bs)A(p+-9—4) 
x(CTrace ys5(p’+4s) 705 (ta) yS 70S (4-7) 
XK yeS (p+ be) eS (P’ bh bs) JA (a4) 
+(r)y' f dtdt’ Trace wS(P+H)YeSlp-+h—h) 
X 105-9) 705(H) Jae) A(p+ 9A) 
—(82)\(80)s f dled (ty) A(P-++ 9-11), 
where 
(=f f dt Trace y6S(patth)-yeS(Port-b— te) 
Xr5(bi— Go) veS(41)] 
(=f f dtydt.(Trace ysS(px’+b)-765(ts) 
X95 (be) 05 (te— 90’) 70S (Po’ + ba— too) 
X ve (po’-+ba— tee) JA(4,— 4) 


Po= qo™ Pa =o’ —=hre, po'tat=O 
* S and A stand for Feynman’s functions. 


and 
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(5A);, is the true divergence over 4;, (5A): over ésf4, and 
—(6A).X (GA) over ffst4. The negative sign before the 
latter follows from the considerations about non-over- 
lapping graphs given in Remarks in Sec. ITI. 

Now we notice that on account of the presence of 
— 5\¢* term in the hamiltonian with 8 (for the present) 
chosen as the sum of true divergences from all irre- 
ducible simple M parts, there are three other graphs of 
order f” in the theory, viz., the graphs in Fig. 4. Since 
6d contains among other terms (5A), and (8A)2, we may 
assume that in the graphs drawn in Fig. 4 —(5d):¢¢ 
acts at the 4-vertex marked 1, and —(8d)2¢* at the 
4-vertex marked 2. Quite obviously the sum of contri- 
butions from these four graphs suffices to cancel all the 
divergent terms exhibited so far. The true divergence 
from the ;tefst, integration (5A)3 which still remains to 
be separated from (1) to leave behind a convergent 
integral will now be added 45d to already formed and 
we secure the cancellation of all divergences if for 
this process the graph consisting of a single 4-vertex 
~ (5A)s¢° is also taken into account. Thus if we consider 
all (irreducible) 3f parts which are not simple, only the 
true divergence over the final integration need be added 
to the 5\ term formed by adding the true divergences 
from all irreducible simple M parts. The result is of 
general validity and holds for the general case of an M 
part formed by joining any number of simple M parts. 

Tt may be noticed that the operation of taking the 
trace does not interfere with the separation of diver- 
gences corresponding to an M part which is contained 
inside another. The reason is that nucleon lines run in 
loops while (in the case of original graphs) meson lines 
do not run continuously, thus making it possible to 
localize M parts unambiguously in this theory. 

' (3) 6d so far has been obtained as a power series in /, 
and is equal to the sum of true divergences from all 
irreducible M parts. Considering reducible graphs now, 


t. 
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we have to consider the effect of inserting S and V parts 
in all the irreducible M parts. Since Sr’=Z2Sri'(/1), 
Ar’ =ZAn'(f,), and ['=Z,"T,(f,), we replace Sr(p) 
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by Sri'(p), Ar(?) by Ary'(9), and 5 by r5(9, ?’) in 
all the lines and the vertices of the original irreducible 
M parts. An irreducible M part of order 2r contains 2r 
3-vertices, 27 nucleon lines, and r-—-2 meson lines. The 
above substitutions give f°Z,-"Z.°Z,'*=Z,f,2" as 
the f-factor outside the integral corresponding to this 
irreducible M part, while the integral itself can be 
written as the sum of divergent and convergent terms, 
both’ expressed as power series in f;. Extending the 
arguments given above for irreducible graphs we readily 
see that finally 6\(fi)=Zs?X Ma(/f,), where Ma(/f,) is a 
power series in f,; (starting with a term f,*) each of 
whose terms corresponds to the true divergence of some 
original © part. 

So far we have proved that with the above choice of 
5) not only can all divergent terms be separated from 
the integral corresponding to the original M parts to be 
canceled, but further that the new M graphs introduced 
into the theory because of the term —6éA¢‘ in the 
hamiltonian are also accounted for. 

Similar arguments prove that if we are considering 
graphs corresponding to any other process (except 
meson self-energy graphs) which contain M parts inside 
them, a combination of the original graphs for the 
process, with graphs obtained by replacing the M parts 
by 4-vertices in all possible ways will always lead to a 
cancellation of all divergences arising from the contained 
M parts, in the original graphs. The rest of the proof 
for the finiteness of the S-matrix follows D II. 


(B) Meson Self-Energy Graphs 


We now consider the case of meson self-energy graphs. 
By joining up an incoming meson line to an outgoing 
meson line in any M part we obtain a meson self-energy 
graph. Conversely, in a meson self-energy graph, if any 
meson line is opened, we obtain an M part. Just as it 
was impossible to make the substitution I'y: for y, at 
the end vertices of a self-energy graph in electrody- 
namics unambiguously, similarly, it is impossible to 
make an unambiguous substitution Ary’ for Ar (or 
Spy’ for Sp) if we desire to obtain a higher order meson 
self-energy graph from one of lower order. 

However, the procedure for isolating divergences 
from M parts, outlined in Sec. III, leads to an essential 
simplification. The principles involved can be illustrated 
once again by considering a simple example. 

Figure 5 represents a meson self-energy graph, in one 
of the nucleon lines of which a nucleon self-energy 
gtaph is inserted. The corresponding integral is 


n(9)=/" f ddte[ Trace 7s5(4—p)1eS(h) 


X ysS (ti te)-yeS(t1) JA (4). 


The integral is logarithmically divergent for the 4 
subintegration, linearly divergent for the f: subintegra- 
tion, and quadratically divergent for the /,/. integration. 
The divergent terms to be separated in order to leave 
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behind an absolutely convergent integral are the 
following: 


fs f dtydt, Trace [yeS(t:— po)-v55(41) 


XSi-tadyeS HIG) +H f dct 

X Trace [yeS(ti— p)-vs5(h) (65 Gro— #2) 75 
+((ti— £40) 8/941) 1 = 10(-VeS(i— 42) v8) } SCH) ACA) J 
+ | {p y f dt,dt, Trace [-yeS(ti— po) ¥55 (4) 

X ye5 (tt) y65 (41) A (te) — VS (t1— fo) 765 (4) 


X55 (ti— tao) 55 (61) (2) — ‘¥85 (A— Bo) 76S (1) 
X {eS (ty— be)yst ((t1:—t10) 8/081) 41 = 810 


X(asta-Abro}sts)a0}] 


+4" f didtl (@— 20) -(8/0P.) 
+4(P— po) »(— po) »(9/8px)(8/8P») }*»~ 0 
X Trace (-yeS(ti— ) veS(t1) v5S (— #2) 
X05 (A(t) — veS(A— p) 70S (4) 
X {eS (tote) -ve+( (4: 10) 8/ ts) x = 10 
X (yeS (t-te) 75) }S()A() I. (10) 


where 
tybo t+ Ko=te’+Koe=0 
and 
by? +K? = py +K?=0. 
Let 


ft f dt, Trace [-ysS(ti— po)-veS (41) 
X05 (ti— tao) eS (A) J= 3A, 
pf dn, 0S (Ho— #2) 75A (te) =A, 


and let the expression in double brackets, {{ |}, in 
Eq. (10) be equal to A’. Then among others the follow- 
ing are divergent terms separated : 


Bd f dtA()+ Af? f dt, 


XTrace [y65(ti—p)veS(A) SC) ys’. (11) 


The integral with Af* as coefficient will be canceled 
by being combined with the integral arising from the 
nucleon mass renormalization term —éxo¥y in the 
hamiltonian, while A’ is similarly canceled by a proper 
choice of 5x@ in the term — 5x*¢*. To cancel 5A /dteA (te) 


we can combine it with a meson self-energy graph 

* The divergent terms shown here co! nding to ffs integra- 
tion are of the form ABO E ECO 0) where C can 
be shown to be a finite constant. CL po(p— po) P is thus properly 
to be included in the convergent part of II*. 
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obtained by replacing the M part by a 4-vertex as we 
have so far been doing; but now we notice that 


A= Al— an f arate) 
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where A” is that value of the meson mass renormaliza- 
tion constant which it would have if M parts were not 
divergent in the theory; i.e. 


Al=fi f dtydty Trace C-ye5(t—po)r6S(h) 


X05 (tr— be) -y65(t1) A (42) — ¥05 (41 — fo) 05S (h) 
X {55 (to ta) 18+ ((t1— fio) 8/881) = A10 
X (7S (t— ta) v5) SAG) I, 


so that (11) can be written as 
A"4AP f dt, Trace [-ye5(ts— p)v05(t)S(h)I. 


Further, since 5\ is not a function of #, the divergent 
term separated corresponding to 4 gives no contribu- 
tion to the charge renormalization constant set out 
in the last integral in Eq. (10) as part of the coeffi- 
cient of (P—po).(P— Po)». The result is that the di- 
vergent terms to be separated in order to obtain an 
absolutely convergent integral from a meson self-energy 
graph are precisely the same as if M@-parts were not 
divergent in the theory, this result holding for only 
those M parts which are obtained by opening a single 
meson line in a meson self-energy graph. A further 
consequence of this is that the self-energy graph in 
Fig. 6, unlike other graphs containing 4-vertices, has 
to be considered separately and is not like others a 
compensatory graph. 

The reason why the result shown to hold true for the 
particular example can be generalized is this. Let us 
first consider a meson self-energy graph belonging to 
any category [#]. The meson and nucleon lines or the 
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vertices in [#] do not contain any S or V insertions so 
far. In order to remove the divergence from the M part 
formed by opening a meson line we must associate one 
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of the basic variables, say, t, with the particular meson 
line being opened. The true divergence corresponding to 
the subintegration é2/3---¢, is a constant (8A) and the 
reduced integral is necessarily fA r(¢:)d‘t,. Thus, when 
the final true divergence over til:---t, is separated, 
Ar(t:) not containing the external momentum 9, 
contributes — 5A /dt,A r(t) to A’ and makes no contri- 
bution to the charge-renormalization constant at all, 
precisely as in the particular example. The effect is the 
same as if M parts were not divergent in the theory, 
and the mass renormalization constant were not A’ 
but A”. 
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It must be emphasized that the above result holds 
only for those M parts obtained by opening one meson 
line. We shall call such M parts “final” 4 parts. Thus, 
for example, the self-energy graph shown in Fig. 7 
containing the M parts with the loops marked 1 and 2 
is necessarily to be combined with three other graphs 
in Fig. 8 just as in Sec. V(A). 

So far we have restricted our considerations to graphs 
belonging to a category [#] in which S and V parts 
have not been inserted. To bring out the new features 
involved we consider another example. Figure 9 shows 
a meson self-energy graph belonging to [2] in which 
the M divergence is associated with the 4 loop. In the 
line ¢, we insert the self-energy graph in Fig. 5, which 
is itself a modification of the graph in [1]. The resulting 
graph is shown in Fig. 10. M divergences are now 
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associated with the subintegrations over #3, é), dfs, and 
flats. Considering the line i: by itself, from the argu- 
ments given before it is obvious that we need not make 
an explicit separation of the M divergence corresponding 
to ts. If now the “mass-renormalization constant” 
corresponding to the line # is considered, it will be seen 
that not only is it unnecessary to separate the diver- 
gence corresponding to /yef3 subintegration (for which 
only one variable i, is held fixed), but the same applies 
for the ¢, and é;3 subintegrations. The reasoning for all 
cases is similar. For example, the true divergence over 
t, is obtained by putting, among other variables, p equal 
to po wherever it occurs in the integrand. When the 
mass renormalization constant corresponding to line p is 
being separated, its part corresponding to ¢, is the same 
as above, no further change being necessary, since p has 
already been replaced by fo. Thus, A’=A—true 
divergence over ¢;Xthe reduced integral over tetst, 
—true divergence over 4/;X reduced integral over fet, 
—true divergence over éifat;Xreduced integral over ty. 
Similarly, we can see that the charge renormalization 
constant is precisely the same as if these M parts were 
not divergent in the theory. From our definition, that 
M corresponding to the subintegration ¢s was the “final” 
M part contained in the meson self-energy graph (of 
Fig. 5) inserted in line é2, while ¢; was the “final” M part 
for the line p in Fig. 9. Because of the insertion in fz, 
new M divergences tis, fatets arise; since they can be 
associated with p, we shall call the divergences corre- 
sponding to 4, fits, and tf; also “final” divergences 
associated with the line in Fig. 10. This is an extension 
of the definition of “final” M-divergence.” In general, 
the result can be stated thus: given a meson self-energy 
graph of category [7], the insertion of a meson self- 
energy graph with a number of final M divergences in 
any of its meson lines will increase the number (and 
complexity) of the M divergences in the entire graph. 
It will always be possible to associate these new diver- 
gences as the final M-divergences corresponding to 
some meson line, making it possible to prove that no 
explicit separation of corresponding M divergences is 
needed. We have the result that the mass and charge 
renormalization constants for meson self-energy graphs 
are precisely the same as if these “‘final”” M parts were 
not divergent. 

The same results (only simpler to prove) hold for 
insertions of S and V parts in the nucleon lines and 
vertices of graphs of categories [7]. 

The only meson self-energy graph which still needs to 
be considered is the graph in Fig. 6. All other meson 
self-energy graphs with 4-vertices act as compensatory 
graphs like those in Fig. 8. The corresponding integral is 


—dX(fi) f Ar’ (dt=—Malfs)Z34 f Ary'()dt, 


% Analytically a final M-divergence inside a meson self-energy 
h may be defined such that its reduced integral is independent 
OF chs external momiantuit of the meson Uns, 


OVERLAPPING DIVERGENCES AND THE S-MATRIX |. 


so that finally we choose 
buts — (1/x7)Z35F ofa” (f)—-MAfy) f Api'(é, f: at] 


This completes the proof. 

On account of the results above regarding “final” 
M-divergences, it will be found expedient to associate 
basic momenta with nucleon rather with meson lines in 
graphs belonging to any category [”]. This choice will 
remove all the significant divergences with a single 
choice of basic variables. 

The case of the meson self-energy has been treated 
at length because it will serve as a prototype for 
renormalization in other theories such as scalar electro- 
dynamics, where both C and M parts are divergent and 
it is not possible to make an unambiguous insertion of 
S parts in meson or photon lines. 
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The general rule for the separation of divergences 
given in Sec. IIE will also apply to other theories such 
as scalar electrodynamics; but the considerations given 
in the remarks will not, because both C and M parts 
are divergent in that theory, leading to overlaps of 
considerably greater complexity. It is, in fact, in scalar 
electrodynamics that the power of the general rule 
formulated in Sec. III exhibits itself. General consider- 
ations on that problem will be published shortly. 

The author is deeply indebted to Mr. F. J. Dyson for 
indicating the considerations of Sec. IT in an extremely 
helpful discussion, without which this work would not 
have been possible, and to Dr. N. Kemmer for con- 
tinual help and encouragement. The tenure of a 
scholarship from the Education Department of the 
Government of Punjab, Pakistan is gratefully ac- 
knowledged. 
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The Renormalization of Meson Theories* 


P. T. Matraewst anp Aspus Saramt 
Institute for Advanced Study, Princeton, New Jersey 


A brief account is given of Dyson’s proof of the finiteness after renormalization of the matrix elements for 
scattering processes (S-matrix elements) in electrodynamics (interaction of photons and electrons). It is 
shown to which meson interactions this proof can be extended and some of the difficulties which arose in 


this extension are discussed. 


“ I ‘HE recent developments in quantum electro- 

dynamics (the interaction of photons and the 
electron-positron field) associated with the names of 
Tomonaga, Schwinger, and Feynman culminated, as 
far as the theory of the renormalization of mass and 
charge is concerned, in the work of Dyson! published in 
1949. Combining Feynman’s technique® of depicting 
field events graphically and Schwinger’s invariant pro- 
cedure of subtracting divergences,? Dyson proved two 
very important results. He showed first that if calcula- 
tions are made to any arbitrarily high order in the 
charge in a perturbation expansion, three and only three 
types of integrals can diverge; and, secondly, that a 
renormalization of mass and charge would suffice 
completely to absorb these divergences. This theory 
has proved to be in very close agreement with experi- 
ment.‘ 

An obvious problem after Dyson’s program was com- 
pleted was to extend his considerations to the various 
meson theories, and to see if analogous results could be 
derived for any of them. This work has now been fin- 
ished and it is the purpose of this note to demonstra 
some of the difficulties which arose and to summarize 
the main results. It should be emphasized that we are 
concerned here with the purely mathematical problem 
of seeing which meson theories can be made self-con- 
sistent in this way. Very little will be said about the 
relation of such a theory to experiment. 

Before going on to consider meson theories in detail, 
however, we briefly recall Dyson’s procedure. It is now 
well known! that the matrix element for any given 
scattering process (S-matrix element) in electro- 
dynamics can be written down directly as an integral 
in momentum space by drawing a graph, the integrand 
being obtained by writing the propagation functions 
* The following note was read as an invited paper at the 
aeuneany Meeting of the American Physical Society, June 16, 
t Now at Clare College, Cambridge, England. 

} Now at Government College, Lahore, Pakistan. 

1F, J. Dyson, Phys. Rev. 75, 486, 1736 (1949). 

*R. P. Feynman, Phys. Rev. 76, 749, 769 (1949). 

4 J. Schwinger, Phys. Rev. 74, 1439 (1948) ; 75, 651 (1949). 

‘Notably it explains the Lamb shift (see W. E. Lamb and 
R. C. Retherford, Phys. Rev. 79, 549 (1950) for references to 
published papers; more accurate calculations are in progress) 
and the anomalous magnetic moment of the electron. P. Kush 
and H. A. Foley, Phys. Rev. 74, 750 (1948). J. ache ak Phys. 
Rev. 73, 415 (1948). R. lus and N. M. Kroll, P ys Rev. 
77, 536 (1950). Koenig, , and Kusch, Phys. Rev. 687 (1951). 


Sp(p) and Dr(p) for the electron and the photon lines® 
and the factor ey, (charge times a Dirac matrix) for 
the vertices of the graph. By considering the integrals 
thus obtained, Dyson showed that the over-all® degree 
of divergence of a particular graph could be estimated 
simply by counting its external lines. Let Ey denote the 
number of external fermion (we use the term fermion 
for any spin half particle) and EZ, the number of ex- 
ternal photon lines. The integral corresponding to a 
graph can diverge only if 


JE-+E,<5. (1) 


This basic inequality shows that there are only a finite 
number of types of graph that can introduce divergences 
in the theory. These are the electron and photon self- 
energy graphs and vertex parts, simple examples of 
which are given in Fig. 1 (a, b, and c). Another possible 
type of divergent graph is the scattering of light by 
light (Fig. 1d), but this proves to be convergent owing 
to the gauge invariance of the theory.’ There are also 
potentially divergent graphs with one or three external 
photon lines but these can be excluded by an argument 
based on charge symmetry. The graphs a, b, and c are 
thus typical of the only types of divergence in the theory 
and it is clear that if these divergences can be removed 


Fic. 1. Dotted lines are photons and full lines are electrons. 


5 These are the Green’s functions which express the (casually 
correct) influence of the fields at different points upon each other. 
M. Fierz, Helv. Phys. Acta 23, 731 (1950). (Dr=D, in Fierz’s 
Paper. Dr=5,, Spr=K, in Feynman's notation.) 

By “over-all” degree of divergence is meant the degree of 
divergence of the integral over all variables, for a h for which 
the integration over any lesser number of variables is finite (or 
has been made finite by suitable subtractions). The integrals are 
complex but the iva of dene pres sabia OR cag 
i wers in the integrand. For t) i is can 
expressed in terms of the number of external lines only. 

J. C. Ward, Phys. Rev. 77, 293 (1950). 
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Fic. 2. The circle encloses the “basic unit” out of which 
all (nonoverlapping) graphs are built. 


by mass and charge renormalization the entire S-matrix 
can be made convergent. 

The graphical technique can easily be extended to 
the meson-nucleon interactions and a similar analysis 
can be made of the possible types of divergence.* These 
interactions fall into two distinct classes. For the 
(pseudo-) scalar interaction of (pseudo-) scalar mesons 
with nucleons the necessary condition for divergence is 


$E+ En <5, (2) 


where E,, is the number of external meson lines. For all 
other theories, and this includes meson pair theories and 
the Fermi type coupling of four fermions, the condition 
is of the form, 

E<S+n, (3) 


where E is a linear function of EZ; and E,, and # is the 
number of vertices in the graph. For such cases there 
are, in general, an infinite number of types of divergence 
(since a divergent graph for any process can be found 
by making » large enough), and there is no hope of 
removing them by the renormalization of a finite num- 
ber of constants. One exception to this rule is the 
vector coupling of neutral vector mesons. This has been 
shown to be equivalent to electrodynamics as far as 
divergences are concerned and is therefore renormal- 
izable.* It is not, however, of much physical interest. 

Turning now to the theories of spin zero particles 
satisfying (2), it is clear that the possible types of 
divergence are the same as in electrodynamics. For 
charged mesons the parts with one or three external 
meson lines are excluded by charge conservation—since 
the charge entering any part must leave again; for 


*P. T. Matthews, Phil. Mag. 41, 185 (1950). This paper con- 
tains errors. See P. T. Matthews, Phys. Rev. 80, 293 (1950), first 
paragraph. 

*p. T. Matthews, Phys. Rev. 76, 1254 (1949). There is also a 
renormalizable mixture proposed by Feynman of pseudo-scalar 
and pseudo-vector mesons with the same mass and coupling con- 
stant and pseudo-vector coupling. See D. B. Beard and it A. 
Bethe, Phys. Rev. 83, 1106 (1951). 
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neutral pseudo-scalar mesons it can be shown that such 
parts vanish identically by considering the space reflec- 
tion properties of the field. For neutral scalar theories 
these parts give rise to genuine divergences. All these 
theories also have genuine divergences from the scatter- 
ing of mesons by mesons, Fig. 1d, in addition to the 
self-energy and vertex parts of electrodynamics. For 
this class renormalization has, on the face of it, a good 
chance of success and we will consider it in some detail. 
Dyson based his general proof for electrodynamics on 
the important observation that the three divergent 
types of graph, when appearing as parts of a larger 
graph, can each be treated as modifications of single 
lines or vertices. One can thus define functions, analo- 
gous to the propagation functions, which include the 
effects of all possible self-energy parts in a line, or 
vertex parts at a vertex. These functions are called 


Sr’, Dr’ and Y,. 


They are, of course, divergent. The finite, physically 
significant parts of these functions, Sy;’, Dr,’, and 
T',1, are obtained by subtracting infinite constants" in a 
covariant way. Dyson went on to show that after a 
suitable mass renormalization, these finite and corre- 
sponding infinite functions are related as follows: 


Sp'=Z2Srr', 
Dp'=ZDri, (4) 
T,=ZT ya, 


where the Z’s are infinite constants. These remarkable 
equations thus reinterpret the subiraction of infinite 
constants as the extraction of infinite constant mztudti- 
pliers. 

Now consider any process, not itself one of the three 
divergent types. To calculate the matrix element for 
this process we can draw just those graphs correspond- 
ing to it which contain no self-energy or vertex parts 
in their lines and vertices—the “irreducible” graphs. 
The integral corresponding to such a graph is convergent 
by (1). (It satisfies the condition of reference 6 since, 
by definition, it contains no divergent part.) The inte- 
grand is a function of Sr Dy and ey,, say, e"(Sr, Dr, 
7»), where » is again the number of vertices in the 
graph. All the radiative corrections to this graph are 
obtained unambiguously by making all possible self- 
energy and vertex part insertions in its lines and ver- 
tices. This corresponds analytically to replacing Sr by 
Sp’, Dr by Dr’, and y, by I, in I. The integral now 
diverges, but using Dyson’s equations (4) we have 


e*l(Sp', De’, T,)=e"F (Zi, Ze, Za) 1 (Sri, De’, Va) (5) 


Fic. 3. 


'® An infinite constant is an expression such as fe*x dx. Such 
constants are equated when the integrands are identical. 
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for the whole contribution from the graph, including all 
corrections. The form of the factor F(Z) can be seen by 
considering a typical vertex of any irreducible graph. 
The self-energy and vertex parts can be inserted and 
give rise to the Z factors, as indicated in Fig. 2. The 
factors associated with each e are thus Z;1Z2Z3'. (One 
takes the root of the line factors because each is shared 
by the charge factors at each end of the line. External 
lines require special consideration.) Thus, 


e"F(Z)= (eZ 'Z2Z,})*=e,", (6) 


where e¢; is defined by the final equality. If we now 
equate ¢, to the experimental value of the charge, the 
right-hand side of (5) becomes 


ex"T(Sri, Dry, I), 


and we thus obtain from each irreducible graph a finite 
constant times an absolutely convergent integral as its 
contribution to the required matrix element. The 
physically significant contributions of all possible 
graphs have been included. 

This is a beautiful and ingenious idea. The whole 
difficulty of the proof lies in establishing the relations 
(4), which must account correctly for the corrections to 
the corrections; that is, graphically, for the self-energy 
and vertex parts in the lines and vertices of such parts 
themselves. One can proceed again by modifying the 
lines and vertices of irreducible self-energy and vertex 
graphs, but the prescription is no longer unambiguous. 
Consider, for example, the graph of Fig. 3. This can be 
regarded as a modification of Fig. 1b by the insertion 
of a vertex part at either of the two vertices. The two 
vertex parts overlap on the center line. An extension of 
the subtraction procedure is required to derive the con- 
vergent, physically significant remainder, and the oc- 
currence of such “overlaps” considerably complicates 
the derivation of equations (4). Fortunately, this is 
the only type of overlap which occurs in electrodynamics 
and Dyson was able to deal with it by special methods." 
However, this proves to be the central problem in the 
extension of Dyson’s methods to meson theories and it 
has to be treated in its most general form.” 

Returning to the charged scalar and the charged or 
neutral pseudo-scalar theories satisfying (2), we have 
just one extra type of divergence to deal with (Fig. 1d). 
Since this is not a modification of any vertex, we pro- 
duce such a vertex by adding a contact interaction 
between mesons, (A+ 6A)¢‘, to the lagrangian. Here the 
idea is that 6 should be an infinite constant chosen to 
cancel the new type of divergence, and ) is finite, to be 
fitted to experiment. In order to prove that this can be 
done consistently, it must be shown that 6A can be 
made to cancel the divergences from the new graphs 
which the new vertex itself introduces. It must be shown 
further that with the inclusion of this term, it is still 


4 See also J. C. Ward, Proc. Phys. Soc. (London) 64, 54 (1951). 
® Abdus Salam, Phys. Rev. 82, 217 (1951). 
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possible to define the Z factors, in spite of more com- 
plicated overlaps. This is the harder problem. The kind 
of difficulty which appears can be seen from the com- 
paratively simple graph, Fig. 4, where meson-meson 
scatterings occur overlapping with vertex parts inside 
a self-energy graph. 

All this can in fact be done” but before going any 
further we will consider the meson-photon interactions.” 
Here a very similar situation is found with one extra 
complication. For spin one mesons the condition for 
divergence is ‘again of the dependent form (3) and 
clearly there is no hope. For spin zero mesons we have 


EntEp<5, (7) 


which is slightly less restrictive than condition (2). 
We end up with the same types of genuine divergence 
as in electrodynamics (where dotted lines are now pho- 
tons, and full lines, mesons) with the addition of meson 


by meson scattering (Z.=4), and parts corresponding. 


to the Compton effect (E,=2, E,=2). The hamil- 
tonian, however, besides terms linear in e, contains a 
term eA ,*¢*, giving rise to vertices of just this latter 
type, and the new Compton divergences can be re- 
garded as modifications of them. We can hope to define 
a new factor Z,;—! associated with them. We again have 
to introduce the extra term (A+ 5A) ¢‘ with its attendant 
difficulties. After deriving the Z’s, we must show further 
that some combination of Z factors appears consistently 
with the é vertices and that this is consistent with the 
Z factors at the e vertices. This requires that certain 
relations exist between the Z factors.“ The overlap 
problem is now even more complicated. For example, 
the graph of Fig. 4 now contains twelve overlapping 
divergences. In spite of this, this program can be 
carried through and the whole theory rendered finite 
by renormalization. 

We do not intend here to go into any of the details 
of the proofs of the possibility of renormalizing these 
interactions, but it should be abundantly clear that the 
main difficulty in extending Dyson’s proof to meson 
interactions lay in defining what infinite subtractions 

uP, T. Matthews, Phys. Rev. 80, 292 (1950); F. Rohrlich, 
Phys. Rev. 80, 666 (1950). (Rohrlich’s paper contains an incorrect 
subtraction procedure for overlapping divergences in terms of an 
arbitrary “‘hierarchy.”) 

M Assuming the relations of form (4), it is easy to derive the 
“basic unit” for an ¢ vertex (as in Fig. 2) and to show that it will 
give rise to a factor &Z,'Z;Z;. For consistent renormalization, we 
must show Z,72Z;Z3= (Z171Z2Z3})?, In fact, Z:=Z_=Z, and the 
only genuine charge renormalization comes from 2; (photon 
self-energy parts). This is also true of electrodynamics where 


2Z:=2Z:2; J. C. Ward, Phys. Rev. 78, 182 (1950). 
% Abdus Salam (to be published in Phys. Rev.). 
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~ must be made from overlapping divergent parts so as 


to leave a unique, covariant, and absolutely convergent 
remainder. Only after this has been done can one 
begin on the further problem of interpreting these sub- 
tractions as infinite Z-type multiples and deriving rela- 
tions between the Z factors so defined. 

We content ourselves with indicating the correct 
subtraction procedure.” Consider an integral over, say, 
three basic variables with integrand, 


IT (A, ta, ts). 


One must first consider the integration over é, alone. 
If this diverges one must subtract the divergent part of 
this integrand, as defined by Dyson, multiplied by the 
rest of the integrand left unchanged. That is, 


vf (ty, be, 4) — Dt) R(t, ts). 
This must be done independently for t, and ts giving 


I (hi, ts, ts) — D(t) Rte, ts) 
— D(t)R(ts, #1) — D(ts) R(t, #2). (8) 


Now one considers the integral over pairs of variables. 
For the ft: subintegration the integrand to be con- 
sidered consists of the first three foregoing terms, for the 
ésf, integration the first, third, and fourth terms, and 
so on, the remaining term in each case being left un- 
changed. The divergent terms corresponding to these 
integrations, which have to be subtracted, are de- 


ted b 
ie E Dlty RG). () 
12.3 


The final subtraction, D(é:fss), is obtained by applying 
Dyson’s procedure to the whole expression (8)-(9). 
This leaves behind a remainder which is convergent 
over all possible subintegrations and is the physically 
significant contribution of the graph. 

A general proof has been found that, for renormal- 
izable theories, this prescription yields a finite remainder 
of the required form, and, for such interactions, can 
be interpreted in terms of "Zefactors.” The procedure 
looks complicated but the idea is essentially simple. 
The difficulty, as in all this work, is to find a notation 
which is both concise and intelligible to at least two 
people of whom one may be the author. 


# Abdus Salam, Phys. Rev. 84, 426 (1951). 
"A general discussion of the extraction of Z factors is to be 


found in the introduction to reference 15. 
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We can summarize this brief survey by saying that 
the simplest renormalizable theory which allows for 
both charged and neutral mesons is the pseudo-scalar 
in pseudo-scalar coupling with nucleons. This theory 
requires just the additional interaction (A+46A)¢*. It 
has been found that one can consider the combined 
interaction of the meson, nucleon, photon, and electron- 
positron fields without introducing any essentially new 
complications.'* The only other such renormalizable 
theory is that of scalar mesons with scalar interaction. 
This requires another additional term (x+6x)¢* to 
cancel divergences from parts with three external meson 
lines. 

It is encouraging, at least, that these purely theoreti- 
cal arguments lead to the conclusion that the meson in 
direct interaction with the nucleon is of spin zero, in 
agreement with experiment. Beyond this very little 
can be got from the theory in its present form. Calcula- 
tions for scalar theory lead to a small coupling constant 
but definite disagreement with experiment. Pseudo- 
scalar theory, on the other hand, requires so large a 
coupling constant to give the correct orders of magni- 
tude that the perturbation expansion is invalidated and 
no comparison with experiment is possible. The prob- 
lem of how to calculate cross sections by methods inde- 
pendent of the size of the coupling constant is a formi- 
dable one, but it seems that it must be solved before any 
real advance can be made in the field theoretic interpre- 
tation of nuclear events. 

For theories which are not renormalizable finite cross 
sections have so far only been obtained by arbitrary 
subtraction procedures which are either not self-con- 
sistent, or incompatible with renormalization and thus 
in conflict with experiment.!* 


18 P, T. Matthews, Phys. Rev. 80, 292 lee Phil. Mag. 42, 
221 (1951); Abdus Salam, Phys. Rev. 79, 910 (1950). 

19 For eo le Heitler’s theory of radiation damping [W. 
Heitler, Proc. . Phil, Soc. 37, 01 (1941) and numerous sub- 
sequent papers | which gives no "Lamb shift and no a 
nucleon magnetic moments; or“ eegulareation discussed recent 
by one of us (P. T. Matthews, Phys. Rev isos 936 (951) as 
interesting subtraction procedure has recently 
Ning Hu [Phys. Rev. 80, 1109 (1950)], but owing cana 
ance of the coupling constant in the 
5) tion function, there seems no possibility of interpreting 
these subtractions as renormalizations. Further, Ning Hu’s modi- 
fied p tion function is very similar (but more general—it is 
not an integral function) to those and discarded by A. 
Pais and G. E. Uhlenbeck [Phys. Rev. 79, 145 (1950)], snd it 
seems probable that it is open to the same objections. 
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The proofs of the renormalization of the theories of scalar and pseudoscalar mesons in scalar interaction 
with nucleons and with the electromagnetic field, given previously by the author, depended on a certain 
subtraction procedure. A general proof is here given that this subtraction procedure, when applied to a 
divergent integral in the S$ matrix of a renormalizable field theory, does, in fact, lead to an absolutely 


convergent, covariant, and unique remainder. 


I 


INCE Dyson’s' proof of the possibility of absorbing 
all divergences in spinor electrodynamics, by re- 
normalizing mass and charge, it has been possible to 
extend his considerations and to renormalize the 
theories of scalar and pseudoscalar mesons in (scalar) 
interactions with the nucleons, and with the electro- 
magnetic field.? The proofs in these cases depend upon 
the success of a generalized procedure’ for subtracting 
divergences from the integrals occurring in these 
theories. This procedure was outlined in 1, Sec. III, 
and it was asserted that after the subtractions are 
carried out in a prescribed manner, the remainder is an 
absolutely convergent integral in a strict mathematical 
sense. A proof of this statement is given in this note. 
The conditions under which such a procedure succeeds 
brings out clearly the difference between theories which 
can be renormalized and those for which the concept of 
renormalization of constants has proved inadequate. 
Regarding the general structure of the graphs and 
the corresponding integrals occurring in the matrix 
elements of Dyson’s § matrix, we note the following: 
(i) In a connected Feynman-Dyson graph consisting 
of WV vertices and F internal lines, n=F—N-+1 lines 
can be chosen such that the momenta corresponding to 
the remaining (V—1) lines can be expressed as linear 
sums of the momentum variables 4, te, ---t, which can 
be assigned to these » lines. Thus, the graph gives rise 
to an n-fold integral [(#) over these basic variables.‘ 
(ii) For all “renormalizable” theories (i.e., the 
theories for which the number of primitive divergent 
graphs is governed by conditions of the type E<a, E 
being a linear sum of the number of external lines and 
a being a fixed constant), not only is the number of 
primitive divergent graphs limited, but further, perhaps 
more important, the degree of divergence of the inte- 


* Now at Government College, Lahore, Pakistan. 

IF J. a pc a Rev. 75, 1736 (1949). 

2 Abdus , Phys. Rev. 82, 217 (1951), referred to as 1; 
i ot nla S matrix for scalar electrodynamics,” to be 

ju . 
e 4 This procedure was suggested by F. J. Dyson, to whom the 
author is deeply indebted for kind help and di: ion. 

‘The domain of integration is in fact a 4n-dimensional space; 
but the treatment being wholly relativistic, the 4 components of 
any vector are never separately considered. We, therefore, speak 
of n-fold rather than 4n-fold integrations. 


grals® corresponding to these graphs does not depend 
on the order of the graphs. 

(iii) We are interested in the absolute and not the 
conditional convergence of our final expressions; that 
is to say, their convergence must be independent of the 
choice of basic variables. Irrespective of the choice of 
basic variables, all the possible divergent subintegra- 
tions can be detected graphically by seeing which parts 
of the graph satisfy the condition E<a, where £ is the 
number of external lines of the part in question. By a 
“wrong” choice of basic variables, it is possible to make 
some of the integrals corresponding to these parts 
conditionally convergent ; for example, a subintegration® 
which conditionally converges for ¢, and ¢: integrations 
may diverge if é,’=¢,+-#, is chosen as a basic variable. 
The proof the effectiveness of the subtraction procedure 
given in Sec. II depends on the following lemma 

Lemma 1:—There exists at least one “correct” choice 
of basic variables, such that every possible genuinely 
divergent part of the graph has associated with it a 
divergent subintegration over one or more of the basic 
variables. 

This lemma is proved in Sec. III. In any graph there 
may be more than one set of “correct” variables. It is 
also shown in Sec. HI that the finite remainder after 
the proposed subtractions is the same for any “correct” 
set. It will be seen in Sec. III that the lemma is true 
under extremely restrictive conditions. These happen 
to be precisely the conditions which renormalizable 
field theories satisfy. 

I 

The detailed prescription for subtracting divergences 
from overlapping graphs has been given in I, Sec. III. 
We write the given integral [(#) as 
I(n)=D(t:)R(tets- s *ta)+D(te)R(hits- : tha) + o7.8, 

+D(hte)R(tate +t) 
+D(litsh)R later oba) bebe 
+D( tite: + +tn)Lo(tite- tn). (1) 

: , , Bact 
satlertan Ge cone eatiaaraiven tn Sec aera eed 
paper and merely iar a powers of relevant / in the numer- 
ator and denominator of integrand 


SI a set of variables fofo:--tm is held fixed, the integration 
over the remaining variables is called a subintegration. 


426 


23 


427 DIVERGENT 
Here D(/,t;---) is the true divergence from the part of 
the graph corresponding to the /,t;--- subintegration 
and R’s represent the reduced integrals. It is to be 
shown that J., the remainder left after all terms DXR 
have been subtracted from /(#) isabsolutely convergent. 

In general, the integrand of 7() is a product of 
“simple” factors F, H, J, etc., each “simple” factor F 
being a function of one single variable ¢; and external 
momenta (), and of overlap factors G, K, etc., which 
are functions of more than one variable. 

In any term like D(t,)R(tels: - -tn), D(t) is a divergent 
constant; analytically, D(t,) is a divergent constant 
obtained by an operation T(é,) on the é; subintegration, 
the integrand of this subintegration consisting of all 
those factors F, G, etc., in the integrand of 7(”) which 
contain 4;. All momenta other than /, in these factors 
are treated as “external.’”’ There is one operator T(t;) 
for each type of divergence in the theory; this operator 
may correspond, for example, to giving all the “ex- 
ternal” momenta special “free-particle” values or may 
also involve differentiations with respect to “external” 
momenta before such “free” values are substituted if 
the divergence over ¢; subintegration is more than 
logarithmic. In practice, the operation 7’ may be even 
more complicated, but: in all cases (so far developed) 
T acts by changing the values of “external’’ momenta. 
In actual fact, the result of operation T(t) is not 
merely D(f:) but D(ti)y,, D(é:)é,, or D()Ar™, etc., 
where y,, Sy, etc., will be called “vertex factors.” 
These “vertex factors” are absorbed in the reduced 
integrals. R(ét3---é,), for example, is an integral with 
the integrand consisting of all factors G, H, etc., in the 
original integrand which do not contain 4, multiplied 
by the “vertex factor” from the # integration. 
R(tets +++ tn) corresponds to a graph, called the 
reduced graph, which has exactly the same number of 
external lines as 7, but is of lower order in e. 

We notice at this stage that the operation 


(1-7) Um) = 1) — DA) Rha: + tn) 


can be thought of graphically as the insertion of the 
convergent part of the 4 integration at the appropriate 
place in the reduced graph R(tots: + -tn). 

The general procedure for obtaining a true diver- 
gence, D(tl2), for example, has been formulated in 1, 
Sec. ITI. Consider the integral 


[1—T(h)—T (2) W = — Dl) Rats - - tn) 
— D()R(hits-++tn)]. (2) 


An operation T(é42) on this new integral gives D(tf2). 
For this operation all momenta other than h, ¢: are 
“external” and explicitly the operation is only designed 
to make the double integration over é,/2 in 


C1 — (hte) [1 — Ts) — T(ee) (mn) (3) 
convergent, It was shown in 1, Sec. II, that (3) in fact 
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proves to be convergent over 4, and ¢2 integrations 
considered singly as well. The proof may be repeated. 
Holding ¢, fixed, we rewrite (3) as 


—[1—T(hte)T(h)L. (4) 


The first two terms obviously converge over /, inte- 


gration. 
We can rewrite the third term as 


{1 — T (tits) JT (2) I= [1 = T (tila) JD (t2) R( tits: oe tn). 


T(tt2) operates only on the 4,42 integration, giving all 
variables “external” to the 42: integration certain 
special values, Here, since D(é2) is a constant and does 
not contain any external momenta, T(tit2) operates, 
in effect, only on that part of the integrand which 
contains f. The convergence of [1—T (tz) ]D(é) 
XRkits- + +tn) over ft, is clear dimensionally, since D(/2) 
being divergent, the degree of divergence of R(iitg- + + tn) 
in 4, cannot exceed that of the tf. divergence, which 
[1-7 (tte)] is explicitly designed to remove. In the 
example considered in 1, Sec. II, T(t) and T(t) repre- 
sent extraction of (logarithmic) vertex part divergences, 
while T(t:te) is designed, in the first place, to extract 
(linear) self-energy divergences. D(f) thus being a 
logarithmic divergence, the ¢, integration in R(tis- - -tn) 
can at most be linearly divergent. The operation 
{1—T(tte)] therefore suffices to produce convergence 
over 4 in [1—T(tte)]T(t)2. This is an important 
point for the subsequent proof. 

In the general case J, is convergent for the over-all 
n-fold integration by its very construction, since it is 
obtained from ® defined in Eq. (5) below by an oper- 
ation [1—T(éte- --¢,)], which operation subtracts from 
® the true divergence D(trfe---tn): 


b=] — D(t)R(te- + tn)» — Dita) Rls: + +t) 


"= Dititar--tedR()*--e (8) 


We now want to show that J, is also convergent 
over all subintegrations 4, --+, tite, +++, titer sta, *°> 
as well. Combining this with the discussion given in Sec. 
TH, this will establish that J. is absolutely convergent 
in a strict mathematical sense and all mathematical 
operations are valid for it. 

By rearranging the terms in J.(m), we shall first 
exhibit that J.(m) is convergent over the (tafs---tn) 
subintegration, explicitly. The proof proceeds induc- 
tively. Suppose that I,(n—~1) obtained from any (n—1) 
fold integral I(n—1) by subtracting true divergences 
reduced integrals converges over all its possible 
subintegrations as well as over the (n—1) fold inte- 
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gration. We rewrite Eq. (5) as follows: 
f= [7 — D(t)R(hts- i sta) — Dts) R(hile- * stn) 


++ —D(ta)R br: tat) — D( tats) Rata + tn) 
melas —D(tets- " fy) R(4)] 

—[D(ts)R(tala- + +t) — Dita) (lata tn) 
— Dts) Rl “tana) 


*— Dlhht) Rds tta)o* 


«t )R()— Dibyt- ta) Ri)" 
—Dhtr-- “in )RU] 


~ Dita: 
(6) 
Then we have 

Ie(n)=[1—-T(h- + -t,) ]®. (7) 

If #, is held fixed, it acts as an “external” momentum 
vector for the terms in the first bracket. The integrand 
in R(t) contains (apart from the “vertex factor”) those 
factors in the integrand of I(m) which do not contain 
any other basic variable except 4, and these factors 
are therefore common to all the terms in the first 
bracket in Eq. (6). Apart from these, the first bracket 
is precisely J.(n—1) and, consequently, convergent 
over ists: --¢, integration, by assumption. 

To exhibit the explicit convergence of the second 
bracket, we derive an alternative expression for the 
true divergences. 

Consider D(‘j42). We write 


D( tite) R(tata- © tn) = T (tite) [IE — D(te)R(hats- + tn) 
— D(t)R(tata- + +tn)] 
=T (tls) [I — D(te)R(tits: + tn) ] 


— D(t)Dr(te)X Rtatas--tn). (8) 


Here De(te)R(iste--tn) is the result of the operation 
T(éte) (which, D(4,) being a constant, is effectively 
now an operation on /; integration alone) on R(tets: + -tn). 
The reduced integral R(isty---¢,) from this operation, 
obtained by omitting all factors containing #, in the 
integrand of R(ifs---/,) is the same as that obtained 
by omitting all factors containing (,/2 from the integrand 
of I. As noted before [J—D(#)R(tits---tn)] can be 
thought of as the graph obtained from R(tt3---t,) by 
inserting in the appropriate place the convergent 
remainder G,(#2) of the ¢, integration in J. The operation 
T(ét2) now implies that from the resulting expression 
im divergent constant is evaluated. For our 

urposes, however, the essential point is that 
Tat — D(t)R(hits°--ta)] is convergent over ¢. To 
emphasize this we write 7(ti2)[7—D(42)R(tta:* -tn) ] 
as (Ge(t) > S dhdt)oR( las: + +tn). Here, (Ge(e)—>S dhdts)o 
is the divergent constant mentioned above and is such 
that in its integral representation the /, integration is 
convergent. Its multiplier R(ésfi-*-/,) is an integral 
with the integrand consisting of those factors in the 
integrand of J which contain neither #, nor ¢ and is 
thus the correct reduced integral. Hence, finally we have 


D(a) R(ta: + + tn) = (Celts) > S dtidte)o 


—D(t)Drlts) X Rta: +t). (9) 
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It may be noted here that if we take two variables /, 
and ¢; such that the parts corresponding to /, and {, 
integrations do not overlap, then we have Dr(¢;) = D(é;). 
(The true divergence for the ¢; subintegration of the 
reduced integral R(tz---/,) is the same as that of the 
original integral I(t:f2---?,).) It was shown in Sec. 3, I, 
that for such a case we have D(tt,)=—D(4)D(é,). 
Hence, it follows that (G.(t)—~Sdtidt;)o=0, which is 
compatible with its graphical interpretation. 

We shall prove a similar result for D(¢ols3). By 
definition we have 


D(tibots) R(ta- : ‘LA)= T (htets)[T— De) R(Als- F *tn) 
— D(ts)R(biteta- : +tn) — D( tela) R( hide ° “tn)] 
[=pisit +by) | 
+T (ttets)| ~ D(tate) R (tate + tn) . (10) 
~—D(tyts)R(lota: + tn) 


The expression in the first square bracket is convergent 
on account of our inductive assumption for the (els 
integration. Precisely as above, we can write the result 
of operating T(é:fefs) on the first bracket as 


(Ge(tots)—S dtidtedts)oR (te: - + tn). 
By a repeated use of Eq. (9), the remaining terms in 
Eq. (10) can be written as 
= —T(hfals)[D(h){ R(tats- + ta) —Dr(te)R (lala > tn) 
— Drlts)R (tala > +ta)} 
+(Gelts)>S dtidts) oR( tate: + ta) 
+ (Gelte)—S dhidte) oR (tata: - -tn)] 
=—[D(h)Dr(tets)-+ (Gell) oS dt dts) oD rl(ts) 
+(G.(ts)—>S dtidts)oD r(te) IX R(t +: 
So that, finally we have 


D(trtata)R(ta> > tn) = [(Ge(lola)—S dlidiedls)o 
— (Gel(ts)—>S dhidts)oDr(t2) 
—(G(be)-S dtidte)pDa (ts) 
—D(t)Dr(lals) IR + +tn). (12) 


This can be generalized immediately by an inductive 
proof as follows: 


te). (12) 


D(tte: a +t) R(tep1° & stn) 
=((G.(te-> i; tL) Sfdtydly:- -dly)o 
- (Celta h)S ails vdt)oDall 2) 
_ (Colle bas, dt ale -dly-s)Da(l,) 
os Gla byt aoe *dte) oD alata) 
~ (Ge f yas ade dl i eDalbs) 
= ~(Cob)S asd Daltse tet) 
— D(t)Dalatar- ATX Resa ‘ta). (13) 
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All that remains now is to substitute from Eq. (13) in 
the expression obtained after operating [1—T (Ale: : - tn) ] 
on the second bracket of Eq. (6). We obtain 


— D(th)LR( tats - tn) —Dr(te)R(ts*--ta)— + * 
— Dallels)R(ta- + *tn)— + 
— Dr(tats: + tn) ] 
—[(Gelte)S drdt)o{ R(ts* + + tn) ~ Darts) R(tar * tn) 
_ —Darltata) Rts + ta) ++ — Darts: > -tn)}] 
—[(Gelta)—>S dtrdts)o{ R(tate + -tn) 
— Dr(ts)R(tar eta) 
— Drlteta) R(t **tn)* + —Dr(teta: + +tn)}] 


Bo [Gallet f° dtydtydls)of Rite: +ta) 
—Dalts)R(te: te) «+ 
— Daltats)R(tetr- + +tn) — Dr (tats: --tn) } J 


~ (Glas -be) 2S dtidls- dba. (14) 


By our inductive hypothesis each expression in square 
brackets in the above converges for the éefs-- +t, inte- 
gration if ¢, is held fixed. This proves the result. Since 
the inductive hypothesis assumes the convergence of 
I,(n—1) for all its possible subintegrations, we have 
succeeded in establishing the convergence of I.(”) over 
all subintegrations fe, fets, -++, feta: +-tn_i+.:+ as well. 
By different rearrangements we could prove the 
convergence of I,(#) over any other subintegration over 
(m—1) variables. This shows. that J.(m) is absolutely 
convergent, provided we can give a proof of the lemma 
stated in Sec. I. This is done in the next section. 


Tir 


In this section we give a proof of the lemma stated 
towards the end of Sec. I, on which the discussion in 
Sec. II depends. The proof is long, and only an outline 
will be given. We first investigate the condition for 
primitive divergents for the most general mixture of 
fields. Consider a graph with 2, as the total number 
of external boson and £, as the total number of external 
fermion lines. Let N; stand for the number of such 
vertices in the graph as have # lines incident; thus, ¢ 
may be any integer equal or greater than two. The 
number of boson lines at each vertex of the type is 
5; and the number of fermion lines /;. 

If F stands for internal lines, then we have the 
relations, 


Ey+2F,= X4.N;, Eyt 2F = DVS: 


We restrict ourselves to theories’ in which the integrals 
for matrix-elements can be written in momentum space 
by setting in the integrand Ar(?) for each boson line, 
7 This excludes §-formalism of meson theory, for which the 
propagation function is 
T p(t) = [388— K+-(1/K)((8)*—#)}} /(A+K). 
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Spr(t) for each fermion line, and a vertex factor of the 
general form é** for each vertex of the type 7. The 
condition for convergence of a graph, following Dyson, 
is derived as 


QF y+ Fk ;— (4(F-~N+ 1)+d0aN;]> 1. 
Since VN=LN,, this reduces to 
ZEAE t+EN (4—a:—bi-3f)-4>1. 


The upper limit to the number of primitive divergent 
graphs is therefore given by the following condition # 


BE + E,<5+ZD (art be+$fi-OMi. 


This result shows that if for a mixture of fields the 
number of primitive divergent graphs does not depend 
on the order of the graphs considered, then this number 
is governed by a condition of the type E<a@ with 
a=5, Any graph in these theories, with four or more 
external fermion lines or five or more external boson 
lines must be (at least “superficially’”) convergent. 
This implies that if we open one single line of any 
graph with at least two external fermion lines, and if 
the resulting graph is a “connected” graph (i.e., the 
resulting graph does not split into pieces each joined to 
the other by a single line), it must converge superficially. 
The same result holds a fortiori if two or more lines 
which leave the graph connected are opened simultane- 
ously, It is also seen to be valid for all graphs with boson 
lines external except for boson self-energy graphs. In 
this case, opening one boson line may produce a 
connected graph with 4 external boson lines which may 
diverge logarithmically. However, precisely this was 
the case treated in 1(B), where it was shown that such 
divergences affect only the mass-renormalization con- 
stant. These divergences were called “final’° and it 
was proved quite generally that one could effectively 
proceed as if these divergences did not exist. We can 
therefore state the following as a general rule: If in any 
graph one or more lines are opened such that the graph still 
remains “connected,” the resulting graph is either super- 
jicially convergent or such that its divergence is “final” 
and we can effectively proceed as if the divergence doesn’t 
exist, Using the above result we proceed to the direct 
proof of Lemma 1, By “exhibiting” a part of a graph 
we mean opening enough lines so that the momenta 

* For a theory to have a finite number ot pimiaye divergents, 
it is clear that Z(a+-b+i/—4)N must equal zero. This therefore 
excludes all vector couplings for meson-nucleon interactions 
(b= 1, foe 2, a1), meson-pair theories (b= 2, f=2) and Fermi 
types of interaction between four spinor particles (f= 4). 

® An integral is “superficially” convergent, if by counting the 
powers of ¢ in the integrand, the integral itself is found to be 
convergent, while any one of its subintegrations diverges. 

10 One further instance of a “final” divergence [not noted in 
1(B)] is provided by vertex parts with 2 meson and 1 external 
photon line. If the external photon line belongs to a 3-vertex, 
opening one of the internal meson lines at this vertex may produce 
a connected M-part. This M-divergence can be treated as “final.” 
The reduced integral in this case is a vertex part which can be 
shown to be a function of the external photon momentum (/— p’) 
only, The reduced integral would 
familiar arguments of gauge-invariance. 


erefore vanish from the 
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associated with the external lines of the part become 
fixed. It is clear that any part (convergent or di- 
vergent) may be exhibited by opening all its external 
lines, If we can show that the number of lines, some or 
all of which need to be opened, to exhibit every diver- 
gent part contained in a graph, is never greater than 
(the number of independent momenta at our disposal), 
we will have proved the lemma. For we can then 
associate basic momenta with these lines, and thus 
have a ‘‘correct” choice of basic variables. 

All internal lines belonging to any graph can be 
divided into two mutually exclusive sets. Lines in set 
(a) have the property that if any one of them is opened 
the graph splits into two or more parts each joined to 
the other by a single line (called a “bridge”’). All lines 
not belonging to set (a) fall in set (b) which thus 
includes lines which if opened singly leave the graph 
connected. 

The lines in set (a) can further be divided into 
distinct classes; If opening a line /,' splits the graph 
into separate pieces joined by single lines (bridges) /,’, 
1%, --+, it is obvious that the result of opening /,? 
would be to split the graph into pieces joined by bridges 
Iq', 1, ---. If a basic momentum variable / is assigned 
to /,', the lines J,%, J,°, etc., acquire momenta /+4, 
where ? are linear sums of momenta of external: lines. 
All these lines will belong by definition to class Ra. 
We can assign all lines in set (a) uniquely to various 
classes R,, Ra, ---R,. No line (a) can belong to more 
than one class at a time, and each class must contain 
at least two lines. If those vertices of the graph at 
which external lines are incident are 3-vertices, each 
internal line at such a vertex certainly belongs to some 
one of these classes. For distinction we shall label such 
classes as Re**, If Re=* consists of just the two internal 
lines incident at the external vertex defining Re*, then 
the effective result of opening one of these external 
lines is one single connected graph with external lines 
one more than the original graph. We further dis- 
tinguish such R°** by writing these as Re**. 

The connection of these sets and classes with diver- 
gences in a graph is obvious. On account of the rule 
stated above, opening a line (b) leaves the graph 
connected and therefore at least superficially conver- 
gent, while a line (a) may split the graph into pieces 
at least one of which has external lines satisfying E< a. 
To “exhibit” these divergences, it is therefore essential 
that a basic momentum variable be associated with this 
line (a). If (a) belongs to a class R,, an assignment of 
the basic variable to any other line in R, is, from the 
definition of a class, clearly an equivalent and a “cor- 
rect” procedure. As a first step towards the proof of 
Lemma 1 we show that s, the number of effective 
classes, which can split the graph into pieces all or 
some of which satisfy E<5 is always <1. 

For graphs consisting entirely of 4-vertices the result 
is trivial. For this case, we have n=F—N+41, while 
2F+-E=4N. Each of the s classes must contain at 
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least two lines; since the minimum number of lines in 
the classes, 2s, must not exceed the total number of 
internal lines F, we have 2s< F=2n+4£—2. For the 
case of divergent graphs with E<4, this shows that 
sgn. 

To prove the result for graphs with 3-vertices we 
establish Lemma 2. 

Lemma 2:—The maximum number of classes s for a 
proper graph with » basic vectors and no external lines 
is n—2. 

For the proof it is unnecessary to distinguish between 
boson and fermion lines. We can always obtain any 
graph with basic vectors from a graph with (n—1) 
basic vectors by adding a new line with its terminating 
vertices on two existing lines of the graph with (#— 1) 
basic vectors. In general, the addition of a new line 
does not add to the number of the existing classes 
except for two cases: (i) when the terminating vertices 
of the new line both belong to the same line of the 
original graph and (ii) when these vertices belong to 
two lines already belonging to a class. In both these 
cases the number of classes is increased at most by one. 
The proof of the lemma follows by induction, since the 
result is obviously true for »=2. We also notice that 
at the new terminating vertices there are at most two 
lines belonging to set (a), while the newly added line 
itself must belong to set (b). Generalizing from this, 
we have the result that at no vertex can there be more 
than two (a) lines incident. We shall have occasion to 
use this resuit. 

We now consider the effect of adding externa] lines 
to such graphs. Each external line may produce at 
most one new class R°**, so that the general result is 
that for a graph with independent vectors and EZ 
external lines 


max s<n+E£—2, 


We can now show that for E=3, at least one of classes 
R°**t either produces a convergent connected graph when 
one of its 2 lines is opened, or a “final” divergence. 
The former is true for R°** formed by the external 
photon or meson line in vertex parts in all theories 
except scalar electrodynamics where this R*** intro- 
duces, as noted before, merely a “final’’ divergence. 
Excluding this from the classes of interest we have sgn 
for E=3. For the case E=4, opening one of the lines 
of an R*** must produce a connected graph with five 
external lines, i.e... a subintegration which is super- 
ficially convergent. This is not true, however, if two of 
the Re** coincide (i.e., when two external lines are 
adjacent), in which case the graph produced has just 
four external lines. Thus, in this case too the effective 
number of classes which exhibit divergent parts is 
governed by s<n. 

With these preliminary results we now prove that we 
can choose a set of # lines which if opened singly or in 
pairs, etc., would exhibit all the divergences of the 
graph. Consider the case s=-n. We assign s basic 
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momenta to the s lines, selected one each from the s 
classes R. The assignment of all momenta is complete 
and it remains to prove that we only need open some 
or all of these # lines to exhibit every possible diver- 
gence. We notice now that for this case the lines (b) 
acquire an additional property. By counting the lines 
and vertices we can show that at each vertex there are 
precisely two lines (a) and not more than one line (b). 
(We are here dealing with graphs with 3-vertices only), 
and also there are in all just (m-1) lines (b). If we 
open one of these lines (b), the graph still remains 
“connected.” Lines (a) defined for the original graph 
retain their property of splitting graphs even for the 
new graph; therefore, there are already two (a) lines 
at each vertex of the new graph. We have seen that 
at any vertex there cannot be more than two (a) lines. 
This shows that the (b) lines of the original graph 
remain the (b) lines of the new graph. The “connected- 
ness” of the graph no longer depends on the lines (b); 
in other words, lines (b), which were defined in the first 
place on account of their property of leaving the graph 
connected if opened one at a time, acquire the further 
property that they still leave the graph connected if 
more than one of them are opened simultaneously." 
The result of opening any set of these lines will therefore 
never be a divergent part. All divergent parts of the 
graphs are thus exhibited by opening one or more of 


4 This result is of course not true for s<n. 
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lines (a) ; analytically, this assignment of basic momenta 
will insure that the entire number of divergences in 
the graph never exceeds the possible subintegrations 
at our disposal, and therefore the lemma is proved. 

The uniqueness of I.(til2:+-ta) for a different ‘“cor- 
rect” choice of basic momenta follows immediately 
from the concept of classes. For the case dealt with 
above, the choice is correct only if the basic lines are 
selected one each from a class R. Since all other lines 
in a class acquire momenta p+, if ¢ is the basic line 
which belongs to R, all “correct” choices are completely 
equivalent, and obtainable one from the other by 
trivial transformations involving only linear sums of 
external momenta (p). This proves the result. 

We will not deal in detail here with the proof of 
Lemma 1 for the case of s<m where some at least 
of the (n—1) fold integrations are “superficially” con- 
vergent. The proof requires formulation of rules for 
assignment of the remaining (n—s) moments which is 
not difficult. 

The proofs in this section, though tedious, are 
essential because it is important to realize that a 
subtraction procedure is worthless unless it can be 
shown that it leads to unique absolutely convergent 
results. 

The author is indebted to Dr. P. T. Matthews and 
Dr. Res Jost for help in Sec. TII and to Professor 
J. R. Oppenheimer for the very kind hospitality of the 
Institute for Advanced Study. 
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By a consistent use of the concepts of mass and charge renormal- 
ization Dyson has demonstrated the possibility of constructing 
a divergence-free S-matrix for scattering problems in spinor- 
electrodynamics, valid to all orders in the fine-structure constant. 
In this paper a proof is given of the possibility of renormalizing 
theories of charged scalar (or pseudoscalar) particles in the 
presence of the electromagnetic field. It is found that in addition 
to the renormalization of mass and charge, an infinite constant of 


direct interaction 8 has to be introduced in a term 5A¢"*¢* added 
to the Hamiltonian, in order to cancel consistently all divergences 
arising from the Moller scattering of one spinless particle by 
another. This, combined with the fact that theories of charged 
scalar and pseudoscalar mesons in scalar interaction with the 
nucleons can be renormalized with the same additional term in 
the Hamiltonian, seems to be of some significance. 


1. INTRODUCTION 


BY establishing the equivalence of Tomonaga- 
Schwinger formalism for spinor electrodynamics 
with that of Feynman, Dyson’ has formulated an 
S-matrix theory for scattering problems in spinor 
electrodynamics. In this theory any real process taking 
place with specific virtual processes can be represented 
by a graph, the contribution to the matrix element for 
this process being an integral in the writing of which 
each line and each vertex of the aforementioned graph 
contributes a single factor. By analyzing the divergences 
in these integrals and giving precise rules for separating 
divergent parts from the (physically significant) con- 
vergent parts of these integrals, Dyson has further 
demonstrated that all divergences in the theory can be 
absorbed in the unobservable mass and charge renorma!- 
ization of the theory. 

For scalar electrodynamics it has been possible? to 
develop corresponding graphical methods and thus to 
analyze the possible divergences of the theory. It is the 
purpose of this paper to consider the adequacy of the 
concepts of renormalization for dealing with these 
divergences. 

Tf @(x) and A,(x) represent the meson and electro- 
magnetic fields, respectively, the interaction Hamil- 
tonian for mesons interacting with the electromagnetic 
field is 

te Op ag*(x 
Bde) ="A,6a| are 
he Ox, O%, 


#(0)| 
— (=) #09) 54,(0.4,) 


4€ 2 
-(=) $*(a)G(x)CA,la)eyP. (1) 


* Now at Government College, Lahore, Pakistan. 
on Dyson, Phys. Rev. 75, 1736 (1949), hereafter referred to 


*P. T. Matthews, Phys. Rev. 80, 282 (1950); F. Rohrlich, 
Phys. Rev. 80, 666 (1950). The author is indebted to P. T. 
Matthews for sending him a copy of F. Rohriich’s work prior to 
publication. 


A,(x) creates and annihilates photons, while ¢*(x) and 
¢(x) are interpreted as creation and annihilation charge 
operators, so that ignoring the surface-dependent terms 
in the Hamiltonian, we have effectively* 


* 2 
(pe agty\ _ ee 
Ox,0Y, 


Ar(x—y). 


OX 4 oy, 0 


In Feynman graphs, the terms in the Hamiltonian 
linear in A,(x) lead to 3-vertices, with 2 meson lines 
and 1 photon line incident, while the term bilinear in 
A,(x) leads to 4-vertices, with 2 meson and 2 photon 
lines incident. 

The contribution of this graph to the matrix? element 
appears as an integral in momentum space; in the 
integrand there appear* 


(i) constant factors ¢*(p), o(p), or A,(p), corre- 
sponding to each external line of the graph. 

(ii) a factor 8,,.(27)—*Dr(p) fer each internal photon 
line. 

(iii) a factor fc(2r)-*Ar(p) for each internal meson 
line. 

(iv) a factor ie(hc)*(2x)*(p+-p'),8(p—p’+@) for 
each 3-vertex. The suffix » gives the polarization of 
the photon line. 

(v) a factor —ie(hc)*(27)*5,.8(p— p’-+q—q’) for each 
4-vertex, where p is the momentum vector of the 
incoming meson, ~’ that of the meson leaving the 
4-vertex, and g, q’ refer to the photon lines incident at 
the 4-vertex: 

(vi) the whole integral is multiplied by the number 
of different ways the operators can be paired off by 
interchanging the roles of photon operators A,(x) and 
A,(x) at the 4-vertices. 


Thus, in general, it is possible to make a formal 
distinction between the factors 5,, and 6,, for a 4-vertex. 
If this distinction is not made, the integral obtained by 
following rules (i) to (v) must be multiplied by a 
“weight factor” 2 for each 4-vertex. Some exceptions 


*P. T. Matthews, Phys. Rev. 76, 1657 (1949). 
‘These rules were already implicit in Feynman’s work [R. P. 
Feynman, Phys. Rev. 76, 769 (1949) ]. 
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occur, however, when the weight factor is not 2, and 
these have been discussed in detail by Rohrlich.? For 
theoretical considerations, however, we shall always 
distinguish (if possible) between factors 6,, and 6,, for 
4-vertices and no weight factor will be used. 

The genuine primitive divergents? are of the same 
type as in spinor electrodynamics, namely, meson and 
photon self-energies and vertex parts (parts with 2 
external meson lines and 1 external photon line), with 
the addition of logarithmically divergent graphs with 
two external photon and meson lines (C parts), and 
four external meson lines (M parts). The self-energy 
(S) and vertex (V) parts modify the factors from single 
lines or single 3-vertices, while the divergent C parts 
can be regarded as modifications of 4-vertices. Define 
Xim*(p) as the function arising from adding together 
all integrals corresponding to proper’ meson self-energy 
parts, II*(p) the corresponding sum for photon self- 
energy parts, A,(p, p’) the function arising from adding 
the integrals corresponding to proper V parts, OP, p’, g) 
as the sum arising from adding integrals corresponding 
to proper C parts, and 

Dy'=Dpt+ Derll*D?’ 
Ap’=Ar+Arym*Ar’ 
r,(p, p= (b+ pet AL(d, ) 
Cyd, B', 9g) = Suet Ou P, 9’, 9).° 

Every graph G, other than a primitive divergent 
graph, has a uniquely defined “skeleton” which is the 
graph obtained by omitting all self-energy parts from 
the lines, vertex parts from the 3-vertices, and C parts 
from the 4-vertices. A graph which is its own skeleton 
will be called “irreducible,” and a graph not containing 
M parts inside it “simple.” With the foregoing definition 
of irreducibility, an irreducible graph may still contain 
divergent M parts. 

For simple irreducible primitive divergent graphs, 
the forms of the functions )w*, II*, A,, and 6,, are 
given as follows by invariance consideration: 


Lu*(p)=AFBUP+H)+A(p) (P+), 
I*(p)=Cp+D.(p)p’, 
A,(p, P)=LPHP wt AuclP, ?’), 
Gue(P, P', (= Ro yet Oure(P, 0’, 9); 
where the suffix ¢ stands for the convergent parts of 
the functions on the left-hand side of the equations. 


A, B,C, L, and R are divergent constants, while the 
definitions of the convergent parts are such that 


Ac(po) =0 
when 
pot ¢=0 
* The external lines of any proper part contain no self-energy 
insertions. In general a pi part is one which cannet be divided 


roper 
a two pieces joined by a single line. 

actor for a 4-vertex is —e*8y,. For 6, as defined here 
we Pies the e-factor (—1)’e"e? where ¢ is the number of 
4-vertices and 2s that of 3-vertices, and then divide bs -4, 
This gives Cys te replace dys) a8 ™8y»t+Oy». 


D.(0)=0 
Aue(P, p’) can be written in the form’ 


Auclp, P= M (p+ P')(P+et p?+ e)+F,(p, p’) (2a) 
where 


F,=0F,/3p,=90F,/dp,,=0 for p=p~'=py 
and in general we can write Oy. aS 


Oureld, 2’, D=N(P+P (PEP w+ Fel, 2,9) (2b) 

with 

Fyr(Po; Po, 0)=0. 

We notice that M is finite and, furthermore, that 
with the foregoing (unique) definition, Aye(fo, fo) =0. 
Similarly, N in (2b) is a finite constant. The precise 
significance of these particular separations will be- 
come clear in Sec. III when we establish relations 
between 5c", A,, and Ops. 

It is possible to obtain a divergence free S-matrix if 
we can show: 

(a) That all infinities associated with self-energy of a 
free-field meson can be canceled by bringing into the 
interaction Hamiltonian by means of a unitary trans- 
formation,’ the mass renormalization term — 6x°¢*¢. 
The free meson field now propagates with the term 
¢*¢ in the “free” Hamiltonian (x= mc/h where m is 
the observed meson mass). 

(b) That all M@ divergences occurring anywhere in 
the theory can be consistently compensated by suitably 
choosing a constant 6A in a term 6\¢**¢? which is added 
to the interaction Hamiltonian. After the additions 
(a) and (b) the Hamiltonian is 

Hy(x) = Ho(x)— 52g*$-+ dG" 9?. (3) 
The additional terms give rise to new graphs containing 
2- and 4-vertices, with 2 and 4 meson lines incident, 
respectively. Graphs containing no such 2- or 4-vertices 
will be called “original.” 

Unlike spinor electrodynamics H,(x) contains two 
constants, e and e”, with e=e’. The graphs arising 
entirely from e-vertices (3-vertices) contain S diver- 
gences and V divergences; those from ¢* vertices 
(4-vertices) contain S divergences and C divergences. 
It would be possible to absorb these divergences in the 
renormalization of charge if we could show (c). 

(c) That by a suitable choice of constants Z, 


Dp! =ZsDry'(e1) 
= ZeAri'(e1) (4) 
T,= ZT ai(e1) and Cu =Ze"C yi (E1) 


where the renormalized (and the observed) charge of 
the meson 


a= Zy 2.234 = Le ZZ 33. 


™This separation into Soovere nia divergent parts was 
given by Den toes communica 
'F, J. st hys. Rev. 75, ron 349); P. T. Matthews, 
Phil. Miz. cia (1950). 
*The necessity of this condition was pointed out by P. T. 
Matthews (reference 2). 
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(d) If Ho(x) is gauge-invariant, so that e=e’, it has 
to be shown that the Z’s defined satisfy a further 
condition, 

Ze) = ZZ \7*. 


Dy’, Ar’, Ty, Cys are the functions already defined, 
except that they now include the graphs with the new 
2- and 4-vertices, as well as the original graphs. Cw 
= byr-+Oy2¢ where 9,,, is the function arising by adding 
together the (absolutely) convergent parts of each 
integral corresponding to each “original” C part. Ty, 
Ary’, Dry’ are defined in a similar manner from sums 
of convergent parts of the original integrals concerned. 
The procedure for obtaining the (absolutely) convergent 
part of an integral will be presently explained. It is to 
be noticed that the “convergent functions,”’:on the 
right-hand side of the relations (4) appear to be ex- 
pressed as functions of the renormalized charge ¢,. 
The general procedure for isolating divergences! from 
an »-fold integral was given in reference 2 in Sec. ITI. In 
this procedure the concept of true divergence plays an 
important part. In general if we subtract from any 
divergent integral over the variables #:---é,, the true 
divergence over /, subintegration D(t)X the reduced 
integral (R) over ists---ta-+ the true divergence over 
é:X the reduced integral over t:/3---t,-+--+-+ the true 
divergence over é/2X the reduced integral over #g---t, 
+--+ ++--+-++--+ finally the true divergence over 
tyte--+t,, the remainder is an integral which is abso- 
lutely convergent and is the convergent part of the 
n-fold divergent integral we started with. Each reduced 
integral corresponds to a graph obtained from the 
graph under consideration by omitting that part of the 
graph whose true divergence multiplies this particular 
reduced integral. If a subintegration is “superficially 
convergent,” its true divergence is zero; while the true 
divergence over a subintegration t.-+-ta-++fj- + «lity: 
tars sty: +t, where (ta: + -ts), (ts: + +43), (tp +-ég)e >> are Rk 
groups of variables belonging to nonoverlapping parts 
of the graph, equals (—7)*~! times the product of the 
true divergences over each of the & groups, (ta: - -ts); 
(t;-- és), «++ (Remark b, I, Sec. ITT). It is in terms of 
the convergent parts of the integrals defined as above 
- that the functions C,,:, I'y1, etc. are defined. The true 
divergence of a subintegration corresponding to a 
meson self-energy graph is characterized by two diver- 


_ 1° The proof given by Rohrlich for the possibility of renormal- 
ization (reference 2) for scalar electrodynamics is invalidated 
because the general procedure for isolating divergences was not 
available. A “ erarchy” of divergences was somewhat arbitrarily 
defined and a eset aap given according to which a divergence 
higher in the hierachy should be removed first. This procedure 
is not equivalent to the one given above and when overlaps occur, 
does not leave behind an absolutely convergent in after the 
large subtractions. In a note added in proof (reference 2) 
Rohrlich has observed that the problem of “d-divergences” 
(overlaps) has not received proper treatment in his paper. The 
present deals with these difficulties. 

; ‘Abdus Salam, Phys. Rev. 82, 217 (1951), hereafter referred to 
as 
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gent constants A, B; while all other true divergences 
are characterized by one divergent constant. The 
factors multiplying these constants [(p*+-«*), for ex- 
ample, which occur multiplying B in the meson self- 
energy case] are absorbed in the reduced integral. 

Considering the “original” graphs, the finite and 
physically significant expressions Cys1, Tyi:-: are de- 
fined, as already stated, in the first place by an appar- 
ently arbitrary dropping (subtracting off) of the infinite 
terms (true divergences < the reduced integrals) from 
the infinite expressions C,,, ['y, etc. Some of the 
divergent terms thus subtracted can be interpreted 
under (a) and (b) as direct cancellations with terms 
from 62 and 6) arising in graphs which are not original 
so that, as we shall show, both these divergences as 
well as the “non-original” graphs need never be con- 
sidered. The establishment of (c) and (d) shows that 
the remaining divergent terms isolated can equally well 
be interpreted as the extraction of infinite constant 
multiplicative factors Z, from Cy», I, «++, so that each 
of these functions, instead of appearing as a sum of 
infinite (DX R)-+- finite terms, now appears, as in Eq. (4), 
as a product of a (divergent) constant (Z) multiplying 
finite and physically significant terms. After this is 
accomplished, these Z factors can be completely ab- 
sorbed in renormalizing the charge, so that all infinities 
occurring in the theory can be eliminated. 

The main difficulty of the proof lies in establishing 
(e). In each of Eqs. (4) the functions appearing on the 
left-hand side are completely known, while so are the 
finite parts of these functions Cui, Tm, «++. Let us 
assume that the relations (4) hold, with the factors Z 
for the present unknown. Consider an irreducible C 
graph, Tree, for example, such that in its lines and 
vertices, self-energy, vertex, and C parts can be inserted 
without any one of these insertions overlapping with 
any other insertion. Each insertion is thus completely 
localizable and does not simultaneously modify more 
than one vertex or line. The result of these insertions 
analytically is that we replace in the integral for the 
irreducible graph Ar by Ar’, Dr by Dr’, (¢+9’), by 
I, and &,, by C,,. It was shown (Remark c, I, Sec. ITT), 
that if, for example, a meson line # has a self-energy 
insertion with associated momenta fats---f, and if 
this self-energy insertion defines no overlap with any 
other part of the graph, then we can arrange our general 
subtraction procedure so that we isolate divergences 
corresponding to the subintegrations ta, fats::, etc., 
first. After the true divergence corresponding to 
tty: +t, itself is removed, the integration over this 
set is left absolutely convergent and it can be performed 
unambiguously so that the variables fo, ¢s, -:+t, no 
longer need be considered explicitly from this stage 
onward. Since this procedure of removing divergent 
terms corresponding to this self-energy insertion is 
precisely the one we would adopt for obtaining Ar,’ 
from A,r’, and, since we have assumed that, in the 
latter case (Eq. (4)), the divergent terms separated are 
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completely interpreted as the extraction of the divergent 
factor Z;, in Ar’=Z.Ari‘(e:), we can make this same 
replacement for Ar’ for this internal line p in the C 
graph under consideration. It is emphasized again that 
this is true if and only if no overlap occurs. 

Going back to consider Trre, by inserting all S, V, 
and C parts in its lines and vertices we obtain an entire 
class of C parts T,, “derived” from Tree. Analytically 
we replace in the integral for Trex, Ar by ZeArr'(e1), 
Dr by ZsDri‘(e:), (P+-9’)4 by Z1 “Ty, and 8, by 
ZC yn. 

AC part of order e+" with s 4-vertices and 2r 3- 
vertices contains 2r-+-s—1 meson and r+-s—1 photon 
lines. The foregoing replacements give an ¢ factor 


QAMe2Y 87 eZ rel rhodes Ztg dette 8, 
Ary’, Dry’, «++ are themselves power series in ¢;, and 
their behavior for large p is precisely the same as that 
of Ar, Dr, etc. (D II Sec. VII), so that the new integral 
for Ty» is again logarithmically divergent. Making a 
separation of the finite and the infinite part, 
Tws= ZUT er) but Tyrc(es)) . (5) 


Equation (5) gives in a compact form the sum of inte- 


arnt Pe Lr ee Dr 
e % ‘ ss ‘~ 
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grals from the entire class of graphs T,,,, “derived” 
(uniquely) from the one graph Tree by insertions. This 
form for T,,, will be referred to as the fundamental form. 
It is to be emphasized that the content of -T,, is not 
altered in the fundamental form by expressing it thus 
in terms of the renormalized charge; and that the 
equality of both sides is exact considered up to any 
order in ¢; and e (expressed in terms of ¢1). 

Tf it were possible to make unambiguous nonover- 
lapping insertions in all the irreducible C parts, this 
procedure would have given us all the reducible and 
irreducible C parts. Analytically from each Trrr we 
would have obtained T,, in the form (5) so that 
summing over all C parts and adding é for the 
4-vertex itself we would obtain 


Cyr 89+ Ze (Raduet Duve(E1)). 
But if Eqs. (4) hold, C,, ought to equal Z,“'C,,,. Thus 
ZC y= Za" (Spe + Oyve(€1)). 
This gives us an equation with just one unknown, Zs, 


which could then be determined (and so the consistency . 


of the relations (4) established. 
However, as soon as overlaps occur the whole idea of 
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an unambiguous insertion in a line or a vertex loses 
validity. The reduction of a reducible graph cannot be 
defined unambiguously and, conversely, the replace- 
ment of all vertex and line factors of irreducible parts 
by C,,, I',, etc., leads to the counting of certain graphs 
more than once. [This is a definite redundance, quite 
apart from the “weight factors” occurring under rule 
(vi)..] Thus, a proof on the aforementioned lines can 
no longer be given. 

For C parts it is always possible to make unambiguous 
insertions in all the lines and 3-vertices. However there 
are certain classes of C parts in which a C part inserted 
in one 4-vertex appears simultaneously as a C part 
inserted at some other vertex. 

For vertex parts the complexity of overlaps increases 
greatly and C—V overlaps can occur. For self-energies, 
besides these overlaps, vertex parts overlap with vertex 
parts. Also, if any meson (or photon) line is opened in 
a self-energy graph, this leads to parts with four 
external lines which (except for photon-photon scat- 
tering graphs) always diverge. M parts, which have 
not-been considered so far, can complicate the picture 
still further by producing simultaneously M—M, 
M-—C, or M—S overlaps. 

A great simplification can be effected by applying a 
powerful technique first introduced by Ward” in spinor 
electrodynamics. Ward’s technique can be extended to 
reduce the complexity of the overlaps to be considered. 
However, if a. primitive divergent is logarithmically 
divergent and still suffers from overlaps, this technique 
in general fails. The general procedure to be followed 
then for obtaining a proof of (4) and for the construction 
of the relevant functions is that of categorization, as 
developed in I, Sec. IV. By analyzing the overlaps, 
such categories of reducible graphs are defined in which 
certain insertions of S, V, and C parts cause no overlap, 
so that the substitutions C,,, T',, etc., can be made in a 
‘defined way. By considering the implications of the 
subtraction rules, I, Sec. III, it is then possible to 
derive recurrence relations for such graphs in terms of 
graphs of lower order in the same category and their 
true divergences. The required values for the Z’s are 
obtained by substituting Eqs. (4) into these recurrence 
relations and demanding that they lead back to the 
fundamental form for the type of part under consider- 
ation. These various techniques are illustrated in Secs. 
2, 3, and 4 and in Appendix I where it is assumed that 
condition (b) can be satisfied. A proof of this is given 
in Sec. 5. 


2. C PARTS 


The most general C part consists of an open polygon 
formed by the meson line entering (and leaving) the 
graph, this line (the base line of the graph) being joined 
by photon lines to one or more (possibly interconnected) 

8 J. C. Ward, Proc. Phys. Soc. (London) 64, 54 (1951). The 


author is deeply indebted to J. C, Ward for sending him a cop 
of his work prior to publication. ia i 
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closed loops of meson lines with a structure inside them. 
If the external photon lines (with polarization vectors 
u and y) belong to the base line, the graph will be 
called a base-line graph. For base-line C parts it is 
possible to distinguish between 6,, and 8,,. For such 
graphs 0,,(p, ~’, 9) is defined such that » occurs 
topologically “‘before” » and carries momentum g. 

In order to construct the function C,, (and the 
corresponding convergent function Cyn) it is possible 
as explained in Sec. I, to take irreducible C parts and 
to make unambiguous insertions in their lines and 
3-vertices, replacing in the corresponding integrals Ar 
by Ar’, Dr by Dr’, and (p+ 9’), by I. Furthermore, 
it is possible to replace the factor 5, by C,, for the 
4-vertices of all irreducible C parts except for the 
4-vertices in the graphs Prre and Qree shown in Fig. 1. 
(There is another class of graphs R which are defined 
in Appendix II and in the 4-vertices of which the 
foregoing insertion is also not valid.) Taking all other 
irreducible C parts and making the foregoing insertions 
gives all reducible C parts “derived” from them. If Ty» 
denotes the sum of corresponding integrals, by counting 
the number of lines and vertices in the irreducible C 
parts in which insertions are being made, we have 


Pus = Ze LT al€1) Suet Tuve(€r) J; (6) 


where T,(e;) is the sum of the true divergences from 
all such graphs. ; 

In this section the graphs Pree and a linear chain of 
graphs “derived” from them (the whole class being 
called P) will be treated in detail. For Q and R we 
assume the result in Appendix I, namely, that with a 
proper choice of Z, the corresponding functions Q,» 
and Ry can also be expressed in the fundamental form 
of Eq. (6). In fact, at this stage T,, will be understood 
to contain Que and Ry. 

Consider the graph in Fig. 2, of order e.7 We can 
obtain (25—1) other topologically distinct graphs from it 
by shrinking 1-1, 22, 3-3, 4-4, 5—5 in all possible 
ways. If 4-+4, for example, the resulting 4-vertex will 
be (uniquely) numbered 4. In Fig. 2 the letters a, 5, --- 
give the polarization of the photon. The order of the 
numbers 1, 2, 3--- and the letters a, 5, c, --- are 
important. If 2 is a 4-vertex, it could be denoted 
equally well by 45 or by dea so that the number of 
formally different graphs obtained from the graph in 
Fig. 2 by joining 1-1, 22, --- is 38-1, when the 
graphs with factors 5.) and 33. are treated as different. 

Let P,, stand for the graphs obtained by drawing 
chain graphs of the type illustrated in Fig. 2 in all 
orders in the powers of e, and also the graphs obtained 
by joining 1-»1, 2-+2, ---, in all possible ways. 

Let [2] stand for such graphs (3* in number) of 
order &*, [| 1] stand for all graphs [7] such that the 
first vertex is necessarily a 4-vertex. These are 3* in 
number. Similarly, let [%|i, 7] stand for all graphs(3*" 
in number) which have their ith and jth vertices 
necessarily 5, and 6,. 4-vertices (the order of photon 
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polarization-vectors p, g and 7, s is to be noted), irre- 
spective of the character of the other vertices, and so 
on for [#|i, 7, ---]. Let X,, stand for all those graphs 
of all orders (and the sum of corresponding integrals) 
from among the P graphs which have their last end 
vertex a 6., 4-vertex, irrespective of the character of 
other vertices, Y,, stand for all graphs with the first 
and the last end-vertices, 5,4 and Sye vertices, and Zu» 
for those with the first end-vertex a 4-vertex 5,4, again 
irrespective of the character of the other vertices. Thus, 
Y, for example, equals 


[1| 1, 2)+[2| 1, 3]+ es a -+[n| 1, n+i}+- wt. 
With the foregoing definitions we prove Lemma 1. 
Lemma 1 
Pyy= Pal(Surt+X ur) (Ore—Pa¥ vp 
+PIPV P+ ++) (8 t+Zy)\+Pure (7) 


Here P, is the sum of the true divergences from the 
graphs P. In particular if P, stands for the sum of the 
true divergences from [7], then Pa=Pi+-P2+P;+--- 


For the proof we make use of the property of a 4-vertex occur- 
ring in this type of linear chain of graphs P to split the chain into 
two parts. 


° . ca 
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a 
' 
' 
’ 
t 
A ta te 
Fic. 2. 


Consider, for example, the graphs in Fig. 3. It is obvious that 
the double integral over #:#: corresponding to Fig. 3(a) is the prod- 
uct of two single integrals over #: and #4, so that symbolically 
(a)= (6) X(¢). In the sequel we shall further specialize this splitting 
off of graphs. A split will be made for a 8a. vertex but it will never 
be made for a 84, 4-vertex. 

[*] is an n-fold integral over variables #:4:---t,, each one of 
the subintegrations being logarithmically divergent. If #---g is 
@ group of indices from the set 123---» (where #--+ run con- 
secutively) then isolating the divergence over the subintegration 
bby > +b gives Pcg_i41)X the corresponding reduced integral. This 
reduced integral contains a 4-vertex of the type with a factor da9 
(and not 5x.) corresponding to the divergence which has been 
separated and this immediately splits the chain (if, of course, 
this 4-vertex is not one of the two possible end 4-vertices). 

To obtain the coefficient of (Pz)/ in (7), consider all subsets of 
indices 123-+-, such that each subset divides naturally into 
f groups, the indices in each group running consecutively, the 
different groups being such that if & is the first and é the last 
index of two consecutive groups, then k—#2 1. The true divergence 
for a subintegration corresponding to these subsets consists of 
(—1)/>P,.Pg- - -(f factors), (I, Remark b, Sec. III) corresponding 
to the number (/) of nonoverlapping graphs, the true divergences 
of which are in fact thus being simultaneously removed. The 
reduced integral itself necessarily contains f 4-vertices (again of 
the type 8.5 and not 44.), which may split the graph according 
to the scheme XY/-!, Y/~1, Y/-1Z, or XY/-1Z. By considering 
all possible subsets and the groups in them of the type mentioned 
we readily establish the lemma. 
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We can show this by considering, as an example, the coefficient 
of P2 in (7) in detail. Only graphs up to [#]] are considered. In 
our symbolic notation [1|1,2]X[#—1|1] would be equal to 
{|1, 2]. We consider all subsets of indices which fall into two 
nonoverlapping groups. If the first of these two groups starts 
with index 1, we have the following terms to separate:! 


—P,([i|1, 2x 


Pi[m—3|1]}4 Palm — 4] 1]4+-Pale—S|1]+---+Pas 
+Piln—4|1]4-Pals—S|1]4----+ Pas 
+Pils—5S|1]+--++Pr 
feeeteee 
+P, 
— P,[1|1, 21x (8) 
Pi[s—4[1]+-P.fe—S|1]+---+Pas 
+Pi[n—S|1]+---+Paa 
fereeee 
+P, 
—P,-{[1 | 1, 2}P; 


The terms (8) sum up to 
= — Pail, 2Pa(1-+-01 | 134-021 1]4+-03]1]+---+f—-3]1]) 
= -Pé(i|1, 218 pe+Zyr) 
if the equality of both sides is supposed to hold to the order ¢*. 
Also, there are terms such as 


—P,(2 (1,3) Pile—411}4-Pxls—5|1]+--- + Pas 
+Pifs—5)1]+--++Pr 
peretoee 
+P, 
—P{2\1, 31 P,{n—5|1]+ we eeereee ] 
*; ones * a 
: Fd *, i y , 
\ ce Se ~~ 
ye ; nae H 
- ¢ to é 


which sum up to —P?(2|1, 3](8,.4-Z,»). We similarly obtain 
—P#[3|1, 4](8+Zys) and so on, concluding with —Pi{n—-2| 
1, #—1], The sum of all these terms is —P#Yyp(8p>+Z py). 

If we consider the two groups of indices such that the first 
group does not contain the index 1, it may be easily verified that 
the sum of corresponding contributions is ~ P2Xus¥r9(3pe+Z pr) 
so that the entire sum is a~ PH 8ae+Xur) Vr p(3petZpv) precisely 
as in (7). 

We now notice an important property of these graphs 
P. Whereas the insertion of any graph P., for 5a: leads 
only to a graph already belonging to P, an insertion of 
Py. for 54. gives a new graph unambiguously. 

In order to obtain all reducible graphs “deriv 
from the graphs in Fig. 1. We proceed as follows: 

(i) Draw all graphs P of all orders in ¢. 

(ii) Insert at all 4-vertices 6,;, all reducible and irre- 
ducible C parts including P*;,; analytically, replace 6;; 
in the integrals by C;:. 


a term like = Palit, 23P[n—5|1], for 
le, all the 3*+ ee oe oe 
mag bacieeyry ty eo ee as hs, P; is the 


svapia, hea, the 


sum of evasion contributions tees all athe pay pane in 3 Eel 
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(iii) Insert at all 4-vertices §,;, the graphs T';; i.e., 
replace 6,; by 6,;-+T;. In the lines and the 3-vertices, 
all self-energy and vertex parts are inserted. The result 
after these insertions is P,,*. 

It is easy to verify that no graph occurs more than 
once provided we adhere to the convention of distin- 
guishing between 6,; and 8;; and further that all graphs 
“derived” from the graphs Prre do appear in the forego- 
ing scheme of categorization, so that 


Cw byt Turt Pi. (9) 


Since all the insertions (i) to (iii) are unambiguous and 
localizable, we can replace Ar by Ar’=Z:Apry’, Dr by 
Dr’ =Z Der (e:), (P+P)n by Zr “Tyler, 82 by Cay 
=Z4"Cya(e1) while 6,; is replaced by 


byt Tig= Sy +Z74 (Teds + Tizelr)) 
=Z (Tat Za 1) byt 8s Taze(ex) J 
=Z 1885+ Sin(e) ). 
(definition of 5) 


The effect of these substitutions is to give Z,—! times 
the correct number of Z factors to renormalize the 
charge while all integrals now appear explicitly as 
functions of ¢;. While at each 6,, vertex, 5;; has been 
replaced by Cj, each 4,; vertex gives rise to two terms; 
one in which the integral corresponding to the graph 
is merely multiplied by S, the other in which 5,; is 
replaced by Sin (er). 

Denote by P,,*% the sum of integrals corresponding 
to all graphs thus formed, for whose 4-vertices appear 
the factors Sj, or Cj:1 while for the lines and 3-vertices 
Ari, Dri, Ty: appear. X,,* denotes the corresponding 
sum for all graphs in which only the last end-vertex is 
an unchanged 4-vertex 5,, while all other 4-vertices are 
replaced by factors Si: or Cj. Y,,.% similarly denotes 
the sum of integrals for all graphs with only the first 
and the last end-vertices unchanged 4-vertices, and 
Z,»* the sum for graphs with only the first end-vertex 
an unchanged 4-vertex: 

With these definitions we prove the following lemma. 


Lemma 2 


P. w= ZS (yet Xx ar) (bre+ SY,,* 

+9Y,22+ ce )Spr+Z 9%) —S8pet Pue™]. (10) 
Defining [| 1, m]}*, etc., to represent all graphs [| J, m] 
for the lines and vertices of which replacements Ary’, 
Dry’, Tai, Cja or Siz, have been made, except at the 
Ith and mth 4-vertices where the factors 5), and 5,, 
remain unchanged, the proof of the lemma follows by 
noticing that 
(n}*=(n +S((n| 1 P+-[n| 274+ ---) 

+S$({n| 1, 2*+Ln| 1, 3+ iste 

+Loli, P+ ---)+-S*(Ln|1, 2, 3P+-- 

+[n]é, 1, RP -)eee epee 

+S*[p|1, 2, 3, + 


mei (11) 
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By splitting the graphs and arranging the sumations 
as in Lemma 1, the result (10) is established. 

Since Ar,’, Dry’, etc., have the same behavior for 
large values of p, as the corresponding functions Ar, Dr 
(DIT, Sec. VIT), an immediate consequence of Lemma 1 
is Lemma 3. 


Lemma 3 


P y= P KBr t Xue) (8ep— PV 9% 
+P2°Y,,°— % *)\(Spr+Zor%) + Prurc™. (12) 
We have now reached the stage in our inductive 
argument, when we can establish the consistency of our 


procedure by an explicit choice of the unknown con- 
stant Z,. We desire to choose Z, such that 


Cw = Spot Tot P,,*= LiCl 


Ze (Beet Turot Pyro). (13) 
From (6), (11), and (12), however, 
Spot Tyuet P= be +Z.-[(S— Ta)ou 
+ Pure + Tare }+ Loge Xye9LS/(1 —SY*%) 
+ PX/I+- PHY”) (8 +Z,.%). (14) 


Let S+PX%=Z,4+Tst+ Pa—1=0, then (S/(1—-SY*) 
+PaX*/(1—P*Y*)]=0 and simultaneously Eq. (13) 
is satisfied. 

Thus, with the choice Za=1—T,—P,.* we finally 
establish that we can express Cy»=Z¢—Cyyi(ei). Fur- 
thermore, by thus expressing Z, in terms of the true 
divergences of all original C parts, we have also ex- 
pressed P,,* in Lemma 2 in the fundamental form 


P,*= Za" PP (er) burt Puve*(es) 1. 


3. VERTEX PARTS AND MESON 
SELF-ENERGY GRAPHS 


We now desire to show that it is possible to choose 
the constants Z; and Z: such that Ar’=Z,Apr,’ and 
l,=Z,"T,, and furthermore that Z,'=Z,Z;*. The 
proof can be made to depend on that in Sec. II for C 
parts, by employing a technique due to Ward. It will 
be found that at least for A7;’, it is not even necessary 
to obtain its value by evaluating the absolutely con- 
vergent parts of all self-energy integrals. For this 
purpose we utilize the following differential identities,’ 


(15) 


A,(p, p) = —(1/2xi)(8/dp,)L* (16) 
(a/ap+-d/0p’) rA,(p, ?’) =O, Pp, ?’-?) 
+6.(6, $',0). (17) 


To prove these identities, we notice the differential 
relation, 


—(1/2ni)(8/dp,)dr(p)=Ar(p)2p,Ar(p), 

4 Abdus Salam, Phys. Rev. 79, 910 (1950). These (or similar) 
identities were derived independently by F. J. pte big a (private 
communication), F. Rohrlich (reference 2). Rohr: derivation 
of the relations between divergent constants from 
however, inco: complete because difficulties connected with overlaps 
were not no 


was, . 
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which correctly describes the insertion of an external 
photon line (with its energy-momentum set equal to 
zero) in a meson line with momentum p. A second 
differentiation with respect to » describes not only the 
insertion of another photon 3-vertex on the same meson 
line, but also the complication of the first 3-vertex into 
a 4-vertex, with the proper weight factor. 

To prove (16) we notice first that the sum of the 
contributions to A,(p, p) from all (reducible or irre- 
ducible) non-base-line vertex parts vanishes identically. 
Let the momentum # be always associated with the 
base line. If ¢; represent the momentum variables 
associated with closed meson loops (connected to the 
base line and to each other), then the sum of the 
contributions to A,(/, p) from non-base-line vertex 
parts is 


3 f (8/6) Py(p, te) Tate 


which vanishes identically because F, is uniformly 
small for large values of momenta /,. 

Similarly, for a C part, if the photon » has its energy- 
momentum zero, and does not belong to the base line, 
the sum of the contributions for such graphs to 
6,2(p, p’, p’ —p) and Or4(, p’, 0) identically vanishes. 

Thus, (a) the only vertex parts giving a contribution 
to A,(p, p) are the base-line vertex parts, 

(b) The only C parts contributing to 6,,(p, ’, p’—p) 
+6,.(, p’, 0) are those for which » belongs to the base 
line. 

If now we associate » with the base line for meson 
self-energy graphs, a differentiation gives precisely all 
the base-line vertex parts and no photon line is differ- 
entiated. This establishes (16). 

Similarly on associating ~, p’ with the base line in 
vertex parts, the operator [0/dp+0/0’] would give 
all the C parts with » belonging to the base line and 
these are the only ones contributing to the right-hand 
side of (17), as shown. If u itself does not belong to the 
base line, but to one of the closed meson loops, some 
photon line joining this loop to the base line must 
carry momentum (p— p’+4.), while a part of the loop 
itself may have momentum variables (p—’+4,). The 
operator [0/8p+0/dp"] insures that neither this 
photon line, nor any part of the closed loop is differ- 
entiated. This establishes (17). 

The foregoing proofs depend on a very particular 
choice of momenta; ; »’ must be associated with the 
base line. This choice can sometimes lead to difficulties 
in isolating divergences. This question will be examined 
further in Sec. V, when we deal with Mf parts. 

We now show by an inductive application of the 
identities (16) and (17) that these differential relations 
give rise to relations between true divergences and also 
hold for the convergent parts of the functions concerned 
as well. These convergent parts are the same parts of 
the divergent integrals as are obtained by our sub- 
traction procedure. 


oh ee 
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We treat the case of vertex parts in detail. It is 
obvious that the C parts produced by applying the 
operator 0/3p-+ 0/49’ to an irreducible vertex part are 
themselves irreducible. (An extra external line always 
improves the chances of irreducibility and reduces 
overlaps.) Thus, from (2), for irreducible graphs, 


2L But (8/8p+9/AP") Anal, P) . 
= IRS + Owrel, 2, b’— P)-+Ornc(, f',0): (18) 


Setting p= p’= p> shows that L=R and also that the 
differential relation holds for convergent parts as well. 

Consider now a reducible vertex part. The integral 
corresponding to it is A,=A,--+the true divergence 
constant LX (p+ 9’), + true divergent constants DX the 
reduced integrals, where each reduced integral repre- 
sents a vertex part of a lower order. Therefore 
(8/4p+ 0/8p'),A,= (3/dp+ 3/dp’),A,.+ divergent con- 
stants DX(0/dp+8/0p’), applied to the reduced inte- 
grals. 

Consider now the C parts produced by this operator 
from the given vertex part. We can show that for such 
graphs O.0+ 0, Oaret+ Ornct 25y X the true divergence 
constant R-+the same true divergence constants D as 
aboveX precisely such C parts as are obtained by 


tp 
7 ae ke 
4 ‘, 
Fé . Fic. 4. 
‘ 

! ‘ 
TS UU ERIE See 
applying the differentiation operator to the afore- 
mentioned reduced vertex graphs. 


A term by term comparison would thus: allow us to 
write an equation of type (18), from which the equality 
of L and R and a differential relation between A,. and 
6,». can be deduced. 

The proof of this proceeds inductively. Since the 
differentiation operator affects only the base line in the 
given vertex part V, the true divergences for those parts 
of this graph which do not contain portions of the base 
line are the same as the true divergences for the relevant 
C parts obtained by differentiating V, while the reduced 
integrals in the two cases are themselves connected by 
the differential relation. Thus it is only for those 
subintegrations which extend over a part of the graph 
containing portions of the base line that a proof is 
needed. If, in the vertex part under consideration, such 
subintegrations correspond to inserted self-energy, 
vertex part or C part divergences, the differentiation 
operator converts them into, respectively, vertex part, 
or C part divergences, while the last type of divergence 
becomes superficially convergent. To bring out the 
points involved we consider, as an example, the case of 
a vertex part V, with its base line containing as an 
insertion the irreducible self-energy graph S (subinte- 
gration /,) in Fig. 4. 
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Disregarding the mass renormalizing constant A from 
this self-energy graph S, the relevant divergent term is 
B'XVrea where B’ is charge-renormalizing constant 
from S, and Vea is obtained from V by removing this 
self-energy insertion from the base line altogether. 

Let us now suppose that the number of vertices on 
the base line of V is », of which & are 3-vertices. The 
differentiation operator produces from the graph V, 
precisely (n—1+-2k) C parts. Of these 5 are such that 
they represent the replacing of S in the base line of V, 
by the 5 (irreducible) vertex parts which a differenti- 
ation of S yields, while in the remaining (n—6+2k) C 
parts, the insertion S remains unchanged in the base 
line. Therefore the divergence separated corresponding 
to the subintegration ¢, from this class of (n—1+-2k) 
C parts is =B’XCprea’+L'XCrea”’. Crea’ are the 
(n—6+2k) reduced C parts obtained by omitting S 
altogether from the base line, L’ is the sum of the true 
divergent constants from the 5-vertex parts obtained 
by differentiating S, while Crea’ is the reduced C part 
(just one graph) obtained by omitting any of the 
5-vertex parts, and replacing it by a 3-vertex. Two of 
the graphs Crea’ are identical with the graph Crea”, 
ie., the reduced graphs from those two C graphs 
obtained by inserting the external photon line », just 
“before” and just “after” S, on the base line of V. j 

Now from Eq. (2) and (16), B’=—L’ (ail graphs 
concerned in this relation are irreducible and the factor 
1/2mi is absorbed in the definition of the reduced 
integral Crea’); consequently, the term separated 
corresponding to the subintegration ¢, is = B’XCnrea 
where Crea represents (n-+ 2k—7) (different) C graphs; 
but these are precisely the graphs which we obtain by 
applying the differentiation operator (0/dp+4/dp’) to 
the graph Vea, as can be checked by noticing that Vea 
has »—2 vertices on the base line, of which k—2 are 
3-vertices and therefore the number of C parts obtained 
by differentiating Vea is n—3+4-2(k—2) =n+2k—7. 

The proof is thus arranged, by considering each of 
the true divergenceXthe reduced integral separated 
from the vertex part V. It is shown that for the corre- 
sponding C parts, the true divergences reduced inte- 
grals can be grouped such that the true divergences are 
equal by an inductive application of (16) and (17), and, 
furthermore, that the reduced integrals from C parts 
are precisely those which can be obtained by applying 
the differentiation operator to the reduced graphs. 
Since the argument proceeds by considering all sub- 
integrations, overlaps are automatically taken care of. 

The proof, therefore, of the required relations for a 
vertex part of order ¢?"+* depends on establishing rela- 
tions between true divergent constants of corresponding 
S, V, and C parts up to order @*, As the induction 
starts with irreducible graphs for which such relations 
are obviously true from the very definitions, the fore- 
going result follows. Thus, finally (putting p= p= po), 
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we have 


(8/0p+9/dp’) uel, P’) 
=Burelp, P,P’ p)+4ruc(P, 0). (19) 
We shall now show that Z,; can be chosen such that 


Y= (p+?) + A,(P, ?’) = Z:"U(p+ Pet Age(P, ?’, a) ] 
where by definition A, (po, Po) =0. Let 


Ould, b', P’— Pp) +O, p’, 0) = 2Gu(p’ +9, p’— 2). 
Then defining 
r=(p+p)rA+2po(1—A), S=(p’—p)a 
we rewrite (17) as 


(8/dr))A,(r, 84) =G,,(7, 5%) 
but 


(8/AN) AP, 9%) = (p+ p'— 20) Gur(7, 5) 
+ (p’— p)0A,/As,>; 
consequently, 


Ay(p, 2')—Au(Po, po) 
1 
= f AN(P-+P'—2p0) Gul, $») 
0 


1 
. = f dX(p'—p)rOAy/Os. (20) 
Also, from (19), ‘ 


1 
Ave, 2) = f dN(b+ 9’ —~20),Gurel??, 5) 
0 
1 
+ f dd(p'—p)v9Aye/As>. (21) 
G 


We have already shown, however, that Z, can be 
chosen such that : 


Oyo P, 2’, Q) = 8,(Z'~ I+Ze pro P, 2, q, &1)- 


Therefore, (20) can be rewritten as 

[orerrae, rf gp ra/asre+40)| 
[Opt Adlon )IRZA| +0. 
+ f G+ #290 Gare] ~ZC OP] (22) 


Since by definition, Tu=(p+p')tAucP, 2’, 1), we 
have, from (22) using (21) 


1 
Tp, 2)- f dn(p'—p),80,/A8,9 
0 


= z-[ Pn, p')- fae- ?) dT 1/ asa (23) 
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This leads us to infer the required result, namely, that 
T= ZT yi(er). 

Knowing the value of G,,. we cannot obtain that of 
Aue(P, p’) from Eq. (21), but that of A,.(p, p) can be 
readily found by a simple integration. Since 


Late) =—2ri f AP— Prades #) (24) 


where p\=pA+po(1—A), it is not needful for the 
derivation of }>.*(p) to consider the meson self-energy 
graphs any longer. The proof that Ar’=Z.Ari‘(e1) 
follows from Eq. (16) in a similar manner to (23); in 
this case 5 u*(po) is canceled by combining it with the 
contribution to the self-energy arising from the mass- 
renormalization term —é¢*@ in the Hamiltonian. 
We have also incidentally shown that 21;=2Z.=Z,, 
which satisfies condition (d) of the introduction. 


4, THE FUNCTION Dr’ 


For photon self-energy graphs, we extend a formal 
technique introduced by Ward and define the functions, 
A,(p) and &,,(p), by equations, 


—1/2n(8/dp,)I*=A,(p) (25) 
(0/4p,)A,(p) = ©,,(P). (26) 
Also, let 
W,(p)=2ip, +A, () (27) 
X wr(p) = 2B at Byur(f). (28) 


The bar in 4,, distinguishes it from the 4,, for a 4 
C-vertex. These functions W,(~), and X,, stand in 
analogy to I, and C,, while A, and %,, are analogous 
to A, and 6,,. 

By integration we obtain from the foregoing 


A.()= f dB(A) b> (29) 


and 


II*(p)=—2m J ddd, (AP) py. (30) 


Thus, in order to obtain II*(p) we only need con- 
struct the function %,,(f) which is logarithmically 
divergent. Dropping its divergent terms, the integra- 
tions in (29) and (30) give the desired convergent part 
of II*. In actual fact II* is not a scalar but a tensor'® 
and its correct form (for the case of a simple irreducible 
photon self-energy part) is given by 


I,.*= (8pef2— Pods) (C+ D.(p*)). 


The terms —,pk are omitted on account of charge 
conservation.'¢ 


16 Julian Schwinger, Phys. Rev. 76, 790 (1949), Appendix. 
WR, P. Feynman, Phys. Rev. 76, 781 (1949). 
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Thus, the function ®,, is in fact of the form: 


yr, c= [C+ D AC )1028,..55.— S ppdea— 5orbeu] 
+ (8x8? — Pods) (8°/p,9p,)D.(?’). 


However, if the terms —6,,5.,—5,,5.. and —Ppp. are 
dropped after the evaluation of %,,,,., we have 


Py», oc= 25 yr5pe(C-+Do(p?)) 
+8,.(8/0p,80,)De(P")= JpcPyr. 


In order to evaluate the function $,, we must 
examine the implications of our formal differentiation 
8/ap. In general a photon self-energy graph may have 
both its external photon lines, » and y, belonging either 
to the same meson loop or to two distinct interconnected 
meson loops. In the latter case the momentum p must 
run along some photon lines. joining the two distinct 
loops. The differentiation 8/8 which applied to a 
meson line carrying momentum graphically signifies 
insertion of an external photon line (with energy- 
momentum zero), when applied to a photon line gives 
a new type of “vertex,” illustrated in Fig. 5 with the 
vertex factor 2ip, since [—1/24i(0/0),)Dr= Dp: 2ip,: 
Dr]. Thus to obtain the graphs corresponding to ®,, we 
first adopt some convention for the path of the variable 
p through the photon self-energy graphs. After “‘differ- 
entiating” all the photon self-energy graphs twice, we 
obtain the graphs corresponding to ®,, which contain 
vertices of the type in Fig. 5(a) and (b). The number 
and complexion of these graphs is governed by the 
convention” we adopt for the path of p but as the 
integrations (29) and (30) show, the choice of a con- 
vention does not matter as far as the evaluation of 
TI*(p) is concerned. After drawing all graphs ®,, we 
select the irreducible &,,, the criterion for irreducibility 
being the same as in Sec. 1, with the obvious extension 
that if a photon self-energy graph inside an internal 
photon line is differentiated, in order to obtain the 
irreducible skeleton, this is replaced by either of the 
vertices in Fig. 5 as the case may be. The advantage, 
as we shall see, in considering the function ®,, rather 


a a+ ens, 
= “Cee SEC 
) 
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17 The choice of a convention. is arbitrary but it is absolutely 
oe that once a convention is adopted it must be consistently 
ollowed. 
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than II* itself is that the overlaps occurring for #,, are 
relatively simple and it is easier to categorize the graphs 
corresponding to ®,, rather than II*. It may be empha- 
sized that A, and 9,, are “fictitious” primitive diver- 
gents, being entirely defined by Eqs. (25) and (26) and 
have no real place in the theory. The convention for 
the path of » adopted here is illustrated in Fig. 6. 
Single arrows give the direction of charge, while double 
arrows follow ». In Fig. 6(a), p runs along the edge of 
the diagram; in (b) the path of p is “complementary,” 
in the sense that if in (a), a portion of a closed loop is 
“differentiated,” (b) insures the “differentiation” of the 
remaining portion of this same closed loop. Thus 


(—1/2z)8/dp,.[(a)+ (6) ]= 2A, (9). 


To illustrate the possible types of errors, let us 
notice that the graph in Fig. 7 is not reducible, because 
what appears as a C part with external photon lines p 
and yp is not in fact a C part comprised in the functions 
C,, so that this graph cannot be treated as reducible. 
When selecting the irreducible graphs for ,, from the 
totality of graphs obtained, the following consideration 
is helpful. We have shown in Sec. 2, that 6,,(, p’, 0) 


sd 
-o-w 


?%» --- )--K 
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=6up°(p, p’, 0), where 6,,.° denotes the sum of the 
integrals corresponding to C parts with the photon line 
» (with energy-momentum zero) necessarily belonging 
to the base line. Thus, if in a set of reducible 4,,, only 
base-line C parts @,,° appear, the irreducible skeleton 
for such %,, contains the factor 6,, and to obtain ©,, 
this factor can be replaced by C,, (the function for all 
and not merely base-line C parts) without incurring 
any error. The foregoing choice of “complementary” 
convention for p was designed, such that if a portion of 
a closed meson loop acts as the base line for graphs Oy, 
(say) contained in a set of graphs &,,, the convention 
should insure (by differentiating the entire loop) that 
all relevant base line @,,° do appear. The entire set 
6,,.° can then be replaced by a 4-vertex 6,, and a 
(unique) skeleton thus defined.* 

By categorizing the relevant graphs and using our 
inductive procedure, we shall establish the following 
equations (which are completely analogous to the set 


i8In this section (and subsequent sections) the distinction of 
5s; and 8;; will be understood and the arguments will proceed in 
terms of 4-vertices, invoking the “weight factors” if necessary. 
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of Eqs. (4)): 


W,= ZW ailer) 
Dp’ =ZsDri'(e1). 


Except for the graphs in Fig. 8, it is possible to make 
unambiguous insertions (4) and (31) in all the lines and 
vertices of the irreducible 4,, (the vertices now in- 
cluding those in Fig. 5), so as to obtain all derived 
graphs and their corresponding integrals. 

For the graphs in Fig. 8, however, insertion of certain 
types of C parts causes overlaps. Barring these, and 
considering all other irreducible graphs for $,,, we can 
express the sum of their integrals and of the reducible 
graphs derived from them in the fundamental form. 

In Appendix I we will show, by a procedure of 
categorization, that the sum of the integrals from the 
graphs in Fig. 8 and all graphs derived from them can 
also be given in the fundamental form. Adding together 
the contribution from these and 2ié,, for the 4-vertex 
in Fig. 5(b), we obtain 


X wo Ub eet Ze 2iC (1) Fart Bure (Er) ]- 


At this stage a choice of Z31—C/(e:) establishes the 
relation, Xy»e=Zs"'X,ui(e1). From this and (29) and 
(30) we prove as in Sec. 2 that Dr’=ZsDm'(e1). 


Xw=Zs"X yniler) 
| a) 


5S. M PARTS 


In this section the problem of M parts is dealt with. 
We show that with a correct choice of 6A in a term 
6\¢**¢? in the Hamiltonian, we cannot only consistently 
cancel all M divergences in the theory (whether they 
arise inside the graphs representing other primitive 
divergents or from what would otherwise be non- 
divergent graphs), we can also arrange that the graphs 
with 4-M vertices introduced into the theory by this 
term introduce no new infinities. It is easy to verify 
that if the 8 term constituted the only interaction 
term the number of primitive divergents in the theory 
would be precisely two; namely, the graphs with two 
external meson lines (meson self-energy graphs) and 
those with four external meson lines (4 parts). 

The choice of 5 is made in three steps. 

(1) Consider all irreducible simple M parts. If M, 
represents the sum of their true divergences, a choice 
of 6 such that 6\+44=0 cancels all divergences 
arising from these graphs. , 

(2) For the case of irreducible nonsimple M parts, 
unlike scalar meson-nucleon theories, joining two simple 


M parts may lead to an M—M overlap. An example is 
shown in Fig. 9. However, whether or not these over- 
laps occur, our subtraction procedure gives the result 
that the correct choice of 6 is once again given 
by 6\-+4,4=0, where 6A is the sum of true divergences 
arising from all irreducible M parts, whether simple or 
otherwise. In spite of the overlap, the manner of proof 
is exactly similar to that given in detail in I, Sec. A, 
and is not repeated. 

(3) To obtain all the original M parts from irre- 
ducible M@ parts, we make the usual insertions in all 
the lines and the vertices. Assuming (a) that the 
relations (3) hold and (b) that an insertion does not 
cause a further overlap, we immediately see by counting 
up the number of lines and vertices (including M 
vertices) that the correct final value for 5A is given by 
Z27M a(e:)+6\=0 where M4(e1) is the sum of the true 
divergences from all M parts. Condition (b) is satisfied 
for all except the three irreducible graphs in Fig. 10. 

In these graphs, insertion of certain types of C parts 
causes C—M overlaps. By a procedure of categorization 
it is not difficult to prove that the contribution made 
by such graphs to 6A is also found as —Z,~"*M4, where 
Ma is the sum of their true divergences. 

To prove (a) we remark that the foregoing proof for 
the cancellation of M-divergences extends to the case 
when M parts are contained inside other graphs. In 
particular for photon self-energy graphs or C parts 
there exist other graphs in the theory derived by 
replacing the contained M parts by M vertices in all 
possible ways. These graphs combine to cancel the M 
divergences times the corresponding “reduced inte- 
grals” so that neither need be considered at any stage 
of our inductive procedure for the formation of the 
functions II* or C,,. 

Since our procedure for deriving relations for oper- 
ators >>* and A, is not to follow the relevant graphs 
but to obtain these analytically from @,, we have to 
show that the explicit neglect of M divergences and of 
the corresponding graphs with 4-M vertices in 0,, does 
not affect the proof of the identities (16) and (17); in 


| 


| 
| 
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other words that this neglect is justified for both sides 
of the equations represented in (16) and (17). 

The proof would be trivial if, for example, the differ- 
entiation 0/8 which, from the graphs corresponding 
to }2*(p), produces all graphs relevant to A,(P, p) (in 
the manner of the proof in Sec. 3), also took all compen- 
satory self-energy graphs with M vertices to corre- 
sponding compensatory vertex graphs. Since the proof 
of equality of —(1/2mi)(d/ap)d.* with A,(d, p), for 
example, must depend on letting p run along the base 
line we have to show that a choice of basic momentum 
vectors which allows the path of 9 to lie along the base 
line also allows us to isolate M divergences. 

The entire problem is closely linked with the problem 
of the general possibility of a “correct” choice of basic 
variables. This was discussed in detail in a previous 
paper’ and only the results will be given here. For 
vertex parts situations arise when the number of 
divergences exceeds the number of subintegrations. In 
such cases, however, the extra divergences are M 
divergences which prove to be “final,” and need not be 
separated. This happens, however, only on account of 
the gauge-invariance of the theory. 

For meson self-energy graphs there is (as in the 
meson-nucleon case) another class of M divergences 


which were also called “final’™ in Sec. B, I. The 
reduced integral corresponding to such “final” diver- 
gences is, by definition, independent of the external 
momentum p. Their effect is to leave just one type of 
graph with a 4-M vertex (illustrated in Fig. 6, I) and 
those derived from it by insertions in the meson line, 
as “odd” graphs which do not act as compensatory 
graphs like all other graphs with 4-M vertices, and so 
have to be considered separately. Here, as in the meson- 
nucleon case, these graphs only contribute to the mass 
renormalization constant, making it an explicit function 
of 5d; a fact finding analytic expression in that a 
differentiation 3/dp for such graphs gives the result 
zero. 

Similar considerations apply for II*, A,, and 4,,. The 
proof of the finiteness of the S matrix now follows 
precisely as in D IT Sec. VII. 


6. CONCLUSION 


The only new feature arising for the renormalization 
of spin zero Bose particles interacting with the electro- 


i# Abdus Salam, Phys. Rev. 83, 426 (1951). 

%© Qpening any one photon line in a meson self-energy graph 
(or a meson line in a photon self-energy graphs) gives a C part 
with a ee ” C divergence. Their effect is precisely 
similar to that of “final” M divergences. 
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magnetic field is the introduction into the Hamiltonian 
of the (infinite) direct interaction term 6\¢*¢*. In a 
sense it is satisfactory that this same term can remove 
the M divergences associated with the scattering of a 
meson by a meson when these particles interact through 
an exchange of virtual nucleons. The definition adopted 
in Sec. V of the divergent part of an M integral, 
however, makes 4 .(Po, Po, fo)=0, So that no graph of 
any order higher than the second in e, can contribute 
to the scattering amplitude of two mesons of equal 
initial and final momenta. Theoretically it is possible 
to proceed slightly differently and to introduce into 
the Hamiltonian, besides the compensatory 6\¢*°¢", 
another ‘“‘real’’ direct-interaction term \$"¢%. The 
graphs involving 4-vertices with 6d as coefficient are 
differentiated from those with » as coefficient, the 
definition of original graphs being extended to include, 
besides the graphs involving 3-e- and 4-e?-vertices, also 
the graphs containing 4-)-vertices. The renormalization 
of the theory (not presented here in detail) proceeds as 
before, except that the Z factors now appear as func- 
tions of both e, and 1 (the renormalized value of 2) 
while the graphs with 4)-vertices compensate the 
additional M divergences introduced by the graphs 
containing these new \-vertices as well. Thus 6) is to 
be chosen as 6A4-Z2?M a(e1, A1)=0 while \y=Z2A. 
The entire theory, after renormalization, appears in 
terms of two constants A; and ¢. The retention of the 
condition 4 .(po, po, #o)=0 has the desirable feature, 
however, that even with this new term, the additional 
contribution to the Mller scattering amplitude, for 
mesons of equal initial and final momenta, is not given 
as a power series in \, but consists merely of )y itself. 
The scheme presented here sketches what is theo- 
retically possible. On account of the new feature noted, 
the physical validity of our renormalization scheme 
cannot be extrapolated from the fact that a very close 
agreement with experiment exists for the renormalized 
theory of spinor electrodynamics. To determine whether 
a constant , exists (even if only to find that its value 
is zero) and whether the answers to any physical 
problems given by the foregoing scheme approximate 
to the truth, we must turn again the pages of nature. 
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APPENDIX I 


Here we consider the graphs in Fig. 8 and all reducible graphs 
which can be derived from them and prove that their contribution 
to Sy» can be expressed in the fundamental form. 

In the 4-vertices appearing in the graphs in Fig. 8 an insertion 
of those C parts which have their two external photon lines be- 
longing either to the same 4-vertex (class B) or to two consecutive 
3-vertices on the same meson line (class C), causes an overlap. 
These same C parts inserted at one end 4-vertex of the graphs in 
Fig. 8, appear simultaneously as an insertion at the other end. 
The situation is completely analogous to the insertion of vertex 
parts in end-vertices of photon (or electron) self-energy graphs in 
spinor electrodynamics (the “b divergences’? of D II Sec. VIL). 
Let the class of C parts B+C be called A, while let T denote all 
C parts other than those in class A. From Sec. 2, 

PT yo Ze [TB pe + T yy (C1) J- 

We now categorize the graphs derived from those in Fig. 8. 
The categories obtained are similar to those in Sec. IV, (I). In 
graphs (1), (2), (3), ¢ and 6 stand for the end 4-vertices. Graph 
(1) has both its end-vertices as 4-vertices, (2) and (3) have either 
the left- or the right-hand vertex (as drawn here) as a 4-vertex 
while (4) has no 4-vertex at all. Let the graphs (1), (2), (3), and 
(4) in Fig. 8 belong to category [1]. Insert all irreducible A at the 
4-vertex ay) in [1{1] and [1[2], thereby obtaining a set of 
graphs belonging to category [2]. These graphs can once again 
be distinguished as [2]1], [2(2], [2|3], and [2/4], according as 
their end-vertices are 3-vertices or 4-vertices. Insertion of irre- 
ducible 4 at the 4-vertices aj in [2]1] and [2/2] then gives all 
graphs in category [3] and so on. @j») and bj.) stand for the end 
4-vertices appearing in [v|1]], [|2], and [+/3] at every stage. 

Given a graph in [#]; let Aa! denote the true divergent constant 
arising from the irreducible A which was inserted at ajn—1 ‘to 
obtain this particular graph in [#]; A.%, the constant of true 
divergence from the reducible graph A which could be inserted at 
{x3} to obtain this graph in [n]. This last graph is reducible 
because it contains as an insertion the irreducible graph with 
true divergence A}. Similar definitions apply for Aj}, Ax, A?---, 
etc. These definitions are analogous to those of La!, L.?, ---, 
Le, Le, «++ in Sec. IV, I. 

With these definitions we have the following lemma. 


Lemma 1 


(]= (| 1]+(%|2]+[613]4-[9|4] 
=A n—1[1]+A*n—2[1]+4.2(8—3]1]+--- 

+Asfn—1|1]4+-Ad[e—2[1]4+-4s'La—3[ LH 

— [AA lf —2[1]+-A0' A (n—3|1]+--- 

+Af4y[n—-3]1]}4--+-]+40[n—-1(2]+4.2[n—2[2] 

+:+-+Asl(n—1/3]+ 42 [n—-2/3]+--- 

+2¢F Stu (1A 

246,,.F¢ gives the true divergence of [#], while Fuse is the con- 
vergent part. The proof of the lemma is given exactly on the lines 
of the proof of Lemma 1 (Sec. IV, I) and is not repeated. 

In any graph [»], we can insert self-energy and vertex parts 
without causing any overlaps, while at all 4-vertices except an 
and bj»), all C parts can be inserted unambiguously. Correspond- 
ingly, we replace Ay by Ar’=Z:Ar,’, Dr by Z:Dri', (0+) yu by 
2Z:"Tya in all the lines and 3-vertices of the graphs in these 
categories; while for all 4-vertices except an) and bin}, replace 8» 
by Zo"Cyoi. For @fnj and jn}, however, only the replacement of 
Bae by Spe T yo =Ze (Zeb Ta 1) Suet (Suet Tus) ] is analyti- 
cally valid. 

Tn terms of graphs, we obtain unambiguously by the insertions 
corresponding to these substitutions all graphs derived from the 
irreducible graphs in Fig. 8, no graph appearing more than once. 

Let Z[s]}* represent the totality of graphs after these replace- 
ments, [#]* represent graphs [1] with Ari'(e1), Dri'(e:), Pus(es), 
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and either Cyy:(e1) oF Sys Tyrc(e1) appearing for their lines and 
vertices, [#].% represent all graphs with the above factors 
Ari‘(e1), Drv'(e1), etc., except at the 4-vertex @ where factor 3,, 
remains unchanged, and let similar definitions apply for []»* 
and (#].,%. Then precisely as in Lemma 2, the entire class of 
graphs 2[n]J* can be expressed compactly as 


Zn }= ZZ (e+ (Zit Te~ 1) (+ 


+(Z+Te— Er Jav)}. (2A 
From Lemma 1, however, by summing up 
Z[n}=Ae{ 2 (Cn ].%+ [4] %~— 4 Jas} 
+2tFa*(e1) + Fuve%, G3)A 
where AgX=Aq'*+Ag™+4Aq*+--- AXA PX AX -> >, 


Here A,'*, etc., denote the true divergences with Ar,’, Dri’, etc., 
replacing Ar, Dr, etc. Fz*(e;) is the sum of the true divergences 
of []*. 

We have shown in Sec. 2 that Z,=1—Ts—Aa™. So substituting 
(3)A in (2)A we obtain 


Z[n}* = Zs iF a*(e1) Owe + Favc*(er)}. (4)A 


It still remains to consider the graph (5) in Fig. 8. The set 
consisting of graphs (1), (2), (3), and (4) was completely sym- 
metrical regarding the classes B and C (B+-C =A) but the graph 
(5) contains only one 4-vertex 8,,. This vertex will be called ej. 
Inserting irreducible B at e) we obtain graphs belonging to 
(2|1] while insertion of irreducible C at eq gives [2|2]. These 
(irreducible B and C) can be inserted again at ej in [2|1] to 
obtain [3]=[3|1]+([3|2] and so on. The graph (5) in Fig. 8, 
itself constitutes the category [1|1], there being no graph in 
(1{2]. When the divergence in such a graph [n] is being isolated, 
the “reduced” graph left after the true divergence corresponding 
to the C part (which C part necessarily belongs to class C) has 
been removed, will be denoted by [#|3]. A graph [s|3] does not 
itself belong to the class of graphs [in], because for [#|3], px 
must be a 4-vertex. This new 4-vertex will be called f. Similarly 
let [| 4] denote the graph obtained by a simultaneous reduction 
of [] at both ends, so that in the graph [#/4] both e and f 
appear as 4-vertices, Again a graph [s|4] does not itself belong 
to the class of graphs [x]. 

To obtain all graphs that can be derived from the graph (5), we 
construct the above categories [1] and then in their lines and ver- 
tices make the replacements Ar=Z2Ary‘(¢1), etc., except at the 4- 
vertex ¢ where Sg, is replaced by 2. (Ze+Te—1)8y0+(Sy 
+Tyve(er)]. Tf [1}*, [n]* are defined as those [1] in which, in- 
stead of Ar, for example, appear, respectively, the factors Ay’ and 
An’, while [].* are [| 1]* except that at the 4-vertex ¢, 5,, is left 
completely unchanged, then by counting lines and vertices we 
obtain, as in (2)A 


L[n}= ZZ (n+ (2c4+-Te— 1) 29}. (S)A 


Now considering the implications of the subtraction procedure 
the result corresponding to Lemma 1 for [#] is as follows. 


Lemma 2 


(]= (| 1]+-[5]2]=4'(n—141]+A%(n—2|1]+4%4—3|1] 
+e FCn—1/3]4+-C[n—2| 3]+-C(n—3]3] 
+e —(AlCfn—2/4]+-A1Cin—3| 41+ wise 
FAC [Ln 3/4] ++) 42Gb eet Gur (6A 
By replacing Ar, by Ani’, etc., in [#] and summing up, we 
obtain from the foregoing 
Zn ]Xm {Aa [0] .*+-Ca*([n]— Aa ].0°9} 
+:25Ga (er) b yet Gpve(er). (7A 
[#],/* are {n|3] with Ay,’, etc., replacing Ay except. that the 
4-vertex f is completely unchanged, and [].;* are similarly 
obtained from [|4] except that for both ¢ and f, the factors 8p. 
and & » are not changed. Substituting for Z[s]* in Eq. (5)A, 


41 


42 
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and using Z,.= 1~ Ts— Ae we obtain 
ZL} = 291256 Ga(61) + Gyve™(e1)) 

+ Zar ZC a ( [0 1y*— Aa [9 ]07%}). (SDA 
We now prove the result: 


Lemma 3 
Zr (ZCu*{ (9 y*— Aa*[oJey*}) m0. (Q)A 


For the proof consider the graph in Fig. 11. Construct various 
categories from it, by inserting irreducible A, successively, at the 
vertex ¢ only. The-characteristic of these graphs then is that f is 
necessarily a 4-vertex for all of them. After these categories are 
constructed, make substitutions (4) in al} lines and vertices, 
except in vertex ¢ where 8,» is replaced by Z.“((Zet+-Ts— 1) 8 
+(8,9+-Tyve)] and the 4-vertex f which is left completely un- 
changed. The result is that we obtain as the sum of integrals 
corresponding to all these graphs, precisely the expression, 


ZZAU H+ St Te— 1) (01), 


ABDUS SALAM 


TH IDS YAK DC 


KOT RIX (Od Ox DO 


Fic. 12. 


but this = (3*/95,0p,) / F(p+é, &, e)didt’ which is identically 
equal to zero, as can be seen by shifting p+-#—-+#’. Since Z,==1—Ta 
—Ag*x0 the proof is complete. 

On account of Lemma 3, (8)A now gives 


Z[n}* = 25726 ueGa(e1) + Gure(01) 1, (10)A 


which is once again in the fundamental form. The required result 
is thus established. 


APPENDIX II 


The graphs R mentioned in Sec. 2 are a set of chain graphs 
“derived” from the 10 irreducible graphs in Fig. 12. Since C 
parts have two external photon lines, a chain of meson loops 
joined to each other by two photon lines can cause C-~C and 
C—M overlaps. The proof that all possible types of C—C overlaps 
are comprised in the classes P, Q, R is not difficult to give from 
very simple topological considerations. To show, further, that 
the sum of integrals from graphs R can be expressed in the 
fundamental form, a careful scheme of categorization needs to be 
developed. The general principles on which the proof proceeds 
is already illustrated in Sec. 2. The details are much more compli- 
cated but, as no new principles are involved, we shall not reproduce 
them here (Fig. 12). 
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It is shown that Feynman’s relativistic solution for the scattering of an electron (or pair creation) by a 
given external field is the Fredholm resolvent of the related integral equation and is thus the unique and 
absolutely convergent solution for any strength of field. 


INTRODUCTION 


B Ree Fredholm theory of integral equations has 
been applied to the nonrelativistic theory of 
scattering by Jost and Pais.! We here consider the 
extension of this theory to the interaction of the 
quantized electron-positron field with a prescribed 
external electromagnetic field. This problem has been 
considered by Feynman.? Feynman’s solution is most 
simply derived from the S matrix in the form given by 
Dyson? The appropriate matrix element for electron 
scattering or pair creation is obtained as an expan- 
sion in the external field and is normalized by multi- 
plying by the vacuum expectation value of the S 
matrix. We show that this is identical with the Fred- 
holm resolvent of a related integral equation and is 
thus absolutely convergent for any strength of the 
external field, for which the cross section has any 
meaning. 

In the first section the Fredholm theory is stated in 
a form given by Plemelj,‘ which exhibits the Fredholm 
solution in terms of the iterations of the kernel and its 
traces. These quantities have the advantage over the 
usual form of the theory® that, they are either the same 
as, or closely related to, expressions occurring in the 
S matrix and can be written down directly by Feynman’s 
graphical methods. The relation of the Fredholm 
solution to the solution by iteration is discussed. The 
problem of scattering in a pure external field is then 
treated in Secs. 2 and 3, with the result stated above. 
The case of a static field is related to the work of Jost 
and Pais.! 


1. FREDHOLM THEORY 
Consider Fredholm’s integral equation 


2(s)=y(s)-+2 f K(s, de(ddt, (1.1) 


(or x= y+dKz), 


* Now at Department of Mathematical Physics, University of 
Birmingham, Birmi , E d. 

1R, Jost and A. Pais, Phys. Rev. 82, 840 (1951). 

?R. P. Feynman, Phys. Rev. 76, 749 (1949). 

‘F. J. Dyson, Phys. Rev. 75, 486, 1736 (1949). 

4J. Plemelj, Monatsch. Math. 15, 93 (1904). 

5 See, for example, E. T. Whittaker and G. N. Watson, Modern 
Analysis (Cambridge University Press, Cambridge, 1940), fourth 
edition, Chapter XT. 


where the integration may be over a fixed interval, 
finite or infinite. Smithies* has shown that, if K(s, é) 
is a measurable function of s and ¢, and 


c= f fixe, #) |3dsdi< oo, (1.2) 
then (1.1) has the unique solution 

#(6)=d-10) { DO, Dold, a 

=d“(A)AQ, 5), 

for all \ for which d(A) #0. Here 
dQn)=¥ dao, (1.4) 
D0, $,)=E Dals, OX" (1.5) 

n=O 


(D(A, 5,4) is called the Fredholm resolvent], where 


dy=1, 


o nm—-1 O -:+- 0 
tua 44 n—-2 ++ 0 ie 
On Ta-1 G1 
i(s—-t) on 0 0 
. K(s,4) ao, n-1 0 
D,(s,)= = Ks) 0, oy n—2 
Ks, )) on Ont oy 
(1.7) 
K(s,)= frre, u)K(u, Adu 
(1.8) 


= f K(s, u)K"—"(u, du, 


* F. Smithies, Duke Math. J. 8, 107 (1941). 
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and 


on= TraceK"= f Kr(s, s)ds. (1.9) 
If x(s) is a spinor function, the trace in (1.9) is also 
taken over the spinor suffixes of K. The function d()) 
is proved to be convergent for all complex values of \, 
so that it is an integral function of A; the resolvent, 
D(A, s, ), is also uniformly convergent for all \, so 
the solution (1.3) is valid for the whole complex \-plane 
(except for A satisfying ¢(\)=0). This formulation is 
shown to be identical with the usual formulation by 
Smithies.® 

As already stated in the introduction, an advantage 
of this form is that for any field theoretic equations, 
the expressions K*y are just those appearing in the 
solution by iteration’ and can be calculated directly by 
the Feynman-Dyson*? method. The op are closely 
related to the vacuum graphs of the S matrix, and 
Feynman’s methods are again immediately applicable. 

From the definition (1.6), 


1 n—l 


d,=—— > Smbn—m; 


nh meni 


(1.10) 
so that 
= (Wt Dday id= (Edy Ges). (111) 


Thus 
od 


d= SE aga sd. 
a oe 

Hence 

4) =exp[—E o4d"/n], (1.12) 
From the definition (1.7), 

Da=¥ K"dyn(=Idet+KDy1). (1.13) 

m=0 

Hence 


D(d)=d(a) (1+ AK +NEA+--). (1.14) 


The relation between the Fredholm solution and the 
solution by iteration is brought out clearly by sub- 
stituting (1.14) into (1.3). The Fredholm solution then 
reduces to 


yn DONY SOE MEANT y 
dQ) dQ) 


which is just the solution by iteration if the d() term 
is canceled. The Fredhoim solution is exhibited as an 
analytic continuation of the iterated solution; the 
function d(A) is an integral function such that its 

7 The solution by iteration is known as the Neumann-Liouville 
solution. This is approximation in nonrelativistic scat- 
erry beseea and is the “weak coupling’ expansion of relativistic 
ry. 


» (1.15) 


FREDHOLM THEORY OF SCATTERING 


zeros cancel the poles of the solution by iteration,® 
(1-4-AK-+07K?+ ---)y, thus making D(A)y also an inte- 
gral function. Fredholm’s work shows not only that such 
a function exists but provides a method for actually 
calculating it. 

The proof of the convergence of the Fredholm solu- 
tion is based on the inequality 

Jon] S[Ci]™? (#=2, 3, ---). (1.16) 

The condition (1.2) does not require that o: be finite, 
and in fact the solution is unaltered by replacing o1 by 
zero in (1.6) and (1.7), whatever its actual value. How- 
ever, if o2 diverges the condition (1.2) cannot be 
satisfied. 

It may happen that Ci, ---, Cas are not bounded, 
but that C,, is, where, by definition 


Cus ff 1x6, d)| 2dsdt. 


One can still obtain a convergent solution to the equa- 
tion by first iterating m times. Thus, in operator nota- 
tion, 
x=y-+AK x 
=(14-AK-+MKA + E AM IK l)y+ anh, (1.18) 
This equation has a solution, since 
Ca<o, 


(1.17) 


namely, 
o= Dalry dn") (1—A™K™)—2 
On(X")  da(A™) 
| XPAK fob K enh) y 
bm(X™) 
~ dnl") 


(AF AK 4K +), (1.19) 


where : 
d(x") =exp| —[ pont emt * |} (1.20) 


* This result has been established quite rigorously in the 
literature. Just to clarify the structure of the Fredholm solution, 
we can cast d(A) in a different form by the following nonrigorous 
argument, This was pointed out to the authors by Professor R. E. 


Peier! 
The solution by iteration is the binomial expansion of 


cm 1 

1~—)K"" 

The poles of this solution are given by the eigenvalues of the 

homogeneous equation 
(1-2, K) x00. 

The eigenvalues of K* are (1/Aa)*, and the trace ¢» is thus 
On™La (1/re)*. 

Hence, by Eq. (1.12), 


40) -exp|- 3 235) | 
wexp[Za log(1—A/da)] 
= TIa(1—A/Ne), 


which is just the form required for d(A) to cancel the poles of the 
solution by iteration. 
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This solution is reducible, and one can factor an integral 
function from the numerator and the denominator. 
Poincare® has shown the irreducible solution is given by 
Eqs. (1.3)-(1.9) with o1, o2, -*+om1 replaced by zero. 


2. THE EXTERNAL FIELD 


Consider the problem of the quantized Dirac field in 
interaction with a given external field, which is time 
dependent and may create pairs. The field produced 
by the electrons themselves is neglected. The S matrix 
for the system is 


— Pre dXn 
XP(H*(x1), 39 -H*(x)), (2.1) 
where 
H(z) = —idf (x) A(x) ¥(2), (2.2) 
A(x) = A%() Yn, (2.3) 


and X is a constant which determines the strength of 
the field. 

We consider the cross section for scattering of an 
electron from a state u(q) to a state u(p), where both 
momentum and spin are specified. The transition am- 
plitude obtained from the S matrix is written as 
(g|S|q). From Dyson’s theory* applied to (2.1) it 
follows that 


(P| S]q) = (0].S/0)(p| RI); (2.4) 


where (0|.S5]0) is the vacuum expectation value of the 
S matrix, represented by vacuum graphs, while (p|R| q) 
is, by definition, represented by the connected graphs 
for the scattering process itself.'° Because we are 
dealing with a time-dependent external field the 
vacuum-to-vacuum transition probability |(0|5!0)|? 
is not unity, and so (0[.5[0) is not a mere phase factor 
and has to be expressly considered. 
To calculate (p|R]q) define M(p, g) such that 


(p| Rl gq) =2(p)M(p, g)u(q). (2.5) 


From the S matrix an integral equation for M(), q) can 
readily be derived. For weak external fields (A small), 
where an expansion in field strength is permissible we 
have, by Feynman-Dyson methods, 


M(p, g)=dA(p—9)—2e? f AX(p~B)So(®) 


x A*(k—q)d*k, + wey (2.6) 
where ag 
PY phy K 
s)=— ee SO) (2.7) 
Qari 2+ x? nee. 


*H. Poincare, Acta Math. 33, 57 (1910). 

10 Dyson’s treatment is a restatement in more conventional 
terms of Feynman’s solution. (p(S(q) is called the “absolute” 
probability amplitude and (p|R}g) the “relative” probability 
amplitude by Feynman. 
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Write M1(p,q) for the right-hand side of (2.6) and 
define 


(p| Rr| q) =2(p)Mr(p, g)u(q). (2.8) 


Now M7(,q) is the solution by iteration (hence the 
suffix J) of the integral equation" 


M(p, @)=A*(p—9)—2md f A(p—®)Sp(b) 


XM(k, q)d*k, (2.9) 


which defines (, q) for any strength of field. This is an 
equation for M(p,q), (¢g constant) of the Fredholm 
type and we can consider the application of the theory 
of the previous section.” 

The kernel of the equation is 


K(p, k) = A*(p—2)Sr(k)(—2n). (2.10) 


This is a measurable function for reasonable A*(p— zk) 
provided the limit e~-0 is not taken until the end of the 
calculation.4 

The Fredholm traces 7, can be looked at graphically, 
as stated in the introduction. For this particular integral 
equation, the o’s happen to be precisely the expressions 
represented by the vacuum graphs of the S matrix 
theory. Define 


wo To,A2* 
l= (2.11) 
n=l Qn 


so that the Fredholm determinant [Eq. (1.12)] is 
d(A) = exp(—Z). (2.12) 


From (2.11), Z is the sum of all vacuum graphs taken 
singly.“ With this definition of ZL, Feynman has shown 


that 
(0|.S|0) =exp(—Z), (2.13) 


1 This equation has a ly been considered by M. Neuman, 
Phys. Rev. 83, 1258 Goss’ 85, 129 (1952). 

ae SrA(x, y), the electron propagator in a given field, 
satisfies 


[oe 2 em ied(s) | SrA, 9) =~ 2582-9), 
Sr(z, 9) =Sr(e—y)—5 f° Sr(z—z) A@)Sr*(s, y)ds. 


This is the same equation and can be solved by the same methods. 

3 We refer here b the standard procedure for calculating 
Feynman integrals for ¢, and K*, in terms of which the answer is 
expressed [formulas ‘a. 3-1: 9)]. This proccaure has been demon- 
strated for particular examples by R. P. Feynman [Phys. Rev. 
16, 769 eed articularly the penultimate paragraph of 
Sec. 7] and diesusesd goal by R. J. Eden, Proc. Roy. Soc. 
(London) M210, 388 (195: 

For «>0 the Reid Sel “integrals are all taken eg ead the real 
axis. After completing these integrals, it is, in general, n 
to keep e>0 in order to define the analytic continuation of ot these 
functions round the branch points which occur at creation 
thresholds. Only after this can the limit «+0 be taken, to give 
the physical answer. 

4 Note that om 4:0 by Furry’s theorem. The factor (1/21) 
in the #th term comes from (22!)7! in (2.1) multiplied by (2n—1)1, 
the number of permutasans of the 2 points round the closed 
loop of the grap! 


for on. 
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and, therefore,! 
(0|S|0) =d(a). (2.14) 


Let us now consider the o’s for convergence. The 
expression for o2 is 


oo= (24)? f f dpdk 
XTrLA*(p—k)Sr(k)A(R—p)Sr(p)]. (2.15) 
By a change of variable, 


oa= (2x)? f dtA,()A,(—1) f dk 


XTrLySr(k)y-Sr(¢—k)].  (2.15') 


The integral over k is the expression which occurs in 
the vacuum polarization and is divergent. (This is 
obvious from the graph of o2, which is the well-known 
loop of two electron lines.) Thus, «2 diverges for any 
choice of A*. By (1.16) it follows that 


Cy>@, (2.16) 


and Fredholm theory is not immediately applicable to 
the equation in this form. This difficulty can be over- 
come by the device of Poincare,’ stated at the end of 
the previous section. Fredholm theory can be applied 
in a slightly modified form to our equation, provided"* 


C2< 0, (2.17) 


For the moment we will assume this condition to be 
satisfied and will show in the next section how all 
fields of physical interest can be included. 

Assuming (2.17), the unique convergent solution for 
any strength of field is given by replacing oe by zero 
in the general formulas of Sec. 1. By (1.3), (2.8), and 
(2.12) this is 


(P| Rl] q)= (@(p)d(A, p)e(q)}/exp(—L’), (2.18) 
where 


L' =D [ond2*/22], (2.19) 
nme 

and A is defined by (1.7) applied to (2.10). The suffix ¢ 

on A, denotes that it is also a function of g. By (2.11) 

and (2.13) 


(p|S|q)=exp(—L){a(p)A,(A, p)u(9)}/exp(—L’) 
=(A(p)A(A, p)u(g)} expl—o2d?/2]. (2.20) 


The factor in curly brackets is essentially the resolvent 
of the Fredholm solution of (2.9) and is thus an integral 
function of X. The os which occurs in the other term is 


18 This result was obtained previously by M. Neuman. See 
reference 11. 

16 We are actually employing a generalization of Poincare’s 
result, which has been proved by numerous authors [F. Smithies 
(private communication) ]. 
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infinite, but its real part is finite,!” and it thus contributes 
a finite numerical factor to the probability |(|5|q)|*. 
Our final expression for |(p|S|q)|? is thus an infinite 
series in \, each term of which is finite, and which is 
absolutely and uniformly convergent for any value of 4, 
that is, for any strength of field. 

But according to the form of A(A) given by (1.15), 


A,(A, p)=exp(—L’)M7(9, 9). (2.21) 
Thus, the Fredholm solution, Eq. (2.20), can be written 


(>| S|q)=(p|Rr|q) exp(—L). (2.22) 


This is precisely the solution by iteration, properly 
normalized, which is derivable from (2.1) by standard 
methods and was originally given by Feynman. This 
is a rather surprising result, since the iteration (p| Rr|q) 
has, in general, a finite radius of convergence, and from 
Feynman’s point of view the term exp(--L) is intro- 
duced simply as a normalizing factor. This identity of 
the normalized iterated solution and the Fredholm 
solution is a special property of the system under dis- 
cussion and is a direct consequence of the relation 
(2.14) between the Fredholm determinant and the 
vacuum expectation value of the S matrix. The identity 
is not true for static external fields, which, for reasons 
which will be made clear in the next section, cannot 
be regarded as a particular case of the time dependent 
field. 

We remark finally that the above theory can equally 
well be applied to the calculation of pair creation. Also, 
since electrons interact with each other explicitly only 
through the exclusion principle on the initial and final 
states, we can consider any number of electrons or 
positrons. This has been shown by Feynman.’ 


3. FREDHOLM CONDITION AND THE 
STATIC FIELD 


A, The Fredholm Condition 


We have yet to establish the condition (2.17), which 
justifies the application of the Fredholm theory to 
(2.9). From (1.17) and (2.10), 


C= f dkidkedldm 
X | AC—k) Sr(k) A(Ri— m) Sem) 


X A(l— ks) Sr(k2) A(ke—m)Sr(m)|. (3.1) 


17 This has been calculated directly by J. Schwinger and others. 
The result in our notation is quoted by R. Karplus and N. M. 
Kroll, Phys. Rev. 77, 536 (1950). That the real part is finite can 
be inferred, however, from the unitarity of the S matrix. Let 


Smite teSit---. 


Since S is unitary, 
Srt-Si*= ~ SiS". 


Therefore, 
RI[2o2]= (0| S:+-5:"|0) = aA OlSil?, 91%, 


where the right-hand side is the total probability of creating one 
pair, calculated to lowest order. This is finite. 
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It must be shown that this is convergent. It is not true 
of C2 as it was of C;, that by a change of variables one 
can produce a divergent factor, independent of A(z). 
Dyson has shown that the convergence of such integrals 
can be estimated by counting powers. On this basis it 
can be seen that C2 converges, provided A(k) falls off 
faster than &-* for large k. 

Consider the expression 


a if J,(k)A,(B)d4k= ip #A,(B)A,(—K)d%e, (3.2) 


where J, is the current producing the external field. By 

a Fourier transformation this is equal to the energy 

density of the field, integrated over all space and time. 
Now the transition probability 


wo= | (P| S19) |? (3.3) 


is the probability for the whole of time and the whole 
of space. For purely general fields this is infinite and 
there is, in fact, no physically significant cross section 
that one can consider for such a field. We consider now 
the space extension only. In most cases the field will 
be defined throughout ‘space, but will be effectively 
nonzero only over a finite region. In such a case the 
probability for the whole of space gives the probability 
for the whole field, which is the physically significant 
quantity. Alternatively the field may have some general 
periodicity in a lattice with some cell volume ». One 
may then ask for the cross section per cell. This may 
be calculated by considering the probability for all 
space for a field equal to the given field over a large but 
finite volume V (>>) and zero elsewhere. The boundary 
should be made smooth and taken large enough for 
surface effects to be negligible. 

The treatment of the time is exactly analogous. 
Either the field is defined for all time in such a way 
that it is effectively nonzero only for a finite period (in 
this case w. is, directly, the physically significant ex- 
pression) or it has a periodicity r. In this latter case the 
probability per period r can be calculated from wa, for 
the field switched on for a long, but finite time T(->7). 

In any significant case, the field considered is nonzero 
only over a finite region and for a finite time. For such 
fields the energy integral E is finite. But this integral 
is only convergent if A(%) falls off faster than k-? for 
large k.* Therefore, for any time-dependent field for 
which a physically reasonable cross section can be con- 
sidered, we have 


C:< 0, (3.4) 


and Fredholm theory is applicable. 


B. The Static Field 
For a static field the expression of physical signifi- 
cance is not w., but w, the probability per unit time. 


1e This is not true if A(x) is singular at the origin, but such 
cases may be included by introducing a suitable factor to smooth 
out the singularity. 
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To derive this exactly from the S matrix, Eq. (2.1), it is 
necessary to consider the field to be on for an infinite 
time. Since the argument above depended essentially 
on the fact that the field was only “on” for a finite time, 
the static field requires special consideration. 

A static field is 


A,(k) =A a(k) 5(o) ’ (3.5) 


where k is the space part of &. Energy is conserved in 
any real process, so that 


| (0|.S{0) |?=1. 
Thus, (0|.5|0) is simply an (infinite) phase factor and 
probability amplitudes are given directly by (p/R]q). 
Define M’(p, q) by 
M(p, q)=M'(p, a) 5(bo— 90). (3.6) 


The solution by iteration for M’(p,q) and hence 
(p|Rr[q) is obtained by substituting (3.5) and (3.6) 
into (2.6).'8 The integral equation for M’(p, q) is, from 
(2.9), 


M'(p, @) =d4*(p—4) — 24d? ii At(p—k)So(k) 
xM'(k, ddk, (3.7) 


So(k) =Spr(k, po) (3.8) 


is given by (2.7) with ko replaced by #. The Fredholm 
solution of (3.7) can be performed analogously to the 
solution of (2.10). The condition for the applicability 
of Fredholm theory is the convergence of the three- 
dimensional analog of (3.1). This can be deduced from 
the convergence of 


f [k|24,(k)4,(—k)dk. 


where 


(3.9) 


This is the integral of the energy density over all space 
(but not time), which must converge for any physically 
reasonable field, as in the previous section. 
From (3.6), 
(p|R|q)=a(p)M’(p, q)%4(q)5(po—go) 
=(p|R]q)8(fo—go). (3.10) 


wa | (p| R]q) |?5(po— 90) 5(0). (3.11) 
This is, of course, infinite, but the final factor is 


Thus, 


1 pr 
6(0)=Lim Lim — [en tint an, (3.12) 


a Qe 


where T is the time for which the field is on. The prob- 
ability per unit time is 


1 
w= Lim(se/T)=—l@1R|@)|*8(Go-a). -13) 


'©R. H. Dalitz, Proc, Roy. Soc. (London) A206, 509 (1951). 
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Note that owing to the extraction of a 5-function 
factor in the derivation of (3.7) from (2.10), it is not 
true that the Fredholm determinant d(A) of (3.7) is 
equal to (0|.5|0). Consequently, for a static field, the 
iterated solution, (p|Rr|q), (Born approximation) is 
not the same as the Fredholm solution. This is in 
agreement with the conclusion of Jost and Pais.! 
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A new type of amplitude—Feynman amplitude—is defined for any state. These amplitudes 
are shown to propagate in the Feynman manner. It is shown further that they satisfy an 
infinite set of four-dimensional, covariant, coupled integral equations, analogous to the 
three-dimensional Fock equations between the ordinary probability amplitudes. 


1, IntRopucTIon 


The separation of the finite and physically significant parts of infinite expressions 
occurring in the interaction of coupled fields has so far been expressed in the frame- 
work of the S-matrix. This is, in general, applicable only to high-energy scattering 
problems, and for the meson-nucleon interaction it is not even applicable to these. 
Attempts to get away from charge expansions have been based on the Fock (1932) 
equations between the three-dimensional probability amplitudes of the state under 
consideration (Tamm 1945; Dancoff 1950). The infinities related to vacuum, self- 
energy and vertex effects are fixed up in these equations in an inextricably com- 
plicated manner. It is our object here to present an infinite set of coupled integral 
equations, which are a covariant analogue to the Fock equations, and which are 
obviously renormalizable in the restricted sense that no vacuum effects ever occur, 
and all other infinities appear directly in the S-matrix form, that is, as functions of 
Feynman propagators integrated over the whole of space-time. The finite parts can 
thus be defined directly. However, it still remains to be proved that the dropping of 
infinite terms can be done consistently, independent of a charge expansion. This 
point is not discussed here. 

It should be mentioned that these equations relate a new type of amplitude— 
Feynman amplitude*—whose physical meaning is far from clear. This is the price 
one pays for an ‘obviously renormalizable’ form of the theory. 


2. FEYNMAN AMPLITUDES. 


Consider the pseudo-scalar interaction of pseudo-scalar mesons with nucleons. 
Define the Dirac and Klein-Gordon operators 


9, = i(rage+*), (1) 
9, ~i(—y2 +4), (2) 
%, = -i(0.— 1); (3) 


* The name is due to Gell-Mann & Goldberger (1952) who discussed a restricted class of 
theee amplitudes with a slightly different definition. We are deeply indebted to Dr Gell-Mann 
for an exposition of his work, which has never been published in detail. 
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then the field equations are 

Dy (x) = gy(z) ¥(z) d(z), 

DH (x) = gy(z) ¥(z) $2), (4) 
and H(z) = gy(x) F(x) vz); 


where (x) denotes y, which must be combined with the y field in the form yy(z), 
¥(x)y or ¥(z)y¥(z). For the bare vacuum expectation value of Wick’s (1950) 
T-product of interaction representation variables and ¢ we have 
(P(b(2) PY) = — $Sx(z—y) = (2-9), (5) 
and (P(P(z) P(y))o = 4Del(z—-y) = d(z—-y). (6) 
The functions s(z) and d(x) are introduced simply to absorb numerical factors. 
We also define - 
8(2) = a( —2), (7) 


Then Q(x) a(x) = &(x), 
B(x) a(x) = 8(z), (8) 

and H(z) d(x) = 8(x). 
Denote the normal (N-) product* of several interaction representation variables by 
Np 2ie) 65 Pls) 0025 Bln) «+e ENR ed Vy od Zaeed (9) 


and use a similar notation for a T-product. Then Wick (1950) has shown that 


T (Kg 005 Vy eens Zyeee) = N(Ky..s Vy need Zeer) 
+ 28-4) NGG...5 Yj i...3 Zp) 
+ 2, Hee 2) NUX 5 Yy.--3 Be... Zt...) 
pees (10) 
where N(x; }...) means that the factor ¢(z,) should be dropped from the N-product. 
The remaining terms on the right-hand side of (10) are made up of all pairs of s or 
d factors multiplied by the N-product of the remaining operators, plus all triplets 


of s’s and d’s times the N-product of the remaining operators, plus, etc. This 
expression can be reversed to express an N-product in terms of 7’-products. 


THEOREM 1: 
N(X,...3 Yy-ee3 Zee) 
= T(X,...5 Yy.--5 Zee) 

— Bales 9y) Mae? 5 V7.3 Zp) 
— Edlen— 4) Pe oars Yyees BELAY) 
+E 8(x,—Yy;)d(zy—%) T(xz*...5 YP? 03 Ze ++) 
+... 

This can be verified by substituting (10) back into the right-hand side. 


* N-produot is called S-product by Wick and denoted by colons, We use the nomenclature 
and notation of Dyson (1951). 
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So far we have been dealing with interaction representation variables. These 
can be split into annihilation and creation parts and the N-products are defined 
in terms of them. This is not so for Heisenberg operators. We define the normal 
product of Heisenberg operators ¥(z,), Y(y,) and ¢(z,) to be 


N (250065 Ygeeed Zeeee) 
Tag 0005 Yy vend Meee) 
—Xs(e,—Yy,) T (az) 00.5 Yp) anes Zoe) 
Areas (11) 


that is, by the right-hand side of theorem 1 with interaction operators replaced by 
Heisenberg operators in the 7'-products. 
Let ‘P’) be an eigenstate of the system and (VY, the true vacuum. Then define 


A (2 0 Lyd Yy ee Yps 200+ Sm) = CV N (ay 0. Bgs Yy oe ps 2 o0e %y_) PD (12) 


to be the Feynman amplitude of the state Y"). It is the main purpose of this paper 
to show that these amplitudes propagate in the Feynman (1949) manner, and, in 
fact, satisfy an infinite set of coupled integral equations, which are the four- 
dimensional analogue of the Fock equations. If all the times appearing in the 
equation are put equal to the origin of time at which the Heisenberg, interaction, 
and Schrédinger representations coincide, the Feynman amplitude reduces to a 
linear sum of the modified Fock amplitudes recently proposed by Dyson (1953). 
If, in addition, the true vacuum is replaced by the bare vacuum, one obtains the 
ordinary probability amplitudes of the Fock equations. The ‘wave function’ of 
the Bethe-Salpeter (1951) equation is a simple example of a Feynman amplitude 
(Gell-Mann & Low 1951). 


3. THE DIFFERENTIAL EQUATIONS 
In order to derive the differential equations satisfied by the Feynman amplitudes 
we state a second theorem. 


THEOREM 2: 
(a) G,T (a, 0.5 Yy 5 Spee) 


= GY (%_) Tag 0.05 Yy ores Le2moee) 
+2 dla,— 9) Maz*...; Uy sack Spe) 


(d) GT (a,...3 Yg ves ZR ee) 
= GY(Ys) Tay 005 Yg ood Ypee es) 
+ Edy 2) Tart ...; UF eh Spins), 


(C) HT (25.2.5 Yy---3 Sere) 
a GY (Zp) T (Zr goed es Yy ood Bers Bon) 
+ ¥S(2,—%) T(x, ..03 Yy ees ET) 
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The detailed proof is given in appendix 1}, but it is clear that the g-terms come from 
the equations (4) and the é-functions from the derivatives of the e-factors contained 
in the 7'-product. 

The application of this theorem to the Feynman amplitude defined by (11) and 
(12) gives directly an expression for, say, 2, A(z;...; ...; ...) in terms of T-products. 
It is then possible to prove the important result that the right-hand side of such an 
equation is always exactly expressible in terms of other Feynman amplitudes. The 
proof follows directly from the definitions. It is clumsy to express in general and 
we will state here only the result for the D operator, namely, 


9, A(x, ees Yy ones Ze ree) 
= gy(2;) [Zd(e,— i) A(a,...5 Yp eres zy...) 
+E s(ay— yy) A(az?...; Yz 005 Lys Zeon) 


HA (2; 22.5 Yy 005 Lyy owe) 

+z @(z,~—;) 8(y;—2;) A(az?...; yp h...; 2g...) (13) 
There are two similar equations for 9; and %,. These will be referred to as the 
differential equations. These differential equations have a simple interpretation in 


terms of Feynman graphs. To see this it is useful to express each in an integral form 
by the following device. We have 


9, A(z,...) = F(z, ...) 
= [ee-) F(w, ...) dw. (14) 
Operating by the inverse operator Dz! and using (8) gives 
A(z,...) = Age + [ote—w) Fn, ..) dn (15) 


where DB, Ag, = 9. (16) 


Applying this procedure to (13), the resulting equation relates the amplitude 
A(axy...; Yy.--3 2+.) in the Feynman manner, explicitly, to those amplitudes from 
which it could have arisen by a single operation of the interaction, which involves 
the nucleon ¥(z). Thus the first term on the right-hand side, which in the integra] 
form is 


Gy(w) | 3(z,—w) d(z,—w) A(w...5 Yy...5 el...) dw, (17) 


represents the possibility that the meson ¢(z,) has come from the point w, where it 
was emitted by a nucleon, which has itself propagated from w to the point z,. 
A similar intepretation applies to the other terms and to the J and © equations, 
which have not been written explicitly. 
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4, THE INTEGRAL EQUATIONS 


Given any amplitude A(z,...; yj...5 %...) (@=1,...,.25 9 =1,...,1;k =1,...,m), 
we have derived n+l+k = WN differential equations. Each of these selects out 
certain terms in which a particular particle is involved. The final task is to combine 
these V simultaneous differential equations into a single integral equation which is 
equivalent to the whole set of N equations. To accomplish this we state a third 
theorem. 


TuorEM 3. Let D,(x), D,(z),... be any set of commuting differential operators, 
whose inverses exist, and suppose 


Dj(a,) A(@y... €...%y) =f(a,...2y) (¢ = 1,...,N), (18) 


where the functions f, are given and assumed consistent with each other. From 
these equations can be derived other equations of the form 


and D;D;D,A = Sears etc. 
Then the single integral equation which is equivalent to the whole set of N differ- 
ential equations, (18), is 
1 
A= Ao+ EDA 3X Di Dif 
1 -1p-1N- 

+3 genet 1D; 1D ot eee 

+(-1)¥" D7! ... DF fiw, (20) 
where D;Ay=0 for any é. (21) 


The proof is given in the appendix. : 

Applying theorem 3 to the differential equations gives a single integral equation 
for each amplitude in terms of other amplitudes. We thus have an infinite set of 
coupled integral equations, analogous to the Fock equations between probability 
amplitudes in the ‘old-fashioned’ three-dimensional theory. For example 


A(z;—-;-)= y+ oy) fate—w) Aw; — 3 w) dw (22) 
and Ale; ~$2) = y+ gy) [dof dew) ala —w) A(w; — ; -) 
+8(e—w) A(w; —;wa) +d(e—w) A(2w,w, -)] 
— gro) y(o)| [aw dof dev) afew) A 00; 9:1) 


+d(z—v) 3(a—w) s(w—v) A(v, —, w)]. (22) 


These equations can be interpreted graphically as was done for the differential 
equations. Note that the amplitude with N particles is related by these equations 
directly to an amplitude with 2 particles through a term of order g’. This is a new 
and rather surprising feature of the theory. 
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No infinities occur in the kernels of these equations. An approximate integral 
equation for a single amplitude can be obtained by elimination of the other 
amplitudes. Such a procedure will produce divergences. Since all kernels are 
functions of the Feynman propagators and all integrations are over the whole 
of space-time, the divergent expressions have exactly the same form as in the 
S-matrix, and their finite parts can be defined in the sameway. However, 
if the equations are solved by some method other than an expansion in g, all 
divergent terms of a certain type and order do not appear together, and it has not 
been shown that in this case the dropping of infinities can be interpreted logically 
as renormalizations. 

It is interesting to note that although the development has been made in terms 
of the amplitudes A, we have at no stage used the fact that A is a matrix element. 
All our equations apply equally to the normal products defined by (11). The final 
equations (22) are thus an infinite set of integral equations for Heisenberg operators. 


One of us (A.S.) would like to express his sincerest thanks to Professor R. E. 
Peierls, F.R.S., for the hospitality of the Mathematical Physics Department, 
Birmingham University, extended to him during the summer of 1953. 


APPENDIX 1. PROOF OF THEOREM 2 
Consider first 


T (p(x), Vly) = p(x), Vly)] + dele —y) (W(x), Py)}. 
It follows that 


DT (p(x), ¥(y)) = gy(@) Lp(a) Fy) H(z) + Dz e(@—y) (P(x), Hy)} 
= gy (2) T(y(x) Py) (a) + 5(z@—y). 


The final é-function comes from the relations 
de(z) _ 
“Sty. = 26(2»), 


and the canonical commutation relation 


{v(x t), Wy, )} = —id(x— y). 


Similarly, the theorem may be proved for any other pair of operators. 
Now consider 7(y(2x), &,(x;,) ....%,(2,)) = 7, where , may be either ¥, ¥ or ¢. 
We may assume without loss of generality that 


X19 > Leg > ooe > Xno- 


Then, splitting time into periods which contain one operator , only, and summing, 


T= 3 hl) hl) H+) 2] 
x Ola — F(x + Xp41)] TW), A.) Loaa(Zya) --- alZn), 
1, 2%>0, 


where A(x) = { 
0, 2%<9, 
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and 6-functions in the summation which involve 2, or z,,, are taken to be unity. 
Applying 2, to T gives the required result with the use of the theorem already 
established for just two operators and the relation 


8) = 6(2»). 


APPENDIX 2. PROOF OF THEOREM 3 
It must be shown that operation with D, on (20) reproduces the original 
differential equations. Suppose A = A(zx,,2,)—a function of two variables only— 
and 


DA=f, (18'a) 
D,A = fy. (18'6) 
Hence D,D,A =h=D,f, = Di fe: (19’) 
Then theorem 3 states 
A = Ag+ Dy f, + Dy f,—DziDyth. (20’) 
Operating with D, on (20’) gives 


D,A = fy +D,Dz1f,—Dzth. 
The last two terms cancel, by (19), so that 
D,A =f, 


which is (18a). Similarly for (186). This argument can be generalized to a function 
of N variables using the identity given by the binomial expansion of (1—1)¥ = 0. 
Hence the single integral equation (20) is equivalent to the set of N differential 
equations (18). 
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A theoretical justification for the infinite subtractions, which have to be made in the renormalization of 
the S matrix, is given along the lines suggested by Gupta and developed by Takeda. It is shown that this is 
equivalent to working with the renormalized field variables of Dyson, and that the method deals very simply 
with overlapping divergences and the “wave function” renormalization associated with external lines. It 
also gives directly Ward’s identities and brings out their essential dependence on gauge invariance. The 
method is applied to free and bound electrons in electrodynamics and all renormalizable meson theories. 

In the later sections the new method is related to the original method of Dyson; the Bethe-Salpeter equa- 
tion is renormalized and closed forms are derived for the renormalization constants. 


INTRODUCTION 


HE general proof of the renormalization of the 

e expansion of the S matrix of interacting 

fields! falls into three distinct parts, Firstly the number 
of types of infinity (primitive divergents) in the theory 
is determined. (If this number is finite the theory is 
renormalizable.) The second step is to define a subtrac- 
tion procedure which removes these infinities. The third 
step is to provide a theoretical justification for these 
subtractions. A general outline of this proof, applied to 


‘F. J. Dyson, Phys. Rev. 75, 1736 (1949). 


electrodynamics and various meson theories, has al- 
ready been given by us.? The purpose of the present 
review is to assume the results of the first two parts of 
the proof for any renormalizable theory, and to give, 
in detail, a treatment of the third part, which has pre- 
viously presented the greatest difficulty. The central 
idea is to treat all divergences of the theory by means of 
infinite counter terms, as has always been done for the 
mass renormalization. This was first suggested by 


2P. T. Matthews and Abdus Salam, Revs. Modern Phys. 28, 
311 (1951). 
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Gupta and the idea was developed along the lines pre- 
sented here by Takeda.‘ The derivation of the required 
counter terms was given by Dyson.® 

The great advantage of the present method is that it 
reduces to trivialities the two main problems of Dyson’s 
original approach,! concerning the treatment of over- 
lapping divergencies and of external lines. 

This program occupies the first five sections. In 
Secs. VI and VII the present approach is related to the 
point of view adopted originally by Dyson! and fol- 
lowed in our general review.” 

In the final sections the theory of the renormalization 
of the Bethe-Salpeter equation is given and closed forms 
are derived for the renormalization constants. 

We would like to stress that this paper is intended 
mainly as a review and contributes little that is essen- 
tially new to the general theory. We feel that the sub- 
ject matter is sufficiently important to justify its repeti- 
tion in a complete and relatively simple form. 


I, ELECTRODYNAMICS 
The usual treatment starts with the Lagrangian: 
L=L,+Ly, 
Lo (=) = —4F 40(2) Fue(x)—4V,A, (x) P 
_ y* (x) Ly.Vat «ly (x), (1.2) 
Ly(x) = — eA, (2) 4* (x) ath (2c) deep" (x) (2). (1.3) 
Here « is the observed mass and is related to the “bare” 
(or mechanical) mass xy by 
=Kot+Ox. (1.4) 
However, ¢ is the “bare” charge.’ The Hamiltonian 
corresponding to this Lagrangian is 
H= Hot+ Hr. 
If one transform to the interaction representation (JR) 
by applying the transformation U=exp[+Ho(‘—?’)] to 


the Schrédinger representation, defined at some fixed 
time /’, the new equation of motion is 


(1.1) 


ey BAr(¥*,¥,4,e)dx¥ 1.5 
" =f ry ¥, 6) »s ( 5) 


where y*, ¥, and A are interaction representation opera- 
tors which annihilate and create bare particles with the 
observed mass. If one uses the subtraction procedure 
defined by Dyson, as extended by Salam to deal with 
overlapping divergences, one obtains finite matrix 
elements for the S matrix defined by this equation. 


‘5. 6, ikel 2, Proc. eave (London) A64, 426 (1951). 


Ph 7, 359 (195 52 
iF Pays, Rev. 83, 608 woe tet). casa 


* We denote nhraa fs v*(P"*) the ene which appears elsewhere 
in the Beeratre as ¥.y* mtn. TSee J. Schwinger, Phys. Rev. 74, 


199 (1948 
1, Secs. I-VI; Abdus Salam, Phys. Rev. 82, 217 
(1951), Secs. IT end TI; and ’Phys. Rev. &, "426 (1951), 
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The finite part of the theory is defined in such a way 
that it is both Lorentz and gauge invariant. 

It is necessary finally to justify the apparently arbi- 
trary dropping of the divergent terms. This is the part 
of the proof which will be given here in detail. 

The subtraction procedure is defined in terms of 
infinite constants’ A(e) and B(e), C(e), and L(e), the 
sum of the true divergences™ from electron, and photon, 
self-energy parts and vertex parts, respectively. We 
now take the essential step in the proof.‘ Define re- 
normalized Heisenberg variables and observed charge 
by the equations 


t=Z2h, y*=Z2h*, (1.6) 
A=Z,3A,, 
e= VAVAY 1237 tes, (1.7) 
where 
Z:=1-L(e), (1.8) 


2Z.>= 1+B(e), Z3= 1+C(e,). 
th, tui*, and A, are identical with the renormalized 
Heisenberg variables which have been discussed at 
length by Dyson,® but for our purposes they can be 
taken as defined by (1.6), (1.7), and (1.8). Expressing L 
in terms of renormalized Heisenberg variables, one 


obtains 
L=L,=Lyot+Lu, (1.9) 
Lyo= Lo (i, :*,A1) (1.10) 


is the same function of the new variables (provided we 


redefine the VA term which has no physical effect) and 
(see reference 24) 


Lu=— je[1 —L(e) Aut yt: 
—Blerti*(y.V ite) +Z ded hs 
hare 4C (e1) Fipe Fi ys. 


The corresponding Hamiltonian is 
Hi=Hiot Hu. 


Now transform to the renormalized interaction repre- 
sentation® (R.I.R.) by the transformation 


U,=exp[iHe(t—/’)] 


™ We use Dyson’s notation, except that factors 27 (or 2xé) have 
been absorbed in A, B, and C. 

* Some care is required in deriving the Hamiltonian and the 
oe. relations in the reno! interaction ch le pa 
peat .LR.). Firstly, all velocities aa) must be eliminated 

iltonian, which must be expressed in terms of the teid 
ears and their canonical momenta, ¢; and ™, say, where 


where 


(1.11) 


After transforming to the R.I.R. the interaction Hamiltonian is 
the same function of the new canonical variables H11(¢1,71), where 


=U $1.01, 
maUy ‘mu, ; 


where the suffix s denotes the Schrddinger 
Dee ht ac cts ee ee 
by Ao. Therefore x, is determin 


representation. This 
ear of ber yom determined 
free Lagrangian only, 
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on the representation. The resulting equa- 
tion of motion for the state vector is 


C7] 
i—¥)= f Huiti,Ayeddte¥), (1.12) 
C13 


where H,,, is essentially equal to — Z17 apart from ‘sur- 
face-dependent’ terms which can safely be neglected 
since they cancel exactly with similar terms from the 
P brackets in the S matrix. 

The new field variables ¥,*, ¥1, and A; are operators 
which annihilate and create a new type of bare particles 
which have not only the observed mass but also the 
observed charge. They will be referred to as renormal- 
ized bare particles. We now show that the new Hamil- 
tonian contains just the right counter terms to cancel 
all divergences, provided &« is chosen so that 


Z x= A(e1), (1.13) 


and that it leads directly to the finite results of the sub- 
traction procedure. 

It should be noted, firstly, that in this formulation 
no difficulty arises from self-energy insertions in ex- 
ternal lines. If one works with ordinary bare particles in 
the interaction representation (I.R.) based on (1.3) these 
give rise to terms of the form [reference 1, Eq. (37) ]. 


¥' (p)=0(p) +Sr(p)Z(p)W' (p) 
=¥(p)+Sr(p)BleSr(p)¥(p), (1.14) 
where, to obtain the second equality, the linear di- 
vergence of Z*() has to be canceled by éx and the rest 


vanishes because it operates on an external particle. 
The remaining term is ambiguous because 


Sr(p)X[Sr(p)¥(p)]=0, 


[Sr (p)Sr*(p) ]X¥(p) =¥(2). (1.16) 


The ambiguity is only removed if an adiabatic switch- 
ing on and off of the charge is introduced to make (1.14) 
determinate.” However, working in the R.I.R. The 
counter terms are defined so that ai/ the radiative cor- 
rections to an external line vanish identically. The 
analog of (1.14) is unambiguously 


¥1'(p)=41(8). (1.17) 


No adiabatic switching is required. The renormalized 
bare particles entering or leaving a scattering process 
can be identified with true free particles, All graphs 
containing insertions in external lines can be ignored. 


(1.15) 
but 


namely 
ipa eee 


Hee Arad ( ¥i, and A, satisfy the ocdinady free field commutation 
with no Z factor), and are correctly normalized to 
Soebaate and create particles. The last equation can be used to 
express Hi, in terms of velocities in in the R.LR., to give (1.12). 
wf . Dyten Ph hig RS Tee (ross am X. See particu- 
ys. Rev. 1), 
lal the remark following Eq, . 178 78). 
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Now consider the separation of internal divergences. 
When no overlaps occur, all graphs can be built up 
unambiguously by insertions of vertex and self. 
parts into all the vertices and lines of irreducible 
graphs. Whenever vertex parts or proper self-energy 
parts are inserted, one may also insert the appropriate 
new counter term of Hi which, using (1.13) automati- 
cally cancels the infinities and carries out correctly 
Dyson’s! subtraction procedure. 

When overlaps occur, one must use Salam’s prescrip- 
tion. This is equivalent to Dyson’s when no overlaps 
occur. Since this case has already been dealt with, 
Salam’s prescription need only be applied explicitly to 
graphs involving overlaps, that is to say, in electro- 
dynamics graphs. 

Consider any self-energy graph—to be referred to as 
“the original” graph—of any degree of complexity, but 
built up of vertices at which only the main interaction 
term, i¢A,¥*y,¥, is operating. If there exists a subpart 
of this graph, which is divergent, Salam’s prescription 
is that one must subtract the infinite part (true di- 
vergence) of this subgraph, multiplied by the rest of 
the graph (reduced integral) obtained by shrinking to 
a single vertex the divergent subpart in the original 
graph (to be referred to as the “shrunk” vertex). If 
the graph has m nonoverlapping divergent subparts, 
with true divergences Di, ---,D,, then the true di- 
vergence of all the subparts together is defined to be 
(—1)"D,D,- --D,, and the reduced integral is the graph 
obtained by shrinking each of the m divergent sub- 
parts to a single vertex. A subtraction must be made for 
all possible ways of splitting the graph into divergent 
subparts and a reduced integral, including the case in 
which the subpart is the whole original graph. Finally, 
all self-energy graphs and their subtractions (up to 
some given order in the charge) must be summed. 

Consider a particular way of splitting the original 
graph into a divergent. subpart and a reduced integral. 
When the summation over all graphs is made, there 
occur a set of graphs all of which have the same reduced 
integral and the same type of subpart (vertex or self- 
energy), but in the set this part appears in all possible 
forms. Adding together the subtractions which must be 
made for this particular splitting of this set of graphs, 
one gets the reduced integral multiplied by the sum of 
all the true divergences (again up to the same given 
order in the charge) of all possible forms of the divergent 
subpart. But this is exactly the term which will arise 
from the Hamiltonian Hj; of (1.12) if the appropriate 
counter term is operating at the “shrunk” vertex of this 
set of graphs. This argument is readily extended to the 
case when the splitting of the original graph involves 
two or more nonoverlapping subparts, and leads to a 
subtraction term with two or more “shrunk” vertices 
at which the appropriate counter terms of Hy; are 
operating. Summing over all possible graphs given by 
Hz, one sees that also when overlaps occur the sub- 
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traction procedure is automatically carried out by the 
Hamiltonian H, 

The “subtraction procedure” is thus not a mutilation 
of the original theory by the arbitrary dropping of 
infinite terms, but a simple reinterpretation brought 
about by a change of normalization—(infinite) change 
of scale—of the charge and field variables. This is its 
justification, and any ‘subtractions’ which can be in- 
terpreted in this way will be referred to as renormaliza- 
tions. 


Ii. THE BOUND INTERACTION REPRESENTATION 


For many problems it is convenient to split the elec- 
tromagnetic field into the radiation field and an ex- 
ternal part, due to external sources, which is assumed 
to be given classical function. For this purpose we re- 
place A above by A**+-A, where A now means the 
quantized radiation field. Following through exactly 
the same argument as before one obtains 


Lio= Lo (4i*,h1,A1**-+A1) 
and additional terms in the ‘interaction.’ 


Ly*= —ie[1—B(e)]A ye *h* yh 
—3C(e)[2F 107 Fit F inv 7 F iwe*? ]. (2.2) 


These will be referred to as the external interaction term 
plus three external counter terms. If the external field is 
weak, so that an expansion in terms of it is suitable, the 
renormalization argument goes through just as before. 
The three external counter terms being just those re- 
quired to cancel the infinities, which involve the ex- 
ternal interaction term, The last one makes finite the 
vacuum-to-vacuum expectation value of the S matrix 
which appears as an essential factor in the matrix ele- 
ment of any process if the external field can create 
pairs." 

Of more interest is the case of a strong external field, 
the outstanding example of which is of course the theory 
of the Lamb shift in which the electron under considera- 
tion is bound in the potential of the nucleus. For these 
problems we include the external interaction term in 
He, and put only the external counter terms in Hz. 
With this splitting of the Hamiltonian one can pass to 
the renormalized bound interaction representation 
(R.B.LR.). This is similar to that introduced by 
Furry" in that the electron field operators annihilate 
and create electrons in bound states and the electron 
propagator Sr** is now the Feynman sum over bound 
states. It differs from Furry’s bound interaction repre- 
sentation in that it contains counter terms with con- 
stants defined by the free I.R. Now any divergent graph 
(self-energy or vertex parts) in the R.B.I.R. will in- 
volve Sp**(p) at least once. This can be replaced by the 


(2.1) 


uR, P. Feyaman, sig (ph ag 76, a (1949). Abdus Salam, and 


Matthews 690 (1953). 
PW H. Farry, ips Re Rey. ch 115 (1984). 
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exact expression, 


Sr**(p)=Spr(p)+Sr(p)vA *(p)Sr(p) 
+Sr(p)yA“Sp**(p)yA*Sr(p). (2.3) 


In this way any divergent expression involving Sr 
may be expressed as a divergent expression involving 
Sr plus a finite expression involving Sr** [the terms in 
Sr‘? are finite since at least two extra external lines 
have been introduced, corresponding to the two factors 
A* in the last term of (2.3)]. But since the first two 
terms in the right-hand side of (2.3) are the beginning 
of the expansion of Sp** in terms of the external field, 
the internal lines of all the divergent parts obtained in 
this way, are identical with those obtained in the re- 
normalized free interaction representation. Since the 
infinities were canceled there by the counter terms, they 
will be canceled here too by the same counter terms to 
any order in the charge. Thus the R.B.I.R. gives di- 
rectly finite results for any cross section or energy shift. 
This is the theoretical basis of the subtraction procedure 
adopted by Baranger" and by Kroll and Pollock." 


Il. WARD’S IDENTITY 


It has been shown above that a theory with diver- 
gences of the type which appear in electrodynamics can 
be renormalized even if no relation exists between the 
‘true divergences’ of self-energy and vertex parts. 
However, the infinite constants have in fact been de- 
fined in such a way that the finite S-matrix elements 
given by the subtraction procedure are gauge invariant. 
This implies that if these finite elements can be derived 
from a new Lagrangian, this new Lagrangian must also 
be gauge invariant. Therefore the terms involving dh 
and either A; or V in Z; must combine to give an ex- 
pression involving only 


V+4e1A. (3.1) 
Since the original Lagrangian was gauge invariant, this 
is equivalent to the condition 

aA 1= eA . (3.2) 

It follows that 
Z. 1=Z, (3.3) 

and hence that 
L(e1)=—B(e). (3.4) 


This is Ward’s identity."* The above derivation brings 
out very clearly its direct dependence on the gauge 
invarance of the theory. This argument is due to 
Takeda.‘ 


IV. MESON INTERACTIONS 
It is clear that exactly the same argument can be 
applied to any renormalizable meson-nucleon inter- 
action. Consider, for example, the pseudoscalar inter- 
uM. , Phys. Rev. 84, 866 (195 


uN. M. Kroll and F, Pollock, Phys. Bev 86, 876 (1952), 
8 J.C. Ward, Phys. Rev. 78, 182 (1950 
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action of pseudoscalar mesons. All that is required is to 
replace the free photon terms in the Lagrangian by 


La= —4{(V$)*+n'¢"], (4.1) 


Lr=—igde* ya tHe + og +aeyty, — (4.2) 


where the masses are already renormalized and the 
necessary contact interaction é\¢‘ has been introduced. 
Changing to renormalized variables as in the previous 
section, produces a Lagrangian which leads directly to 
the finite theory. 

An even greater simplification is brought about by 
this approach in the interaction of spin-zero mesons 
with the electromagnetic field, where the overlapping 
of divergences can be very complicated. Here L con- 
sists of the free meson and photon terms, and 


L; = iA, (6V,.6°— V.¢° ¢$*) —é ‘A? 
+5y769* +59, (4.3) 


¢ is supposed equal to e’ (so that L is gauge invariant) 
but we distinguish, for the moment, between charges 
in the linear and bilinear terms. The S matrix based on 
this interaction is infinite, but can be made finite by 
subtractions which are defined in terms of infinite 
constants L, B, C, R given by Salam.'* The next step 
is to define renormalized field variables, which intro- 
duce the required counter terms into the theory. It is 
not hard to see that we must take 


and 


=Z146, A=ZAA, (4.4) 
where 
2Z1=1+B(e), (4.5) 
Z:= 1+C(e). 


This gives the required self-energy counter terms. To 
cancel these in the main interaction terms and intro- 
duce the required factors in Z and R, we must define 


d= Z942,Z2"e1, 


(4.6) 
e=Z, 22. 2Z. 41’, 
where 
Z,=1-L(e,), Z,=1-—R(e,). (4.7) 
Then 
Ly ie(1—L(e1) A (Gi V 61" — V1 $1") 
—eP(1—R(e1) JA 26161" +5220 161" 
+Z 7617 —3C (61) FipeF tee 
—Bler)(VbiV oi*+y'oid.*). (4.8) 


The subtractions defined by Salam,® whether over- 
lapping divergences are involved or not, take place 
automatically when the S matrix is based on this 
Lagrangian, which thus provides the theoretical basis 
of the finite theory. 

By this approach we have avoided all the compli- 
cated argument required when the Z factors are intro- 
duced and justified by the method of Salam'® (following 


‘* Abdus Salam, Phys. Rev. 86, 731 (1952). 
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Dyson), or the ingenious, but far from perspicuous 
manipulations involved in the proof due to Ward.” Also, 
as above, no ambiguity arises from external lines. 
Further, by the argument given in Sec. III, the re- 
normalized Lagrangian is gauge invariant. Therefore 


cAx=eA = 6A}, (4.9) 
Hence 
Z:=2.=Z,. (4.10) 


It is clear that these considerations can be extended 
immediately to the combined interaction of three fields. 

This completes our main purpose of providing, in a 
simple way, a theoretical justification for the infinite 
subtractions which occur in the renormalization of a 
divergent S matrix. 


V. ALTERNATIVE FORMULATIONS 


We have shown that the Lagrangian (1.9) leads to 
an S matrix in electrodynamics which is finite, term by 
term, in the charge expansion. The result of course 
does not depend on the particular split between the 
“free” and interaction parts. We may, alternatively, 
write exactly the same Lagrangian in the form 


L=Lt=Lot+Lrt, (5.1) 
where 
Lot = — 42 sF iyeF is —4Z2(V,Ai,)? 
—Zit*(1Vite)y, (5.2) 
Lif = —t4:Z:Ayui*y vit Zdedigi, (5.3) 


and define a new interaction representation’® in terms 
of Lot in which the variables are denoted by f. In this 
representation the complete electron and photon 
propagators are infinite, that is Sr’, not Sr’, is gener- 
ated by making all possible self-energy insertions in a 
simple line. However, the simple propagator contains 
infinities coming from the Z factors in Lot. Thus 
Srt(x)=Zs"Sp(x), Det (x) =Zs"Dr(zx). Again the Z 
factors in Lot gives rise to Z factors in the commutation 
relations of ¥:*t, ¥if, and A,t so they are not cor- 
rectly normalized for annihilators and creators of bare 
particles. To avoid this and to get graphs with simple 
propagators Sy rather than Srt we express the inter- 
action in terms of Z;'A,ft, Z.4,*t and Z;4,f. Or 
equivalently we continue to work with unrenormalized 
field variables and introduce only the charge renormal- 
ization (1.7). This gives the original Lagrangian (1.1) 
but with the interaction expressed in terms of the re- 
normalized charge 


Lr te. Z 2, ZO A Wy ht iy, (5.4) 


which again must lead to a finite S matrix when ex- 
pressed as a power series in ¢. This is the formulation 
u t C. Ward, Phys. Rev. 84, 897 (1951). 
18S. Kamefuchi and H. Umezawa, Progr. Theoret. Phys. Japan 
7, 399 (1952). 
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given by Dyson,' but established quite differently 
by him. 
VL DYSON’S RELATIONS 

For completeness we now derive from our definitions, 
the relations by whieh the Z factors were defined by 
Dyson.! 

By definition 

—3Sr-¥)=(TWO) FO) ))o, (6.1) 

where T is the chronological product as defined by 
Wick." It follows immediately from the graphical defini- 
tion of Sp’, as the electron propagator modified by all 
possible self-energy insertions, that 


—48Se'(y—Y)=(TSHO)HO")))0/(S)o, (6.2) 


where (---)o is the bare vacuum expectation value and 
TISHO) HO") 
oo — f-. f day +-de,T (H(t) ++ 


XH (¢n),0(9),¥*0")). 


By the argument given by Low and Gell-Mann” and 
using their definition of the true vacuum Yo), it follows 


that 
—4$S¢'(y—y") = HoT (4), OY). (6.4) 


By an exactly similar argument, only replacing all 
operators by the corresponding renormalized operators, 
the finite propagator is 


—$Sr1' (9¥—¥) = MoT (hr (y),a* 69") 0). 
Using the definitions of q and q:*, it follows that 
Sr’ (e) =Z2Sr1' (e1). 


Dr’ (e)=Z,Dpy' (e1). (6.7) 


Let Ai(e:) be the sum over all vertex parts obtained 
from H,; in the R.I.R. Consider any vertex part which 
does not contain any self-energy part. The effect of all 
self-energy insertions, including their counter terms, 
is given by writing Sp,’ (¢:) and Dr;'(e:) for the lines. 
The vertex counter term is included by multiplying by 
1—L(e:)(=Z,) at each vertex. If the part has 2n-+1 
vertices, there are 2n electron lines and # photon lines. 
Using relations (1.7), (6.6), and (6.7), and summing 
over all such vertex parts, gives 


Zr Ax (¢1:)=A(C), (6.8) 


where A(e) is the sum over all vertex parts given by 
H in the LR. Now 


T(e)=y+A(e) 


(6.3) 


(6.5) 


(6.6) 
Similarly, 


=Z:7[2Ziyt+-Aila)] (6.9) 
ZT (41). 
®G. C. Wick, Phys. Rev. 80, 268 (1950 
® M. Gell-Mann and FE. Low, Phys. ev. 84, 350 (1951). 
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(6.7), (6.8), and (6.9) are the relations which Dyson! 
uses to define the Z factors. It should be noted that they 
are not required for the general proof of renormaliza- 
tion as presented here. 


VU. THE BETHE-SALPETER EQUATION 


The derivation of the Bethe-Salpeter® equation for 
pseudoscalar coupling given by Low and Gell-Mann” 
can be repeated step by step using renormalized quanti- 
ties throughout, to derive the renormalized equation, 
which contains no infinities, 

Alternatively, one can start from the unrenormalized 
form, which can be written symbolically as® 


K= Sy'Sr'— f Sr'S/GK : (7.1) 
Define the renormalized two-particle propagator 
Ky (%1,%2,%3,%4) 
= (WoT (shi (21), 1 (2), ti* se), n* (Ha) Yo). (7.2) 


Then, immediately from the definitions of qn, etc., 
K=Z7K}. (7.3) 


The interaction function G can be derived from the sum 
of all irreducible graphs with just four external nucleon 
lines, by replacing the lines and vertices by Sr’, Ar’ and 
IT. A graph with 2 vertices has meson lines and 
2n ; 2 nucleon lines. Therefore, by (6.7), (6.8), and 
(6.9), 


G(e) =23°G) (e1). (7.4) 
Substituting into (7.1), all the Z factors cancel and 
Ky=Spry'Sry'— f Sr’S?’GiKi, 
which is the finite equation for the renormalized propa- 
gator. Similarly, the renormalized “wave function” is 
Xn1(%1,%2) = (WoT (hr (x1), U1" (272) ¥ 0) 
= Zr "x, (%1,%2), 


and again, on substitution into the B-S equation,” all 
Z factors cancel, leaving the renormalized equation: 


m= f Spr'Sr'Gixs. 


It is important for this argument that no divergences 
are produced by the iteration of the equation for K. 


VII. CLOSED FORM OF THE THEORY 


In this final section the infinite constants introduced 
in (1.6)-(1.8) are expressed in terms of renormalized 
field variables. 


1H. A. Bethe and E. aa Salpeter, Phys. Rev. 84, 1232 (1951). 


® Reference 20, Eq. 
3 Reference 20, Eq. (37). 
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RENORMALIZATION 


Returning to Sr’, we have the general relation: 
Se'(y—¥') = Sr(y— 9") 
s f f dsds!Sp(y—s)E(2—2')Sr(e—y"). (8.1) 


Compare this with (6.1) and (6.2). The first term on 
the right-hand side of (8.1) is given by putting s=0. 
The second term is got by combining ¥(y) with any 
¥*(s) and ¥*(y') with any ¥(s') (s's) in the T bracket, 
which can be done in »(n—1) ways in the sth term. 
There are additional nonvanishing terms in which 
¥(y) and ¥*(y') are combined with the ¥*(z) and ¥(s) 
of a single dx term, which may be done in » ways in the 
ath term. One thus obtains an expression for 2(s—2'), 
namely 


Z(s—s) = (T(S, f(s), f° (s')))o/(S)o— 448x5(s—3!) (8.2) 
= 4 (WaT (E(s), f(s!) ¥o)— 885 (2—2')], (8.3) 


where 
f= igdysd — dxe, 
f= iggy ys— dng’, 
which, for pseudoscalar interaction, is the analog of the 
current in the equations of motion for ¢ and ¢*, re- 
spectively. To obtain (7.3) we have again used the 


argument of Low and Gell-Mann.” 
Alternatively, working with renormalized variables 


21(3—3') = ACF i (s—s')+-4Z dx 


(8.4) 


— Bes) (¥nV4+x))5(s—s') J, (8.5) 
where 
Fy(s—s') = (WoT (f(s), f:* (2!) Wo), (8.6) 
an 
f1=igZidrystit Bler)(7.Ve+«) Gi —Zsded. (8.7) 
Expressing (8.5) in momentum space, 
21 (p) = 4CFi(p)+-4Z28e+B(e1)(p—i)] (8.8) 
where 
b= Pee. (8.9) 


But the infinite constants B and 6x have been defined 
so that 


2, (ix) = 0, (8.10) 
and 
(a2./ap].=0. (8.11) 
Therefore 
Zshx= —iF (sx), (8.12) 
and 
B(e:)= — [AF 1/dp Jie. (8.13) 


Similar expressions can be obtained for 234.7 and C(e;) 
by considering Ap,’. 
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Again, from a consideration of the graphs, it can be 
seen that the finite part of all vertex parts is 


Ai (x,y,8) = (T(Si, fi (x) fi" (9), 
Xjr'(8)))o/(Siye—yL (8.14) 


where 
fi=ig:iZidryd, (8.15) 
ji=Ziyhireh. (8.16) 
Thus, adding the term from the single vertex, 
T',(x,y,8) = Gi (x,y,8)+r6(1—L), (8.17) 
where 
Gi (x,y,2) = (WoT (fi! (2), f:*"(y),51' (6) Wo). 
In momentum space, 
T,(p,6')=G(p,6")+7e(1—L). (8.18) 
Also, since 
1’, (ix, tx) = ¥6, (8.19) 
¥6L=G; (ix,ix). (8.20) 


Relations similar to (8.12) and (8.13) were first 
obtained by Kallen. With the use of these expressions 
it is possible to state the renormalized theory, without 
mention of power series expansions. Thus the Lagran- 
gian is (1.9)-(1.11). The infinite constants appearing 
in the Lagrangian are defined by the implicit relations 
(8.12), (8.13), (8.20), etc. 

We do not wish to suggest that this is necessarily 
a finite theory independent of charge expansion. Dyson’s 
analysis of the divergences into primitive divergents 
depends essentially on the charge expansion. If this 
expansion is not absolutely convergent, there is no 
reason to suppose that the S-matrix elements, obtained 
by some method other than a charge expansion, would 
have divergences restricted in the same way and re- 
movable by the same renormalizations.”* 

One of us (A. S.) would like to thank Prof. R. E. 
Peierls for the hospitality of Birmingham University 
extended to him during the summer of 1953. We also 
acknowledge helpful conversations with Dr. J. G. 
Valatin. 

™G. Kallen, Helv. Phys. Acta 25, 417 (1952). If 2; is defined 
by the relation, 

(HoT 4,8" 0) = — (Sr + S257), 


and the infinite constants B and &« are defined by (8.10) and 
(8.11), then ag’ (8. Soe and (8. rahe can be derived without the use 


oe one yy mei by P. T. Matthews and 
sods ein) koa, 128, Sec. III. 


Abdus Salam, Proc. Roy. 
™ Reference 1 , Sec. V. 
% See, for example, G. Feldman, Proc. Roy. Soc. (London) 
(to be published). 
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THE BOUND STATE REPRESENTATION 
By J. HAMILTON anp A. SALAM 
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ABSTRACT. Eigenvalues and eigenvectors of the total Hamiltonian in field theory are 
determined by the method of direct diagonalization, using canonical transformations. The 
difficulties of this method are discussed in detail. 


1. Two main approaches to the problem of bound states in quantum field theory 
have been made: (2) methods based on the approximation of Tamm and Dan- 
coff (1,6,11), (6) direct derivation of a bound state equation by Salpeter and Bethe (9). 
The original Tamm—Dancoff method suffered from serious difficulties arising from the 
vacuum self energy, and Dyson(3) proposed a modified form to avoid these defects. 
However, Taylor(12) has shown that because the modified equations are not rela- 
tivistically covariant, the particular subset of processes which the method selects 
cannot be made to yield finite results by charge and mass renormalization. The 
equation of Salpeter and Bethe can be derived either directly, as Gell-Mann and Low (4) 
did, or by means of Feynman amplitudes following Matthews and Salam(s). Gell- 
Mann and Low’s method gives a kernel which is expressed as a power series whose 
convergence has not been proved. In Matthews and Salam’s method the equation 
contains a remainder whose size has not been investigated. 

In this paper we wish to reconsider the direct method of obtaining eigenvalues and 
eigenstates of the Hamiltonian by using a canonical transformation. Consider a 
fermion field and a boson field whose behaviour is described by a Hamiltonian 
H = H,+H,, H, being the interaction part. A suitable example is the interacting 
nucleon and uncharged pseudoscalar meson fields (with a pseudoscalar interaction). 
(x,t), ¥(x, t) (where % = yy*) are field operators describing the nucleons and ¢(x, t) 
is the meson field operator. On any time plane ¢ = f, the commutation relations are 


(A(X, t), ¥(X’, to) ]_ = [6(X, to), V(X’, ty)]_ = 0, 
[v(x, to), U(X’, bo]. = [Y(X, to), (X's ty), = 9, 


[yra(x, to); Y,(x', to]. = YapO*(X— x’), (1) 
[B (Xt), B(x ta] = 2 a%(x—x'), 
Fourier analysis gives 
¥o(x, to) = x Am(to) Une en + x Bint) Ume em, 
Eu>0 En<0 
P(X, to) a x Fmt) Une em + x Bm(to) Une er; 
En>O En<0 (2) 


2 
Bt) = 5 [(E) tuted + alert, 


where #,, = + hic /(K?+m?), ¢, = fic /(u®+k*) and v,, are spinors. It is character- 
istic of the canonical formulism that 4, a; 5, 6; 7, ¢ can be considered as creation and 
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annihilation operators at time f) for free nucleons, anti-nucleons and mesons, 
respectivelyt. @, a will also be used to describe collectively any creation or annihilation 
operator respectively. These operators satisfy the commutation relations 


[An(to), Em(to) + = Sum’ [Ba(to) Om (to) + = Sum’ 
[@n(to), env(to)l4 = [4m(to)s Bn(to)l+. = [4m(to)> Om(to)]+ = 9, (3) 
(Gullo) Fe(to)l- = Sur [2x (to)» @m(to)]_ = 9, 
[Qu (to), Om(to)]_ = [Gx(to)» @n(to)]_ = 9, ete. 
The energy eigenvalues ¢, and the Heisenberg eigenstates ©, are obtained from the 
equate [Hy(a) + H(a)]®,; = 6,9; (4) 
Here H,(a) = ig [Ha) y5vr(a) 6(a) dz, and a is used to show that H, and H, are written 


in terms of the operators a(i,), etc. defined by (2). 
Define operators N+, N-, N° by the relations 
N+ = LG,4,, N-~ = 2bn0m, N° = Und: 
N+, N-, N® have as eigenvalues the total number of nucleons, anti-nucleons and 
bosons. A product of creation and annihilation operators will be called a D-product 
if it has an equal number of creation and annihilation operators for each kind of 
particle (i.e. for nucleons, anti-nucleons and mesons). The operators in a D-product 
are to be ordered so that all annihilation operators stand to the right of creation 
operators. For example 4,b,,a,6, is a D-product. Clearly all D-products commute 
with N+, N-, N°. 
Consider a unitary operator 7’ which makes H diagonal in the number of particles 
of each kind. The new variables A are related to the Heisenberg variables a by 
A(t) = Ta(t) T. (5) 
T has the properties 17' = TT = I and 
Hy(a(ty)) + Hy (a(to)) = TL H(A (t)) + H(A (to))] 7 
= Hy(A(ty)) + V(A(t)). (8) 
Here V(A) is a sum of all D-products in the new variables A (except AA, BB, QQ), 
and has the form 
V(A) = EC nnr-Ay Am An Ap + ZDiynnr At Qn An Qe + pene (7) 
The coefficients C,,,,- secure the conservation of the momenta of the particles con- 
cerned but not of the energy. By definition 
[V(A), N*(A)]_ = [V(A), N-(A)]_ = [V(A), N%A)] = 0. (8) 
The new representation defined by (5) will be called the bound state representation. 
The bound state representation (B.3.2.) operators A(t)) obey the same commutation 
relations (3) as the corresponding Heisenberg operators a(t)); but the time dependence 
of the B.S.B. operators will differ from the time dependence of the Heisenberg 
operators. Using (6), we have 
“oe! = ELH a) + Hiya), A(t) = ZLBW(A) + V(A), Al) (9) 


+ Splitting into creation and annihilation operators can be performed in a covariant manner 
ona general space-like surface, and the splitting does not depend on the surface (cf. Schwinger (11)). 
We shall for convenience work on the time plane 4. 
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It is clear that 7’ must depend on time if (5) is to remain true for any time, and it is 
easy to see that the correct time dependence of 7'(¢) is given by 


inZO — pay 4)- VATE. (10) 


The form chosen for V ensures that it acts as the potential operator. The real reason 
for using it, however, lies in the fact that there is a close correspondence between the 
eigenvectors of H, and those of H)+ V. 

The relation between the eigenstates of H, and H,+V. Let 

f ~ v7 1 _-— 
| too, ‘Y= &j(to) too: Vin = ya am | todo, ete., 
be the (normalized) eigenstates of the free Hamiltonian H,(a(t,)). Defining new state 
functions 
Volto) = T | toro, Pilto) = FL ilto), Famlto) = T¥im(to) 
we call Wy, ‘V), ‘Yun, etc., the ‘vacuum’, ‘one-particle’ and ‘two-particle’ states in the 
new representation. 

(a) The vacuum state and the single-particle states. Since a, | ty) = 0 by definition, 

we infer that A, Vy = 0. (11) 


Thus (H(A) + V(A)) Fo = 0, (12) 


and therefore ’, is a simultaneous eigenstate of H,(A) and H,(A)+ V(A). The relations 
(11) and (12) hold always if they are true for one time, because, for example, 
[p(A) + V(A), Ap] Yo = — Ap (H(A) + V(A)) Fo = 0, 
0A, eA, 


so = te = aa Fo etc. 


Thus (11) can be taken as the definition of the vacuum state. This does not guarantee 
that the vacuum is also the eigenstate of least energy of the total Hamiltonian, but 
we will consider the latter assumption to be justified physically. 

Y, like Y, is a simultaneous eigenstate of H, and H,+ V. It is not suggested that the 
eigenvalues of H, and H,+V for these two states are identical. V may contain an 
unobservable vacuum self energy term which is ignored in (7). 

(6) Two-particle states. It is important to note that the two-particle states are not 
eigenstates of H, + V. However, they have the simple property 


V¥ im = Pe Fintt Ese 


where the F,,,;, are coefficients; thus the V operator converts two-particle states into 
a sum of two-particle states, without any admixture of three- or many-particle states. 
We believe this is the most that can be hoped for as an immediate diagonalization of 
the total Hamiltonian; but it should indeed be possible to make H diagonal to this 
extent, so on physical grounds we expect a unitary operator 7’ with the required 
properties (equations (6) and (5)) to exist. Given V it is comparatively easy to set 
up an integral equation for the deuteron, for example. The deuteron state function 
would be written as a sum of two-particle states ‘Y’,,, alone. The equation of Salpeter 
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and Bethe (in the form given by Gell-Mann and Low) also gives a relation between 
two-particle states, but their equation contains two times while ours has only one 
time. 


2. In this section the existence of the transformation operator T will be investi- 
gated. We shall show that this operator exists in the form of a series expansion. Let 


T= 7, (13) 


n=0 
where 7, contains g" (g being the coupling constant). If we write J, = X,+#Y, where 
X,,, Y, are Hermitian, the unitary conditions T77 = 1 and TT = 1 give, on picking out 
the coefficients of g*, 
X,=0, 

2X, = —(Xi+ Yj), (14) 

2X, = i(¥,X,—X,¥,) +i(¥,X,—X,%)—(X,X.+X.%1)—- (V+ KN). 
The general equation in (14) relates X, to X,_1, Xn—a ---> Ya-a» Yn—w «++» The ¥, are 
not determined by the unitary condition. 


Suppose V=Ktih+..., 
where J,,, contains g*", then (6) gives 
T(H,+H,)T = Hyt+ht+i+-- (15) 


so on selecting the coefficient of g” 
i[ Hp, Y,J_+ (Hyp Xn +X, Ap) + [Ay Ya + (A, Xn-1 t+ Xn) _ 0, nodd (16) 
+(terms in X,,_», Y,_», ..., ete.) V,, neven 

Thus (14) and (15) relate X,, ¥, to Xn_y, Xn_—a, --+3 Yp—as Yn—os +003 Ver Gem ++» Where 
2s <n. The equation for Y,, can be written 

i[H, YJ. = R,, (17) 
where £,, is Hermitian. (17) is an equation determining Y, as a function of the bound 
state representation variables on the time plane ¢ = ty (cf. (2) and (3)), and it can be 
solved by using as auxiliary variables the interaction representation operators A(t) 
which coincide with the bound state representation operators A(t)) when t = tp. 


hia 
¥, = im} | R,(t)ete dt (18) 
yo —-o 


is a solution of (17)+ and the integra] is a function of the variables A (t)), the interaction 
representation being used merely because it gives a convenient expression for the 
solution. When R,, has matrix elements connecting states of the same free particle 
energy (18) does not give a unique answer, and in this case it is necessary to refrain 
from taking the limit (y— 0) until manipulations with Y,, (such as multiplication by 
other operators) has been completed. The use of y is then seen to be similar to the device 
of the small imaginary part due to Feynman— it enables us to avoid the singularity 
in a well-defined way. For elements of 2,, which do not conserve free particle energy 
the factor e~”—) merely has the effect of avoiding any dependence on the lower limit 


+ The solution of (17) is arbitrary to the extent that multiples of 4, or of any variable com- 
muting with H, can be added to the expression (18). We ignore this freedom and use (18) always. 
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of the integration. It must be emphasized that the use of the interaction representation 
in (18) does not imply that the time dependence of A(t) (or any function of the A(t) 
such as Y,,(t)) is of the free particle form; equation (9) gives the time dependence of 
these variables. 

The choice of V,. Write (16) as - 
, i n odd, 
LH, Yn] = U,+V, even. 
U, is determined by U,,_1, Up_s, ...; Va—as Va_a) ---» but so far the only condition on V,, 
is (15). We suggest that the ‘natural’ choice of V7, would be obtained by splitting U, 
into a part which is diagonal in the numbers of particles (U)p (i.e. asum of D-products), 
and a non-diagonal part (U,,)jp. (19) can then be written 


+[H, Ya) (U,)np, (20) 
so that V, = —(U,)p. (21) 
(20) and (21) then determine V and T uniquely, and we call this the natural choice. 
For electrodynamics it gives the Coulomb field for %, and would thus give accurate 
results. The natural choice makes Y non-diagonal (in particle numbers) so the diagonal 
matrix elements of 7 and 7 are identical. 

There are no mathematical reasons why with V given by (21) the eigenvalues of 
H, + V should be identical with those of H. Arguments based on the unitary character 
of J’ may well be misleading, as we shall see in § 4. 

There are, however, some obvious criteria which the V and 7 matrices should 
satisfy: (1) V must have the correct covariance properties; (2) V and 7' should be 
divergence free; and, most important of all, (3) V and 7’ should have power series 
expansions which are guaranteed to converge. 

In spite of the basic character of criterion (3), in practice it is condition (2) about 
the divergence-free character of V and T' which is the hardest to satisfy in field theory. 
Just to avoid the discussion of divergences, we illustrate our procedure for a finite 
Hamiltonian, in the next section. We shall set up an equation for the deuteron by 
using a finite form of the total Hamiltonian, proposed by Dyson(2). Dyson’s method 
transforms the Hamiltonian by a preliminary unitary transformation which splits 
the low and high frequency parts. The transformed Hamiltonian contains convergence 
factors such that any further manipulations (e.g. those required to obtain V) do not 
produce any new divergence. In § 3 this Hamiltonian is used together with our natural 
choice of V. 


(19) 


3. The deuteron equation. A possible starting-point for deriving an equation of the 
deuteron is the renormalized Schrodinger equation which Dyson (2) obtains from the 
intermediate representation. The intermediate representation state function ®,(t) and 
operators A,(¢) are related to the interaction representation state function Y(t) and 
operators A(t) by the unitary transformation. 

F(t) = 8,(t) ®,(t), 
A,(t) = §,(t) A(t) S,(¢), (22) 
where 


S,(t) = =5 (=) { "dh | x ve J * din PU, t,), H(t, t,)...H(t,t,)). (23) 


ne 
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Apart from counter terms which have to be added for renormalization, 
H(t,t’) = g(t—t’) A(t’), 


where H, is the interaction Hamiltonian of §1 expressed in terms of interaction 
representation variables and the renormalized coupling constant. g(a) is a real 
function of a positive variable a such that 


g(0)=1, g’(0)=0, g’(0) =0; g(a) >0 as a>+0; (24) 
it is convenient to use the Laplace transform G(I') so that 
g(a) = I Q(P)eTedr. 
0 
Dyson shows, by using the condition g(a) > 0 as aon, that 
8, (t) = etHolls § e~tHotit, (25) 


where S, is independent of time and H, is the Hamiltonian of the non-interacting fields 
expressed in interaction representation variables. 
The state function ®,(t) obeys the equation 


nell = H'(t)®,(t), (26) 

where H(t) = 8,(2) [20 -in5 S,(t). (27) 
Apart from a counter term due to a transient boson self energy, (27) can be written 

H'(t) = S(t) - nz] S,(t), (27) 

where the operator A/Aé acts only on g(t) in (23). H(t) is the ‘low frequency part’ 

of the interaction Hamiltonian, so that in the limit of all frequencies being considered 


as low the intermediate representation becomes the Schrédinger representation, while 
in the opposite extreme case it becomes the Heisenberg representation. Because of 


(25) it is possible to write 
H'(t) = etHeth HY! e-tHetih, (27") 
So by (27) Ay +H' = §,(Hy+H,)S,, (28) 
where we use time-independent operators on each side of the equation. The corre- 
sponding Schrodinger equation is 
in Dell = (H)+H’)®,(t), where p(t) = eo, (t). (29) 


The important equation (28) has been derived by using the interaction representation, 
but as it stands it is expressed in terms of free particle variables at one time, so that 
(28) is rather similar to (6) of § 1; the only difference being that S, does not by itself 
ensure that H’ is a V part (i.e. a sum of D-products). 

Before further discussion of the transformation which is required to change H’ into 
a V part the form of H’ must be exhibited. 
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It follows from (27') that 


C) \n pt ty tn-1 
H'() = ~ih 5 (;) | “dt { dey. | wat He) 
[H (2, %,_1),[..., [H(x, 2), A/Ad]]...] = c4ZL,, (30) 
where I, = -F [oft emnan....an, 


t 
x{ ae, {dx exp[—o(l,+ +h) (t—t)] J (2; 5,0, -.., 0), (31) 


and J,(z,T,,T,,..., I) is the nth order transformed matrix element of H, in the inter- 
mediate representation; the evaluation and the renormalization of terms of this type 
have been discussed in detail by Dyson(2). Defining J,(p; T,...,T,) by 


am fe Tj, .--, 0) e7t d4x (32) 


the matrix element connecting free particle states is 
tL fe en tPoct 
=-§/ on GCM d, dey Ne ep 8) 
where momentum is conserved and (fcp,) is the energy difference between the initial 
and the final states. Omitting the factor e—‘", replacing J, by I',, and using (30) and 
(27") we have H =i& >I. (34) 
n=1 

The terms J}, are renormalized, so H’ is expressed by (34) as a series of finite matrix 
elements. Further the condition g’(0) = 0 (cf. (24)) ensures that the behaviour of H’ 
for high frequencies is such that further manipulations with H’ do not lead to further 


divergences. 
Consider the lowest order contributions to H’. The first two terms are 
HH = ih(I, +1), 

ao 
where Hy = itl, = 0 qr) rar 2alPo) 

0 T— Dy 

(35) 
Hi = il, =e[ oynan ( aqyan 22 b) 
2 2 0 1/41%41 0 2. *+T—ip, 


H,( po) is that Fourier component of H, which produces an energy change hep, between 
initial and final states. The J; term cannot be diagonal in the number of particles so 
this term has to be removed by the transformation 7’. Choosing Y, so that 


+[Hy, YJ. = — Hi, (36) 
then to order g? we have 


D(Hy+ Hi +Hy)T = Hy+5 [HY +3... (37) 


The matrix element Y,(p,) of Y, which produces an energy change ficp, is by (36) 


and (18) . 1 Hi(po) 
Find = tim — 7 Nes) 


fe Hy(p4) 
= qin |, AE) Pat ape) (Pee) eo 
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Thus the g? terms in (37) are 


C.) + 00 «o o 
tim [” apo { "aes | “auryar; { “ects aryitt m5 — 2a), (26) 


x tence So a 200) Sa 
(+1,- 4) (Tz —tp9 +2) (Li tP9 + to) (Ty — tp) (y — tp) ° 
Using (2) we have 
[Hy(89), Ai(9o)]_ = p {am Bm’ dd’ GG a, GW VivrmilSor 90)» 


(39) 


where 


hi? 
Vntmi So» Yo) = 2¢ 


m—m 


~ BE — Ey — © m—m | — C89) OB — Ey + € mm — ©I0) 


— 8 Bay — En + €\ mm’ — 0) 8( Ey — Ey — €\m—-mi— ©40)}- 
From (39), if we write 


Frou = Ha |” <n. aps | a yar, | “euyar 
int, 


at +I,—%ipo) ti —i(po—po)) (li—#(po—o)] (Le — ipa) (y —ip9) 
x VvrmiPo— Pos Po), (40) 
the deuteron energy eigenvalue & is determined by the integral equation 


(yy + Hy) {| mV’) + DF avr | ml) = & <| m'l’). (41) 


4, In this section we return to the problem of the existence of the 7' and V operators 
and discuss the role of unitary transformations in general. 

Let us require in §2 that a unitary operator 7’ exists, such that THT = H, (ie. 
V = 0). By the procedure outlined, this entails solving 


i[ Hy, Y,,]_ = R,,. (42) 


As remarked before this equation can always be solved except for the energy-con- 
serving matrix elements of #,. Thus if such energy-conserving matrix elements are 
explicitly separated in 2, and designated as K, then there does exist a unitary operator 
T, such that THT = H,+ Kt. 

Here then we have an apparent paradox. A unitary operator seems to transform 
# to a (collision) matrix (H,+ K) with a different spectrum. This, however, is not 
a novel situation in field theory. If in the above we do not explicitly isolate the energy- 
conserving matrix elements from F,,, but instead solve the equation (42) (with V = 0), 
as in § 2, employing interaction representation operators, and integrating with respect 
to time, it can be verified step by step that 


T = S(t), -00), 


t Heitler has studied the K matrix ((5), §15). He has also given the explicit form for the T 
matrix in this case. 
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where S(t), — 00) is the usual semi-infinite S-matrix. (Starting the other way round we 
can also verify this statement directly by a series expansion of 
§ (tg, — 00) H (ty) S(t, — 00) 

(cf. Dyson (2)) when the result is found simply to be H,(t,).) It is important that from 
this point of view, the e~” factors are introduced merely to avoid difficulties of poles 
connected with energy-conserving matrix elements. This type of factor has nothing 
to do with the behaviour at — oo or with the physical switching off of charge and the 
adiabatic theorem. The behaviour at —0oo is a problem which never arises in the 
essentially 3-dimensional formulation presented in § 2. 

Thus there do exist matrices 7 which by construction are unitary, and are such that 
the transformed matrix (H,+K, or H,) has a different spectrum from the original 
operator H. The only explanation seems to be that the unitary property of such 
matrices has been guaranteed only in terms of a series expansion, and therefore this 
expansion is not convergentt. 

Following this argument up then, if a unitary transformation matrix T exists, such 
that THT = H,+V where H,+V has the same spectrum as H, it is at least con- 
ceivable that the series defining 7 is convergent and 7' does possess double-sided 
unitarity (S. T.Ma(7)). 

Before carrying this argument further, let is rewrite the work of § 2 in a more com- 
pact form. Let us assume V is given. Expressing V in terms of interaction representa- 
tion operators 4, let 


toa t, 4 A A 
R(t) = 1—(6/h) | P(t) dt + (— s/h)? | dt, i) dt, V(t) Pty) +... 
By the same chain of arguments which give SHS = H,, we have 
Rt) [Bly + V] R(t) = Hy. 


The bound state representation operators A are therefore related to interaction 
representation operators by the relation, 
A (to) = R(to) (ty) R(t). 
This shows that T (tp) = R(ty) S(t, — 00), 
all operators being expressed in terms of interaction representation operators. 

In all the above expressions we ought properly to have isolated energy-conserving 
matrix elements from 7 and incorporated them with V explicitly. However such 
matrix elements form a set of measure zero in the space defined by the totality of the 
matrix elements V and even if separated would not contribute anything as far as 
bound states are concerned. (Heitler had to isolate such matrix elements because he 
was dealing with collision problems.) 

The conclusion of this discussion is, that a criterion for the correct choice of V is 
that the resulting matrix R makes the power series expansion of the product RS 
converge. 


+ The trouble may lie deeper. According to a theorem of Von Neumann (J. reine angew. Math. 
161 (1929), 208) a matrix representing an unbounded operator can be transformed into any 
other given matrix representing a different (unbounded) operator, after a finite number of 
unitary transformations. We are indebted to Dr F. Smithies for pointing this out. 
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By defining an analytic continuation method, Wick has been able to elucidate the structure 
of the relativistic equation for bound states. In particular, the equation acquires an ‘elliptic’ 
rather than a ‘hyperbolic’ metric. Taking advantage of a gap in the rest-mass spectrum of one- 
nucleon states, a similar investigation is here carried through for the relativistic equation for 
two-nucleon scattering, in the energy region 2«<H<2«e+y, « and yw being nucleon and 
meson masses. 


1. IntTRopUCTION 


Wick (1954) has recently made an important advance in the study of the Bethe- 
Salpeter (1951) amplitude for two-nucleon bound states by an analytic continuation 
of the amplitude to complex values of the relative time. As a result, the integral 
equation (in the ‘ladder’ approximation) for the amplitude acquires a positive 
definite Euclidian metric and the mathematical discussion of its behaviour takes 
on a much simpler form. 

It is the purpose of this paper to consider the possibility of this type of analytic 
continuation for the case of neutron-proton scattering. Wick’s proof depends 
essentially on the following remark. If all real states are specified as eigenstates of 
operators P; and the operator M = + (P3—P%)t, where P, and P, (i = 1, 2,3) are the 
displacement operators for energy and momentum, then for one-nucleon states 
there is a gap in the spectrum of the rest-mass operator M between M = 0 (eigen- 
value for vacuum) and M = x (eigenvalue for one free nucleon). The investigation 
below started from the remark that for one-nucleon states, there is also another gap 
between M = x and M = «+4, where y is the 7 meson mass. Taking advantage of 
this gap, we consider the scattering of two nucleons in the (centre of mass system) 


enerey Taree 2e< EB <2Ke+p.* 


We shall find that a continuation of the integral equation is indeed possible. Our 
results will also show the intimate connexion of the possibility of this type of 
continuation and the existence of creation thresholds and displaced poles (Dyson 


1949). 
2. EQUATION FOR THE FEYNMAN AMPLITUDE FOR SCATTERING 
The Feynman amplitude (Matthews & Salam 1953) for proton-neutron scattering 
nent ¥(12) = (0| Pyp(1) ¥u(2) | H)- (1) 


| #) is the one-proton, one-neutron state of total energy Z and zero momentum. It 


* It is assumed that no bound states of the 7-meson nucleon system exist. If there are 
such states, with lowest rest mass p, our considerations hold for the energy range 2x< E£<x +p, 
rather than 2«< E<2x+ 4p. 
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is identified with the initial free state | ),at —0o, by the relation (Freese 1953) (true 


only for scattering states), 
| #) = S(0, —co)| K, —K),. (2) 


K and —K are respectively the free initial proton and neutron momenta, and 
E = 2(K2+<?)t. (12) satisfies an inhomogeneous integral equation which can be 
directly obtained by a method due to Gell-Mann & Low (1951). Using the relation 


| 0) = S-¥( +00, 0) | 0),, (3) 
which connects the true vacuum state | 0) with the free vacuum | 0),, 
¥(12) = (0 | T'S(co, — 20) pp(1) py(2) | K, - K)y. (4) 


(1), py(2) are interaction representation operators. Equation (4) then leads 
to an integral equation for ¥(12). In the lowest (ladder) approximation, 


¥(12) = Y,(12) —49?| Spp(13) Spy(24) Dp(34) (34) d3d4 (5) 
for neutral scalar theory. 
Here ¥o(12) = (0| Mp(1) hy(2) | K, —K)y. (6) 


It will be convenient also to introduce 
X(12) = Dp(1)Dy(2) F(12) 
= 90 | Pyp(1) (1) vy(2) 6(2) | £), (7) 

where 2,(1), Dy(2) are Dirac operators. It is easy to see using (5), or directly by 
the procedure indicated above, that 

x(12) = #Dp(12) ¥ (12) — 4g? | Dp(12) Spp(13) Spy(24) x(34)d3d4. (8) 
Now for t, >t, 

x(12) = x (0 | Yrp(1) 6(1) |p, «) (PD, « | Yy(2) A(2) | #) 
+ pa (0| Yp(1) A(1) | BR) (B| Yy(2) $(2) | #). 


Here | p, x) are the totality of one-proton states with rest mass M = x, while | 2) are 
the states with other rest masses, the minimum rest mass concerned being M = x +p. 
We shall now show that 

(0| %p(1) $(1) |p, «) = 0. (9) 


The proof consists in remarking that the one-proton state of momentum p and rest 
mass x is a steady state. This, besides the vacuum state, is the only Heisenberg 
state, for which, after a self-energy renormalization, a result similar to (3) above 
holds. 

Thus (0| ¥p(1) 6(1) |p, «) = 0] TS(co, —00) Pp(1) p(1) | P,«),- (10) 


This, on evaluation, gives [ de,2(z —2,) (0| b(z,) | p,<),, where Z(z —2,) is the total 


contribution from self-energy graphs. After renormalizing mass, and using 
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iyp +x = 0, p?+x? = 0, expression (10) indeed vanishes. It is important for the 
proof that the operators y and ¢ are defined at the same space-time point. In 
general (0 | 7'y(1) 4(2) | p, x) is not zero. Thus 


x(12) = EO] Ye(1) OL) |B) (B| Yul) 6(2) | #) for t,>ta, 
=~ (0| vv(2) (2) | B) (B| ye(1) 61) | B) for t,>t. (11) 


Since all states | R) have rest masses greater than x +, Wick’s ‘stability criteria’ 
apply to our case as well. Writing 


x() = x(12) ett), (12) 
we have, forét>0, x(x) = fap i dwf(p, w) exp (ipx —iwt), (13) 
where w = (M*+p)t—4Z, 
} (14) 
Wain. = [(K-+#)? + DI —(k+ hu) > de> 0. 


(x) therefore, for ¢ > 0, is a superposition of positive frequency terms only. Similarly 
for t< 0, x(x) contains only negative frequencies. Following Wick, we set 


1(P, Po) = ant dx e- ? E dé eto! x(x) 


= sri) __, da fte, w)|(w— pie), (15) 


with a corresponding definition for ¢. 

$,(P,~) defines an analytic function of py in the entire complex plane in 
the region —2m<arg(pyp—Wypj,) <0, while ¢, defines an analytic function in 
—1<arg (Po— Wax) <7; (Wax = —Wmin.)) The function ¢(p, 9) = ¢,+¢2, the 
Fourier transform of x, is defined in the complex p, plane with two cuts from wyip, 
to +-0o and from —0oo to w,,,,. Analytic continuation from the lower to the upper 
half-plane is ensured through the gap between w,,,, and win. 


3. TRANSFORMATION OF THE INTEGRAL EQUATION 
Write Yo = Up(K) uy( —K) e!B1-2) eH E Hy), (16) 


In momentum space, (8) reduces to 


O(p) = w(K) d(p—K, 95) 


ig? 
+ ae | HP - 4, 20-20) 8p(4, 90+ $2) ey(—4, —Io+ 22) O(g) dqdgy. (17) 
Here ad(k, ko) = (k? — 42 + nu? —ie)-, } 
8(k, ko) = (yk—Yokg=ik—e), yi=—ye= 1. 
The analytic continuation of the left-hand side has been considered. On the right- 
hand side the first term has poles at p) = + [(p—K)*+,*]* $ ie. These poles never 


lie within the gap from w,,,, to W,,;,. In fact, they always lie on the cut lines, and 
thus need not be considered any further. 


(18) 
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The q, integration in (17) is along the real axis, the integrand having six poles. 
We want to rotate the contour so that it lies along an imaginary axis. 

The kernel that Wick considered had just one factor d(p—q,?)—%). Taking 
advantage of the fact that d is a function of py as well as of q), Wick was able to 
show that the poles of d cause no real difficulties in the attempt to rotate the contour 
in q, plane. In our case, besides d, there are two additional factors sp and sy, which 
are functions of g, alone. It is the poles of these at 

o= bE t(attettsic and go=—}H + (q?+x*)t tic 
which have to be considered (figure 1). It is clear that if the contour is closed so as 
to lie along go = $+ ig,, no pole is enclosed in the first quadrant, while the pole at 


Qo plane 


x marks the positions of the poles. 
Fieurr | 


q = — 328+ (q?+«?)t—ie is enclosed only for Re (qq) <4. The residue R, at this 
pole, gives 
—g2 
B= 55, {dp—a,79- WE a+ 4) 994, Via?+e) 
19 — Yo(V(a? + «*)— 42) 24 2 

x “Cgt+et)- Bie) O(q, V(q?+«?)—$H)dq, = (19) 

the integrating being over the volume of the finite sphere 
V(q? +4*) < (HB +4). 

The integrand in (19) has the expected behaviour, at (q?+ «*)t = }#, corresponding 
to the coincidence of poles in (17). For gy = 0, (q?+x*)t = 32, real nucleon emission 
and rescattering is possible and the singularity of the integrand, with its behaviour 
as a o function plus a principal part integration, correctly describes just this 
possibility. A detailed discussion of this has been given by Eden (1950) and Hamilton 
(1952).* The result of this rotation then is 


1 : ; A ote 
©(p,p4) = ; wE)A(P-K, 24) - LP | dpa, 44—4+ ip) 
x 8p{d, %— Fi(u + E)} sy{—4, — 94+ Hi(4— Z)} O(a, ig. + du) daqdgq,+R. (20) 
Here the q, integration goes from —0co to +00; 


@'(4, 94) = (G2 +93+27)-1,  8°(G, 94) = (YO + %4Qa— ix), (21) 


* If we had closed the contour along the imaginary axis itself, the poles in (17) would 
always coincide on the path of integration. Our choice of the ordinate g, = $4+i9q,, makes 
them coincide at an interior point of the sphere (qt+xri< 4(E +p). 
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and y, = —iyy. One of the denominators in the integrand, 
[47+ {ga—di(a + 2)} + x3] 

can vanish for the two-dimensional surface g, = 0, q?+«? = }(H+,)?, and the 
principal value P refers to this possibility. The integration in F is a three-dimen- 
sional integration extending through the region q? +«?< }(H+,)?. 

Finally, an analytic continuation in the y, plane can now be carried through. We 
choose to continue from real py>}y to po = ipy+4e(p,>0); and for p,<4u to 
Po = $4 +ipy(p4< 0). Defining ¥’(p, p,) = i(p, 44+ ip,), we obtain 


2 
¥(B.ps) = WK) a PK, 7-H) GP | d'(p—a,. 24-4) 


x Spd, 4— di(4 + B)} sn{-4, — G+ H(4— B)}Y"(G, %) dadg, 

+i (with its argument p, changed to ip, + 4). (22) 
We have thus succeeded in obtaining an elliptic metric. As already stated, in 
the second term on the right there is a two-dimensional surface (in four-dimensional 
space) where one of the denominators in the integrand vanishes. The real price, 
however, has been paid in the appearance of the term R with its three-dimensional 
integration over a finite sphere. 

Mixed integral equations of the type (22) are in principle exactly soluble (see 
Appendix). In practice, however, one would set up an iteration between the second 
and the third terms on the right-hand side. Thus, as a first step, the inhomogeneous 
term, ud’, is substituted for ¥” in R, and the three-dimensional integration per- 
formed. The sum of ud’ and R now serves as a new inhomogeneous term for the 
four-dimensional integral equation. Physically, this means that we are treating all 
virtual processes properly, but are limiting ourselves to the case when a formation 
and rescattering of real nucleons is allowed only once in the interaction zone. 

To calculate the scattering cross-section, we require ®(p,p,) for p = K’ and 
Py = 0, where K’, —K’ are the final nucleon momenta. In other words we need 
Y’(K, fiz). On account of the analytic properties of Y’ however, it would suffice to 
solve (22) for a real argument p, and to continue to the complex value p, = tin. 
If (22) is solved numerically, this can be achieved as follows. If in the q, plane we 
rotate the contour on to qy = —4u+ig, (rather than gy = $4+1i9,) we obtain an 
equation analogous to (22) for ®(p, —}4+ip,), which need not be written down. 


porting ¥" (P,P) = iO(p, - 44+ip,), (23) 

this equation for Y” also can be solved for a real argument p,. Since ®(K’, p,) is an 

analytic function of py in the strip enclosed by the ordinates —44+ip, and 44+ip, 
, = 1 O(K’, Po) 

O(K’,0) = 5 | 2 ap, (24) 


where C is the closed contour along these ordinates. Thus 
OK’, 0) = a O(K tutip,) OK +i) g 
2miJ Py te Pat tie 


1 ‘(K’, p,) | 
= || LSS 2Pa)_ 2 VS Pall gy 25 
in| Pvt pat tin | °P a 
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The procedure described in this paper works equally well for the meson-nucleon 
case, in the energy range x+<H<x+2y. The resulting equation does not suffer 
from the renormalization difficulties of the three-dimensional Tamm—Dancoff 
methods. In the end, it may be pointed out, that unlike the case considered in 
the preceding paragraph (calculation of the scattering cross-section), there are a 
number of problems where the amplitude x(x) is needed for all values of the 
relative time. One such case for example, is the relativistic treatment of the 
deutron photo-disintegration problem. 


The authors are indebted to Mr J. C. Taylor and Professor R. E. Peierls, F.R.S., 
for many helpful suggestions. 


APPENDIX 
Integral equation (22) is a mixed equation of the type 


F(x, %q) = f(%1,%)+ af x (21) 293 Yrs Ya) Fy, Ya) dy dys 


+A[ Kaley a3 ¥19(Y1)) Fr. 9(Y1)) Wh 


or symbolically Faf+aAK FLA“. 

The script type of #, and # emphasizes the partial nature of the integral operation. 
Such equations can be solved exactly by methods used by Salam (1953). Assume 
that the Fredholm determinant d,(A) for the kernel AK, exists. Then 


1 d,(A) 
Setting z, = g(z,) in F, f’ and X’, we immediately get an integral equation for 7, 
which is solved by conventional methods. 

The kernel in the integral equation (22) is singular, in the sense that all its traces 
: vay wags 1 1 1 
diverge logarithmically. A modification of gape to ra gt Mt 
difficulty. Here M is taken to be arbitrarily large. This type of Feynman cut-off 
seems justified for scattering problems, where no problems of the existence of the 
solution are involved (Goldstein 1953). 


F= 


[ft AUF] =f’ + Hx'F. 


removes this 
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On Generalised Dispersion Relations. 
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(ricevuto i! 15 Dicembre 1955) 


Summary. — A relation is derived which connects the real part of the 
non forward meson-nucleon scattering amplitude, to its imaginary part. 


1. - A number of investigations (‘) have recently appeared in which rela- 
tions have been obtained connecting essentially the real part of the forward 
scattering amplitude to its imaginary part. More recent investigations are 
those of KARPLUS and RUDERMAN (*) and GoLDBERGER (*) who have shown 
the great utility of such relations for the problem of meson-nucleon scattering. 

Attempts to obtain more general relations, connecting for example the 
real part of the. scattering amplitude at an arbitrary angle in the centre of 
mass system, to its imaginary part at the same angle, have in general not 
succeeded. In this paper we shall show that relations of the required type 
do exist for the meson-nucleon system, though indeed they do not connect 
the real and the imaginary parts of the amplitude at precisely the same angle 
in the centre of mass system. For the proof we need the concept of micro- 
causality, as interpreted in ref. (1) viz: the commutator of the field operators 
at two points vanishes if these points have a space-like separation. Our main 
result is eq. (27) of this paper. 


2. — Consider a field theory describing neutral mesons of mass y, inter- 
acting with nucleons of mass x. The interaction Lagrangian is j(#)p(x), while 


(1) GELL-Mann, GOLDBERGER and THIRRING: Phys. Rev., 95, 1612 (1954). 
(?) R. Karptus and M. RupErMan: Phys. Rev., 98, 771 (1955). 
@) M. L. GorpBERGER: Phys. Rev., 99. 979 (1955). 


2 ON GENERALIZED DISPERSION RELATIONS [425] 
the causality condition demands that (‘) 
(1) [i(a), i{y)] = 0 when («—y)*< 0 


Let k, k’ be the initial and the final meson and p, p’ (*) the corresponding 
nucleon 4-momenta. The Feynman matrix element for scattering is given by 


(2) Ml, Rs py 9!) = 4 [atv aty exp [ik'a — ay] (0" [iit et): 
GOLDBERGER (*) has shown that the retarded matrix element 
(3) M(k, k'; p, p') = 4 J d‘a dy exp [tk’a — iky]0(x— y)(p' |[j(a), i(y)] |p) 


coincides with Mf, for k,>0 and contains precisely the same information. 
Define 


(4) Mls rp) = 5 faew9(—a)(0" LH), He] |p) exp [— ite) 
(5) tks psp") = 6 fabe6( + 2)(0 410), HleN}]p) esp [— she] 
(6) D(k; p, p’) = 3(M,— M,) 

0) (ks py P') = 5 (My + My) 


If M,, M,, D and A are considered as functions of k, p and p’, the energy 
shell specifies the following conditions on these three vectors: 


(8) (i) kt =ptpt-= p= x, 
(9) (i) Pos Pp > 05 hoy Potho—Dy> 0. 
to (iii) k-(p—p') =p-p'— x. 


We now note from the definitions, that 
(11) Maks p, p') = My ,(— 4; p's P)s 
(12) d(k+p—p'—k') M,(k; p, p') = — (Kk +p—p'—k') M(B’; p, p’) . 


(4) We use the metric z*= x} — x*, 
(*) In this paper we consider only the no spin-slip case. so that spin suffixes for 
the nucleons will be omitted. 
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The last relation holds since both sides_equal (22)-*M(k, k'; p, p’) (°). 
Further 


(13) k'(p+p') =k'-(p +p’), since p? =p’? = x?, 
(14) k-(p—p') = k'+(p'—p), since kt =k? = p?. 
Write 


My, = *(0'){L,, + iykity Julp) 5 

L' and M’ depend invariantly only on k:(p+p’), k-(p—p’'), p-p’. Thus 
(15) Mk; DP, p') = My, (k’; p', p) ete. 
Combining (11), (12) and (15), 
(16) 5k +p — k'— p')(Mylk; p, p’) + M(k; p, p')) = 0 ete. 

Write D= u{L,+iykM,}u. From (6), (15) and (16), L, and Mf, are real. 
In the next section we choose a frame, where uu, wiyku are also real. So 
we prove the important result that both D(k; p, p’) and A(k; p, p’) are real (7) 
on the energy shell and are respectively the real and the imaginary parts of 
M,(k; p, p'). It is crucial for the above proof that relations (13) and (14) 


should hold and this is only true if the same particles participate in the initial 
and the final states. ; 


3. — The « natural» frame of reference appears to be the frame in which 
the nucleons are at rest. In this frame, without loss of generality, choose 


(17) P= (Pt + x8)f, 0, 0, P, 
(18) p= (Pt + x#)}, 0, 0, —P. 


Since p-p’— x? = 2P?, we obtain but one condition on the vector, & from 
the energy-shell relations; in fact 


(19) k=k, hk; ke —P. 
(5) This is proved by using j(x) = exp [iPz}j(0) exp [— iPz]. 


(7) The author is indebted to Mr. W. GiuBeRt who first pointed this result to 
him. 
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Also 
uu = Dolk, wiyku = Res 


Thus M, really depends only on k, and P. 

Considering the integral expression for I, (eq. (4)), it is also clear that 
its kg dependence arises quite trivially from the factor exp[—ikz]. This is 
because (p’|[3(0), j(x)]|p) depends only on P in our frame of reference, through 
the invariants (p+p’)x, etc. If we hold P fixed (or invariantly p-p' (°) fixed) 
the mathematical problem reduces to the same as presents itself for the for- 
ward scattering case and precisely the same steps as GOLDBERGER (*), can be 
followed to obtain generalized dispersion relations. 


Write 
(20) A(P, 2) = (p\[iO), ja) |p") — (|G), 5@)] |p) 
(21) JP, #) = i{(p|[G0), i(@)] |p’) + (p' |LH(0), i@)]|p)}- 


From M,(k; p, p') = M,(k'; p', p) and the evenness of 0(x) (p'|[j(0), j(x)]|p) 
in g, and x, in the new frame, (@ = 2, 2%, 2, 3), 


(22) M (ho, k; p, p') = MH, (ho, —k; p’,p). 
Thus 
(23) M,= 3{H,(ko, k; p, p') + Ma(ko, —k; p, p’)] = 


= 4 | A(x) exp [— ikeay]{J,(P, x) sin kx + J,(P, x) cos kx} d‘x 


(24) D(ky, P) = 4 | A(x) C08 keto{Ji(P, x) sin Px, + J,(P, x) cos P2,}- 


- CoS (ka, + Kav.) d4ax 


(25) A(ky, P) =— 4 | O(x) sin kon {J.(P, x) sin Px, + J.(P, x) cos Px;}- 
> cos (ka, + ka.) diz. 
Using (24) and (25) we now verify directly that 


Da, P)—~ DBP) _ 1» f "ky A (hay P) dy 


~ a P (ii — 2) (8 — BA) 


(*) In the centre of mass system, p-p’— x*=2a* sin? 6/2 where a is the magnitude 
of the 3-momentum in the problem. 
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27) D(a, P)—D(B, P) Ee [gees wA(ky, P) dk, 
ap (a — 08) — BA" 


The proof follows by interchanging the order of x and k, integrations and 
performing a simple contour integration in the k, plane. Here, for the first 
time, the causality relation (1) is used. This part of the work is subject to 
the same limitations as noted by GOLDBERGER (°). 

To see significance of the relation (27), consider the case of scalar nucleons. 
Here the k, dependence of D and A arises only from &-(p+p’). In the labor- 
atory system p =x, 000, k-(p+p’) = 2k, + x(p, — x) and p:p’= xD, - A 
variation of k-(p+p’) while p:p’ is held fixed is the same as the variation 
of the incoming meson energy k,, while p,, the final nucleon energy is fixed. 
Thus in the laboratory system, for scalar nucleons, 


Re Mis, Po) — Re Mk 09 Po) _. 
(ke — k6)(ke + ke + Po— 2) 
7| (2ho+ Do — “)Im M(ky, Po) dk, 
(o— ks)(Ko— ke)(Ko-+ ke + Po —- %)(ho-+ k + py — x) * 


(28) 


4, — Returning to eq. (27), the imaginary part of the amplitude can, in 
principle, be determined from experiment for k, > (u*-+P*). In order to use 
relation (27) we have to determine the correct analytic continuation of A(k,, P) 
in the (unphysical) range 0 < k)< (u?+ P*)#. From eq. (7), 


(29) A(b) = 4 f ("ILO fen} L2) exp [— she] ate 
(30) = ES ("1 4(0)|m)(m 710) {2) d¢(n— p— k)— 
— SPS ('Lit09 1) (m 1400)|p) 3¢(n—p'+ Hy 


In the second term in (30), » = p’—k, and therefore the masses of the 
(physical) intermediate state are given by (x?+ w?— 2p'-k)*. The only pos- 
sible state which can contribute is the single nucleon state corresponding to 
fe— 2p'-k =0. Its contribution to A(k,, P) for the no spin-flip case, with 
renormalized g properly defined, is 


(31) = g (420%k,)5(2poke— ut—2P%). (*) 


(*) Considerations on this and the spin-flip case will be given in a second paper. 
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Now consider the first term in eq. (30). This terin does not contribute 
at all for the forward scattering case. In the present case, however, for k, 
in the range (xu — P*)/(P*+-x!)}, (u? +P), we find n?* = (k+p)' > (x+y), 
and meson-nucleon states may make a contribution. Indeed this is the price 
one really pays for a generalized dispersion relation, and it has not been pos- 
sible to find a satisfactory method for the evaluation of this contribution. 
It is of course possible to make a perturbation approximation to A(k), P) 
just for this range. 

A relation similar to eq. (27) has previously been derived by BETHE and 
Rowericn (°) and applied to the case of small angle scattering of light by 
Coulomb field. The quantity held fixed in their case is 5, an impact parameter. 


“nee 


The author is indebted to Dr. F. SmrtHirs, Mr. W. GILBERT, Professor 
H. A. Bete, and Dr. P. Martin for discussions. 


(2% H. A, Berue and F. Rouxriicu: Phys. Rev., 86, 10 (1952). 


RIASSUNTO (*) 


Si deriva una relazione che connette la parte reale dell’ampiezza dello scattering 
mesone-nucieone non diretto in avanti alla sua parte immaginaria. 


(*) Tradusione a cura della Redazione. 
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On Generalised Dispersion Relations IT. 
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(ricevuto il 16 Gennaio 1956) 


Summary. — Considerations of an earlier paper are generalised to write 
down non-forward scattering, spin-flip dispersion relations. The contri- 
bution from the « bound state» is discussed. 


1. - This paper continues the discussion of an earlier paper (?). A meson 
of 4-momentum k (k* = 4*) is scattered by a nucleon of initial 4-momentum a, * 
(p? = x*) spin A; no other particles are emitted in the finl state, the meson and 
the nucleon momenta being k’ and p’, and spin 4’. From energy conservation, 


(1) K=p+k—p', k-(p—p') =p-p'— x. 

In the earlier paper the scattering amplitude M, defined covariantly, was 
written as : 
(2) M,,(4'd) = Ww (p'){L' + iykM'u(p) , 


where ZL’ and M’ depend on k-(p+p’) and p-p’. 
To obtain dispersion relations it was found necessary to work in a special 


(}) A. Satam: Nuovo Cimento, 3, 424 (1956). 
i , 
(?) Notation: p = p. p, = ip), vi = ‘ *) Veo ( ) . Define iyp = iy:p + 
+ iva P*d = Poo — Pp’. Thus (iyp)* = p?. . 
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frame of reference defined by pt+p’=0. If p=0,0,P, k=Q,0,— P 
p:p'—x'= 2P, and k-(p+p’) = 2kopo. Further (*) in this frame 


u(p'){1, tyk}up) = 27k, 
PQ 


Fi . 


(3) 
ur(p'{1, iyk}ul(p) = 0, 


In reference ('), a dispersion relation was obtained for M,(11) = 
= (polx)L' +k, M’. It is in fact equally simple to obtain relations for L’ and 
M’ separately. 

Consider M ,(21), the spin-flip amplitude in this frame. M ,(21)=— M,(12)= 
=(PQ/x)M'’. Now 


(4) (p'2|[4(0), Hao; — 21) Bay %s))[p1) = — (p'1 |[4(0) 7(#)]| p2) 
(5) (p’2 |[H(0), j(at05 %15 te» —%4)]|p1) = — (p2|[5(0) j(z)]|P'2) - 
These results follow by using the parity operator; for example 
P, je) Pz’ = — (toy ti Ze) —%a) j P,,|Po, P: 1> = 1| Pos — Py 1). 
From ¥,(12) = — M,(21), and using (4) and (5), 
M,(21)=—} f 6(— a) exp [— ikero] sin Qa,{U,(P, 2) sin Px, + J,(P, x) cos Pas} diz. 
Here 
Jy(@) = {(p'2!p1) — (p1|p'2)}— {(p'1|p2) — (p2|p'1)} 
Jy) = i{(p'2|p1) + (p1|p’2)}— i{(p'1|p2) + (p2|p'1)} 
‘in an obvious notation. J,, J. are real. From the contour (‘) integral 
[F exp[—ik,2o] (ing) 
kit ie Qs)? 
(?) The (positive energy) free particle spinors are defined as 


1 
a ; 
u(p) = —— (iyp — Kya» A=1.2; x=1,2. 3,4. 
Pp Yip) 14 a 
We obtain N(p), the «invariant» normalization from wip yup) = 5,,. Thus 
N-%(p) = 2x(% + Do). 
(4) M. Tu. GOLDBERGER: Phys. Rev.. 99, 979 (2165). 
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we infer 


is Re M'(ky, P) 2 p.v. (Im M'(ki, P) ak, 
LoS orm a 
0 


Clearly k).M'(k,, P) would satisfy a dispersion relation as in eq. (27) of 
reference (7). Thus also 


9 144! 7 ’ 
(7) Re L'(k, P) = 2 Im L'(leg, Pky ky 


ky — kf 
e 
L, and M’, are functions of invariant scalar products k-(p+p’) and p-p’. 
Relations (6) and (7) can thus be expressed entirely in terms of invariant 
quantities. 


2. - It is perhaps useful to set down the transformation formulae from the 
frame used, to the conventional centre of mass frame, defined from the requi- 
rement k¢+p*= 0. The superscript «¢» distinguishes c.m. quantities. 

Let pi, =4,,p,- The matrix (a,,) is given by 


Oy, = Gy = Cosh y,° ayy =— A, =—t8iNhy, dee = ays = 1 


where tg hy = Q/(po+ ko). 
Define 
Sy S| =a 


we 
For the a,, in (4), 
8S = exp [(#/2) nwe%) =e+ mys. 


Here 
¢ = cosh 7/2, 8 = sinh 7/2. 


If u(p-°) = Su‘(p), clearly 


(8) w (p'}{, iyk}ul(p) = uw (p!){1, yk fu (p') « 
Now 
(9) Sur )| Bei S(t — x)| = — (iyp? — x)SI 
Phila = Nip) typ a = Vo) vp ahs 


Considered as a 4x4 matrix, only two of the columns of (iyp*— x) are 
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linearly independent. Therefore 


(10) Sul(p) =[(po + «(ps + x) '{e(pe + x)u'(p?) — Psut(p*)} 

(11) Su(p) =[(po + x)(p§ + x)j {Ps u'(p*) + cp, + x) u%(p*)}. 
Define 

(12) M4(11) = u'(p*){L, + tyk*M,} u'(p*), ete. 


From (10) and (11), 


(13) M(11) = aM*(11) + BM*(21) (*) 
(14) M(21) = — BM*(11) + «M*(21) 
where 
_ P sinh x 24 Bt 
B= ete? a+ f= 1, 


M*(11) corresponds to no spin-flip, and M+(21) to the spin-flip amplitudes 
in the c.m, system (the latter with no azimuth change). In terms of the 
phase shifts, therefore 


4 at c 
(5) M11) = (2) Ve+ EY (la + (1+ Las) Pi(coe 8), 
dr) pe + kg d 
(16) M¢(21) = (2) Pos > (a — a+) sin 6, dieos 0.) 7 (cos 8.) . 


Here a = e** —1/2i, and 6, and 6,4 refer to phase shifts, corresponding 
to j =I— }, and j=1+ 4}. k, and 6, are the 3-momentum and the angle 
in the c.m. system. To obtain k, and 6., note p-p’—x*= k*(1—cos 0,) = 2P*, 
and k-p = kp, + P? = k’p! + BH. 


8. - The case of charged mesons has been completely solved by Go.p- 
BERGER (‘). Write 


Myuy = Sap UL! + iykM' Yu + At, t)) WL + yk Mu. 


(*) On account of our choice of axes (p = 0,0, P; k = Q, 0, — P), M(11) = 
== M(22) and M(12) = — M(21). The same holda for the trasformed quantities M«. 
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Then L' and M” satisfy a relation of the type (6); M’, L” arelation of the type 
(7). L' and M' refer to fhe phase shift combination 4a(4) + $a(3), and LZ’ and 
M” to a(4)— a(2). 

In relations (6) and (7), ky > (u?+P*)! is the physical range; (xp — P*)/2p.< 
< ke < (u?-+ P?)' is the «unphysical range». Below (xu— P*)/2p,, the so 
called «bound state» contributes to Im M,. The exact energy dependence 
of this term can be computed if we adopt the convention, 


Is(pi =x, Dp; = 2, (Pi— pr)? = #) =92-¥,=hys, (writx =typ,+x=0), 


for the renormalization of the coupling constant in meson theory. The 
« bound state » contribution then involves the (unknown) renormalized coupling 
constant g,, and has the form, 


2 
Im M gaa(A'A) = — (2) “Art e{ U (iyk)u" (ut + 2P*#— Bkopo) . 


The renormalized coupling constant defined from I,(p, = p.) = 9,75 then 
differs from the above by O(?/x?). 

After the work described here was completed, the authors, learnt from 
Prof, M. L. GoLDBERGER that he has obtained identical results in collaboration 
with Professors NamMBU and OEHME, and is applying the relations to calculate 
S phase shifts. 


RIASSUNTO (*) 


Si generalizzano le considerazioni di un precedente lavoro per scrivere le relazioni 
dello scattering non in avanti, e della dispersione per inversione di spin. Si discute il 
contributo dello «stato legato ». 


(*) Tradusione a cura della Redasione. 
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Relativistic Field Theory of Unstable Particles 


P. T. MartHEws AND Aspus SALAM 
Imperial College, London, England 
(Received June 9, 1958) 


An attempt is made to clarify the fundamental physical basis of the intrinsic characteristics of unstable 
elementary particles and to replace the conventional, purely phenomenological, description in terms of 
decaying states and complex energy levels, by definitions which are consistent with general requirements of 
relativistic quantum mechanics like Hermiticity, unitarity, and causality. 


1, INTRODUCTION 


F the sixteen known “elementary” particles, all 

but four are unstable. In spite of this, no theory 

of unstable particles exists which is consistent with the 

general properties of relativistic quantum mechanics. 

This is particularly unfortunate since most of the 

recent significant progress in elementary particle theory 

has been made through the application of these general 
principles. 

The conventional treatment of decays is a kind of 
“adiabatic” approximation. The particle is first tacitly 
assumed to have a definite mass, M@. The rate of decay 
per unit time, \, is calculated like any transition between 
stable particles. A beam of such particles will then be 
attenuated according to the relation 


an(r)/dr= —X(M)n(r), (1.1) 


where #(r) is the number of particles in the beam at 
proper time 7. This is interpreted as the individual 
particles of the beam having a wave function in their 
own rest system, 


¥(r) =exp[+iMr—HAle| J. 


Although this scheme is generally accepted as giving 
the “right answer” if the interaction producing the 
decay is sufficiently weak, there exists no exact theory 
to which this is supposed to be an approximation. 
Furthermore, none of the assumptions made are con- 
sistent with a complete theory of elementary particles. 
It is intuitively clear that an unstable particle does not 
have a definite mass, since it does not live long enough 
for an exact measurement to be made. The wave func- 
tion (1.2) is certainly a useful approximation, but the 
complex mass and consequent lack of conservation of 
probability of the wave function violate general features 
of any complete theory, and are typical of an ap- 
proximate one-particle treatment of what is essentially 
a many-particle problem. 

Our object is to propose a theory of unstable particles, 
which is consistent with general requirements of a 
relativistic quantum field theory. The aspect of an 
unstable particle on which we shall concentrate is the 
uncertainty in the mass. In a rough way, this is already 
inherent in the conventional treatment. The wave 
function (1.2) can be written in terms of its Fourier 


(1.2) 


transform 


yjek exp[—imr] 7" 
2xJ (m—M)*+-4 


which may be interpreted as describing a distribution 
of mass values, with a spread, Am, related to the mean 
life Ar(=1/\), by an uncertainty relation 


’ (1.3) 


AmAr™~1, (1.4) 


or 
AQAr~1, 


where AQ is the uncertainty in the Q value of the decay. 
With this as starting point, we build in subsequent sec- 
tions a local field theory of unstable particles which 
can adequately describe their “static” characteristics, 
like mean mass and mean life. In the course of this 
development we shall give a very direct physical in- 
terpretation to the spectral function introduced by 
Kallén! and Lehmann.?# 

Nishijima and Zimmermann‘ have recently shown 
that a local field theory can be set up for a stable bound 
state which is similar to that for stable “elementary” 
particles so far as the axiomatic formulation is con- 
cerned. By the same token the theory of unstable par- 
ticles we propose here incorporates the theory of 
unstable bound states. These appear as resonances in 
scattering processes. 


1G, Kallén, Helv. Phys. Acta 25, 417 (1957). 

*H. Lehmann, Nuovo cimento 2, 347 (1954). See, also, M. 
Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954). 

3 We remark that the only previous definition of lifetime within 
the general framework of conventional theory is that of R. E. 


‘Peierls, Proceedings of Glasgow Conference on Nuclear and Meson 


Physics (Pergamon Press, Inc., London, 1954), p. 296 and B. 
Zumino, New York University Research Report CX-23, 1956 
(unpublished). Both these authors surmise that the mean mass and 
mean life of unstable particles are determined by the real and 
imaginary parts of complex poles of the propagator. Since this 
function contains branch points, the “physical” sheet is defined 
by a cut along the real axis. It has been shown by Bogoliubov 
e al. [Bogoliubov, Mednedev, and Polivanov, “Problems of the 
theory of dispersion relations,” mimeographed lecture notes, 
Institute for Advanced Study, Princeton, 1957 (unpublished) } 
that the single function A(p*), which defines the various propaga- 
tion functions, has no singularities anywhere in the physical 
sheet of the ? plane, except on the positive real axis. Peierls has 
surmised that poles which give the mean mass and lifetime of an 
unstable icle lie on the “unphysical” sheets. 

‘XK. Nishijima, Phys. Rev. 111, 995 (1958); W. Zimmermann 
(to be published). 
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2. DEFINITIONS 


Consider a particle ¢ which decays into two stable 
particles x, each of mass m. We shall assume that these 
particles can be described within the context of rela- 
tivistic quantum theory. That is to say, we assume’ 


(a) the possibility of describing them by linear field 
operators $(x) and x(x); 

(b) the transformation laws of these fields under the 
transformations of the inhomogeneous Lorentz group; 

(c) the causality condition, which asserts the com- 
mutativity of field operators with space-like separation ; 

(d) the asymptotic condition for the stable particles 
only. 

For simplicity consider ¢ to be a Bose particle. 

We assert that the properties of the unstable par- 
ticle @ are determined by a density matrix 


p= | potas ont ’ (2.1) 


where | p,,2x) are a (normalized) set of states of energy 
momentum #,, which asymptotically are the two x 
states into which the ¢@ can decay. Since the x particles 
satisfy the asymptotic condition, these states can be 
formed in the conventional way. Ideally p(g*) deter- 
mines the probability of a Q value corresponding to 
(p*)! being observed in the decay. This point is dis- 
cussed further in Sec. 4. 

The mean mass of the ¢ particle is defined as the 
mean value of the (mass) operator for the distribution 


ee fownes/ f o 


= froonae / foconae 2.2) 


The last equality holds since p({#*) vanishes unless the 
vectors p, are time-like. By definition, 


e(?)=0 for p*<4m'. 


(2.3) 
Thus 
M?> 4m. 


The inverse lifetime is determined by the spread of 
the mass values about the mean. 


Mary? 4 Trf{(P)*— (}}0] 
- 


emer nap / f oonae (2.4) 


Se Widhinees ermann, Nuovo cimento 1 
20s COW A. ightman, onan of nt of Lille Conference talk, 
1957 (unpublished). 
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To relate p to the field operator ¢, we make the basic 
assumption of our theory that 


8(po)o(#*)d*p= (2x)* ; x, ' 1(016(0)| P..2x)I*, 


where 


(2.5) 


6(po) =1, po>O 
0, po<0. 


Note that the summation is only over 2x states, but 
includes all the variables required to define these 
states, in addition to the energy and momentum. 

For an unstable fermion of spin one-half, the final 
states must carry an additional label, which denotes 
the spin direction and particle-antiparticle character of 
the final state. We denote this variable explicitly by 
a, 8. Then the unstable particle is described by a density 
matrix 


(Px) 
Ele ensl. 8 
We can write the spinor matrix 
pat(Px)=[e(P) Jas, (2.7) 
where 
p=ty-p. (2.8) 


The mass operator* is now #y-P and the mean mass is 
thus determined by 


Marliy:Pel 
Ti] 
= ftom / fotmxr, 29) 


where tr[ ] denotes the spinor trace. The inverse life- 
time is again determined by the spread in mass values, 


AY? § Tl (P—M)p] 
(=) ~ Tf] 
-; feto-sorue / fete. 2.10) 


If the particle is described by a local, causal, rela- 
tivistic field »(x), we postulate that 


9(Po)pen(p)d*p 
=—(27)) L 


Pp. ptdp 


{0|¥a(0)| Paxixs)(Puxrxal ¥e*(0) | 0) 
Po 


That this expression has the required transformation 
properties can be seen by comparing it with the ex- 
pression for the number density.’ 


* Abdus Salam, Nuclear Phys. 5, 687 Bee 
see, ee eple, S ightman and S. S. Schweber, Ph: 
Rev. 98, 812 (1955). ‘The Bose density may be cast in a 


form, 
ON p= ae? Z  Olo(Orlpcxde2x166(0)1 00/20 
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3. RELATION TO CONVENTIONAL THEORY 


To make the discussion explicit, we shall consider in 
this section a model particle ¢ whose only interaction is 
that which causes its decay into two x particles. The x 
particles have no other function except to produce the 
¢ particle when they come together. The 4, once created, 
can only decay. 

For simplicity let us suppose that a selection rule 
exists so that the field ¢ only has nonvanishing matrix 
elements between the vacuum and 2x states. Then the 
p defined by (2.5) can be identified with the p of Leh- 

mann.’ If we try to set the theory up in Lagrangian 
form, we may expect from such a Lagrangian an equa- 
tion of motion of the form 


O¢=a¢+F[x], (3.1) 


where F is some functional of the field x referring to 
the stable x particle of mass m. Then a theorem of 
Lehmann’ states that for such an equation, irrespective 
of the actual form of F, 


a= f roconast / f ocpnap. 


This was just our definition of 3/7, and so we have 


(3.2) 


(O-—M*)¢=F[x]. (3.3) 
For Fx] we make the usual assumption 
F=g,’. (3.4) 
In the limit g— 0, we have 
p=5(p— M?). (3.5) 


Lehmann’s theorem’ states that the effect of the decay 
interaction for the model particle is to spread this 5 
function into a finite mass distribution about the same 
mean value. To obtain an approximate expression for 
the small g, we make use of the exact expression 


p(P*) = (1/2) A" (p*) = (1/x) ImA,’(f*), 


Ae($*) = (PM ie). (3.7) 


According to Dyson,* p(*) has the form of a “Cauchy” 
distribution with 


(3.6) 
where 


gye-—— gy 
Tp RPP EY 
where 
1(p*) = g0(p'—4m*)(14-4m/P)Y/x, (3.9) 


if one approximates to order ¢°. This expression has a 
mean value approximately at M?, provided M*>>4m* 
and g* is small. The second moment of a Cauchy dis- 
tribution i is mathematically infinite, but it is clear that 
with any reasonable definition the spread of the dis- 


* We ba ’ —M—z* 
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tribution is determined by /(p*). It has been suggested 
by Kaillén* that the correct form for p(~*) may be a 
series of the nature of an exponential, in which case 


(3.8) would be replaced by 


rae — =) (3.10) 


With this form the second moment would exist!’ and 
give a lifetime, according to (2.4), in agreement with 
the conventional calculation. 

The fact that perturbation theory takes the zeroth 
approximation to p to be a 6 function shows that the 
limit g— 0 is certainly not a straightforward mathe- 
matical procedure, and it is clear that if the correct 
form for (3.8) is in the nature of (3.10) an expansion in 
powers of g* is not valid under any circumstances. 


4. PHYSICAL INTERPRETATION OF p 


To give a complete theory of unstable particles it 
would be necessary to consider not only the “static” 
properties such as mean mass and mean life, but also 
the dynamics of the particle interactions—its produc- 
tion and scattering. In principle, these two aspects 
cannot be separated since conceptually the end products 
of any complete interaction must be regarded as stable. 
(One can only discuss the production of unstable par- 
ticles in the approximation in which they are regarded 
as stable.) To treat unstable particles on an exact basis, 
it is necessary to consider both the production and the 
decay process together. The density p through which we 
have defined the mean mass and mean life is related to 
the probability distribution of the Q values of the decay 
products in a production and decay chain, such as 
rtp +29 P+A°+7. (For this discussion we 
treat K as stable.) The experimenter observes the Q 
values of the A+-y. These show a sharp peak (due to 
“real” Z’s) and a diffuse spread (due to “virtual” ’s, 
or direct A production with radiative y’s from the 
original charged particles). We shall assume that these 
parts of the Q spectrum can be clearly separated. Our 
is closely related to the shape of the sharp peak (which 
has a width ~10 kev due to the uncertainty principle, 
corresponding to the mean life ~10- sec). In order to 
give a precise definition of p in terms of this shape, it 
is necessary to extract the dependence of the shape on 
the particular production process, which has been 
selected. This, together with the dynamic properties 


*G. Kallkkn, Proceedings of the CERN Symposium on High- 
Energy Accelerators and Pion Physics, Geneva, 1956 (European 
Organization of Nuclear Research, Geneva, 1956), Vol. 2, p. 187. 

If one introduces a variable s, canonical to the mass ‘variable 
and defines G(s)—= f exp(ép's)o(p*)ds, then Tr{p]=G(0), 
r[Ptp ]= —iG’(0), etc. Since p(p*)=0 for p*<4m', G(s) is be 
value of an analytic function in the upper half 
s(=51+4s3) plane, The existence of higher moments of p(p*) is 
connected with the analyticity of G(s) at s=0. Note that the 
variable s is not the same as the explicit proper time variable 
r=2x? which appears in the Fourier transform, A(r)=(2x)~¢ 
XS Alk) e708 


Fic. 1, The Feynman diagram of pure resonance scattering of two 
x particles through the ¢-particle resonance. 


of the unstable-particle problem, will be considered in 
a separate paper. 

If the lifetime of the particle (or bound state) is 
even shorter than the 2° lifetime, the distinction between 
the sharp and diffuse parts of the Q spectrum become 
obscured. In this case the particle shows itself most 
clearly as a resonance. In the terminology of the previ- 
ous section, we may consider the scattering of the 
decay products—the two x particles. The total cross 
section is related by the optical theorem to the imagi- 
nary part of the forward scattering amplitude. If this 
may be assumed to be purely resonance scattering with 
the @ particle as intermediate state, the scattering 
amplitude is proportional to the ¢-particle propagator 
(Fig. 1). The imaginary part is just p, apart from 
numerical factors. Thus within the severe limitations 
of the approximation, the total cross section provides a 
measure of p. Even in the case of a relatively long-lived 
particle the consideration of the resonance in the elastic 
scattering of the decay products may provide the 
clearest theoretical means to isolate ‘p. Thus, conceptu- 
ally, p for neutron decay would be given most clearly 
by the spread of the so-called “bound-state” term in 
the conventional x-+-p scattering dispersion relations. 


5. DISCUSSION 


A more detailed analysis of the structure of unstable 
particles would require information on the higher mo- 
ments of the distribution. As long as the particle is 
described by its first two moments only—the mean 
mass and mean life—the conventional treatment in 
terms of a complex mass provides an adequate phe- 
nomenological description. 

To bring the discussion of the model particle nearer 
to reality, let us suppose that it has two interactions: a 
weak decay interaction into two particles of mass mu, 
specified by a coupling constant g,.; and a strong inter- 
action with particles of mass m,, (M?<4m,*), and 
coupling g,. The complete spectral function is p(g.,£w). 
The forms of p in the various approximations of letting 
one or other, or both, of these interactions become zero 
are shown in Fig. 2. Mo is the so-called “bare” mass 
and the forms of p follow directly from the discussion 
of Lehmann’ and its extension given below." 


“Tt may be necessary to modify the definitions of mass and 
life time to conform more closely with experimental practice. 
One simple procedure is to limit the integrations in Eqs. (2.2) and 
(2.4) and set the upper limit=4m,?. A discussion for the realistic 
cases will be published elsewhere. 
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Tt will be remarked that from the point of view 
proposed here, stable and unstable particles are treated 
on a precisely equal footing. The basic quantities are 
the fields and their associated spectral functions. The 
notion of a particle is a qualitative one which is related 
to the peaks in the spectral function. If the width of the 
peak is of the order of the x-meson mass, the mean life 
is approximately 10-* sec, but the mass spread of the 
“particle” may then be observed through the resonance 
in the scattering of the particles into which it decays. 
(The “33” resonance of the w-nucleon system is a 
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Fic. 2. A schematic drawing of the forms of the spectral func- 
tion of a strongly produced (g,) and weakly decaying (gw) par- 
ticle in various limits in which the different couplings are taken 
to be zero. The heavy lines denote 5 functions. Note that any 
sharp peak in p may usefully be interpreted as an unstable par- 
ticle, and in this way a single field may represent more than one 
unstable particle. 


“particle” of this type.) For mean lives greater than 
105 sec (corresponding to mass uncertainties of less 
than 1 ev) the mean life is experimentally the more 
accessible quantity, and the fundamental uncertainty 
in the mass is masked by experimental errors. The 
stable particles are those peaks in the spectral functions 
which can be approximated by 6 functions. Postulating 
the appearance of a 4 function in p, corresponding to 
each stable particle, is equivalent to the existence of 
asymptotic fields in the axiomatic approach. 

From the present point of view the existence of 
several particles may then be subsumed in a single 
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field, and the problem of elementary particle physics 
is shifted from the question of the number of ele- 
mentary particles to the number of elementary fields, 
It would appear that the future task of fundamental 
theory would be to look for criteria which specify 
elementary fields. 
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This paper is a direct continuation of an earlier paper (I) where 
an attempt was made to set up a field-theoretic foundation for the 
theory of mean mass and lifetime of an unstable particle, It was 
argued i in I that the decay-time plot of a beam of unstable 


is a concept peculiar to a single-particle theory; that from a field- 
theoretic point of view, mass (the variable conjugate to proper 
time) rather than time has the primary significance. Here we show 
that the spectral function o(m*) appearing in the (field-theoretic) 
one-particle propagator has a direct significance as the probability 
of finding in production an unstable particle of mass m. This allows 
us to define a “one-particle” state for the unstable particle as a 
superposition of its outgoing decay states suitably weighted in 


1. INTRODUCTION 


N a previous paper! (referred to as I) some of the 
properties of an unstable particle have been formu- 
lated in a manner which is consistent with the general 
requirements of relativistic quantum mechanics. This 
paper is a direct continuation of I. 

The main result of I was that one may associate local 
relativistic field operators with unstable elementary 
particles just as well as with stable particles; these fields 
satisfy the causality condition and possibly also satisfy 
local equations of motion. These latter may contain 
parameters corresponding to (bare) mass and charge. 
The only difference between the stable and the unstable 
case lies in the fact that fields corresponding to stable 
particles possess asymptotic limits, so that “in” and 
“out” fields can be defined? This is not true for the 
unstable case. This statement is equivalent to the 
following: 

(1) The set of ‘“‘in’” states (or “out” states) exist for 
stable particles only. States corresponding to unstable 
“particles” can be defined (see below) but these are not 
eigenstates of the mass-operator, P,?, corresponding toa 
unique mass value for the unstable particle. Nor do such 
states appear directly in the completeness relations 


LlinXin| =1, 


L|outXout| =1. (1.2) 
(2) For the stable case the spectral function (2) which 
appears in the definition of the Green’s function 


e(a—y) =KT (2), 6(y)))o 


“ga (BLE DL, 
=(2n) fs de [= rarrrmmailce 


“1D. Ms T. Hatibows amet bene sels FAYE Rev. 112, 283 (1958). 
1984) symansik, an , Nuovo cimento 1, 


(1.1) 


or 


mass space [with a factor which is the square-root of p{m*)]. The 
proper-time propagation of this state gives the decay ampli- 
tude, and its modulus is ideally the experimentally observed decay- 
time plot. 

The time plot is explicitly evaluated for x decay. Insofar as the 
distribution of mass values for the + meson starts with the » mass 
(assumed stable), the time plot is not merely the conventional 
decay exponential e~*/", There are additional terms which 
become important about a hundred lifetimes after the particle is 
created. 

Finally we compare the time plots for particle and antiparticle 
decays on the basis of CTP invariance. 


has the form 
p(x?) =8(2— M*)-+0(x"). (1.4) 


The position of the 4-function singularity defines the 
physical mass, M, of the stable particle associated with 
¢. Equivalently A,’ (p*) has a real pole at M*. There is no 
such pole for the unstable case, nor does p contain a 
é-function singularity of the above type. 

The chief problem of the phenomenological field 
theory of unstable particles, then, is that of providing a 
suitable theoretical entity to be correlated with the 
experimentally observed quantities like mean mass, 
mean lifetime, partial lifetimes, etc. This was attempted 
in I, where it was suggested that the spectral function p, 
defined above, provides a suitable basis for such a 
theoretical development. Here we start by substanti- 
ating the claitn made in I that p(x) gives the probability 
of producing an unstable particle of mass x*. This allows 
us to define for such particles.a one-particle state, |s), as 
a linear superposition in mass of “out’’ states of its 
stable decay products. In this superposition all “out” 
states of mass x are weighted with a factor which is 
essentially the square root of p(x). Clearly the state |s) 
is not an eigenstate of the mass-operator #,*. However 
its proper-time development gives the probability that 
the particle has not decayed up to a certain time, thus 
yielding the results of an attenuation experiment with 
a beam of unstable particles. This is the quantity of 
primary experimental interest for all long-lived particles 
(mean lives > 107" sec). 

Finally we prove the exact equality of particle and 
antiparticle lifetimes on the basis of the present 
formulation. 


2. THE SPECTRAL FUNCTION 


Before considering unstable particles specifically we 
list some properties of spectral functions, p, for a real 
Bose field ¢. Let |#)in and |¢)ous be a set of states 
congruent to the state ¢]0). By “congruent” we mean 
those states which are coupled to the state ¢|0) through 
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the interaction. The label i=1, 2, --- gives the distinct 
type of such states; for example states congruent to 


x*|0) are states [ety), [utv)|ata*x), | pi), --- etc. of 
arbitary energy and momentum. Define 
es?) =Z |(0|6(0) | 4,9)1*. (2.1) 


The only states appearing in the sum are ?-states of 
total energy-momentum #. To make the definition more 
precise, consider the case when ¢ denotes a particular 
two-particle “out” state, 


|#out= | ki, Ra)out, 


where hj, ke are the four-momenta of the two particles, 
The state [Ri,a)ous i is defined by the prescriptions of 


(2.2) 


Lehmann, S , and Zimmermann.? Using the 
covariant normalization 
{| ka)A* (hes) = (207) *5 (4. — Re), (2.3) 
where 
At (k) =0(ko)5(?—m), (2.4) 
Eq. (2.1) reads 
pa(p8)= (2x) f[(0|6(0) Bas) 2*() 
XAt(h:)5(p—ki— ke) d*hid*ke, (2.5) 
Define 
e(P)=Z i ps"). (2.6) 


From the completeness relation (1.1), it is clear that 


oe) =H 207 f (01{6(2),6(0)} 10) expL ipa te 
= (1/m) ImA,'(p%). 


The expression above determines p in terms of A,’. 
Alternatively each p; can be expressed in terms of A,’ 
and I',, where I’; is the appropriate (proper) “vertex 
part” allowing for a transition from a ¢-state to the 
state |¢). Specializing again to a particular two-particle 
state, 


(2.7) 


F 16) ieiska) expLipe te 
= (2x){0|6(0) | b1,b2)5(p— ki — he) 
= (29)4A.' (pT s(P— ki h2)8(p—kai— Fea). (2.8) 


Here I’; is the “proper” vertex part defined by Dyson,* 
with external lines corresponding to the ¢ field and &;, 
ks particles, In any field theory with a local interaction, 
the validity of this relation can be proved immediately 
by using Schwinger’s functional differentiation tech- 


*F. J. Dyson, Phys. Rev. 76, 1736 (1949). 
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niques.‘ Then 


pi(p) = (2n)-# f [Ae (p)T s(Pskasbs) |? 


X5(p—ki— ka) At (Rr) At (he) dha he. 
Tf we define 


(2.9) 


Lig=* f [P<(pyBrys) |? 


X5(p— kim ka) At (Ri) At(Re)d*kid*ke, (2.10) 
then 
ps(p*) = (1/m) | Ae! (P*) |?2(#"). (2.11) 

It is crucial for subsequent work that the 5-functions 
appearing in the integrand ensure that 

I(p)=0 for p'=(Aith:)*< 4 ?=M?. (2.12) 
We shall refer to M; as the threshold mass for the ¢ 
state. Define 


I=Eule (2:13) 
From (2.6), (2.7), and (2.11), 
ImA.'/| A.’ |?=I(f"). (2.14) 


Equation (2.14) shows quite generally that J is the 
imaginary part of (A,’)-': 


t=[X—iIP, (2.15) 
where X is real. Using (2.7), p must have the form 
1 ICP) 
(p?) =- ——_—_——_—_. 2.16 
pi(p*) 7 PtP) (2.16) 
Rewrite 
X(P)=P—-Mi—RE), (2.17) 


where Mp is the bare mass of the ¢ field. R(#*) and I(p*) 


can now be recognized as the real and imaginary parts 
of the proper self-energy part. Then 
1 Tip’) 
o(P)=— (2.18) 


+ [P—-Me-ROP OOP 


(The similarity of this expression to the familiar single- 
level formulas in nuclear resonance theory is clear.) The 
result is remarkable insofar as all p; have a common 
denominator. This is the main result of this section. 

Before concluding this section note Lehmann’s mean- 
mass theorem' for the bare mass, 


f (P—Mat)o(p)dp*=0. (2.19) 


‘I. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452 (1951). 
. Lehmann, Nuovo cimenty 2, 347 (1954), where the precise 
Sections for the validity of this theorem are shown. 
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This applies to all particles (stable or unstable). A 
stable theory is one for which X(’), (2.17), has a real 
zero M,?, 

M?—M’?—R(M?Z)=0, (2.20) 
such that 


MZ<M,?. 


Here M,, is the threshold mass of the state of lowest 
mass congruent to the state ¢|0). So defined, M, is the 
physical mass of the stable ¢ particle. For such a theory, 


e()=s(P-M.') +o(P"), (2.21) 


o(P)=0 for #<M,.¥%. 


This implies that an equivalent definition of the physical 
mass is given by 


where 


Mot 
f (p°—-M 2)p(p*)dp*=0, (2.22) 


which is to be compared with (2.19) for the bare mass. 
This is an important definition, which is used below. 


3. THE MASS PLOT 


We now wish to specialize to the case of realistic 
unstable elementary particles. All these have the charac- 
teristic that the interactions through which they are 
produced are stronger than those through which they 
decay, and are referred to as “strong” and “weak” 
interactions, respectively. If the weak interactions could 
be switched off, the particle would be stable. As dis- 
cussed in I, this implies that if only the strong inter- 
actions are considered, p,, the approximate expression 
for p, would have the form (2.21), where M, now 
denotes what we call the strong mass. The effect of the 
weak interactions is to spread the 6-function into a finite 
distribution, and to shift the mean somewhat from M,?. 

We now show that for unstable elementary particles 
with weak and strong interactions, the spectral func- 
tions p;(), for all ¢ such that M;<M,, give to a good 
approximation the probability of the particle being 
produced with a mass x and decaying through the i 
mode. Here M; is the threshold mass for the 4 decay 
mode and 

pi(e)=0 for 2<M?2. (3.1) 


Suppose that the matrix element for the production 
of the unstable particle, four-momentum 9, in a certain 
process, is F(p*). If the particle subsequently decays via 
the mode “t” into &; and ke, using Schwinger’s method, 
it is easy to show that the amplitude for the whole 
process is 


F(p?)Ac'(p)0's(p,k:,2)8(p—ki—hz), (3.2) 
provided one can neglect the effect of other (virtual) 
particles which in graphical language link the factor F 


to the vertex I';. The probability of observing decay 
products corresponding to a particular value of p* for the 
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unstable particle is then proportional to 
P(P)= fF) AIT CPsbubd) 
5 (p—ki— he) At (Ri) At(he)dthidtke. (3.3) 


We call this the mass plot. If it is assumed that F varies 
slowly with (7) compared to the remaining factor, 
which is sharply peaked about the mean mass M (~M,) 
of the unstable particle (to be defined below more 
precisely), it can be factored out from this expression. 
The probability of mass »? for a given production 
process and 7 decay mode is then, by (2.11), 


P(p?)~F (M)p.(f*), (3.4) 


which establishes the result. The approximation em- 
ployed implies that we are neglecting the effects of the 
production mechanism on the properties of the unstable 
particle. 

This is the stage to introduce a number of conventions 
to conform to experimental practice. Let us define weak 
thresholds to be those threshold masses M; which 
satisfy 

My, --+, MS ML<Ma, (3.5) 
where M,; is now the threshold mass of the state of 
least mass which is congruent to the state via the strong 
interactions.* Define 


poj(P)=0,(p)0(Mar?—f"), (3.6) 
and 
po(f4)= a pos(p*) (3.7) 


We now define the mean mass of the unstable particle 
and the mass shift in terms of these expressions. From 
(2.19) and (2.21), which may be rewritten, in an obvious 
notation for the strong mass, as 


fe—mreo(ondp=0, (3.8) 


it seems reasonable to adopt as the definition for the 
mean mass, M, of an unstable particle the relation 


f @sren(enap=o. (3.9) 


This definition of mean mass, in terms of the truncated 
spectral function, pp, conforms precisely to experimental 
procedure. As is clear from (2.18) and (2.12), this 


‘If there are any thresholds lying between M, and Mj, these 
should ideally be included as weak thresholds. It is experimental 
practice, however, not to associate these with the decay of a ¢ 
particle. A specific example is +* —> »*+-»-+7°. On the basis of the 
ideas presented here, one particle in 10% of the so called xt 
structures would be produced with enough energy to decay in this 
fashion. However, to simplify the discussion we neglect all such 
cases. 
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isolates from the complete p function the peak in the 
neighborhood of M,,?, (see Fig. 2 of I), with width given 
by the J;, corresponding to what are conventionally 
regarded as the physically possible decay modes of the 
particle. 

It is to be noticed also from (2.18) that in the limit of 
the weak coupling tending to zero (I — 0), pp becomes 
a 6-function with argument equal to the real part of the 
denominator. Thus, by (2.20), (3.8) is a restatement of 
the usual definition of the renormalized mass, when only 
strong interactions are considered. 

The mass shift due to weak interactions is then defined 
to be |J—M,|. The best example of such a mass 
shift is the case of K, and Kz mesons. These have the 
same strong interactions and consequently the same 
strong mass. But the decay channels, and consequently 
the weak contributions to pxi and pxe, are different, 
leading to different lifetimes and a small difference in 
the mean mass values, 


4. THE STATE VECTOR 


Turning now to the problem of finding a suitable 
theoretical expression for the decay time plot, we first 
set up a state vector describing the unstable particle. 

In I, the function pp was used to define a density 
matrix, and the mean mass and lifetime were determined 
in terms of the mean value of the mass operator and its 
second moment for this density distribution. Since how- 
ever pp defines a density which is diagonal in the 
representation in which the operator P? is diagonal, it is 
possible to define a state (or more precisely states, one 


for each decay channel), which leads to the same expecta- 


tion values of functions of P? as the corresponding mean 
values of pp. The required state corresponding to 
channel j is’ 


[sd= f de f [bsss)ow*(s)O* ed aalbbs!6(0)|0) 


X65 ((Rr+ he)? — 7) 0(Mar—x)d*hid*ke. (4.1) 
It is easy to verify that 
(sj|s)= f pp3(x*)dx?. (4.2) 


The state |s,) is thus an appropriately weighted linear 
superposition of the states into which the ¢ particle can 
decay. Define 


[so)= & [sd (43) 
then 
(sol sp)= f po(p?)dp?, (4.4) 


States similar to these have been considered previously by 
R. F. Streater (private communication). 
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and 


(sol Ptlso)= f eo(onap* / f oo(eae. (45) 


To get the (proper) time plot we must study the 
propagation of this state in (proper) time. The single- 
particle approximation has implicit in it the hypothesis 
that a single proper-time parameter can be attached to 
the decaying particle up to the instant of its decay. 
Writing® 


a gXT. 
i — Hea), (4.6) 
we get 
|sse))= fd expLicr] f[dastado 
XAt(h:)A* (he) out(F1,42| (0) | 0) 
X8((ki-bhs)?—02)0(Mr—x)d*hid*ke. (4.7) 


The decay amplitude is 
Si(t— 10) =(8;(7) | 5;(70)) 


= f pos(x?) expl—ix(r—ra) de, (4.8) 


and the partial decay probability for channel 7 is given 
by |G;[?. It is satisfactory that since, by (2.18), the 
main « dependence of pn; comes from the denominator 
which is the same for all 7, essentially the same time 
plot is obtained if one studies a particular decay mode 
rather than all possible decay modes. 

It is conventional to assume that G has exponential 
form. The relation of this assumption to the present 
theory is examined in the next section. 


5S. THE DECAY TIME PLOT 


Consider, to be specific, the decay of a + meson into a 
»# meson and a neutrino. By (2.18) and (4.8), we have to 
evaluate 


T(x?) exp[—ixr] 


Ft 
r= Ke, (5.1 
Str) J [e-Me—R— RPO 


where p is the z-meson mass, R, and R, denote contribu- 
tions arising from strong and weak interactions, re- 
spectively, and J is the imaginary part of the r-meson 
self-energy due to virtual decay into a ~ meson. The 
square bracket can be closely approximated by 
r—m, 

where m? is the strong mass® (including electromagnetic 
self-energy effects). Since the integrand is sharply 

* This is the “single-particle” equation for a particle in its own 
rest frame. 

* The mass m* corresponds to what is denoted by M,? in Sec. 3. 
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peaked about this value, we may approximate by the 


expression’® - ; 
eye ee 
st [O—m* P+P(m') 


The integral can be evaluated on the assumption that 
[<Kn?, (65.3) 


If the contour is closed in the first quadrant the enclosed 
pole gives rise to the usual exponential term. The 
integral from 4 to u-+i~, which has to be subtracted, is 
a Laplace transform. The result for large ¢ is 


ipl —exp[t(u—m)r] 
x (m?—~p*)? 


According to the conventional method of calculating 
lifetimes, the mean life ro is given by 


I/m=1/70. (5.5) 


The probability that the particle has not decayed after 
time + is |G(r)|* which besides the usual exponential 
contains additional corrections. 

The appearance of correction terms is not a special 
feature of the approximations we have made, but an 
example of a general theorem, that the Fourier trans- 
form of any function which vanishes for all values of 
the argument less than some finite value, behaves for 
large r like some power of 7. Thus the appearance of 
such a term in the time graph is a very specific predic- 
tion of our theory.” It arises directly from the very 
general property that the mass spectrum of the unstable 
particle is certainly zero for values of x? less than the 
squared rest mass of the lightest decay products. 

It is reasonable to assume that the correction terms 
are given correctly in order of magnitude by the above 
expressions for any particle. For most observed unstable 
particles the correction terms are only significant after 
a period of about one hundred lifetimes. For 2°, r°, and 
Be® it may be as short as twenty to thirty life times. For 
these cases there may be effects of comparable magni- 
tude which have been neglected in the derivation 
of (5.4). 


(5.2) 


§(r)ovexp[—Ir/2m]+- . (5.4) 


6. EQUALITY OF PARTICLE AND 
ANTIPARTICLE LIFETIMES 


By the procedure developed by Lehmann, Symanzik, 
and Zimmermann,’ two sets of states can be formed for 


We remark that in this approximation the time plot corre- 
sponding to a particular decay mode is, according to (2.18), 
Gi) gc) 
i(7) = 7), 
I(m*) 
as in the conventional treatment. 

4 Such inverse powers of r in the decay amplitude were first 
discovered by M. in connection with calculations on the Lee 
model. We are greatly indebted to Professor Lévy for informing us 
of his results prior to publication, and also for pointing out the 


existence of the general theorem. See also G. Héhler, Z. Phys. 152, 
546 (1958). 
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the stable particles, the “in” states and the “out” 
states. It is one of the assumptions of the theory that 
each of these sets is complete. Thus 


1=> | 2)in in(nt| 
=> | #)out out(#| . (4. 1) 


If a, 8, --- are a complete commuting set of operators, 
which commute with the 5 matrix, they can be used as 
labels to identify all the states in both these summations. 
Thus 


t= Ela )in lal | 
= lel Boe oa lal Bly. (42) 


If we take the (@’|---/a’) matrix element of these 
equations, we obtain two alternative forms of the unit 
matrix in the subspace of all states corresponding to the 
eigenvalue a’ of a. We denote this by 


(a) 
p= 2 1B. ‘ Jin in(6’, ae { 


(a) 
=> \8’,- ° "Yous out(8’,° tg |, (4.3) 
where the summation is over all those states with a 


given value of a. In particular, taking @ to be the total 
energy-momentum of the state, 


a= dy, 


the “in” and “out” states corresponding to this value 
give two alternative forms of the unit matrix for all 
States of this energy and momentum. From this it 
follows that p(p*) could equivalently have been defined 
in terms of the “in” states, or, in an obvious notation, 


Pin (#*) = Pou ($*). (4.4) 


Now consider a non-Hermitian field ¢ representing an 
unstable particle and corresponding antiparticle. If we 
write symbolically for the particle 


pin($*) =X n|(0/4(0) | )ia|?, (4.5) 
then for the antiparticle 
(4.6) 


Bin(P") =o \<0 toto) |#)ial*, 


where #t denotes the same state as , but with all particles 
replaced by antiparticles. If the theory is invariant 
under change conjugation, C, these two expressions are 
equal. Even if the theory is not invariant under C but 
only under CTP, then 


{0|¢(0) | N)in™ out(ht | (0) | 0) 


= (0/4 (0) [#)our*. (4.7) 
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Thus 
pin (P") = Bout (P*). (4.8) 
Hence, by (4.4), 
o(f?)=A(P"). (4.9) 


Thus the time plots, as well as the mean mass and life- 
time of particle and antiparticle, are the same. 

Let us now consider partial lifetimes. Suppose that a 
particle has two alternative decay modes to be denoted 
by @ and 5. Define 


Pin(a) = |(0|¢(0) |a)|?. 
By the argument given above, it then follows that 
pin(4) = Aout (4), 


where A(d) refers to the decay of the antiparticle into the 
corresponding antiparticle states. However the states a 
and } are clearly coupled through the weak interactions, 
which we write symbolically as 


| a)= | 8) via weak. 
It then follows that 
Pin (2) pout(2), 
so that 
pin (4) Bin (@) ; 


partial lifetimes of particle and antiparticle are not 
necessarily equal. However, if 


| a) [6) via strong, 


the unit matrix can again be split, if weak interactions 
are neglected, into a part containing |a) and another 
part containing [5) and to first order in the weak 
interaction 

Pin(a) =Ppour(a). 
Hence 


pin(@) = fin (2). 


P. T. MATTHEWS AND A. SALAM 


That is to say, the partial lifetimes of particle and anti- 
particle are equal to first order in the weak interactions, 
provided the final states of the alternative decay modes 
are not coupled by strong interactions. A good example 
of this is the 2x and 34 decay modes of K*+ and K-. 
These states are not coupled by the strong interaction 
since they have opposite G-parity (extended charge 
conjugation). Thus the 27/3: branching ratio should be 
the same for K+ and K~ to this approximation. However 
the 2x and 3m states are coupled through the electro- 
magnetic interaction, and this coupling produces an 
inequality between the two branching ratios. 

Finally we consider the partial lifetimes for the decay 
of a self-conjugate particle into two modes which are the 
particle conjugates of each other (for example assuming 
CP invariance K2° > r°+-et-+y*). This is a special case 
of the partial lifetimes for particle and antiparticle con- 
sidered above. From CTP invariance, the partial life- 
times are only equal to the extent that the final states are 
not coupled by strong or electromagnetic interactions.” 
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Note added in proof.—tIt has been pointed out to us 
by Professor Schwinger that the form of the correction 
terms given above is highly idealized since further re- 
strictions on the mass plot are imposed by the experi- 
menter, through the limitations of his measuring device. 
See the report of the 1959 International Conference on 
High Energy Physics, Kiev. 

3 These results are identical with those obtained by G. Liiders 
and B. Zumino [Phys. Rev. 106, 385 (1957) ], who, however, base 
their definition of lifetime on the assumption-of complex poles on 
the “‘unphysical sheet” of the propagator. This requires an 
analytic continuation which has not yet been defined. If such poles 
exist, they would provide a basis for alternative and equivalent 
definitions to those presented here. We would like to thank Dr, 
Zumino for a private communication on this point. 
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Nonleptonic Decay Modes of the Hyperons 


G. Ferpman,* P. T. Matraews, AND A. SALAM 
Imperial College, London, England 
(Received July 11, 1960) 


An attempt is made to correlate the observed asymmetries in hyperon decays and the hyperon decay 
times using a pole approximation to the decay matrix elements. It is found that a natural correlation is ob- 
tained if a near-global relation between pion coupling constants is assumed. 


HE relation between the strong pion-nucleon 
coupling constant, the weak axial vector constant, 
and the leptonic decay rate of the pion was first ob- 
tained by Goldberger and Treiman.! This has recently 
_ been shown to arise directly from the pole term in the 
dispersion relation for the appropriate matrix element 
of the derivative of the axial vector current.? The argu- 
ment can be generalized immediately to the leptonic 
decay modes of the strange particles We attempt here 
an interpretation of the nonleptonic decay modes of 
the hyperons, on the assumption that these too are 
dominated by the pole terms. These pole terms arise 
by considering the matrix elements as functions of the 
three external masses, 

Our procedure is as follows. We assume the A7=} 
rule. We then show that the observed vanishing of the 
2 asymmetry parameters a, and a_ (see below) strongly 
suggests global (or near global) symmetry of the pion 
couplings. With these strong-coupling constants and 
by choosing essentially one further parameter, we are 
able to correlate A,5 decay times and asymmetries. 
Other authors have considered the same problem by 
making use of specific global Lagrangians. The dif- 
ference in our work lies in its stress on a “dispersion” 
rather than a Lagrangian approach and, in particular, 
in the inclusion of a K-meson pole pictured in Fig. 1(c). 

The poles are represented graphically in Fig. 1. The 
strong-interaction vertex is by definition the corre- 
sponding renormalized coupling constant. We assume 
that the weak vertices satisfy A7=}. The Y-N vertex 
is then of form 


S(ar+by7s), 
The K-x vertex is 


(Y=2,A). (1) 


Sr. 
*On a from the Johns Hopkins University, Baltimore, 


Marylan 

ie i. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1478 
1J. Bernstein, S. Fubini, M. Gell-Mann, and W. Thirring 

(ta be published). See also Y. Nambu, Phys. Rev. Letters 4, 380 


* J. Prentki (private communication). 

*B. d’Espagnat and J. Prentki, Phys. Rev. 114, 1366 (1959) ; 
R. F, Sawyer, Phys. Rev. 112, 2135 (1958); S. A. Bludman, Phys. 
Ree ae 468 (1959); S. B. Treiman, Nuovo cimento 15, 916 


Introduce’ 
hy=fay/(Y—N), (2) 
az 2+N a A+N 
=, Ne, (3) 
6: 2-—N hb A-N 
The matrix element® for 2+ > n+2* is 
T. += At+75Bt, (4) 
where 
are sGg (5) 
8 8rk, a ar 
Bt = (2g—g.z)hz— geaha. (6) 
Similarly for 
LZ n+r, 
athe, Salt 
Pans ) 
a 
B-=g:,hs— gishta—2F s, (8) 
where 
Fy= frgxy/(K*—7°). (9) 
The matrix element 7) for 
Zt ptr 
is determined by the AJ=} rule to be 
To= (1/¥2)(T,—T_). (10) 


If for the moment we neglect Z,A differences (ie., 
o=h, hz=ha), and assume grz=gza, then A~ vanishes 
identically. 

If further 

B= 8r2= Gra, (11) 


then Bt is also zero, and the corresponding asymmetry 
parameters a, and a. vanish, in agreement with experi- 
ment. Since exact global symmetry is perhaps not real- 
ized in nature,’ we use as exact experimental results 
a,=a_=0 to determine the renormalized pion con- 


stants. Thus 
A-=Bt=0 (12) 


: 2, A, N, K, w denote the masses of the corresponding particles 
and = {Ne. 
* We are assuming the Z—A parity even and A—K parity odd. 
™See A. Salam, Ninth Annual International Conference on 
High-Energy Physics, Kiev, July, 1959 (unpublished). 
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Taste J. Deviations from global symmetry offpion 
coupling constants. 
—EoIy~—o— >> KK — — {= —[{{_{—>EP SS 


oz/by on/ba gx/g  Ba/8 
+N)/—N) (4+N)/(A—¥) 0.70 0.95 
1 1 0.85 0.82 
@—¥)/(E+N) (A—¥)/(A+¥) i i 
implies 
20° hz 27 03 
Bena Oe ‘ 


Although these constants depend on the undetermined 
parameters ¢ and 5 [Eq. (1)], nevertheless, they are 
insensitive to a reasonable range of values of a and 6. 
See Table I. 

Using the observed relation of decay rates,® 


UW.=W_, 


(14) 


one can now determine Fz, which in contrast to (13), 
is sensitive to the ratio a/b. Using this and the coupling 
constants (13), the amplitude for 


A> pt 
is 
Ti=AstysBa, (15) 
where 
8 Ae 2 
Aa=— nie tnt, (16) 
IL o®(o2-+22) 


x 
Brat | | ht~ahe——] +7. (17) 
hs ety 


Again some properties of A decay turn out to be in- 
sensitive to the choice of @ and } given in Table I. 
The s-wave part A, always lies within a few percent of 
A° (the s-wave part of £+-p+-n9) and the asymmetry 
a, is always approximately equal to unity (within 5%) 
provided we choose Fg (i.e., gxa/gxz) to fit the observed 
A/Z decay rates. It is remarkable that there exists a 
solution for Fa such that (gxa/gxrz)? lies consistently 
between 1 and 3 for all a and b. The value 3 is in agree- 
ment with the “pole” approximation to the K+-+N 
elastic scattering data.’ Also, we find that sign(as/a0) 
=—sign(gxa/gez). See also d’Espagnat and Prentki.* 

We can state our conclusions as follows. We use the 
“pole approximation” to the nonleptonic decays and 
assume a AJ=} rule in the weak interaction. Then as 
@ consequence of a,=a_=0 we find an almost global 
relation [FEq. (13)] amongst the coupling constants. 
The result is true for all choices of ¢ and b. Next we 
use w,=w_ to fit the relative strengths of the weak 
“vertices” Y— WN and K—»-. This fit is sensitive to 

*It may be remarked that since T.. is pure s wave and T_ is 


pure » wave, (14) is equivalent to {ao|=1 from the A/=$ rule. 
* P. T. Matthews and A. Salam, Nuovo cimento 7, 789 (1958). 
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v N N 


(c) 
Fic. 1. Graphical representation of tie pole terms appearing in 
e 


hyperon decay into a nucleon and pion. black box is a purely 
strong interaction, while the circle involves the weak interaction. 


the values of a and b appearing in the (Y,N) vertex 
and presumably should be predicted by some future 
theory of weak interactions. We still find, however, that 
for a range of values for a and 5 the s-wave part of the 
A decay is essentially the same as the s wave in 
2+ — > p+7° decay and thus by choosing gxra/gxz to fit 
wa/wz, almost 100% asymmetry is assured in A decay. 

One could now use the same approximation to predict 
Zt—p+y, and A—+n+y7 rates and asymmetries. 
These rates are proportional to the anomalous moments 
of the hyperons. However, they are also proportional 
to the constants a and 6 which in principle can be deter- 
mined from the main decay modes. 

The remarkable success of the “pole” approximation 
in predicting the +-decay rate? prompts us to believe 
that the procedure outlined here may provide a reason- 
able method for determining the magnitudes and signs of 
the renormalized strong coupling constants, (gra,grz and 
&xa/gxz, as well as the = coupling constants when ex- 
perimental data becomes available). A, further check 
on the values of gra, gxz, and ga would be provided 
by the leptonic decays 


Y— N-++e+», 
Z— A+e+y, 
as discussed in references 2 and 3. 
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CHANGE OF VARIABLES AND EQUIVALENCE THEOREMS 
IN QUANTUM FIELD THEORIES 


S. KAMEFUCHIt, L. O’RAIFEARTAIGH 
Dublin Institute for Advanced Studies, Dublin, Ireland 
and 
ABDUS SALAM 
Imperial College of Science and Technology, London, Engeland 


Received 20 April 1961 


Abstract: In a recent paper, Chisholm has proved the important theorem that the S-matrix in 
quantum field theories remains unchanged under any point transformation of field operators. 
In view of some unsatisfactory features in his argument, another proof of this theorem, within 
the framework of the conventional canonical formalism of field theories, is given. Further, 
it is pointed out that on the basis of Chisholm’s theorem, most of the ordinary equivalence 
theorems in field theories can be obtained by rather trivial changes of variables in the 
Lagrangians. The equivalence theorem for the Yang-Mills field is discussed in detail. 


1. Introduction 


It is well-known in classical mechanics that the Lagrange equations are 
invariant under any transformation of the variables, which does not involve 
time derivatives (i.e. any poimt transformation). In quantum field theories, 
however, it is not yet known whether or not the whole theory remains invariant 
under similar transformations. In fact, so far the only kind of transformations 
which have been utilized to any great extent are the unitary (or canonical) 
transformations. 

Recently, Chisholm?) has discussed this problem and claimed that any 
point transformation of variables does not alter the S-matrix, provided that 
the free field Lagrangian is kept unchanged under the transformation. His 
argument is based entirely on the asymptotic conditions for the field operators 
before and after the transformation. It seems to us, however, that the argu- 
ment in his proof of the above theorem can be justified if and only if the 
so-called ‘strong-convergence’ of field operator at f= +00 is assumed. It 
is well-known from abstract field theory, however, that the strong convergence 
condition is too strict for interacting fields and has to be replaced by a ‘weak 
convergence’ condition. We therefore believe that while Chisholm’s theorem 


t I.C.1. Research Fellow of University of London at Imperial College, London. Temporarily in 
Dublin. 
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is true as a general rule, his proof is not quite complete. In fact, if we apply 
Chisholm’s argument, we are led, in some specially chosen cases, to a contradic- 
tion. 

In view of this it seems worthwhile to re-examine this problem within 
the framework of the Heisenberg-Pauli formalism of field theories. We assume 
in addition, however, the adiabatic switching on and off of interactions, where 
by interactions we mean any product of three or more field operators, possibly 
all of the same field. 

In sects. 2, 3 and 4, we shall try to show that for ordinary field theories, 
Chisholm’s theorem is true, for general point transformations in the case of 
boson fields, and for a particular class of transformations in the case of fermion 
fields. Here, by ordinary field theories we mean those theories in which the 
interaction Lagrangians contain the time derivatives of boson fields at most 
in a linear form and contain no time derivatives of fermion fields. Although 
in carrying out our proof we shall have to impose a certain restriction on the 
transformation of fermion variables (which corresponds roughly to the ‘point’ 
nature of the transformations for boson fields), we may expect that the theorem 
would be true for more general transformations, since we know that it holds for 
unitary transformations which may in general contain time derivatives. It 
should be remarked, however, that as far as transformations which do not 
contain any time derivatives of field operators are concerned the above point 
transformations are more general than the unitary transformations. In other 
words, the point transformation and the unitary transformation are quite 
different things, neither class of transformation being entirely contained within 
the other. 

A second problem which we shall discuss in this paper is that of equivalence 
theorems. In quantum field theories it has been known for some time that 
two (or more) alternative expressions for a Lagrangian or a Hamiltonian 
can lead to an identical final result for physically observable quantities. These 
relationships, called equivalence theorems, are usually proved by means of 
unitary transformations or by similar methods, which often involve rather 
complicated calculations. Once Chisholm’s theorem is established, however, 
one sees that most of the equivalence theorems can be obtained simply by a 
change of variables in the corresponding Lagrangians. 

In sect. 5, we shall re-consider the problem of equivalence theorems from 
this point of view, and, in particular, give a detailed discussion of the equivalence 
theorems for the Yang-Mills field with various types of interactions. In this 
way it is hoped that the connection between the equivalent interactions and 
the generalized gauge transformation will be made clear. 

To keep the main trend of our argument continuous, some of the more 
mathematical parts of it have been relegated to an Appendix at the end of the 


paper. 
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2. Comment on Chisholm’s Paper 


Consider a Lagrangian for a system of fields ¢,(x), where 7 = 1, 2,...: 


L = Lo(b1)+Lolbe) + «+L int (bidea, ---), (2.1) 
and, make the following change of variables: 
br >, = O +F,(h, b2,---) 7 = 12,...), (2.2) 


where the functions F, consist of terms which contain at least two field operators. 
Under this change of variables the bi-linear parts of &, that is, the free field 
Lagrangians, remain unchanged, while the interaction Lagrangian changes, 
in general. Chisholm’s theorem states that the S-matrix remains unchanged 
under the change of variables (2.2). 

In order to prove this, he has shown that the field operators ¢, and ¢’, have 
the same asymptotic limits at ¢ = +0, i.e., 


$a cout) = $y Sa(out) , (2.3) 


or, what is the same thing, 
FS ion = 0. (2.3’) 


Here, the superscript («) means the a-component of the operator, defined in 
the usual way by the scalar product of the operator and a normalizable wave 
packet /) (x). To prove eq. (2.3’) he has assumed the relation 


F, snout) = oa F,(¢1, de as: .) = F, ($1 intouty » $2 in(out)> eas ‘), 


and then applied the Riemann-Lebesgue theorem to the last expression. 
Strictly speaking, however, such a procedure is allowed only when all field 
operators ¢, converge strongly t to their respective asymptotic limits. It is wel- 
known, however, that the strong convergence is too strict a condition to be 
satisfied by any interacting fields and has to be replaced by weak convergencet. 
With weak convergence Chisholm’s argument is no longer justified. To illustrate 
this we shall show that in certain cases his argument leads us to a contradic- 
tion. 

We take, for example, a free neutral scalar field, the Lagrangian of which 
is given by 


= Ly = —5(3,90,+n79"), (2.4) 
and introduce a new variable ¢’ by 
b= +19", (2.5) 


where / is a (coupling) constant. In terms of the new variable Y takes the 
t See, for example, ref. *) and papers quoted there. 
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following form ft: 
L = 2y(¢')+ Fin’), 
Pin.(¢') = 16'(O—4*)¢' +36? (O—2*) 6". 
Now, according to Chisholm’s argument eq. (2.3) or (2.3’) we get 
{o'2™ + 0 (for alla) as ¢+>++0, (2.7) 
which means that 


(2.6) 


{p*+0 as t++o. (2.7’) 


This result cannot be corect for the following reason. According to Chisholm 
P,(¢’), the energy-momentum vector, should tend to P,(¢'iniour), Which, in 
turn, should tend to P’(¢’sn (ou), the energy-momentum vector for the free 
field ¢’ ncouy . However, eq. (2.7’) indicates that not only the interaction term, 
put also the mass term of £,(¢’) vanishes. Since the field ¢'tniouy Should 
have the same mass aS ¢iniout)» WE arrive at a contradiction. 

In this connection it is worthwhile to notice that the appearance of such 
an inconsistency might also be reduced to the fact that there exists a domain 
in which the Riemann-Lebesque theorem cannot be properly applied. For 
example, in Chisholm’s equation (2.7) one can choose for the wave functions 
f), a set of plane waves V—tes@)-x, while f(”, f(”, .. . are taken as normalizable 
wave packets. We may apply the Riemann-Lebesque theorem to Chisholm’s 
equation (2.7) with such /@, /, #(”,..., but only for « # 0, or k(*) + 0, as 
can be checked. For « = 0 or k) = 0, the Riemann-Lebesgue theorem does not 
apply. That is, the above eq. (2.7) or (2.7’) is true only for « # 0. It is true that 
an argument based on such /‘*) is dangerous, because, strictly speaking, the 
set /*) is not normalizable. Nevertheless, it is interesting to see that with such 
a set and taking into account the fact that the Riemann-Lebesgue theorem 
does not apply for « = 0, we can actually get the correct answer P,($'iniout)) = 
P, ($'atouy) This is because P,($' inion) consists only of Py($'mioun)™ 
with « = 0 (all the components with « 4 0 vanish). 

In view of the rather delicate nature of the asymptotic condition in abstract 
field theory (exemplified by our above results) we shall try, in the following 
section, to construct a proof of Chisholm’s theorem, which lies within the older, 
Hamiltonian, formalism. 


3. Invariance under Point Transformations in the Heisenberg-Pauli 
Formalism 
3.1. PRELIMINARY CONSIDERATION 
In this section we shall work exclusively in the Heisenberg representation 
Our aim will be to establish the invariance of the Heisenberg-Pauli formalism *) 


t To deal with such a system as eq. (2.6) with high derivatives one should have recourse, 
for example, to the general method proposed by Umezawa and Takahashi *). 
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under point transformations. To illustrate the idea involved we shall indicate 
first how this invariance is established in the case of classical fields. Let ¢,(z), 
y=1, 2,...n, be a set of classical fields, whose motions are determined 
by a Lagrangian density £(¢,, ¢,) involving only the ¢, and their first time 
derivatives. The equations of motion are 


00f bf 
ae 2, = 34, ‘ (3.1) 
We now make a point transformation to new variables 
$',(z) = $'(9,(z)), — $-(@) = $,(¢'.(2)), (3.2) 


i.e., any transformation (whose Jacobian is not zero) such that the ¢’ involve 
the ¢ but not the ¢. It is then required to show that 


002 bf 
a 3.3 
ot ad’, 6’, ( ) 
of 
T »= 235, Pnv at w= 8,0 3.4 
& x 06, =35- a Ae ¢" ( ) 
The proof is fairly simple: 
oma =(5 a) pees ctr) 
Ot ag’, ad, a¢’, at 0¢,/ a¢’, ad, dt ed’, 
bf df, IL a6, bf 


2 as, a4’, + = ib, OB, 


as required. Note that we have used the relations 


ab, _ &, A 
ob’, ag’, an OE ad’, 2g", (3.5) 
which can easily be verified from (3.2). Similarly, we have 
If 04, , 
Da oe “2255 ig, ¢' sy 
a¢, If 
; - ne = Da One = T y- 
- 3a Lyle lye sh 


In this way the invariance of the theory under point transformations is estab- 
lished in the classical theory. As is seen, what is meant here by ‘invariance’ 
is this: if we start with one set of variables ¢ arid use the Lagrangian formalism 
we arrive at the same result as if we first changed the variables ¢ to new 
variables ¢’ in the Lagrangian, then applied the Lagrangian formalism to the 
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¢’, and afterwards expressed the results (field equations, etc.) in terms of the 
original ¢. In other words, the field equations, etc., for the ¢ and the ¢’ are 
different in form but equal in content. 

Let us now consider the question of invariance in this sense in quantum 
field theory. In this case we find that the situation is not so simple. If 
one attempts a proof analogous to the above one encounters two difficulties. 
The first is that due to the non-commutativity of the ¢, and ¢,, the direct 
proofs just given for the classical case break down (for example, it is no longer 
true that 02/04’, = >,(0L/0¢,) (26,/8¢’,)). The second difficulty is that we 
must establish, in addition to (3.3) and (3.4), the further invariance 


af If i, 
Ee é,| = Ex ¢ / =A6,, ete., (3.6) 
and 
[Pur] =n, [Pu 6] = 1b’, 0 (3.6) 


where 4 is a (singular) c-number. 

It is clear, therefore, that the problem in quantum field theory is more 
complex than in classical theory. We consider it for boson fields and fermion 
fields separately. 


3.2. BOSON FIELDS 


First, we replace the general point transformation (3.2) of the classical 
theory by transformations 


dr = $,($',); $s =F $’ s(¢,); (3.7) 


such that $, can be expressed as a power series in terms of the d’, and vice versa. 
(This is a familiar restriction on functions in quantum mechanics as well as in 
quantum field theory. An example of such a transformation is 


$= PH —$78+ ...t(—Y "+... P= StH... tPo"+.-.). 


We define point transformations of boson variables to be transformations of 
this kind only. 
Due to the commutativity of the ¢, a first result of eqs. (3.7) is that for 
$. = d:(¢',) we get 
cm need (38) 
ab, © 8, Ob 
We now consider the general definition of derivatives with respect to field 
variables. Let F(¢,, ¢,) be any function of the ¢,, ¢, which can be expressed 
as a (possibly infinite) sum of simple products of the quantities, e.g. F = 
$+ (6¢+4¢)-+¢4¢4?. Since [¢,, 4,] #0, the question is, what do we mean by 
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aF/a¢, and 0F/0¢,? We define these quantities in three steps, in agreement 
with the original definition of Heisenberg and Pauli *): 


Step 1: 
a9, _ ap a¢, _ 96, 
aed ee ey ety, 3.9) 
24,” a. 6, 
Step 2: 
Let X or Y or Z denote ¢, or ¢, (7 = 1, 2,..., 2). Then we put 
| a ax oY 
XY =— = 1 
agaY az tx ap (3.10) 
with the sar for X, = ¢, or d, (y = 1,2,..., ), 
Net OX, N 
oIlX => T%4,-5 a TI X:. (3.11) 
Z mi j=l im imftt 
Step 3: 
If F,, is a simple product as in Step 2 and F = Y™_.F,,, we put 
3 Me OF m 
3.12 


In this way the derivatives with respect to 4,, ¢, are unambiguously defined 
for functions F(¢,, ¢,) of the kind mentioned (these are the only ones which we 
shall consider). 

We are now in a position to examine the invariance of the Heisenberg-Pauli 
formalism under point transformations. Before proceeding to the investigation, 
however, it is useful to state two important theorems which follow directly 
form our definitions and which are proved in the Appendix. They are 


a a 


a¢’, ai or (P's) = ies ag" ge bl ) (Theorem I), 
nr) a 
2 Be, ¢, = ag, d, (Theorem II). 


It will be noticed that these are just the relations (3.5) which played such 
a vital role in the proof of invariance for the classical fields. We proceed now 
to the proof of invariance. 

Let ¢, (7 = 1, 2,..., ) be a set of n boson fields with Lagrangian density 


g= x 14.24G(4,). (3.13) 


where G is any function (expressible as a power series) of the ¢,. The Heisenberg 
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Pauli formalism 


Of @0fY bf 
[SF 4] = 40. ar aro km” 
Q at a 6 
se ae an 8 
T,=4 beet a | 1,2. [Pur be] = tb, 4» 
B a2 $z, abe, 1 i. 0° B B $r] ru 
is equivalent in this case to 
“ 6G 
[4 $5] = A6d,,, >, = 84, , Ty = 2 ate G(¢,); etc. (3.15) 


Now let ¢’, = ¢’,(¢,) (point transformation); then one has 
@df b6L 
__ ‘ = —S i = , . .16 
Ee , ? A A6,,, ot a¢’, 6¢’, , Fy T uy (3 ) 
We prove this in the following way. By definition and theorem I we have 
If + 06, , 
ad’, =33 (6. a¢’, +74) = 43 (85 = spre) 


and therefore, using eqs. (3.15) and (3.8) 


[Fe te] BE [Be Bg + Fee Be. Ha 
=4E (455 we + * wl 4 age Ae 


@ 

Further, using eq. (3.15) and theorem II, we get 

<a af 5 [8.5 oF “ (= ag =] (2 ai i 
= 4 ty fa @ Pa 

6G a4 a 04, a 

= L fe re + @ _ at oy qd } 

7 (64, 8¢', 24’, d¢ Peay, ag, 
and finally, by a slight extension of eq. (3.8) to include functional derivatives, 


6 
=p tg lea 
3g’, +a, : 3g’, 
We have still to show that T,, = T7"’,,; proof has been relegated to the Appendix 
as it involves a slightly more general definition of T,, than the usual one, and 
this makes it rather lengthy. Finally, the invariance of [P,, ¢,] = *¢,,, 
follows immediately from that of T,, and of the commutation rules. 
We now discuss briefly some points in connection with the above proof. 
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First, we note that the invariance has been shown only for 2/84, and 8/0¢, as 
definedabove (Steps 1, 2,3). Secondly we started from a very special Lagrangian, 
involving the ¢, only separately, quadratically and with numerical coefficients. 
As a matter of fact, the proof also holds good (as can easily be checked) if G 
involves the ¢, in a linear way. However, it is not so certain (and in fact it 
seems to us at present to be unlikely) that the proof holds if G involves either 
4,7} (¢,) or $,. Thus the above proof is, so to speak, irreversible: We start with 
a standard Lagrangian (3.13), build another more general one (e.g. involving 
terms like ¢,2/(¢,)) by means of a point transformation, and then show the 
equivalence of the two. But, given some general Lagrangian (involving ¢,?/ (9); 
say) we have not shown that this is invariant under an arbitrary point trans- 
formation (much less have we shown that it can be reduced to the standard 
form). 

In this connection we also observe the following point. For a Lagrangian 
transformed by an arbitrary point transformation, the transition from La- 
grangian to Hamiltonian is not so simple in general because of the presence of 
terms bilinear in time derivatives. To express ¢, in terms of canonical variables 
we may have to have recourse to power series expansion in coupling constants. 
As for the calculation of the S-matrix in such a case a detailed discussion has 
been given in ref. 8). 


3.3. FERMION FIELDS 

Much of the formalism for fermion fields is the same as in the boson case, 
and we therefore relegate the details to the Appendix and present here only the 
new features. The first new feature is the definition of ‘point’ transformations. 
Let p be a spinor. Then a point transformation of y is 


p=yFiy’), (3.17) 


where F is a function only of bilinear forms of y’ and does not contain @’. 
(this kind of term does not generally conserve the particle number). The 
property of F of being bilinear in y’ is not a serious restriction as it is necessary 
in any case in order that y’ transform like » under a Lorentz transformation. 
The restriction that F cannot contain 9’ is, on the contrary, a strong one and 
is analogous to the condition that ¢’, does not contain ¢, in the boson case. 
Thus, neither in the boson nor in the fermion case does the class of point 
transformations include the general unitary transformation. 

With this definition of point transformations, and with a standard La- 


grangian 
= 1G (yd+m)y+49(ya—m)4+e0(y’s; boson operators)y, 


the proof of invariance proceeds analogously to the boson case. There is a 
slight change of signs in the definition of 2/@y,, etc. due to the anti-commuta- 
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tion, but eq. (3.8) and theorems I and IT hold as before. The transformation 
(3.17) can also be generalized to include boson variables in F. 

To summarize, therefore, the general result of this section is that, with the 
definitions given, the Heisenberg-Pauli formalism is invariant under thg point 
transformation 


y=yF'¢), b= 49), (3.18) 
F being bilinear in y’. 


4. Proof of Equality of S-Matrices 


In the preceding section we have shown that the Lagrangian-Hamiltonian 
formalism is invariant under the point transformation (3.18). This means that 
it does not matter which set of variables ¢ or ¢’ one may choose in describing 
a given physical system; it is merely a matter of convenience. Of course, the 
physical meanings to be attached to these variables will in general vary accord- 
ing to the choice of variables. 

In quantum field theory, we usually choose the variables in such a way 
that the free field operators obey the equations of motion for a simple harmon- 
ic oscillator. This allows us to make the usual particle interpretation of fields. 
Thus, if we restrict ourselves to those variables which satisfy this requirement, 
the change of variables is to be limited to the following type: 


¥',(%) = $-(2) +8-F (gs $5), (% s=1,2,...,m), (4.1) 


where the F, are functions of the ¢, each being a sum of terms which are products 
of at least two field operators. For dimensional reasons, constants g, are intro- 
duced here, which may be regarded as coupling constants, for in the Lagran- 
gian they appear only in ‘interaction’ terms, by which we mean terms containing 
three or more field operators (possibly all of the same field). 

Now, as was proved in eq. (3.16), we have for the total Hamiltonian (in 
the Schrédinger representation) 


H = Ho($¢)+Hin($) = A’ = Ho(¢’)+H'm(4’). (4.2) 


Let us consider two interaction representations, in one of which H,,,, and in 
the other of which H’,,, appears in the Schrédinger equation, the respective 
state vectors being Y(#) and W(t). Since Y(t) and ¥’(#) are connected with the 
common Schrédinger (or Heisenberg) representation by unitary transformations, 
they are mutually related by a unitary transformation U(t), 


W(t) = U(t)¥" (2), (4.3) 


with, for example, 
U (t) = e-taltnelt tad’ alt, 
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It is important to notice here that since these two representations differ only 
by the terms depending on the interaction, they should coincide at t = +00, 
when both Aj,, and H’,, are switched off under the adiabatic hypothesis 
which, as we have said, we assume for all interactions (products of three or 
more operators) as in the ordinary theory. Thus, we have 


Utt)>+1 as t++to. (4.4) 
This can also be seen by rewriting U(t) in the form 
U(t) = exp{t(A'im—HAintt+3( im, AinslP+ « - .}. 


It should be remarked here that the above requirement which implies “inter 
alia” that ¢" > 0, » > 3) is weaker than Chisholm’s asymptotic condition 
which, as we have seen, implied ¢? > 0 (so that ¢ = ¢’+/¢’? -> 4’) and so 
led to a contradiction with the physical requirement that the mass term 
in the Lagrangian remain non-zero for ¢ > +00 ft. 

Corresponding to the above two interaction representations we get two 
different expressions for the S-matrix, S and S’, which can be obtained by 
taking H,,, and H's, respectively, as interaction Hamiltonian. From (4.3) 
S and S’ are connected by 


S' = U-\(4.0)SU(—o), 


and using (4.4) we now get 
S'=S. (4.5) 


This means that two different interaction Hamiltonians Hy.,(¢) and H'1m(¢’) 
lead to identical S-matrices, and this is exactly Chisholm’s result (apart from 
the restrictions imposed on the transformations of fermion variables in our 
case). Finally, let us remark that while the Heisenberg operators ¢ and ¢’ 
are not necessarily connected by a unitary transformation (in this sense 
our class of point transformations is wider than the class of unitary transfor- 
mations) the operators ¢ and ¢’ in the respective interaction representations 
are thus connected, because they satisfy the same commutation relations. 


5. Equivalence Theorems 


In quantum field theories there exist several kinds of theorems, called 
equivalence theorems, which state that two alternative expressions for the 
interaction Lagrangian or Hamiltonian lead to identical final answers for phys- 

t Of course, our assumption that terms such as ¢*-+0, * = 3 may not be quite free from ob- 
jection from a strict mathematical point of view either, but we feel safer to make this assumption, 
since (in contrast to the assumption ¢* — 0) it does not seem to lead to any physical contradiction. 
Note also that in our case, although H,(¢) = Hy(¢’) at ¢ = + o, this does not necessarily imply 
= 4%. 
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ically observable quantities. These theorems have so far been proved by 
means of unitary transformations or by similar methods, which are not in 
general simple. 

However, when viewed from the standpoint of the theorem established above, 
the equivalence theorems are in most cases an immediate coesequence of simple 
changes of variables in the original Lagrangians. Almost trivial examples 
of this are the proofs of gauge invariance of quantum electrodynamics 5), the 
equivalence theorems in meson theories discussed by Nelson, Dyson and Case §), 
and the equivalence theorem in neutral vector meson theory discussed recently 
by two of the present authors ”). 

To illustrate, let us take as an example the Lagrangian for the x-meson- 
nucleon system given by 


= —G(ydt+m)y—3(3,.9 - d+turd - b) +igdyst- oy, (5.1) 


and make the following change of variables: 
' 1g ; 
yop = pexp Sm "st? , o> = 9, (5.2) 


which satisfy the conditions (3.18) and (4.1) for the F in our invariance 
theorem. Substituting (5.2) into (5.1) and omitting the prime one gets 
L= —$(yd-+m)y—4 (0,0 "O,O+u7 O° ) 


—myp {exp [fst ’ o| —1— Byer ' o| yt © oysy, [{- g me) 2,0 wy 


where f(g, a) is the operator in iso-space introduced in a previous paper ®) 
and given by 
exp[ga(a)]—1 
Hg, a) =— 5.4 
(8 a) = (5.4) 
with «(a) such that a(a)b = baa, where b is an arbitrary iso-vector. 
Eq. (5.3) is essentially the result obtained by Drell and Henly *), and when ex- 
panded in powers of g, it gives the familiar expression of Nelson, Dyson and 
Case. 
The equivalence theorem in neutral vector meson theory with partial con- 
servation law can be proved in a similar manner. 


6. Equivalence Theorem for the Yang-Mills Field 
6.1. THE FREE YANG-MILLS FIELD 
The Lagrangian is given by t 
Pyy = Ly o(ty) +L yuiot(U,), (6.1) 


t In this section we use the same notation as in ref. *). 
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where 
gL (u,) = —tu,,-u,,+4«4u,-u 
Y.M.0 B 4 “By petegk U, MD 
Ly ve inr(4p) = —tgu,, ° (u, Au,) —ig?(u, Au,)* (u, AUu,). 


Eq. (6.1) is invariant except for the mass term, under the following transforma- 
tion: 


(6.1') 


u,—>u’, = S(g, A)u,tf(g, A)d,A, (6.2) 
where S(g, A) is defined by 
S(g, A) = exp[ga(A)] (6.2’) 


and f(g, A) is the same operator as that defined in eq. (5.4) f. 
In terms of the Stueckelberg variables eq. (6.1) becomes 


PLyy = LywolAy, B)+y.u iae(U,), (6.3) 
where 
Lyuo(A,, B) = —$0,A,°0,A,—$:2A,A, 6.3") 
—}0,B + 3,B—5°B - B+35(0,A,+«B)?, ; 
1 
p= At ~ 9,B =A,+4,b. 

The transformation (6.2) now takes the following form: 

A, rd A’, _ Sg, A)A,+ f(g, A)—1]}@,A, (6 4) 


0,B > 0,B’ = S(g, A)0,B+ «0,A. 
Now, we can show that when making a change of variables, such as 


A, > A’, = S(g, b)A,+[f(g, b)—1]2,b, B+>B’=B, (6.5) 
or 


U,> U’, = S(g, b)A,+/(g, b)d,b = W,, (6.5’) 
the Lagrangian is transformed into 
2 yy mai Py olA’s, BY) +2y.u iat(U’ ,) 
= Ly uolA,, B)+Lyuin(A,)+3<lU, . U,—-W, ‘ W,)- 


The reason why the last term in eq. (6.6) appears can be understood in the 
following way. Since the change of variables (6.5’), U’, > A,, is essentially 
of the same form as (6.2), u’, —> u, (by replacing u, and A in (6.2) by A, and 
b, respectively, one can get (6.5’)), the non-gauge invariant term 5eU' pV’ 
gives rise to }x*W,W,. 

Eq. (6.6) is exactly the expression which was obtained before by means of a 
unitary transformation ®), Thus, we can justify, a posteriori, the above change 

t For detailed properties of the operators S and /, see eq. (26) of ref. *). 


(6.8) 
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of variables (6.5) or (6.5’), although the invariance of the theory under this 
transformation is nof guaranteed by our theorem because of the presence of 
the time derivative of B in the transformation of A,. This result seems to 
suggest that our theorem could be generalized to include such cases as well. 

Generalizing the argument one can make the following statement: Suppose 
that a Lagrangian ¥ is of the form 


f= Lyy U,)+LiU,, ¢)+%,(U,, ¢), (6.7) 


where the ¢ are field operators interacting with u,. The quantities #, and 2, 
are invariant and non-invariant parts of # under the gauge transformation 
(6.2), combined with some appropriately defined transformations for the ¢, 
which are needed to make #,, (mass-term) and , invariant. Furthermore. 
we shall assume that the latter gauge transformation satisfies the condition for 
point transformations of our theorem. Then, we can say that # is equivalent 
to the following expression: 


L= Ly uolAy, B)+2yu in (A,) +3 (U, . U,—W, . W,) 


+ L,(Ay, b)+L(W,, $), (6.7) 


where ¢’ is obtained from ¢ by making the gauge transformation with the func- 
tion b (not with A). That eq. (6.7’) follows from (6.7) is due to the fact that 
the transformation to ‘eliminate’ the b-field is of the same form as the gauge 
transformation. In the following we shall consider some concrete examples. 


6.2. GURSEY’S LAGRANGIAN 


Following Giirsey 1!) we can write t 
i 2 
2, = —ju,, . Uy—ge? [u,+ —h-8, @/«)0, o| +2 ym. int (U,). (6.8) 
One can easily check that (6.8) is invariant under the following transformation: 
u,>w’, = S(g, A)ju,+/(g, A)a,A, 


exp [ig(t + @)/2«] — exp[ig(t - b’)/2«] = exp[ig(r - p)/2«Jexp[ —ig(r - A)/2], 


f(g, b/«)e,o > f(—g, $'/) 0,0" = S(g, A)H(—g, $/«)0,6—xf(g, A)d,A, 
(6.9) 


which is a point transformation satisfying our condition. In this case we 


t The original expression for eq. (6.8) given by Giirsey is 
—$xu?(ug—ig7? Tr re ta(r d)/2x Vp eter O)/Be}A+ |, 
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have #, = 0. Thus, one gets the following equivalent Lagrangian: 
Lo = Lyx o(Ay B)+Py.u int (Ay) sU, ° U, 
1 2 
$e [A,+— He, o18)a,0]. (68) 
6.3. GELL-MANN-LEVY MODEL 


For the Gell-Mann-Lévy model (in interaction with the Yang-Mills field +*) 
we have 


%ou= Ly yu — Ky L8,—F 18 (1 +7) (t-u,)]—Alo+t(t > #)ys]}y 

—}(4,%—Zen au,+Zgou,]?—F[0,0—5e% - u,]? (8.10) 
2 2 

—zH*[2*+08]—A [a*+ot a _ 5 G. 

The above Lagrangian is invariant, except for the last term and the mass term 

of £yy, under the following transformation: 

u,—> uw’, = S(g, A)u,+/(g, A)0,A, 

y >y =exp[fig(i+ys)(r-A)ly = (f(1+ys)exp[zig(t - A)] +501 —ys)}y, 


/ 


o >o =cosae + = sin a(ze - A), (6.11) 
f 
non =— & sin zoA-+cos 241 — Sah z(A az), 
22 2a 


where x = 4g,/(A- A). Notice here that the last three transformations all 
satisfy our condition. In terms of x the transformation for u, can be written 
as follows: 


2 
S(g, Aju, = Sinz cos z(u, a A)+ sin? zA(A-u,)+(1—2 sin? x)u,, 
i(g, A)d,A = sintx(a,An A = (sin ose—1)A(A-a,A) (6.12 
8, A)d,A = ssi #(3,A a A)— 77 \7 sin cos 2— ( pA) (6.12) 
1 
+ a sin x cos 70,A. 


Thus, eq. (6.10) is equivalent to the following Lagrangian (using eq. (6.6)): 
Lor = Ly Ky le F181 +75) (F * Ay)]—Aloti(t - 2) y5}}p 
—4(0,2—Len ns A,+hgcA,)*—3(2,0—-4¢2 + A,)* (6.10’) 
—fya(ottot) ant tot an Eo, 
where o’ = cos z a+(g/2z) sin  (#- b), with z = ¢g4/bd° b. 
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Appendix 


A.1, PROOF OF THEOREM I 
Let 4, = $,(¢’,) be a point transformation. Hence we have 


=> Ch, ie , : (A.1) 
n=0 
where c, may contain ¢’,(¢ 4 s). Hence we get 


= > {on(P' be” 1 +4 PGs 2+. the 1G) tends}. (A.2) 


n terms 


Hence by definitions (3.9)—(3.12) one has 


7) o co 
rom ¢, i 2, C, (¢, ie + ¢,” 1 + Ess + d, iar = > Ch np, ae 
ag 8 n=O 
, 4 (A.3) 
mine Ps d’, xe n ds = od’, $y 
as required. 


A.2. PROOF OF THEOREM II 
From eq. (A.2) and by using eqs. (3.9)—(3.12) it is easy to see that 


r,) C) 
agi br = %, lealP ln d +9 8 (m2) dA. +O, 
FH BEA. +28 PANO PAF 3 Tengo] 


aa 5 nC {b' pf’ ” *+4' GaP!” B+ soe +¢',"3% .@ +¢' 2d’ J +6, nd’ 1] 
na (A.4) 


=F [ne tengo | 


a2 24,9? 4 
= 3 =, ag? — hi ag” 
as required. 


A.3. THE ENERGY-MOMENTUM TENSOR Tyy 
Here we should like to prove T,,=T’,, (eq. (3.16)). For a standard La- 
grangian it is usual to define T,, 


Tw=E5 (tog + 


For a more general Lagrangian ¥, however, this is inadequate, since, for 


L 


Try 


OF 
gee Oe ae Po A.5) 
26, 1) ( 
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example, if Y contains terms such as /(d,)¢,2, the energy given by (A.5) is 
not conserved in general. To define T,, properly we first introduce a new 
operator [W 0/02] which is defined analogously to 0/aZ (W, Z = ¢, or ¢g,... 
or ¢,), by the following steps: 


Step 1: 


[wa-|e— [wap ]e— We. [War |e— [Wa] a= 0 a) 


Step 2: 
fr g]an-(wgls)rexrg)) a 


Note that this is not equal to W 0(XY)/0Z = W(eX/0Z)Y+WX dY/eZ, 
the difference being [X, W]@Y/0Z. The generalization of this is 


wlitx- Six (Ax) as 


imi j=l tm intl 
Step 3: 
If F, is a simple product as in Step 2 and F = )™, F,, we put 
[ws F= > lwo Pes (A.9) 
aZ. Fas aZ. 
The vital step is, of course Step 2. We can now define T,,, in general. In fact, 
Lic p [s.-35-| L—b yf. (A.10) 


It is easily seen that this reduces to the usual definition when Y contains the 
¢;,, only with numerical coefficients. 

Let us now prove the invariance of T,, under a point transformation (A.1). 
First we not that the standard # can be split into three parts, 


FL = LiytFiyt Fo, (A.11) 


where Lio, Li3,, Liq are bilinear, linear and of zero order, respectively, 
in the ¢, ,. After making the point transformation we have, similarly, 


P= LZ) = LZ ytlytH'@, (A.11’) 


where #'(4,, £13), L'iq) are bilinear, linear, and of zero order, respectively, 
in the ¢’,,. The point nature of the transformation guarantees, however, 
that not only is 7 = ¥’, but also 


LZy=Ly, LyH=Vy, Kw=lw- (A.12) 
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Next we note that by its definition (A.6)—(A.9), the operator > [¢,, 
8/26, 4) has the property that acting on a linear function of the ¢, (e.g. 
$7$4+¢,4¢") it multiplies it by unity, and acting on a quadratic function 
(e.g $$4?+¢,7¢) it multiplies it by a factor 2. Hence we have 


Tyg = 22 (QV + Liy—#, T'gg = 2D tL yy —- 2, (A.13) 
and therefore, by (A.12) one has 
Ty =T'y. (A.14) 


as required. 
Similar proofs obtain for Ty, = T’,, and T,, = T’,,;. 


A.4, POINT TRANSFORMATIONS FOR FERMION VARIABLES 

On account of the ants-commutation properties of fermion variables some 
new definitions of derivatives, etc. are needed in this case. We deal first with 
these new definitions. 

Let X, be a set of n anti-commuting quantities {X,, X,} =0,7,s=1,2,...,” 
We consider variable transformations X’,(X,) ot the X, such that the X’, can 
be expressed as sums of products of the X,, with an odd number of X, in each 
product, and conversely t. As a result one has 


{X,, X,} = {X,, X'} = {X",, X°} = 0. (A.15) 


(Note that since X,? = 0, each product can contain any given X, at most 
linearly.) We next define drivatives of any functions F of the X,, X, and X,* 
which can be expressed as sums of products (not necessarily odd here) of these 
quantities (X,t means the Hermitian conjugate of X, and is taken to be 
variationally independent of X,) as follows: - 


Step 1: 
ax, aX, ax, ax, aX, aX,t 
Che = APD as ea BOT oa . (Al 
ak. axe °* | axe ax. ax, 7% ote (ANS) 
Step 2: 
With X,Y, Zoe. U SA ei Ree das ees , X,t we put 
3 ax aY 
a nye she fe Al 
ap (KYZ...) = Se YZ-X SZ... +. (A.17) 


(note the minus sign: a plus sign would lead to the contradiction 


ax ax, a 20 
2X,X, = 5X, 4X, PX, TEX = ae (EX = a ). 


t An example of the sort of function we consider is X’= X+<XYZ, Y’ = Y+YZX, 
Z=Z4+Z2XY; Xm XX YZ’, Y mV'A-YV'2'X’, 2 = 2-2 X'Y' 
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Step 3: 
If the F, are simple products as in Step 2, we put 
: oF (A.18) 


ax, 2 = 2 ox, 


With these definitions we establish the following three theorems : 
Theorem I’: 


OF(X',(X,))__ — aX’, OF (X',) 


; A.19 
ox, =23 aX, OX’, ( ) 
where X’, is a sum of odd products of X,. 
Theorem II’: 
@ a es a 
peace .20 
Theorem ITI’: 
eae ree A.21) 
ax, at 8 ( 8. 3 ( x 


The last two are the analogues of theorems I and II of the boson case. The 
first is not as trivial as it looks and is not true unless the X’, are sums of odd 
products of the X,. All these theorems can be proved by induction and as the 
proof is rather simple, we shall not give it explicitly. 

We are now in a position to consider the invariance of the Heisenberg-Pauli 
formalism under point transformations. Suppose we have a standard La- 
grangian density 


L = 2Glyd+- eytho(yd—x)y+GOy (A.22) 


with the usual notation, and where O is a function of the y-matrices and some 
boson field only. The Heisenberg-Pauli equations (0/2) (022/06) = 6£/é¢ and 
{0.2/86¢} =1i4 (4 is a c-number) are in this case, according to our definitions 
(A.16)—(A.18), and regarding » and y as variationally independent, with 
as = —H(Pys)a, OL [OP = —F(y4 Pa» 

a as or ive ; 

bi (Pde = Ya (Ps 24)a— (G0) e— a Pralar 5 Prada vs| = 1Ad,,, 
4 (A.23) 


FE a; Weve = Pa (:3:)e+ Ov)a— 5 He Fe (YeP)ar Ba} = 148z¢, 
which are the usual equations for a spinor field. We now make a point trans- 
formation, which we define to be 


Ya = Y'aF (y's), (A.24) 
where F is a function only of bilinear forms of »’. [F does not contain 7’, 
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just as in the boson case, but in addition F does not contain #’, which is a 
restriction peculiar to the fermion case and is imposed because {yp, } 4 0. 
Covariant bilinear forms of y’ alone can be constructed by means of the B- 
matrix of Pauli 38); for example: {By,y is a vector.] The transformation (A.24) 
is automatically of the type stipulated above (assuming, of course, that F 
can be expressed as a power series in its argument) and theorems I’, II’ 
and III’ apply. 

We now prove the invariance of the Heisenberg-Pauli formalism (A.23) under 
the transformation (A.24). From (A.22) we get, using theorem III’, 

af 1 Ope 1 ap, 1. Op 1 ve 

By, Bi (Pras ay, er W (av) = 5 rear =; Praeae 
Thus, one has, according to eq. (A.23), theorem II’ and a slight extension of 
theorem I’ to cover functional derivatives, 


wae Lapa Pree] set 5: rales (A) 


ot ay’, Ot 2 O's Oy’. 
b6L Oy, l a é (<¥) 6.L Ove 3 ap, 
Sig ae Slat) ae +5 me 
ayy Opie 31 PG ay) ~ By, Opis * 25 PF By 
_ 6L dys 4 a (sts )) = bf 
~ bpp By’, Oya VRE YY) ~ By’, 
On the other hand, since [dp,/dp’,, y's] = 0, and using theorem I’, one has 


OL 1 7 1 
(sar j vi] = (= (Pya)y ra v4} = 3 {(Bra)y, v's} oe 
=e ae id = tia = bygiA. 


Similar equations obtain for 0#/dp’,. The invariance of T,, can be estab- 
lished here in the same way as in the boson case. Thus, the invariance of the 
Heisenberg-Pauli formalism is established. 

Here, we have considered only one fermion field, but it is very probable 
that the above considerations can be extended to the case of several fermion 
fields, possibly interacting directly (as in the case of universal Fermi inter- 
actions). 

The last question we must consider is a point transformation which mixes 
fermion and boson variables. For simplicity, and because it is only cases of 
this kind which we have had to consider in applications, we take a Lagrangian 
of the type 


L = —AG(yd-+ «\y+FG(yd—K)y-+epopth(g?+ (Vb)*+n7¢2). (A.25) 
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It is then easy to establish along the lines of section 3 and of this Appendix 
that the Heisenberg-Pauli formalism for this Lagrangian is invariant under the 


point transformation y, = y’.F(y’, $’), 6 = f(¢’), where F is a function of ¢’ 
and of bilinear forms of y’ and F and / are, as usual, expressible as (possibly 
infinite) power series of their arguments. 


The authors would like to thank Professor Y. Takahashi for helpful dis- 


cussions. One of them (S. K.) is indebted to Professor J. L. Synge for kind 
hospitality at his institute. 
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It is shown that the conventional theory of charged spin-one mesons interacting with photons can be 
renormalized provided meson mass m and charge ¢ are restricted by the relation Z(m*,e) =0, where Z is the 


meson wave-function renormalization constant. 


1, INTRODUCTION 


-- is the purpose of this paper to show that conven- 

tional theory of charged spin-one mesons interacting 
with photons (vector electrodynamics) can be re- 
normalized provided the meson mass m and the physical 
coupling constant ¢ are restricted by the relation 


Z(m?*,e*)=0, (1) 


where Z is the meson wave-function renormalization 
constant. The essence of the proof lies in showing that if 
(1) is satisfied, the modified vertex function [', behaves 
like ~1/p and the modified propagator A, like ~1 for 
large p. Thus if S-matrix elements are computed as in 
Dyson’s method, by first drawing irreducible diagrams 
and then writing A, and I, for each line and each vertex, 
the resulting integrals are all finite (except possibly 
those for meson self-mass and photon wave-function 
renormalization constant). 

In Secs. 2 and 3 the necessary formalism is developed; 
Sec. 4 outlines the proof and Sec. 5 is concerned with the 
implications of relation (1). In a separate paper with 
R. Delbourgo we give actual computations of A, and I’). 


2. THE PROPAGATOR 


Let the (renormalized) fields A,* describe charged 
stable vector particles of mass m. The conventional 
Lagrangian for vector electrodynamics is 

L=—-4ZF tPF —ZmeA tA, —}F Fo", (2) 
where 
F,,*=0,+A,+—90,*4,4, 
8,*= 0/dx,Fied ,*. 
A,° is the photon field and Z and mo? are constants 
specified below. 


We write the Fourier transform of the propagator! 
(A,*(x)A oy) + in the form 


A1y(p) = d,A1(*) +e da(P?), (3) 

where? 
d= (- but Ppp/P*), (4) 
Cp= Pad-/, be (5) 


By hypothesis the spin-one part of A, has a pole at 


' We follow the notation of the excellent paperby K. W. Ford, 
Nuovo Cimento 24, 1671 (1962). 

* Writing d and e ford,, and ¢,,, note that —e-+-d= —1, dd=—d, 
ee=e, de=ed=0. Also if A =\,d+)se, then Aq! ==\17'd-++-Ase, 


p?=m? with “residue” d,,. Thus :(p?) must have the 
form 


i“"(p?) = (pm?) Z(?), (6) 
where Z(p?) equals 


G,(K*)dK? 
2ip)=1-(—m | 


rar cren (7) 
Also the condition that there is no pole at p?=0, means 
A1(0)-+A2(0) =0. (8) 
One may, therefore, write’: 
AH(p*) = — A (0) —mtp* i 
Note that with (6) and (9) 
lim p!.m? (p?— m*) Ai = (— bt Pabe/m?). 


We now define the constants Z and m,? which occur 
in the Lagrangian. Let! 


Z=lims+. Z(p?)= 1- fcuk, 


G:(K*)dK? 


————. (9) 
p'-K*+ie 


(10) 


2 
Zmo?= lim p<. nop}=m(1- i ~O- | Gs). (11) 


4 For theories where conservation laws of the type 0/*/dx,=0 
hold, G:=0 and 2 is a constant. This clearly is not the case for 
the present theory. : 

‘ Esnonical commutation relations give alternative (but equiva- 
lent) expressions for Z and Zm,*. Thus comparing the canonical 
values of [A 4(x),A(x’)] and [As(x),Ar7(x’)], (2,¢=1, 2,3) with 
those deduced from dis. Ai(x—zx’) one obtains: 


Ztet+ i G(R) | Z(K®) |dK?, (A) 
11 


aK? 
Fras [CG (R120 A+ 20620) KD [Pm FG (B) 


To establish equivalence of (10) with (A) for example, note that 
ImZ~'(p) = |Z (#*) | 7G (F*), 


= GilZ()* 
Z-1(p)=14 (ptm f SEER, 

rovided the last int converges. Compari with (7) in the 
imit p* > «© proves the equivalence of (10) and (A). 

The canonical expression for [Aa*(x),Ar-(x’)], 
plicitly given by G. Wentzel, Theory of Field 
cience Publishers, Inc., New York), p. 93. To obtain it use the 
identity 

Atmel [eyt— (1/me) d:20);4x;7] te OAL, (C) 

which can be derived from the equations of motion. The canonical 
momenta #; occurring in (C) satisfy, 


(A o*(x),9)*(&) Ji, 8(x—2). 


so that, 
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Thus finally 


K°G,(K? 
Ag '(p?) = Zo? — mf val? 


p—K*+ie 
3. THE VERTEX FUNCTION 


(12) 


For the vertex function I',,:*(9,p’), by considering the 
product 02(0/82.)(A .+(x)A,-(y)Ao%(z))4, one deduces 
the Ward-Takahashi identity 


Ar'(p)— Arp) =—(p—p)T (2,0) (13) 
and its differential form 
0A,-'/dpe= —T1*(9,9). (14) 
Also from charge-conjugation invariance 
Pun(?,0') = —Ta(—2’, —2)- (15) 


Equation (13) can be solved to give 
T,=T.tTs. 
Here Ts is an arbitrary function which satisfies® 


(p—p')a's*=0, and 
ae 
Sead OMB OHNL (18) 
Explicitly, 
A-(p)— 4-"(') = (p?— p')A1(p?p?) 
+L bsp -X(p?)— p.’p,'X(p") J, (17) 
where a NG 
2 a 7 
Ai(pt,p')=Z+ | ————_——d, 
(K*— m*)*G, GK? 
X(p2)}=Z— aK mt f . 
K*(p*— K?) pre-K? 


In general, all integrals involved in A and I’, converge 
provided* 


[oaxr<e, [oaxe<e. (19) 


Now if ¢ and m are so related that’ 
Z(e*,m?) =0, 

‘Ty [which contains the d id fT — p’) =é) must 
ite peaeeal fori: papers tune eae 
Pa=[e(p—7°)—AO+ Pe] 

KF it pop,’ Pst pb Fst pb Fs’ +b tF a] 
+ (Santi —Serbn)Fs+ (Man— bebe) Pr’ Fa— (P8e2— baby) Pale’ 
t+ (Pan betp bos — (ar bob)iFr’, 
where, using (15), the invariant functions F;, Fs, Fy, Fs are sym- 


metric in p and p’, and for Fs, Fe, a ae a we M) = Fp ps). 
F, gives the magnetic moment and ot moment of 
approximation 'wT,. 


the vector particle. Further on we eae ne 
* This means both Z and Zs, are finite. Note that m,* always 
occurs multiplied by the constant Z. 
T With zero-photon mass there is no mass other than in the 
present theory. Thus, the relation must reduce to s(c*) =0. 
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and if we make (at this stage, ad 4oc) assumption that 


limxt 0 Gi~ (1/K%)*, (20) 
Eq. (18) shows that for large p or p’, Ai, X, etc., have 
the form 
A,(p?,p")~1/(ap?+bp"), 
X(p?)~1/f', 
and therefore 
T,~1/(apt+a’p). (21) 
The same conditions ensure that 
Z(p3)~1/p? and Ar~1. (22) 


In the Sec. 4, we consider the validity of (20).* 


4. INTEGRAL EQUATIONS FORT; AND A, 


To set up the coupled equations 4, and T; and to 
write general scattering matrix elements, we follow 
Dyson’s method and split off from ZL the conventional 
free Lagrangian L, which forms the basis of the inter- 
action representation.’ {Notice that the interaction 
Lagrangian contains (nondivergent) self-mass terms as 
well as kinetic energy terms of the type (Z—1)A,+ 
XL(p?—m*)d,.+-m'*e, ]A,-.} Instead of writing S-ma- 
trix elements in terms of the free propagator 


Aro= d/(p?—m*)+(1/m*%e 
and the unmodified vertex,!° 


T= bp(P+ Pa SpoPr— SrePs's 


we first compute A; and I as solutions of the integral 
equations below which are derived from the given 
Lagrangian and then write down other S-matrix ele- 
ments by drawing irreducible graphs and by inserting 
in these A, and I, for the lines and the vertices. 
The integral equations for I’; and A; are 

V1(,p)=ZT o(p,p)+K(0,0), (23) 

where 


K=e it Ty(e)Axs(e)Pi(e)Ax(e)T s(e)Di(e)+e4 | vet, (24) 


* All these statements are accurate to the extent that powers of 
(Inp*) are ignored. 

* For detaila of the procedure see P. T. Matthews and A. Salam, 
Goi Sis Rev. 94, 185 3,185 (B58): One woul get the same pa (23) and 


's function method is used with the 
so atcinine ean 
Sa 37, 452 (1951). 


(2), CJ. Schwinger, Proc. Natl. Acad. 
Throughout this paper we have consistently ignored the so- 
called “Compton Biveicaph i.e., the modifications 


ie 2-meson 
2-photon vertices which occur in electrodynamics of bose Lanier 
Since Ward-Takahashi identities hold also for eee cooks ee 
-energy behavior presents no new con sia eae ee In 
lh ee ap me a have 
been superior to the formalism of this paper Secanaa sh no Ti Caneten 
part” insertions are necessary in that case. 
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and?!!.13 


byt (p)=— (9-90 
1 
x / Ty petp'(1—z), pxtp’(1—2))dx (25) 


with p’?=93, and all terms involving /,', p, omitted. 

To solve (23) and (25), first consider the case 70. 
The following approximation procedure reproduces the 
conventional perturbation series: (i) Take ZTo(p,p’) as 
the first approximation to I. (ii) Integrate Eq. (25); 
the first approximation to A,-! therefore is ZApo7!. 
Since Aid has a pole at p*=m* with residue =d, to this 
order Z=1. (iii) Use I'p and Avo in (24) to obtain the 
next approximation" to T’,, 4; (and Z), and so on. 

Since To~ (p+), it is clear that for the inhomoge- 
neous case (Z0), I; is unlikely to converge faster 
than (p+9’). 

If Z=0, we show below that the situation so far as the 
high-energy behavior is concerned is completely differ- 
ent. However, one may still set up an approximation 
scheme similar to the above, with only the change that 
in the zeroth approximation ZA ro—’ is to be replaced by 
a suitable (A:)-!, Thus, in an obvious notation: (i) 
Take T,=«=T'4 as defined in (17) with two unknown 
functions A, and Ag. Integrate (25) to get Ai =A,d-++Age. 
(ii) Insert T', for T, on the right hand side of (24) (fixing 
for practical purposes on some suitable subset of irre- 
ducible graphs). This gives: 


T1(9,9)=Ta(p,6') +1 a(,2) = KC a]. 


(26) 
For p= 9’, 'p=0. Thus, , 


Pale S8-Kp)= K(Taly- (27) 


This is a set of homogeneous equations for A, and ), or, 
— G; and Gy. Once these are solved, (26) for 


u a5), which is the integral equivalent of (13), was 
first preatar C. Ward, ee Rev. 84, ‘97 (1951). Instead one 
may work wi i ‘Dyson equation: 

A= (Z(p—me)d-+-Zmge]—x,.*(p), (A) 
where 
a A bx 
gum over 
of graphs 


been dein es” which here take the place of “irreducible” graphs have 
rnc hong igi ev. 82, 217 (1951). Equation (A) 

general in ao far as it applies also to nongauge-invariant 
theories. However, i vantage is the explicit appearance of 
Tyon the righthand det (B). As is well known from the analysis 


self-energy parts +:° has the same behavior 
as Bri 140 D1. 
‘ore precisely, one should also write an integral equation for 
D, (p) and solve it simultaneously with the 
Sere tae en 
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p~p’ gives the zeroth approximation to I's; the next 
approximations to G;, G:, and I's are obtained by suc- 
cessive substitutions in X[T,]. 

The crucial step for the entire procedure then is the 
initial determination of G, and G; solutions of (27). 

In a second paper (with R. Delbourgo) we present 
these solutions and show that G, and G, do indeed 
satisfy the convergence criteria of (19) and (20).'* Here 
we show that if the initial approximations G,, G, 
satisfy (19) and (20), all successive approximations 
possess the same property, and that I°,(,p’) falls 
essentially as 1/p (or 1/p’) when either of the variables 
p or p’ is large. The proof is elementary. Since 
4,(p)~1 by hypothesis, we infer from (17) that 
T,4®~1/p. Assuming that the photon propagator’? 
D,(p2)~ 1/p*, one can see that the integral on the right 
of (26) must converge, yielding T°) =1/(ap+p’'a’) so 
far as dimensions are concerned. From (25) this means 
that the next approximation is A:(p)~1,’5 and that 
Gi™ and G:“) satisfy (19) and (20). 

Before closing this section, we estimate the dimen- 
sional behavior of any Feynman integral with £, 
external meson and Ey, external photon lines. With 
I'~1/p and A.~1, these integrals converge provided!*.!” 


2EwtE,>4. 


“ The chief difficulty of solving (27) lies in eS 
Z(2,m*) =0. This is because Z i is 
of G,) at the same time as the equation is being so: 
noticing that it is only the real part of A~ or F [see 
Eq. (A) st footnote Wy which explicitly depends on Z. 

peace of only the real part 
unless alge use Z(¢,m) = 
1 This also means yet ~t /p* so that 
Z® wlimg* —+ «0 Z(p*) a0. 


In other words, one does not improve on ¢ deduced from 
2 (#,m") =O unless more irreducible graphs are included in the 
approximation to K. 
*To see how this works out in practice, consider the simple 
case of a single closed loop with » external photon lines (#>4) of 
momenta &,, ---, ky. The Feynman int has the form: 
Pky -sbe)= fe'p (E12, PED PLAO+NY. 


For large p, the behavior of the integrand is dominated by the 
basic unit 


a 
T1(6,9)41(p) = (Farw Ya () 
op 


=e (\'d-FAs'e-b Aid’ +As0’) (Ar d-++Asme) 
me (1/p)-+ (1/P) As/Ar+Ar/>y). 


For unmodified Arp ~ Ts, \s~ 1/8, Xe~1 80 that the basic unit 
ToAre has the behavi 


ition of 
(in terms 
dle It is worth 
. (23) or 

us it is 

is in error 


Todre™ p. 
If, however, (19)-(20) are satisfied, so that X41, \y~1 then 
Ti4~1/p 
and the closed-loop integral F(é1,---,ba) (>4) is convergent. 
The moral of the above analysis f for th the renormalization of electro- 
dynamics of hiss er spin particles is clear. For a Yukawa-type 


two “orthogonal” functions , and A: (of which A; is 
nak up) should be more convergent than the other. 

"For the conventional theory of scalar mesons interacting with 
photons and with no valktinn: like Z(%,s*)=0 operative, the 
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This means that the only possible infinite integrals are 
those corresponding to photon wave-function renormali- 
zation and meson self-mass'* and all other S-matrix 
elements are finite. 


5. THE RELATION Z(et,m!') =0 


It is the contention of this paper that a sensible vector 
electrodynamics exists for some special values of meson 
mass and charge.’ 

In considering the implications of Z=0 it is perhaps 
instructive to clarify the relationship of the field A(x) 
to the so-called unrenormalized field A,(x)=Zt+"2A(z). 
One could perfectly well rewrite the entire theory 
formally in terms of A.(x) so that the Z factors dis- 
appear from the Lagrangian. One may now require 
Z(e*)=0 but the important remark is that even if this 
is the case, unlike (23) and (25), the equations satisfied 
by A.~' and I, are not homogeneous. Thus two distinct 
situations may* be envisaged: 


(A) Field A.(x) describes the physical situation. The 
propagator A, has no pole (20). Thus there is no 
stable physical particle and the conventional measure- 
ment of meson’s electric charge e¢ (using limiting static 


corresponding condition is E.+£,>4. Unlike the case of scalar 

electrodynamics, meson-meson scattering seems to be convergent 
for | in-one es. 

ce always occurs in the combination Zn, for Z=0, 

i finite mgt SoUbl iesbly secon teistion Berteea @ thd oe iLe., 


f* OR GRR = f Gs(K)AR, 


which is unlikely to bed an in general. dB eee does not ued 
for an electrodynami the type suapested reg Ses and J.C. 
Ward [Nuovo Cime Cimento a (1959) ] are ae Tres and, 
ee The Gs=0.} 

us an expansion around ¢e=0, is unthinkable. It is 
in this sense that there may be some correspondence between Lear 
present and recent work of T. D. Lee on renormalization of 
vector-electrod where matrix elements are shown to de- 
pend on ¢ Ine. Lee, Phys. Rev. 128, 899 (1962); see also 
C. N. Yang T %. if , 855 (1962) ]. 

* J am indebted to Professor G. Feldman yd the foll 
antithesis between Cases (A) and (B). Since Z= ee true)|?, 
Z=0 means: ane (A) |true)m0, |bare)»s0; no true stable par- 
ticle exists and there is no “renormalized” field; or (B) | bare)=s0; 
| true) »#0; there is no “elementary’’ field Au(); however the 
“true” field A (x) exists and corresponds possibly to a composite 
particle. 


simple 
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electric fields) presents conceptual difficulties. Most 
important of all, there is no dimunition in the divergence 
of the theory. 

(B): Field A(x) describes a stable particle of mass 
m. In this case the unrenormalized fields and particles 
have no meaning whatever. The “true” field A(x) may 
correspond possibly to nonelementary spin-one particles 
(like the deuteron) and a restriction on mass and charge 
Z(e,m?)=0 is a necessity for the theory to make sense. 
The role of conditions like Z=0 in connection with 
theories of composite particles has been discussed 
earlier.*! It was, of course, not appreciated then, that 
the same condition would also prove necessary for re- 
normalizability™ for spins other than 0 and 3. 


For interaction of spin-one particles with fermions, it 
is clear that besides the vanishing of the meson wave- 
function renormalization constant, (Z2=0) we shall also 
need Z,;=0 where Z, renormalizes the vertex part. Thus 
there must be a functional relationship between the 
coupling constant and fermion and meson masses. 

In reference (20) we envisaged theories with Z:=Z; 
== Z,=(0, In a future paper the convergence properties 
of integrals in such theories are investigated. We con- 
jecture that such field theories have no infinities what- 
ever and that quantum theory of fields is a subject 
wrongfully, unduly, and much maligned in the past, 
principally by its friends. 

The author is indebted to S. Kamefuchi, G. Feldman, 
P. T. Matthews, and L. Brown for stimulating 
discussions. 


coe, Na ie Tepe 
erence on Energy Physics, p. ein! 
gs p. 683. M. ” Aaron, and R. D. Amado, 
PI va RW. 124, 1258 (1961). J. C. Howard, and B. Jouvet, Nuovo 
Cimento 18, 466, 1960. R. Rochester preprint NYO 
10125. S. Weinberg, Phys. Rev. 130, 776 (1963). I am indebt 
to Professor Steven Weinberg for stressing to me the virtues of 
“zero Tasrangians.” 

™ In an early paper S. F. Edwards, Phys. Rev. 90, 282 (1953) 
did point out that Z=0 is a necessary condition for ‘the solution 
of TeeZ+X(T,] for the electrodynamics of spin-$ particles. In 
his paper, however, the coupled equation for A~' was not simul- 
taneously considered so that it is somewhat tricky to compare his 
results with ours. When d with non-gauge-invariant theories 
where no Ward identity exists, it is, of course, unlikely that for the 
basic unit T,4:~1/2*, a will equal 1, and a more complicated 
behavior may be expected. 
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Momentum-Space Behavior of Integrals in Nonpolynomial Lagrangian Theories 
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Methods are developed for constructing momentum-space amplitudes corresponding to nonpolynomial 
nonderivative interactions of a real scalar field. The methods give rise to a supergraph technique and rules 
for writing down matrix elements very similar to Feynman techniques. The methods are not established 
rigorously; at several points the argument requires certain analytic properties of Feynman integrands 
which, though plausible, can only be demonstrated rigorously for the zero-mass case. Asymptotic behavior, 
both in spacelike and timelike directions, is discussed. Rough arguments are given that indicate that the 
singularity structure of the amplitudes is likely to be consistent with unitarity, 


L INTRODUCTION 


F it is to have any future, Lagrangian field theory 

must learn to cope with nonrenormalizable inter- 
actions. This becomes apparent when one examines 
what we currently believe are Lagrangians of physical 
interest. 

1. These Lagrangians include the following. 


(a) Chiral SU(2)XSU(2) Lagrangians for strong in- 
teractions. A typical example is Weinberg’s Lagrangian 
for + mesons: 


£=(0,9)?/(1+ f$?)?. 


(b) Intermediate-boson-mediated weak Lagrangian. An 
example is an intermediate neutral vector meson U, 
interacting with quarks Q. As is well known in Stiickel- 
berg’s representation (U,=A,+«"'3,B), Lin can be 
written in the typical form 


Lin= fOr (1 +7s)0A,+mO(err (s10B—1)0, 


* On leave of absence from Imperial College, London, England. 


(c) The gravitational Lagrangian of Einstein expressed 
in terms of the contravariant tensor g” 


L= US — gh (TT? —TyTy5*), 
where 
T,,= 4g? (Ongoe +9,g45— 9p8nr) . 


The covariant components g,, which enter the expres- 
sion for g=detgas are expressed as a ratio of two poly- 
nomials in g*”. 

The interaction Lagrangians in all these theories are 
typically of a nonpolynomial form in field variables. 
These Lagrangians can be expanded in power series of 
the type 

v(n) 
fa@laGd (a (1.1) 
(Here ¢ is a scalar field, and for simplicity we are ignor- 
ing derivatives.) The coefficients »(z) are proportional 
to f*, where f is a coupling constant.! All terms in such 
1In this paper we distinguish between the coupling constants 


G and f:G mal be called the major coupling constant and f the 
minor, We shall be considering fixed order in G and all orders in f. 
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expansions with n>4 are nonrenormalizable. Thus, 
barring quantum electrodynamics, the rest of Lagran- 
gian particle physics apparently needs a closer study 
with respect to nonrenormalizability. 


2. Right from the very early days it was emphasized, 
particularly by Heisenberg, that the perturbation ex- 
pansions of the S matrix in powers of Gf" for the case 
of unrenormalizable theories suffer from two distinct 
(though related) difficulties. 


(a) Infinities. The integrals in the theory become 
more and more infinite in each increasing order of per- 
turbation. In each order one needs new counterterms 
containing higher and higher derivatives of fields if the 
conventional subtraction philosophy of renormalizable 
interactions is to be extended to these theories. (These 
infinite-order higher derivatives are likely to produce 
a nonlocal counter-term Lagrangian.) 

(6) Unacceptable high-energy behavior. Even after 
a successful subtraction scheme has been carried out, 
the high-energy behavior (of the finite parts) of integrals 
is physically unacceptable. As external momenta be- 
come large, the dependence of these integrals on ex- 
ternal momenta increases polynomially with the order 
of the approximation, unlike the case for renormalizable 
theories. 


3. Of these two types of difficulties, the first—con- 
cerning the infinities of the integrals—has begun to be 
seriously investigated recently. Three types of ap- 
proaches have been considered. 


(a) The conventional approach, where the Feynman 
momentum-space integrals in each order G¥ f* are con- 
sidered as they stand and a consistent subtraction pro- 
cedure defined.? It appears® that all three rigorous sub- 
traction procedures used for renormalizable theories, 
ie., (i) the Dyson-Salam method,‘ (ii) the Bogolubov- 
Parasiuk-Hepp method,® and (iii) the analytic renor- 
malization method,® can be extended to nonrenormaliz- 
able theories. To our knowledge, the second technical 
problem of a systematic organization of the counter- 
terms has not yet been examined for any of the theories, 
nor has the problem of physical interest posed by finite 
changes in the definition of renormalization constants. 
(Since there are an infinity of renormalization constants, 
such changes could reduce the predictive power of the 
theory to naught.) 


2The subtractions do not affect whatever causality and uni- 
tarity properties the perturbation expansion may have. 

3K. Hepp, International Centre for Theoretical Physics, 
Trieste, Report No. IC/69/121 (unpublished). 

¢F, J. Dyson, Phys. Rev. 75, 1736 (1949) ; Abdus Salam, zbid. 
84, 426 (1951). That this method carries through for nonrenorm- 
alizable theories has been shown in a set of basic papers by W. 
Zimmerman (unpublished). 

SN. N. Bogolubov and O. S. Parasiuk, Acta Math. 97, 227 
(1957); K. Hepp, Commun. Math. Phys. 6, 161 (1967). 

*T. Gustafson, Arkiv. Mat. Astron. Fysik 34A, No. 2 (1947); 
C. G. Bollini, J. J. Giambiagi, and A. Gonzalez Dominguez, 
Nuovo Cimento 31, 550 (1964); E. R. Speer, J. Math. Phys. 9 
1404 (1968). 
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(6) The x-space approach of Efimov and Fradkin’* for 
theories with rational nonpolynomial Lagrangians. 
Formally one can write the Nth order approximation 
in the major coupling constant G in x space to a typical 
amplitude in the form of a divergent series: 


FY (xy,02,...)=GN YO (f)rtet aye... 


KA pr? (x1 —2%2)A r"(x2—43) mace (1.2) 
Efimov and Fradkin have described an elegant tech- 
nique of carrying out Borel sums of such series in the 
minor coupling parameter f. These sums can be exam- 
ined in the ultraviolet limit (x,—x2)* > 0, (x3—24)? 3.0, 
.... The important result of their investigation (ex- 
tended in Ref. 8) is that if the Dyson index D of the 
rational Lagrangians is less than or equal to four—i.e., 
the same as that for renormalizable theories—[the 
Dyson index D is defined by the limit 1(¢)4..=¢°], 
only a few types of Borel sums exhibit any ultraviolet 
infinities—again like the case for renormalizable theo- 
ries. In particular, if the Dyson index D is less than two, 
none of the Borel sums (including those representing 
vacuum-to-vacuum transitions) is ultraviolet infinite. 
Thus if in some sense the Borel sums represent the 
physical amplitudes, all theories with D<2 (and for 
these theories the Lagrangian must be nonpolynomial) 
are super-renormalizable.® 

This is a beautiful result. The important question to 
decide is to what extent the Borel sums tepresent the 
physical amplitudes. Do the p-space Fourier transforms 
of these x-space functions possess the requisite analytic- 
ity and unitarity properties? And, finally, is the high- 
energy behavior of these p-space Fourier transforms 
polynomially bounded, as it should be if physical ampli- 
tudes are being represented? 

A detailed study of the Fourier transform of the 
Efimov-Fradkin two-point function in second order of 
the major coupling constant G has been made by Lee and 
Zumino,’ who have concluded (with Efimov) that (i) 
the corresponding Borel sum does possess the requisite 
analyticity and unitarity properties, (ii) it is not poly- 
nomially bounded, and (iii) the well-known lack of 
uniqueness of Borel sums of divergent series is reflected 
in an arbitrariness of the amplitudes up to an entire 
function. 


7G, V. Efimov, Zh. Eksperim. i Teor. Fiz. 44, 2107 (1963) 
[Soviet Phys. JETP 17, 1417 (1963)]; E. S. Fradkin, Nucl. Phys. 
49, 624 (1963); H. M. Fried, Nuovo Cimento 52A, 1333 (1967); 
S. Okubo, Progr. Theoret. Phys. (Kyoto) 11, 80 (1954) (this 
elegant paper was unknown to the authors until its existence was 

inted out to them by Professor H. Lehmann); R. Arnowitt and 
O Dever, Phys. Rev. 100, 349 (1955). 

*R. Delbourgo, Abdus Salam, and J. Strathdee, Phys. Rev. 
187, 1999 (1969). This paper will be referred to as I. 

® As shown in Ref. 8, for the chiral x-meson Lagrangian the 
Dyson index is zero; for Einstein’s gravity theory it equals unity 
[see R. Delbourgo, Abdus Salam, and J. Strathdee, Nuovo 
Cimento Letters 2, 354 (1969) ]. 

0B. W. Lee and B. Zumino Nucl. Phys. B13, 671 (1969). 
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Fis. 1. seach of wi supergraph. Heavy lines represent super- 
propagators of much corresponds to the collection of func- 
tions Ar*, #=1, 2,3 


(c) The p-space method. Since it is the momentum- 
space Fourier transforms of the amplitude (1.2) which 
are the quantities of primary physical interest, it is 
valuable to have a summation method which works 
directly within p space. The present paper is devoted to 
the development of such a method, following a pro- 
cedure first discussed in this context by Volkov!! and 
which in its essentials goes back to a discussion (in the 
appropriate region of x and ») of the Fourier transform 
of (—1/x?)" by Gel’fand and Shilov." In particular we 
show the following. 


(i) The amplitudes appear to possess the analyticity 
structure associated with the unitarity requirements. 

(ii) The method immediately gives the asymptotic 
behavior for large values of external momenta; and, in 
particular, for the two-point amplitude in the second 
order in G? studied by Lee and Zumino, we reproduce 
their result very simply. 

(iii) The discussion of ultraviolet infinities of Borel 
sums in x space is closely parallelled by a similar one in 
p space. 

(iv) One can develop a graph technique of Feynman- 
like diagrams with superlines representing superpropa- 
gators [Ap(x) ]" replacing normal lines corresponding to 
Feynman propagators Ap(x). In p space, the closed-loop 
integrations for supergraphs can be performed with the 
help of Feynman’s auxiliary parameters in exactly the 
same fashion as for conventional polynomial Lagran- 
gians. Insofar as there is (essentially) just one super- 
graph in each order G¥, the topological analysis of 
supergraphs is simpler than Feynman diagrams for 
polynomial Lagrangians. 

4. It would appear from the above that for non- 
polynomial interaction Lagrangians with index D<2, 
one can construct amplitudes with no ultraviolet infini- 
ties and which (if one can extrapolate from the limited 
experience so far) are likely to satisfy the correct 

uM. K. Volkov, Ann. Phys, (N.Y.) 49, 202 (1968). 


1°M. Gelfand and BE. Shilov, Generalized Functions 
(Academic, New York, 1964), Vol. I. 


SALAM AND J. 


STRATHDEE 3298 
analyticity and unitarity requirements (unitarity veri- 
fied to each order in the major coupling constant G). 
There are two remaining problems: 

(a) The arbitrariness in the amplitudes which the 
Borel-summation method in x space allows or, as we 
shall see, its weaker analog, which still exists when the 
p-space method is used. The problem is analogous to the 
problem of arbitrariness of finite renormalization con- 
stants in renormalizable theories. 

(b) The more serious problem on nonpolynomial 
bounded high-energy behavior of the amplitudes. We 
believe that any inference in this respect on the basis of 
order-by-order calculations in powers of G is likely to be 
misleading, and a final verdict on the true asymptotic 
behavior of these theories can only be given after a sum- 
mation of the series in the major coupling constant G 
has been performed. For renormalizable theories, as is 
well known, this summation has been carried out for 
certain sequences of graphs for the four-point function 
and for a number of production amplitudes. The result 
is the emergence of Regge behavior for large values of 
energy, unsuspected if one had only considered indi- 
vidual terms of the perturbation expansion. We believe, 
on the basis of certain indicative considerations, that 
a similar (drastic) change in the high-energy behavior 
also occurs in the present theories when the summation 
in G is carried out. The p-space method is extremely con- 
venient for summing the supergraphs insofar as the 
analytical expressions for the supergraphs resemble 
those for conventional polynomial Lagrangian theories. 

5. To make the plan of the present paper clear and 
to bring out the parallel sets of ideas involved in the 
x-space and the p-space methods, we set down here 
a brief and nonrigorous summary of the paper. 

(A) Supergraphs. Consider 


Lin($) = Gy a ¢)* 


n=0 n! 


[v(m) contains the minor coupling parameter f*. The 
factor (—)* is included for later convenience. } 

It is easy to verify that the G¥ contribution to an 
amplitude F(x,...,%v) with & external line can be 
written as a sum of contributions from a set of super- 
graphs constructed as follows. 


(a) Take V points %1, Lay 000, XN. 

(b) Join all points pair-wise with just one superline 
joining two distinct points (x,,x;); associate with this 
line a positive integer 7,;. 

(c) For each line write the factor 

(1/163!) [Ar(2,—2,) J. 
(d) For each point x; write a vertex factor 
(Lj nyt). 


Here m, is the number of external lines impinging on the 
point x;. 
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(e) The contribution of the supergraph to the ampli- 
tude equals 


Faams---(%1,.. 46) 
[A r(xs—x,) ]**# 


Nay. 


=G" SIT eo agtmoIT 


ni 6 g i<j 


(1.3) 


(f) To get the total contribution in order G”, sum 
over all partitions, [9m,...,mw], of the external lines 
with m, lines at the ith vertex such that 


> m=E, 


(g) In the above set of rules we omit all tadpole con- 
tributions (lines joining a point x; to itself). This is justi- 
fied if we consider instead of (1.1) a suitably Wick- 
ordered interaction. Figures 1 and 2 show a typical 
supergraph and a superline. 

(h) It is clear that the Green’s function 


Fay mgimgee(Zt)0 0 0 5%N) 


with m4, ms nonzero, is simply related to 


Fy j—t.mg—1smg.0 . 
For example, 
OF 0,0,0,-.-(A) 


A(*1—%2)F'1,1,0,0,--. = Se P 
Or het 


where F(A) on the right-hand side of (1.4) is obtained 
(B) To illustrate the x-space and p-space techniques, 
consider a simple example with Lia: 


=6 5 (-J@)". 


n= 


Vid) = (1.4) 


1+ fo 


Here v(n) = fn! 
(a) The formal series expansion for amplitudes. For- 
mally an expectation value like 


F(A) = Foo(21,42) = (V(p(#1)), V(b (e2))) 


equals the divergent series: 


=G? SF n!f*Ar*(x1—22). (1.5) 
a=0 

We are interested in giving a meaning to this divergent 

series such that the Fourier transform 


Pp) = / F(A)e'?*d'x (1.6) 
correct analyticity and unitarity properties. 

(b) The Euctidicity postulate. To do this consider the 

Symanzik region in p space (p?<0). (When more than 

one external momentum 9; is involved, the Symanzik 
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Fic. 2. Typical graph from the collection which 
is represented by a heavy line. 


region is the region for which p.7< 0, pp; < 0.) Following 
Efimov, we can define the integral (1.6) by making 
a Wick rotation x») — ix,. For this region in p space, one 
therefore needs to consider A(x) for Euclidean x space 
only. [For a zero-mass field A(x) = —1/4x*x? is real and 
positive.] For p-space regions outside the Symanzik 
region, we must appropriately analytically continue 
(1.6). [It cannot be emphasized strongly enough that 
for divergent series of the type (1.5), one is not starting 
by “proving” the validity of the Wick rotation. Rather, 
Euclidicity is a basic postulate—part of the process of 
definining the theory. One accepts it for the Symanzik 
region; outside this region one makes an analytic 
continuation. ] 

(c) Borel summation. To give meaning to the diver- 
gent sum F(A), use Borel transforms and write 


Fay=x feta). 


n=O Jo 


(1.7) 


Here we have used 


nia f gre tdy. 
tC) 


(d) The x-space method. The x-space method consists 
of inverting integration and summation in (1.7) and 
writing it as 


ray= | a et(i—gfray}. (1.8) 
0 


The expression (1.8) defines the amplitude F(A). At this 
stage we encounter our first problem in the x-space 
method; the integrand has a pole on the integration 
path at 


1 4x7? 


for the case m=0, r?=x?-+-2,'. 


We must define how to go around this singularity. 

One obvious answer is: Take the principal value 
(P.V.). This is because F(A) in the Symanzik region is 
a sum of real terms. The P.V. prescription for the inte- 
gral representation (1.8) of F(4) will guarantee this. 
Lee and Zumino show that this is essentially the correct 
prescription, barring an arbitrariness (to be specified 
later) associated with functions like exp[t/(/*A)] 
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which possess an identically vanishing asymptotic ex- 
pansion about the point A=0, and which can be added 
to f(A) without affecting its representation in the form 
D nao? !(f2A)*. 

(e) One may now compute the Fourier transform, 
using r=(—2?)'/2, 


F(p?)= J dx e*P.Y. i : dy e(1—¢ fay 


0 
2 


(=p 


j ” ar ATP") 


XP.V. i d&et(1—fxay (1.9) 
0 
for p?<O and continue direct to 0<p?<m?. Inverting 
the order of integrations, we have 
4x? 
(—p" 


i dg af dt r*F((—p?)"*r) 
XL? —$(f/28)°T. 


This integral can be explicitly evaluated, and a con- 
tinuation to timelike values of p? carried out, to demon- 
strate that #(p?) possesses the correct analyticity struc- 
ture in the p? plane. The asymptotic behavior of F(p?) is 


Fs) > 1/(fs)', s —@ 
— chin exp(f’s), s—+o+i0, 


F(p?)= 


(1.10) 


where s= ?. 

(f) The p-space method. Our procedure is different. It 
depends on Volkov’s observation of the power of the 
Gel’fand-Shilov investigation of the Fourier transform 
of the generalized function [A(m=0)]*=7-** in the 
range 0< Rez<2, [In Sec. IE we consider the case m0. 
We have no exact expression for this case similar to 
(1.11) below, but the general considerations are parallel 
to those treated here. ] 

The crucial formula is 


1 mn fy2\ 2-2, 2-22 
A*(x) ei ek A fe Pe a a2 5 
(2x)* sinrz I'(z)T(z—1) 


0<Rez<2. (1.11) 


To use this formula go back to the Borel sum (1.7) and 
employ a Sommerfeld-W atson transformation to convert 
the series into an integral of the form 


a: 
F(A) =H i — J dteH(—¢pay, (1.12) 


with the contour I enclosing the positive real axis in the 
z plane. (The conditions for validity of employing this 
transformation are discussed in Sec. ITI.) Straighten the 
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contour to lie along the imaginary axis with Rez con- 
strained to lie in the range 0<Rez<2. Using the 
Gel’fand-Shilov formula to take the Fourier transform, 
we obtain 


Pp) =3i oe coi ae 2 
aie Sinz  sinwz T(z) T(z—1) 


+(2r)'6(p), (1.13) 


where 0<a<2. [The term 6(p) corresponds to a graph 
which contains no internal line. ] 

In the above passage from (1.5) to (1.13), we have 
changed orders of summation and integration re- 
peatedly. The justification is provided in Sec. TIT. Here 
we are only concerned with a rapid exposition of the 
p-space method whose chief ingredients are the Som- 
merfeld-Watson transformation (1.12) and the Fourier 
transformation (1.11). 

(g) Formula (1.13) is our master formula. By closing 
the contour along the left, one can immediately obtain 
the asymptotic behavior of F(p?) for p?—» —o [and, 
in particular, the Lee-Zumino result (1.10)]. As in 
Regge-pole theory, the rightmost pole of the integrand 
gives the leading contribution to the asymptotic 
behavior. 

(hk) The principal value ambiguity of the x-space 
method noted in (d), which does not seem to arise ex- 
plicitly in this treatment, has a weaker counterpart 
when we take into account the appearance of the nega- 
tive sign in front of A in (—A)* in the Sommerfeld- 
Watson transform. To see this more explicitly, introduce 
a multiplier \ in front of A; thus, 


dz 


Foa)=4i f fa et(—grfra)*. (1.14) 


sinrz 


We must interpret the limit \—» +1 by a real average 
of the values (—A)*=e'"* and (—A)*=e*™*, obtaining 


finally 
1 
F(A)= i a 
tanrz 


with 6 an arbitrary real constant. The ambiguity intro- 
duced by (—1)*=e***=¢—*** we shall call the signature 
ambiguity of superpropagators. (Note that this method 
admits of an arbitrariness only up to a constant, and 
not up to an entire function of p?, as in the x-space 
method.) 

(j) In Paper I we showed that a superficial count 
indicates that the number of distinct types of ultra- 
violet infinities depends on the Dyson index D 
[Llimy. V(¢)=¢?] of the Lagrangian. This number is 
finite if D<4. The result was proved by considering 
*—» 0 (x spacelike) behavior of Borel sums (1.7). For 
example, explicitly when V(¢)=G/(1+/¢), with 


+0)r@-Hy(pay (1.15) 
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D=—1, F(A) is given by 


F(A) =G°P.V. dt ce] (=) ] 


for zero-mass fields ¢. This expression is finite in the 
limit x 0. For the interaction Lagrangian V(¢)=¢°/ 
(1+-/¢) with D=4, however, we recover the ultraviolet 
infinities since the corresponding expression for F(A) is 


F(A) =A8 i dg e-*(1— ft A)-}. 


The question arises: Where in the p-space method is 
there an indication of a Dyson index? The answer, as 
we shall see in Sec. III, is that it is the Gel’fand require- 
ment 0< Rez<2 for the unique definition of the Fourier 
transform of A*(x) which forces us to distinguish be- 
tween Lagrangians like V(¢)=1/(1+fo) and V(¢) 
=#5/(1+/¢). In order to give a precise meaning to 
F(A) for the latter, we are constrained to write it in the 
form 

4 xt 408 rs A)? 
F(A) => nati ii dz iia (1<a<2). 


n=? sinwz 


The terms which appear in the sum >) n2t 2!A* are just 
the ones which give rise to ultraviolet infinities. 

(k) Higher orders. The great beauty of the p-space 
method lies in the similarity of the p-space expressions 
for supergraphs and normal Feynman diagrams. 

One can introduce Feynman’s auxiliary parameters 
and carry out the loop integrations. As we shall see 
below, the result is an elegant expression for the super- 
graph contribution as a weighted average integral of 
contributions of conventional graphs. The utility of 
such an expression is twofold. (i) The sums of super- 
graphs in different orders of G closely resemble the sums 
for conventional graphs, and the methods previously 
discussed by Polkinghorne, Federbush,™ and others for 
carrying through the summation can be taken over. (ii) 
The discontinuity formulas of Cutkosky—and the proof 
of the unitarity relations using such formulas—follow 
the conventional lines. 

For the zero-mass case, the integral expression for 
the NVth-order supergraph is the following. 

Associate with each superline a four-momentum vec- 
tor giz. The Sommerfeld-Watson transform of (1.3) in 
p space equals 


F =o" IL i d243p (2:3) if aaa —a08)""*) 
XTLo(pe +h ger). (1.16) 
k 134k 


"J. C. Polkinghorne, J. Math. Phys. 4, 503 (1963); 
Federbush and M. T. Grisaru, Ann. Phys. (N. Y.) 22, 263 dood}; 
22, 299 (1963). 
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Here p(z.;) is the product of the vertex factors 
v(X ji 2:j-+m,), the factors 1/sin7z;;, and the factors 
1/[sinaz:,P'(2:;)[(gis;—1)] for each superline. The 9,’s 
are the momenta carried by the external lines at the ith 
vertex, and the 6 functions express conservation of en- 
ergy and momentum. 

Introduce Feynman’s auxiliary parameters, using the 
integral representation 


1 00, 
of?) 2-2 da 1l—z. ag? ; 
(-9’) eri alee (1.17) 


One may now carry through the d‘g integrations in 
I (p,c43) 
= i (expLawigs*) I 6Get+X gu) PIT d*qij. (1.18) 


The result is identical to the case as if we were dealing 
with xormal Feynman graphs with F=3}N(N~1) inter- 
nal lines rather than supergraphs. [This is because 
I(p:,a4;) is not 2;; dependent.] Such normal graphs we 
shall call skeleton graphs. The evaluation of the functions 
I(pi,c43) for the skeleton graphs can easily be carried 
through using the methods of Chisholm’; the final 
expression for the amplitude F(p,) reads 


F()=II 


t<j 


desjp' (245) / dasyis)*iT (poss), (1.19) 


where p’ differs from p by the factors 
nt 1 
i<j al'(2 —24;) ; 


The result for the V-point function evaluated in order 
G* can therefore be stated thus: Draw a normal Feyn- 
man graph with internal lines joining all the N points 
pair wise. We shall call such graphs skeleton graphs. 
Introduce Feynman parameters; the result of perform- 
ing loop integrations in skeleton diagrams is the stand- 
ard Chisholm expression I(p,0;;). Multiply this by the 
factors (a,;)'-*# and the weight function p’(z:;); integrate 
over Feynman parameters a; and the Sommerfeld- 
Watson parameters z,;. One obtains the supergraph 
contribution. 

(m) Finiteness of the supergraphs. One may examine 
the supergraph integrals for ultraviolet infinities. It is 
easy to see that a superficial power count would indicate 
that for an N-point function, with F=3}N(N—1) inter- 
nal lines and /=F—N-+1 loop momenta, the super- 
graphs have no ultraviolet infinities provided each 
superpropagator contributes a factor falling like (g?)~?. 
It is crucial to remember that with our Euclidicity 


4 For s=1 we recover Feynman’s formula for normal propa- 


gators. 
wey. R. S, Chisholm, Proc. Cambridge Phil. Soc. 48, 300 (1952). 
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se 


Fic. 3. Contribution to the s-wave scattering 
amplitude, (s)~exp[(const)s], s>0. 


postulate it is the asymptotic behavior for spacelike q? 
for the superpropagators which is relevant here. This 
also leads us to stress once again that it would be a 
mistake to evaluate supergraphs in each order in the 
major coupling parameter G” for the Symanzik region, 
to continue the external momenta to the physical region 
and then sum the series in G¥. One must sum in GN first 
(as indeed has been done for the series in the minor cou- 
pling constant f) and then continue the sum to the physical 
region. 

(n) As stated earlier, the G? approximation to the 
two-point amplitude in a typical nonpolynomial theory 
behaves asymptotically, as illustrated in Figs. 3 and 4. 
Thus, to order G?, a simple evaluation for form factors 
(Fig. 4) immediately yields physically sensible results'* 
[F()~G?/i*], while the same approximation in the 
timelike region s>0 gives, for the four-particle scatter- 
ing amplitude, a physically unacceptable behavior 
rh $)« Ge], It is clear that before rejecting non- 
renormalizable theories on the grounds of unaccepta- 
bility of their predictions in the lowest-order calculation 
in the timelike region of external momenta, one must 
first carry out a summation of a chain of diagrams. This 
crucial problem is being studied. 


If. SUPERPROPAGATOR 


As we have been stressing in Sec. I, the basic gen- 
eralized function, in terms of which all the Green’s func- 
tions are ultimately to be expressed, is A*, where z de- 
notes a complex number in the strip 0<_Rez<2, and A 
is the usual propagator for a free scalar field of mass m, 


{TH(x)p(0))) = A(x?—10, m?). (2.1) 


The function A(x?,m*) is analytic in the x? plane cut 
from 0 to +. Explicitly, 


A(x?,m?) = mK (mv/(—2"))/4n%/(—22), (2.2) 


where K; denotes the modified Hankel (or Macdonald) 
function. The function A is real and positive on the 
negative real axis. It has no zeros in the finite x? plane, 


* That a typical form factor falls so fast is a welcome result. 
It is perhaps not a surprising result, since it has already 
pointed out in the literature that falling form factors are most 

ely to be consequences of the existence of multiparticle inter- 
mediate states. See, for example, J. S. Ball and F. Zachariasen, 
Phys. Rev. 170, 1541 (1968); D. Amati, L. Caneschi, and R’ 
Jengo, Nuovo Cimento 98, 783 (1968); A. O. Barut and H. 
Kleinert, Phys. Rev. 161, 1464 (1967); C. Fronsdal, ibid. 171, 
1811 (1968). 
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and its behavior near x?=0 and x?= © is given by 


A(x?,m?)~ —1/x*, x*-0 
~(—x2)-BMe-mv a2) [x2] 00, (2.3) 


The generalized function A‘, which we shall call the 
superpropagator, is well defined provided one can find 
a space of test functions f(*) over which the integral 


(anf= J dt A*f(2) (24) 


is convergent and satisfies the appropriate continuity 
conditions. This integral can certainly be defined for 
f(x)ED, the space of infinitely differentiable functions 
with bounded support, provided z lies in the strip 
0<Rez<2. (Presumably it can be extended to larger 
spaces but we have not examined this problem.) Fol- 
lowing the standard procedure! for defining a general- 
ized function that corresponds to an ordinary function 
with an algebraic singularity, we can define (A*,f) out- 
side the strip 0<Rez<2 by means of analytic continua- 
tion. The result is an analytic function of z with simple 
poles at the integers z=2, 3,4, .... 

The Fourier transform D(p*,z) of the superpropagator 
must, like the latter, be an analytic function of z. It is 
defined on the segment Imz=0, 0<Rez<2 by the 


classical integral 
1 ; 
I dx efP=At , 
t 


D(p",2) = — (2.5) 


which converges absolutely for p?<0. In fact, one can 
perform a Wick rotation of the x9 contour and replace 
the Minkowskian integral (2.5) by an equivalent 
Euclidean one which reduces to the form 


D(p*2) 
4a? 
(—p" 


after performing the angular integrations. It is clear 
that (2.6) converges for a wider range of z than does 
(2.5): 0<Rez<2, ~0 <Imz<o, The analytic con- 
tinuation of D(p*,z) outside this strip will be considered 
below. It will be shown that like the functional (A*,/f), 
it has poles at the integers z=2, 3,4, .... 

For the zero-mass case we can express the integral 
(2.6) in terms of elementary functions and so perform 
the analytic continuation explicitly. The result is 


(—p?)*-3 
sinez I'(z)I(e—1) ’ 


J ° dr °F ((— p?)"r)A(—r?, m®)* (2.6) 


Do(p*,2) =x(4x)** (2.7) 


which clearly exhibits the poles at z=2, 3, 4, ... . (It 
shows in addition the rather unexpected feature of 
zeros at z=0, —1, —2, ... . We have not yet been able 
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to prove that this is true also of the massive super- 
propagator.) 

The asymptotic behavior of the superpropagator 
both in »? and in z is of particular importance. For 
|p?| >< with z fixed, we shall assume that D(p?,z) 
can be approximated by Do(p2,z). For |z| > with p? 
fixed, the situation is less clear. The behavior of the 
zero-mass superpropagator 

Do~(—p?)*-3| —z|—2Ree—2, 


Jargz|<x (2.8) 


may or may not provide a useful guide to the massive 
case. 

Consider the structure of D(?,z) in the finite z plane 
with p?<0. The integral representation (2.6) is valid 
only in the strip 0< Rez<2. In order to continue to the 
right of Rez=2, we must modify the behavior of the 
integrand of (2.6) at r=0. We propose to subtract and 
add the first N terms of a Maclaurin expansion of J;. 
Indeed, if we write 


Fi(—p?)/%) 1 wea (hps?)* 
(—p)""% 2 eo RR+1)! 
then (2.6) takes the form 


(2.9) 


+Rw(pr’), 


D(p?,2) =2x? e ae J : dr r2kt8AQ(—r?, m?)2 
kmo RV(R+1)! J 5 


4x? | dr °Ry(p*r?)A(—r?, m?)?. (2.10) 
0 


The term involving Ry is easily shown to converge in 
the extended strip 


0<Rez<N+2 (2.11) 


since near r=0 we have Ry(p’r?)~r?. The other terms 
in (2.10) will of course exhibit poles when continued out 
of the strip 0<Rez<2. (This can be shown by the 
method of Gel’fand and Shilov.) The important point 
here is the fact that the residues of the poles at z= 2, 3, 4 
are polynomials in p?. (This is simply a reflection of the 
well-known fact that the ultraviolet divergences mani- 
fest themselves in the coefficients of a polynomial.) By 
increasing WV indefinitely, we can thus prove that D(p?,z) 
with p?<0 is analytic in the half-plane Rez>0 except 
at the points z=2, 3, 4, ... where it has simple poles, 
the residues of which are polynomials in p? (of order 
z—2). The structure in the half-plane Rez<0 is more 
difficult to unravel and we have not attempted this. 

Consider now the structure of D(p?,z) in the p? plane. 
It is trivial but helpful to continue into the strip 
0<Re(p?)!/2<m Res by expressing the integral (2.6) 
in the modified form 


2 


(p?)¥/2 


D(9?,2) = | “are 1((p?)"*/)A(—r?, m?)*, (2.12) 
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_ 


ss 


Fic. 4. Contribution to the 
electromagnetic form factors F() 
~1/8, 1<0. 


It is the convergence or lack of it at the upper limit 
which controls the analyticity in p?. We shall be able to 
make analytic continuations by displacing the r contour 
in (2.12). The integrand has no singularities in the 
finite plane, and for large values of |r| it can be approxi- 
mated by 


lz Vpt 
7h 2) g— (me Bye 


assuming Re(p?)!/2>0. Let us keep z fixed in the strip 
1<Rez< 2. It is clear that we can rotate the r contour 
through the angle @ without affecting the value of the 
integral, provided we maintain the condition 


Re[(mz—~/p)e*]>0, 
or, otherwise expressed, 
larg(mz—~/p2) +06] <$r. (2.13) 


This follows from the absence of singularities of A* in the 
r plane apart from the branch point at r=0 where the 
convergence does not depend on arg(r). Starting with 
the original contour ,@=0, we have analyticity in the 
half-plane 


() —$n<arg(mz—V/p?)<}r. 

Increasing @ continuously to +47 rotates the conver- 
gence domain into 

(II) —a<arg(mz—+/p)<0, 

while decreasing 6 to —}7 rotates the domain into 
(ID 0<arg(ms—/p") <r. 


The regions (I)-(IID) so obtained can be pictured in the 
plane of +/p? as in Fig. 5. The dashed lines indicate 
boundaries between the regions. Thus it appears that 
the integral (2.12) defines a function which is analytic 
in the half-plane Re(1/p?)>0 except at the point ./p? 
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ReJp? 


Fic. 5. Structure of the superpropagator in the complex /?* 
plane. The solid line represents a branch cut and the dashed lines 
mark out regions in which the superpropagator is represented by 
distinct contour integrals. 


= ms, where it presumably has a branch point. The dis- 
continuity across the branch cut is given by Din—Din1, 
where Dy; and Dy are defined by the contours with 
6=1r—0 and 6=—4r+0, respectively. Equivalently, 


Dulore= of due 
im Hi (mu)? 
Samael 
(2.14) 
Din(Pad= Tag | du wtMGon'9 


( im ney 
8r u , 


These formulas are valid for 1<Rez<2. If we add and 
subtract the Maclaurin terms as in (2.10), they can be 
extended in an obvious way into the half-plane Rez> 2. 
Presumably their range of validity can be extended 
down to Rez=0 without difficulty (at z=1 the branch 
point should reduce to a simple pole). 

To summarize, from the integral representation (2.6) 
and its modifications (2.10), (2.12), and (2.14) we deduce 
that the superpropagator D(p?,z) viewed as a function of 
two complex variables has the singularities: (a) fixed 
poles at z=2, 3, ... , the residues of which are poly- 
nomials of order s—2 in p?; (b) a singular surface 9? 
= 22m? which manifests itself as a branch point in the 9? 
plane except when z=1, in which case it becomes a sim- 
ple pole. The discontinuity across the branch cut is a 
regular function of z—at least for Rez>0. Whenever 
z is an integer the singularity surface p?=z*m? corre- 
sponds to normal thresholds as implied by unitarity. 

We have no clear idea of the behavior of the super- 
propagator for Rez<0, except, of course, in the zero- 
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mass case where it is analytic with zeros at z=0, —1, 
2, 0.25 

For large values of | p?| it is presumably adequate to 
approximate D(p*,z) by the zero-mass form (2.7). For 
large values of |z| it may or may not be possible to use 
(2.8). 

Finally, let us consider an alternative regularization 
of the superpropagator A? which can be used in the zero- 
mass case. (This regularization will be referred to in 
Sec. III.) Introduce the regularizing parameter @ to 
define 


1 1 


Ax? 7?+-q? 


Aveg(—1?, 0) = a>0 (2.15) 


which has no singularity at r=0. Substituting this form 
into (2.6), we find the corresponding momentum-space 
superpropagator 


Dreg(P?,2) 
3 (2m)? 
(ee 
: les CSL 
T(z) 2a 


I = PId(-P)"%) 
i 
0 (r?-+-a?)? 


) K,-s(a(—p2)"), (2.16) 


and, as was to be expected, the fixed poles at z=2, 3, 
... have disappeared. In order to see what happens in 
the limit a — 0 let us assume that z is not an integer and 
replace K,-2 by its series expansion. The result is 


. (=p E 


Ag 2—2z. 
a Ti)le—-1) 


4 1 (*)- _ or _ ey" 
22(z—1)\ 4 T'(3—z) 4 


- (- a ‘i | . (2.17) 


Dreg(p?,2) = 


In the limit a —> 0 every term except the first vanishes 
if Rez<2. In this way the superpropagator (2.7) can be 
obtained as the limit of a regularized function. 

If, on the other hand, we were to take 2< Rez<3, then 
the limit would be singular: 


Dreg(P?,2) =P Do(p?,2) 
— (49?)-#a*-22/(g—1)(@—2). 
This means that contour integrals involving Dres(P?,2) 


must be moved to the left of Rez=2 before the regulari- 
zation is removed. 


(2.18) 


Ill. REGULARIZED PERTURBATION SERIES 


Consider now the problem of developing perturbation 
expansions in the nonpolynomial interaction V(¢). As 
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discussed in Sec. I, we could begin formally by expand- 
ing V in powers of ¢ and then, for each power ¢", de- 
velop the usual series. Let us therefore suppose that the 
interaction Hamiltonian, considered as a function of the 
complex variable ¢, is analytic in some neighborhood of 
¢=0 so that we can write 


V@)=X (0n/n!)(—9)", [6|1<R. (3.1) 


It is convenient for our purposes to consider, instead of 
the usual many-body Green’s functions, the equivalent 
set of amplitudes 


(—)?"Fmy--mu(A) = {TV Gi)» - VG), 3.2) 


where ¢1=¢(x1), ... and V™(¢)=0"V(¢)/do". If we 
substitute the power series (3.1) into (3.2) then, after 
some straightforward manipulations, we obtain the 
series 


Fny--my(Q2> v(m+>. my)-- U(my+L nw;) 


mij j 


x [A(x,—2,) ]**/ns;!, (3.3) 


where the indices i, 7, run from 1 to N and the nj=n;:; 
from 0 to «©. We shall suppose that ”;;=0 since the 
factors A(0)"** produce no more than a rather simple 
renormalization of coupling strengths which we can 
regard as having been done already.” 

For the interactions we shall be considering, the series 
(3.3) generally diverge. Thus, for example, correspond- 
ing to the interaction (1.4) we have o(n)=G/*n! and so 
in the simplest case V=2, m=m.=0, 


Foo(A\=G? & Penlar, 


n=O 
which clearly diverges. However, we can easily regard 
such series as asymptotic expansions and direct our at- 
tention to the problem of defining the amplitudes which 


are so represented. As a first step towards such a defini- 
tion, let us consider the Borel sum of (3.3), 


Fmy.semy?(A) = i (q df je Fi >» 
9 NK 


Aim 


)o(m-+Ens te 


O [oA(ai— x) J 


i<j Ney: 


(3.4) 


The summations over nj are by this method—or some 
generalization! of it—made to converge so that we are 
left with the problem of integrating over the £.;. The £ 
integrals may well be undefined since the analytic func- 
tion in the integrand can develop singularities on the 
path of integration. These can always be avoided by 


17 R, Delbourgo and K. Koller (unpublished). 
18 Examples of such generalizations are given in Refs. 7 and 8. 
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distorting the ¢ contours or by giving the A’s suitable 
imaginary parts. 

The precise details of the method used to define the 
functions F?(A) are not important since we are using the 
Borel integrals only at an intermediate stage of our 
program. The essential step will be the replacing of the 
sums over .; in (3.4) by contour integrals over 2;;. 
To do this we need to interpolate the expansion coeffi- 
cients », by an analytic function v(z). The existence of. 
such an interpolating function is assured by the 
condition® 


i db|o-='V($)| <@ (3.5) 


for some range of a. Indeed, if (3.5) is satisfied then V(g) 
may be represented by the Mellin integral 


ati dy v (z) 
Ve) =i if —— —— ++", (3.6) 
a—ie sinez I(z+1) 


where v(z) is an analytic function defined by the integral 
1 00 
v(z)= ——_ / dp g-*"V(~), Res=a. (3.7) 
T(—2z) Jo 


In order to compare the integral representation (3.6) 
with the power series (3.1) we have only to perform the 
inverse Watson-Sommerfeld transformation. It ap- 
pears that @ is constrained by the minimum value mp of 
m appearing in the sum (3.1), ie., 


(3.8) 
where m» and 7 are determined by the limiting behavior 


Vid)~o", 6-0 
~o", o>, (3.9) 


[We shall be assuming later that V(¢) can be expanded 
in powers of 1/¢ for |¢|>R:. In this expansion the 
lowest power to appear is —”. ] 

To avoid the notational obscurities consequent upon 
the use of general formulas like (3.4), we devote the 
remainder of this section to a detailed treatment of the 
second-order amplitudes, 


F mmz5(A) 


m<a<no, 


(¢A)* 
(n!)? 


Formal generalizations for the higher-order amplitudes 
can usually be made without difficulty. New features 
connected with the problem of defining products of 
superpropagators may appear in the higher orders; 
about these we can draw only tentative conclusions, 
These problems will be presented in Sec. IV. 


= / : det 3 o(m-+n)0(ma-+n) (3.10) 


WE. C, Tit Theory of Fourier Integrals, 2nd ed. (Oxford 
U. P., Oxford, England, 1967), p. 46. 
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It will prove convenient in the following to have an 
auxiliary complex variable \ at our disposal. Let us 
therefore consider the functions F3(\A), bearing in 
mind that we shall take a limit \—> 1 at the end. Let 
us now replace the summation over » in (3.10) by a con- 
tour integral using the o(z) of (3.7), analytically con- 
tinued, to interpolate the coefficients v,, 


bed dz 
Frms®(QA) = i ag ti) [ 
6 pr sinw2 


0(2-+m1)0(z-+ me) 
T(z+1)? 


where I’ denotes a contour coming from ++ which en- 
circles the integers s=M, M+1, M+2, ..., in the 
negative sense, and returns to ©. The non-negative 
integer Mf is fixed as the lowest power of A appearing in 
the sum (3.10). It is defined by 


M =max(no—m, no—mza, 0). 


(—A)*(F4)?, (3.11) 


(3.12) 


Let us now open the contour I after the fashion of 
Watson and Sommerfeld. This is possible because of 
the postulated existence of the Mellin representation 
for V(#). The factor '(2+1)-? produces a strong damp- 
ing effect for |z| +, | argz|<4$z. Once the contour has 
been opened, however, the factor 


T(2+1)-?~ exp(x| Ime] ) 


acts to weaken convergence. Hence it is advisable at 
this stage to interchange the ¢ and z integrals and per- 
form the ¢ integration to obtain 


Fmma (dd) 
atic dz v(ztm)0(sz-+me) 
=hi J Re ease (3.13) 
e—ico SIRE re+1) 
where a lies in the range 
Mi<o<M; (3.14) 


here M, denotes the position of the singularity of the 
integrand nearest on the left toz=M. This will generally 
be a pole at z=M-—1 due to the factor (sinrz)-!. 
However, if 4’ =1 or 0, this will be a pole from one or 
both of the factors o(z-+-m,) and v(z-+mz2). Let us defer 
these questions until we come to consider the construc- 
tion of asymptotic series for the momentum-space 
amplitudes. 

In formula (3.13) we have thus obtained an integral 
representation of the Mellin type involving the super- 
propagator A’. If Mi<2, then this integral defines 
unambiguously the generalized functions F?(\A). If, 
on the other hand, M,>2, then it will be necessary to 
translate the contour to the left of the line Rez=2 and, 
in so doing, pick up the poles at =2, 3, ...[44]. The 
part of the generalized function defined by the new con- 
tour is unambiguous but the separated terms, involving 
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A?, A’, ..., All, are not. They carry the usual ultra- 
violet divergences. 

A simple illustration of this effect can be given in the 
zero-mass case using the regularized superpropagator 
Dree(p?,2) in place of A* in (3.13). This propagator, 
given by (2.16), has noz poles and in the strip 0< Rez< 2 
it reduces to the correct form (2.7) in the limit when the 
regularization is removed. However, if Rez>2 then 
singular terms appear when the regularization is re- 
moved. That is, the Fourier transform of F®(AA) is well 
defined when the regularization is removed only if the 
contour is contained in the strip 0< Rez<2, 

Assuming now that 0<a<2, we can immediately 
write down the Fourier transform of F3(\A). It is given 
by 
F ‘mma?(p?,d) =}i J 


a—teo sinrz 
v(2-+am)o(z-+ me) 
T(z+1) 


At this point we must remark that the continuation to 
2=0 of D(p?,z) must be treated carefully. For the zero- 
mass case the explicit formula (2.7) gives 


D(p?,0)=0. 


On the other hand, we should expect the Fourier trans- 
form of A°=1 to be (21)*84(p). This means that if, in 
the integral representation (3.13), the contour lies to 
the left of z=0, ie., if 4’=0, then before defining the 
Fourier transform we must translate the contour to the 
right of z=0 where we can use (3.15) and, in compensa- 
tion, add the term 


»(m)0(m2)(2m)454(p) , (3.16) 


which is the Fourier transform of the contribution of the 
pole at z=0. Clearly (3.16) corresponds to a discon- 
nected graph. The contour method apparently picks out 
the connected graphs only. 

Let us now consider the problem of constructing an 
asymptotic series to represent the function F#(p?,\). 
To simplify the discussion let us suppose that =O or 
1. (If M22 the necessary modifications can be made 
without difficulty.) For large spacelike p?, we shall use 
the zero-mass approximation for D(p?,z) and write 
(3.15) in the form 


atio dy 


(—A)D(p?,z). (3.15) 


Frnums®(p?,) . 
a ative dz y(s-+my)v(2-+mz2) 
sil sinxz T(z-+1)? 
EP eg 
sinwz P(z—1) 
fet dz v(a-tami)o(2-+-me) 2 
=f sinxz T(z-+1)? . 


XT(2—2)(—A)*(—p2)-7(4e) >. (3.17) 
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Our aim, in order to get a series.in inverse powers of ?, 
is to collapse the contour onto the negative real axis—a 
mirror image of the conventional Watson-Sommerfeld 
contour on the positive real axis. By our assumption 
that V(¢) can be expanded in inverse powers of ¢ for 
sufficiently large |@|, it follows that »(z)/T'(z) is damped 
with sufficient strength for the inverse Watson-Sommer- 
feld transformation to go through in the half-plane 
Rez<0. The only factor in (3.17) which hinders this 
operation is '(2—z), which explodes. However, this can 
be removed by the Borel trick. That is, we can write 


a+ 00 dz 


ed 
Faanit(otn)~ | aD 


v(2-+m)o(e+ma) 2 a gerne 
Te Cy ee 


The dominant term as p? > is going to come from the 
pole or dipole of »(z-+-2)v(z-+m.) furthest to the right. 
For simplicity let us suppose that the poles of v(z) occur 
at negative integer values of z. This happens in many 
cases of interest and it is a consequence of requiring 
that V(¢) has a Laurent expansion at ¢= ©. Suppose 


u(n) 
v@)=L—(-8", 
n ni 


ato Sinwz 


Comparing this with the integral representation (3.6), 
we find 


T@) 
o(2)=— ———«(—2), 
I'(—2) 
so that, in particular, 
o(z-+m) 
T(e+1) 
u(—z—m) 
= —(z-+-m)(2-+m—1)-+-(2+1)———_,_ (3.19) 
T(1—z—m) 
which vanishes for z= —1, —2, ..., —#m. It will vanish 


also for 
s=—m—1,..., —m—n.+1, 


where m2 denotes the lowest power of ¢ occurring in the 


Pasms®(p?,A) = 44 i; 


atic dg v(z--m)v(z-+me) 
aie SinwZ 


T@+1) 
1+m)v1t+m) 1.2 @ 
- ot El 
Pp? wna? 02 
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regular part of the Laurent expansion of V(1/¢), ie., 
u(n)=0 for n=0, 1, ..., m2—1. The poles of the inte- 
grand of (3.18) therefore occur at 
s=—N—1, —N—2,..., 
where WV is given by 
N=max(m, me, m+1.—1, me+n—1). (3.20) 


Hence we can write 


00 a oo ! 
Pant? pany~ i or = (= ) eae 
o f  neN41 (n—m,—1)! 

u(n—m) (n—1)! u(n—m) 


(n—m)! (n—m.—1)! (n—me)! 
n ¢ n+2 
—r)"-{ —-— Ae), (3.21 
x(n (— 2) Geer. Gan 


Finally, to obtain the asymptotic” series we interchange 
the ¢ integration with the summation. We obtain the 
result 

1 «© 
F mma? (p?, AY — >> x” 


T neN+1 
L(a—1)! s(n — mi) u(n — me) 


(n—m—1)\(n—m1) !(n—m2—1) (nm — ma)! 
xn(ntt)( =)" (3.22) 
n(n+1){ —-—)] . @. 
?? 


There are two important aspects of this formula. Firstly, 
the leading term in F® turns out to be (—p*)-*—* where 
N is given by (3.20). [If M22 we must include addi- 
tional terms corresponding to the poles at z=1, 2, ..., 
My. These are (1/p?), Inp*, .. . (p?)¥f1-? Inp?. J Secondly, 
the asymptotic series (3.22) is single valued in X. 

The functions F#(p?,d) defined by the integral (3.15) 
are not single valued in \. Generally they have a loga- 
rithmic singularity at \=0. This can be seen if we col- 
lapse the contour of (3.15) onto the positive real axis 
and pick up the residues of the dipoles at z=2,3,.... 
Let us use again the zero-mass expression for the super- 
propagator to write 


(—p?)*? 
singzI'(z)T'(z—1) 
Te+1)T(@2Pre—-1) rn 


3 attain ret wo o(n-tma)o(n+mz)(—d)*(— 2)? 


Tam? 


E (n-+m1) 
v(n-++m) 


v(n-+me) 


ni(n—1)'\(n—2)! 


v' (n+m2) 


—¥(n-+1)—¥60) HI) Har) Ha(—p9 J, (3.23) 


® We shall not attempt to prove that the series (3.22) is indeed asymptotic. Presumably one could ensure this by imposing 


appropriate conditions on V(¢). 
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where y(z) =I"(z)/T'(z). That is, we can write 
Prryea®(p?,d) = A myma(P?,%)+1n(—A) Bmina(P2,A), (3.24) 


where A and B are entire functions of \. Moreover, B is 
an entire function of ? as well. 

That B(?,\) is an entire function of fe can be seen 
from the fact that the discontinuity of f’? is an entire 
function of \ and must therefore come from the func- 
tion A(p?,A). Considering the massive case, we can use 
the property that the absorptive part of the super- 
propagator, D(p?,z), vanishes for p?< (mz)? to evaluate 
the absorptive part of F* by translating the contour in 
(3.15) to the right of Rez=(./p?)/m for given »/p?>0. 
Only the poles separated in this way can contribute to 
the discontinuity, which is therefore given by 


discP mims®(p *) 


Lvplm) Umitnlmstn 


dA” discD(p?,n) , 


(3.25) 


n=l nN! 


which is just a polynomial in 4. 

The form (3.24) which has been derived for the zero- 
mass case is probably true in general. Its validity de- 
pends only on the feasibility of the inverse Watson- 
Sommerfeld transformation together with the fact that 
D(p?,z) has simple poles at the integers z=2, 3,.... 
These combine with the zeros of sinrz to make dipoles. 

The dispersive part of F* is certainly not an integral 
function of \ and we shall have to adopt some definition 
of the limit \—> 1. It is at this point that a basic uncer- 
tainty enters the program. In the absence of guidelines 
we can interpret lim,.1(—A)* by an average of the 
terms 

e@ktlrs k=O, +1,4+2,.... 
That is, we should write 


Frama(p?) => OnF mime? (D?, —e Gk) (3,26) 
k 


with arbitrary complex parameters @;. Substituting the 
form (3.24), this reads 


Fram ?) = o> ay) A mm(p?,1) 
tir (2k-+1)41)Bmma(p?,1), (3.27) 


so that there are really only two arbitrary constants. 

There is one very important constraint to be imposed. 
That is unitarity. The imaginary part of F(p?) should be 
given by (3.25) with A= 1, and it should vanish for p?<0. 
This gives us the conditions 


DNa=1 and itd (2k+1)a.=6, 


where 6 is real. Thus it appears that the Fourier trans- 
form of the generalized function F(A) may contain one 
arbitrary parameter 6. Possibly we could take b=0. 


(3.28) 
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This corresponds to the choice advocated in earlier 
references (Efimov’? and Paper I*) and it may receive 
justification when we are able to impose the unitarity 
requirement in higher orders. 

The final choice of amplitude F'(p?) represented by 
(3.27) and (3.28) can be expressed by the integral 


o(2-+m1)e(z+me) 
| nee 2) dy d: ——————_—D es 
2 uf map De) 


1 
x( 
tanrz 


IV. HIGHER ORDERS AND FEYNMANIZATION 
OF SUPERGRAPHS 


Corresponding to a diagram with NW vertices which are 
pairwise connected by superpropagators there exists 
the momentum-space amplitude 


2-400 


+) . (3.29) 


[ow + dave" TT A(ay—ay)*44 


i<j 


= (2n)*8(Lp)D(p1- ++ pw3 212+ +) (4.1) 
depending upon N—1 independent momenta and 
3N(N—1) independent complex parameters 2,;. The 
singularities of this integral occur on the various light 
cones (*%;—x;)?=0. An over-all convergence condition 
can be obtained by considering the behavior of the 
integrand when all components x; approach 0 simul- 
taneously. This gives the over-all singularity 


ae 22Rezij — x (N—1)Rez 


if we assume for simplicity that Rez,; is the same for 
every 2,;. This singularity is compensated by 4(V—1) 
integrations. Hence we have superficial convergence if 


N(N-1) Rez<4(N-1), 


ie., 


Rez<4/N. (4.2) 


An equivalent representation of the amplitude (4.1) 


is given by the momentum-space integral 


II (k) IT D@is?,24), 


loops i<j 


D(pr- ++ prj 2120) = (4.3) 


where D(q?,z) denotes the superpropagator of Sec. II. 
The 3(V(V—1) momenta g;; associated with the super- 
lines are expressed in the usual way by linear combina- 
tions of the loop momenta fj, ..., &; and the external 
momenta $1°:-pw. The convergence of (4.3) can be 
justified by the same power-counting arguments as 
were used above. Using the asymptotic form D(q*,z) 
~(—¢@)**, one arrives again at the condition (4.2). 
The problem of analyzing higher-order contributions 
is a very standardized one. For each W there is one and 
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only one skeleton graph. This graph is obtained by 
joining the vertices in pairs—one line to each pair. The 
resulting diagram has }N(N—1) lines and 4(N—1) 
X(N —2) loops. The amplitude which corresponds to 
this diagram would be highly divergent if ordinary bare 
propagators were associated with the lines. It is the 
possibility of taking Rez,; sufficiently small which makes 
the amplitude converge when superpropagators are 
associated with the lines. The analytic function defined 
by this convergent integral can then be continued out- 
side the original domain Rez,;;<4/N exactly as was done 
for the superpropagator itself. 

In this way one is led to define the higher-order 
momentum-space amplitudes by the multiple contour 
integral 


Poaye.my® (pr ++ nj Are + +) 


/EOs 


— 
gt = a oe 
sinrz;; T(zij4+1) 


* TE om +5 20)D(pr-+-pyjzie--+), (4.4) 


vertices t 


where the 2 contours lie initially in the strip 0<Rez,; 
<4/N. The auxiliary parameters \;; must then be set 
equal to +1, and it is at this stage that some ambiguity 
can enter the problem. The general procedure should be 
to define the true amplitude as a linear combination of 
the possible limits \;;—> 1, ie. 


Poay..my(Pr° . + py) 
= = Ong Fteemn® (Pr . ‘pn; —etviar. ‘ +) ; 


Vigess 


(4.5) 


where each »,; takes the values +1 and —1. The coefii- 
cients a,,,...¥ are to be chosen consistently with unitarity 
but are otherwise arbitrary. Substituting the represen- 
tation (4.4) into (4.5) one obtains the form 

. d2i; 1 ) 


ae ee 
1emy (Dre ++ Py) dL aa Peat!) 


x IL m+ 2x1) D(pi- + + py3 212° °*) 


vertices t 


ie 


Xe (z12- : -) ? (4.6) 


. d2i3 
t 

sinr2;; T(zsj;4+1) 
, day (Dag) 


EG 


sinrz,; T'(zej+1) 


discF mj...my?(P1° 7 ‘PN; hia) -| i ( 
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) 


1 


where @(z12---) denotes an entire function defined by 
the sum 


aN (219: --) 


xu 


VIS omeb 


Oyy..." exp(ia 2 vistij) (4.7) 
t<J 


It is necessary to investigate in what way this “ambigu- 
ity function” (which resembles the signature ambiguity 
in Regge theory) is constrained by the requirements of 
unitarity. 

The unitarity problem is of course an extremely in- 
tricate one and so we shall confine the discussion to a 
conjecture about normal thresholds. To this end let the 
N vertices be divided into two sets, 1, 2, ..., Wf and 
1’, 2’, ..., M’ (M+M’'=N). If the amplitude 
D(p1- + + pw} 2), considered as a function of the variable 
(pit: ++ +pa)?=(py-+-+-+pa)? has a branch point 
at 


(prt -:: tpm)?= md, Zu)*, (4.8) 


and if the discontinuity across the associated cut is given 
by the integral 


| Musiae apes 
XD(pr HD que. + 5 2u)IT O(gs3) discD(qiy"?,255") 


XD(bv tX qui, 205), (4.9) 
where the variable q:; denotes the four-momentum 
carried from vertex 7 in the first set to vertex 7’ in the 
second, we would have a situation for supergraphs 
similar to the Landau-Cutkosky discontinuity for- 
mulas for normal Feynman graphs. The plausibility of 
(4.9) can be seen when we consider that the discon- 
tinuity (4.9) is a regular function of the z,; which van- 
ishes when the real part of }° 2;; is taken sufficiently 
large. This follows from the properties, established in 
Sec. I, of the superpropagator D(q?,z). 

If the expression (4.9) for the discontinuity of 
D(p1: + + pw; 3) is used in conjunction with the represen- 
tation (4.4), it is possible to give the discontinuity of F? 
in the form 


TL omit 202) discD(p1: + - pw; 24s) 
vertices tk 
I (ma +3. aut) / II (gr) 8Gi+: +: +ou—X gy) 


XD pr FX qi, +5 2s LL OG") discD(qix?; 2657) Dv +X. quis. + -5 3037). (4.10) 
aj’ 
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The appearance of this formula can be simplified con- 
siderably by translating to the right the contours 2;;- 
corresponding to particles exchanged between the two 
sets. In the course of this translation simple poles due to 
the zeros of sinzz,; will be crossed and their residues 
must be collected. Ultimately, when the contours have 
been pushed far enough, the contribution of these con- 
tours to the discontinuity will vanish. The discontinuity 
is thereby expressed—for given (p:+---+pm)*—by 
the residues of the finite set of poles at 2;;-=#,;- which 
have been crossed. The result is 


isc s...my2(P1° » + bw3 das) 
=D | II Caw Oir))6(O 97 ~pi— + +» — pm) 
nay! 
XFaitze; syeee Faith Qui'y- put>D qui} dy) 


xi dee FQ es (Qa5"?) 


XPoagzervie 2 (Pr tL Qiiiyeeey ew), (4.11) 


where 2,(g) denotes the #-particle phase volume. 

A similar factorization of the discontinuity into the 
products of lower-order amplitudes will be obtained for 
the true amplitude (4.6), provided the entire function 
a” factorizes according to 


lim a¥(e: ++) =a™(2u)a™’(20y)(—)?™". 


Es Mindled hd 


(4.12) 


(For the two-point function discussed in Secs. I and III, 
a*(z)=cosxz+5 sings.) One possible form for general 
a% which satisfies (4.12) is 


N 
a¥(24)= TT a*(@), 


tjel 


though this may not be the most general one. This is 
a strong result and would imply that there is just one 
arbitrary constant b in the whole theory. A result simi- 
lar to this but not as strong has been claimed by Efimov, 
who shows on the basis of unitarity that, in his recent 
formulation*! of the theory, there is just one arbitrary 
function 5(s) associated with superpropagators. 
Another method of attack on the unitarity problem 
which may give more insight is to eliminate the loop 
momenta from (4.3) in favor of a set of Feynman param- 
eters. As will be seen below, this method has the ad- 
vantage of making a sharper separation between the 
factors which depend on the details of the interaction 
and the kinematical factors which are common to all 
interactions. In fact, the momentum-space amplitude 


"G, V. Efimov, Kiev Report Nos. ITF 68-52, ITF 68-54, and 
ITF 68-55 (unpublished). 
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in Nth order can be expressed in the form 
Pay emy(Pr° x py) = i da ijJF my-+-my(is: . +) 
0 nes 2 
D(a,p) 
XC)? e: ( ) » (4.13) 
PS (@) ( 


where C(a) and D(a,p) are functions which are com- 
pletely determined by the structure of the skeleton 
graph, which, for these considerations, will always be 
taken as the set of N vertices pairwise connected by 
4N(N-1) lines. The functions C and D are those de- 
fined, for example, in Ref. 22 with the stipulation that 
zero-mass bare propagators be used in the definition. 
The function Fn,...my(a12-..) contains the dynamical in- 
formation and also the ambiguities. It will be defined 
in the following. 

The derivation of the integral representation (4.13) 
proceeds in the following way. Firstly, since the super- 
propagator D(q?,z) is analytic in the g* half-plane Reg* 
<Re(mz)? and is bounded there by a power, it can be 
expressed as a Laplace transform 


D(q?,2) = i : do D(a,z)e**, Reg?<Re(mz)?. (4.14) 


The new amplitude D, thea representative of the super- 
propagator, is obtained by inverting this integral. For 
a>0, 


1 B+ i00 
Blaz)=— [| dgte**Diqh2), B<Re(ms)? 
2mt J pix 
1 rT) 
=— dgte—*@ discD(q?,2) , (4.15) 
ri (mz)? 


where the latter form is obtained by collapsing the 
contour onto the cut which extends from (mz)? to + 
in the g? plane. The fixed poles at s=2, 3, 4, ...con- 
tained in D(q?,z) are absent from its discontinuity and 
therefore also from the new amplitude D. It is clear that 
D, considered as a function of complex a, is analytic in 
the half-plane Rea>0. In general, there is a singularity 
at a=0, where 


al-s 
D(a,z)~ -, a0. (4.16) 
T(1—z) 
For |a| >, |arga| <$z, one finds 
Daz)~eam*, Rez?>0 (4.17) 


®R. J. Eden, P. V. Landshoff, D. I. Olive, and J. C. Polking- 
horne, The Analytic S-Matrix (Cambridge U. P., Cambridge, 
England, 1966), Chap. II. 
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provided m> 0. For the zero-mass case, 


4g)?-%s 
D(a,z)= ———a* (4.18) 
Tz 
exactly. 

The Laplace representation (4.14) is easily general- 
ized to higher forms like (4.3). One can do this formally 
by substituting an integral like (4.14) for each factor in 
(4.3) and then exchanging the loop integrals with the a 
integrals. One obtains 


Dir 
= i TI [ea:;D(aii,2:5)] i TI (dk)eF=@. (4.19) 
o lines loops 


*pnj %12°-*) 


This exchanging of the integrals can of course be justi- 
fied only in the Symanzik region of the external mo- 
menta and only after a Wick rotation has been applied 
so as to make all the loop integrals Euclidean, 9:;7< 0. 
Under these circumstances the loop integrals in (4.19) 
can be performed explicitly to give 


fz IL (dk)e2@s10:# =C(a)-? en(—— — mee, (4.20) 


where C(a) denotes a homogeneous polynomial of degree 
l while D(@,p) is linear in the invariants p:p; and homo- 
geneous of degree J+ in ay: ---. The degree / is equal 
to the number of loops in the skeleton graph which in 
this case is given by /=4(N—1)(V—2). 

To compute an amplitude, one must multiply (4.19) 
by the appropriate vertex factors and integrate over the 
Bij, L€., 


Praamy® (pr . *py3 Nae: +) 


=f i (Frc—sa-ra) 


x I r(m+2 sut)D(pr- > py} 212° °*) 


vertices 


-[ a TI (da4;)Frni---mv? (a2: + **) 
XC) (pe Mes “22 , (4.21) 


where the new amplitude F* is defined by 


Fyay---my? (aea2* +3 Aree +) 


= J IL (S2r0-san—rayo Deus) 
x I o(m+2 2k) + 


vertices 


(4.22) 


There is no need to leave (4.22) in the form of a contour 
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integral. One could collapse all of the ¢ contours onto 
the positive axes and collect the residues of the poles 
there. The resulting sum, which represents the ampli- 
tude within some hypercircle of convergence, is given by 


Foas..smy?(aia* + +5 A2+ ++) 
=D II Aut D(assns)1/nsj)) 
ngj lines 
x II (mtd NI). 


vertices 


(4.23) 


For the class of theories considered in this paper, the 
series (4.23) converges for sufficiently large |a| and 
defines an analytic function of the Feynman parameters. 
In general, this function has singularities, some of which 
move onto the positive real axes when \,; > +1. This 
phenomenon necessitates a distortion of the a contours 
in the integral (4.9). In order to define a sensible 
momentum-space amplitude, it will be necessary to take 
an average of the limits —,; > exp(im»,;) with »,;=-1 
exactly as was done above. 

To illustrate this, consider once more the second-order 
vacuum graphs corresponding to the interaction 


1,=Gfn! 
in the zero-mass approximation. For this case, (4.11) 


reads 


I-n { 
Foo®(a,A) =G? n____ __ f2n(y!)2 
@d)=AL pen) 
Afra? , 
(@—ap)" 


Corresponding to the“definitions adopted in Sec. III, 
one can define the “true” amplitude by the limit 


Foo(a) =4(1+48) Foo (a, —e**)+4(1—1b) Foo? (a, —e**) 
=G? fa [P.V.(a— f?)-?—2b8' (a— f2)], 


where P.V. ( ) denotes the principal value and 3 is real. 
The momentum-space amplitude which corresponds to 
this is given by (4.13) with C(a)=1 and D(a,p) =ap?: 


Froo($?) 
=c*p| PY. i : da: ~ 


“Lola Gs) bree 
+xbGf(fp?+-2)e7", 


where E*(z) denotes the exponential integral function” 
cut from 0 to —#. The term containing E*(— f*p?) 


trapper] 


oe Magnus, Oberhettinger, and Tricomi, Higher Tran- 
servile Functions (McGraw-Hill. New York, i953), Vol. TI, 
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behaves asymptotically like (1/p?)? provided |argp?| 
>0O. The term containing 6, an entire function of p*, 
dominates the asymptotic behavior if |arg(p?)| < 4x. 
This may be a good reason for taking 6=0. 

In general, the result of this averaging of limits will be 
an integral like (4.13), with F given by 


Fay---my(Or12" ‘ +) 


*), (4.24) 


Ong. -Fmieomye (12° Seed ee 


a limit which must be interpreted in the sense of gen- 
eralized functions. That is, F(a) will have prescribed 
singularities such as P.V.(a—ao)—" or 5(a—ao) on the 
integration contours. 

Before discussing the unitarity problem it will be use- 
ful to have yet another representation at one’s disposal. 
In the power series (4.23), one can substitute for the a 
representative of the superpropagator the form 


Dian)= / : dx°6(2 — (nm)*)e~270,(«2) , 


where Q(x?) denotes the -particle phase volume. One 
obtains in this way, after making an interchange of the 
xi;? integrals with the n,; sums, 


Fy..smy(ari2- + -) 


= al (d5;7)omy.--my{k12?,° . en Ber 
o lines 


(4.25) 


where the spectral function o is given by the finite sum 


Omi-smy(Ki27* ++) 
O(a? — m7 537) Qn j(Kas?) 
nia--- lines n;! 


x II 


v(me+L mei). (4.26) 
vertices “k 

It must be emphasized, however, that the spectral in- 
tegral (4.25) converges only for sufficiently large a; 
where it defines an analytic function. If the a’s are de- 
creased until a singularity of the function F is reached, 
then (4.25) will of course diverge. This happens for the 
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class of theories considered in this paper because the 
spectral function defined by the sum (4.26) tends to in- 
crease like expx?. 

Although the integral representation (4.25) is not 
valid for the entire range of the a’s, it provides a very 
useful tool for the analysis of singularities in the mo- 
mentum-space amplitudes. This is because, according to 
the integral representation (4.13), only the behavior of 
F(a) for large a is relevant to the finite p-space structure. 
Thus if the a-space integrals are divided into two pieces 
0<aj;<R and R<aj<«, then the former yields an 
entire function of the momentum variables while the 
latter yields the expression 


Fyay..-my®(p1- ‘py) 


= [ “Ty (dori;) F my...my (02 + + )C(a)7? o0( =") 
- [ WieeeacateS 
x f “I (da,;)C(a)-? of ~E ast), 
(4.27) 


The integral over «,; contained here approximates to 
the simple Feynman amplitude corresponding to a dia- 
gram with N vertices joined pairwise by lines which 
correspond to the propagation of bare particles with 
mass «,;*. It certainly has all the usual singularity struc- 
ture that is proved for perturbation amplitudes. Since 
the amplitude (4.27) is just a summation of these simple 
processes weighted by a spectral function which is itself 
given by a sum of simple phase-space integrals, it seems 
at least plausible that the requirements of unitarity are 
met. 

It must be remarked, however, that the formal inter- 
change of x? and a integrations employed in arriving at 
the result (4.27) is not usually permissible. The «? inte- 
grals as written are divergent. This difficulty can be 
met simply by cutting off these integrals at some large 
mass M?*. Such a cutoff will not affect the singularity 
structure in any given range of the external momenta if 
M7? is taken sufficiently large. One of course takes the 
limit 4£?— + in the end. 
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The recent result of Coleman and Weinberg deriving the one-loop quantum-corrected ef- 
fective potential in a self-coupled scalar field theory is rederived using the Dyson-Schwinger 


equation. 


In a recent article Coleman and Weinberg’ made 
the interesting point that the spontaneous violation 
of a Lagrangian symmetry could well be a purely 
quantum effect. They showed this by computing the 
one-loop corrections to the equations of motion 
in a simple model with quartic self-couplings of 
a set of massless scalar fields. The vehicle for 
this proof was an effective potential which they 
computed by summing all connected and one- 
particle irreducible one-loop graphs with zero- 
momentum external lines. It turns out that this 
quantum -corrected potential can have a qualita- 
tively different character from the purely classi- 
cal component. For the case they consider, the 
new potential favors the emergence of a symmetry - 
breaking ground state in situations where the 
purely classical part does not. 

The purpose of this note is to remark that the 
computation of effective potentials and of effec- 
tive actions in general may be profitably under- 
taken within the formal framework of Dyson- 
Schwinger equations. This remark will come as 
no surprise to those who are familiar with func- 
tional methods, but it seems to us that the sim- 
plicity and formal power of the method deserves 
wider recognition.?, The amusing thing is that, in 
the approximation studied by Coleman and Wein- 
berg, the functional differential equation which 
defines the effective action reduces to an ordinary 
(albeit nonlinear) differential equation. Although 
it may be exceedingly difficult to find exact solu- 
tions to this equation, it is certainly possible to 
develop a solution in powers of #. The terms of 
this semiclassical development are obtained by 
simple quadratures. 

Given a system of fields ¢'(x) whose dynamics 
is governed at the classical level by an action 
functional S(@), the basic problem is to construct 
an effective action functional W() which includes 
the quantum corrections. This effective action 
can be obtained, in principle, by solving the 


Dyson-Schwinger functional differential equations. 
Here we sketch very briefly the derivation of 
these equations. 

Firstly, if the classical system is perturbed by 
the introduction of an external source term 


- f de Fx)6%x) 


into the action, the corresponding vacuum ampli- 
tude, exp{(i/f)Z(J)|, is given, for example, by 
the path integral 


exp] (i /A)Z(J)] 
-f (aoexp|e/m[s(e)- f arsine]. 


(1) 


The details of how this integral is to be defined 
are not important. One need suppose only that 
integration by parts is permissible, viz., 


o- f (40) gery eno) ¢/[S(0 -f a agnor] 


It is then straightforward to deduce the functional 
differential equation® 


SP) lo = ozyor(x) = n/4)0/or(x) = F(x), (2) 


where the operator 6/6J acts always to the right, 
the whole expression operating on the identity 
functional; the variational derivative 8S (p)/69*(x) 
is abbreviated S ,(¢). This equation can pre- 
sumably be given a rigorous meaning if S(@) is 
sufficiently regularized. 

The solution of (2), subject to appropriate bound- 
ary conditions, should in principle yield the con- 
nected vacuum -to-vacuum transition amplitude 
(i/R)Z(J). An alternative version of this equation, 
in which the dependent variable Z(J) is replaced 
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by its Legendre transform, the effective action 


W9)=Zi+ faraeg'e), (3) 


is more convenient, however. The new indepen- 
dent variable ¢'(x) is defined by 


Zl) 
o'(x)= = 5d,(x) ‘ (4) 


The inverse mapping is clearly given by 


Jyle)= sony (5) 


The connected vacuum amplitude Z(J) is of course 
the generating functional for connected Green’s 
functions. The effective action, W(¢), on the 
other hand, is the generating functional for one- 
particle irreducible vertices (see, for example, 
Jona-Lasinio”). In particular, since the Jacobian 
matrix 59'(x)/6J,(x') is evidently the inverse of 
6d, (x'}/5p'(x), it follows that the inverse of the 
propagator, 


; - 6*Z(J ) 
GH(x,x |J)= 6d, (x)6.T, (x) ’ (6) 
is given by 
<i ow 
Gi (2'10)= Se (7) 


In passing from J, to ', as independent variable 
we can use the identity 


5 : ; 6 
Say LON" 5G (8) 


which follows from (4) and (6). It is necessary 
now to regard Gas a functional of ¢ rather than 
J. That is to say, we shall regard G’ as being 
defined by the inverse relation (1). 

The Dyson-Schwinger equation for W() is now 
simply obtained from (2) by substituting from (4), 
(5), and (8): 


oW(o) _ 
ce) 


Puree 8, [#@)+F fax GIMx, «'1@ sara |: 


(9) 


This equation, together with the definition (7), is 

to be regarded as the basic functional differential 

equation for the effective action W(¢). 
Corresponding to the simple case of a single 


massive scalar field with quartic self-interactions, 


S(9)= fdx{e,o) - dmg? -(V/4N9'], (10) 


the Dyson-Schwinger equation takes the form 


sw(o) _88(0)_#2 
Bolx) ~ Balx) («G(x , x19) 


= (F y * fardyadyGlx, 9:10), y2l6) 


ew 
XG(x, 11°) 555 )860,)6000 ; 


(11) 


This equation can be solved by iteration in#. The 
coefficient of A” in the solution would be repre- 
sented by the set of m-loop irreducible vacuum 
graphs, in which the lines correspond to the clas- 
sical propagator G,(x,x'|) defined by 


Go” (x, x' |p) =[2? +m? + ZAg(x)? ]O(x - x’), 


and the three- and four-leg vertices to the third- 
and fourth-order variational derivatives of S, 


Py(%,, %2, 31) = -AP(+,)5(% |- x2) 5(xQ—%5), 
T,(%,, %2, %3, X,) = —AO(X,—%2)5(X,— x) 5(x,-%,). 


Examples of such semiclassical developments of 
the effective action have been treated in great 
detail by DeWitt.” 

A method for dealing with (9), which is not 
semiclassical but which may, perhaps, be ap- 
propriate to the treatment of low-energy phenom- 
ena, is the following proposal. The zeroth-order 
approximation here is assumed to be a local func- 
tional of ¢(x) given by 


W(9)=S(9) - fax VOD), (12) 


where V depends on $(x) but noé its derivatives. 
If this expression is substituted into (9) one ob- 
tains, for constant , the equation 


dv RX ? 2 4 
Toa 7 oor!) (4) F (29+ ) 

x faycieylg’, (13) 
where G(xy|)=G(x- y|p), for constant ¢, is 
defined by 

G"«-ylo)= (2 +m +Fg7+9 ay Ye (x-y) 
(14) 


and is simply the free-field propagator with the 
effective mass 


2, a V ay. 
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9 COMMENT ON THE COMPUTATION OF EFFECTIVE POTENTIALS 1131 


The x dependence in (13) is spurious; since 9 is 
a constant we can use translation invariance to 
set x=0. Thus, it appears that V(@) is to be ob- 
tained by solving a second-order ordinary dif- 
ferential equation for dV/d®. 

The equation is highly nonlinear and no doubt 
extremely difficult to solve exactly. Moreover, 
since the local approximation (12) is probably 
quite unrealistic for the many-loop contributions 
to W, such exact solutions may not have great 
relevance. Perhaps a better starting approxi- 
mation could be made by allowing V to depend 
on 4, as well. 

If this proposal is to have any value it must be 
incorporated as the first step in a well-defined 
approximation scheme. This we have certainly 
not done, and the above remarks should therefore 
be taken as nothing more than a preliminary sug- 
gestion of a way to go beyond the standard ex- 
pansion in powers of Planck’s constant. 

The procedure of Coleman and Weinberg is 
perturbative in the strict sense in that all graphs 
of a given order in A which contribute to some 
part of the effective action are taken into account. 


However, in the one-loop approximation at least, 
it is easy to verify that the solution of our non- 
linear equation for the effective potential coin- 
cides with their result. (To this extent the equa- 
tion is therefore reliable.) The one-loop contri - 
bution to V can be obtained from (13) by a simple 
quadrature. Thus, neglecting terms of order k?, 
one finds 


% 
viel f° doFp oGdlxxl0) 


-f° ao 5 of Gig (-eP +m? + gy” 
2 A . in(=Eat pe" 
Tt 


-4 fae n (Serpe), (15) 


K? +m? 


after making a Wick rotation. This is essentially 
the result of Coleman and Weinberg. It remains 
to be seen to what extent this method continues 
to be reliable in the higher orders. 


'§. Coleman and E. Weinberg, Phys. Rev. D7, 1888 
(1973). 

2The ideas involved are all contained—at least implicit- 
ly—in the fundamental papers of J. Schwinger [Proc. 
Natl. Acad. Sci. U. S. 37, 452 (1951); pas 455 (1961)), 
and have been much developed by B. 


S. Dewitt [Dynami - 


cal Theory of Groups and Fields (Blackie, London 
1965), Chap. 22] and G. Jona-Lasinio [Nuovo Cimento 
34, 1790 (1964)]. 


3This derivation is due to D. G. Boulware and L. S. 


Brown [Phys. Rev. 172, 1628 (1968)]. 
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2. Symmetries and Electroweak Unification 


Abdus Salam’s major independent contribution to particle physics in 1956 was 
the proposal that a new type of invariance principle, called ys5-invariance, should 
hold for the neutrino, thereby predicting that neutrinos should exist only in the left- 
handed spin state. This so-called two-component theory of the neutrino was also 
later formulated by Landau and by Lee and Yang. That the neutrino is left-handed 
is what was found later experimentally. Salam pointed out that parity conservation 
is incompatible with zero mass of the neutrino and predicted that parity violation 
in B-decay must be maximal as found experimentally. In an unpublished Imperial 
College, London, preprint (included in this volume), he extended his s-invariance 
principle to the four-fermion interaction involving electron and muon, which yielded 
the correct V—A interaction for leptons but not for hadrons. Thus, the y5-symmetry 
principle first formulated by him for neutrinos and other leptons and later extended 
by Marshak and Sudershan and independently by Feynman and Gell-Mann to the 
spin-1/2 hadrons in general, resulting in the V—A theory for charged current weak 
interactions, is now an accepted universal principle for weak interactions. 

In the same unpublished paper, in a lengthy footnote, there was an outline of 
an idea, which one would now call dynamical symmetry breaking in the context of 
spontaneous breakdown of a symmetry in particle physics, showing how an asym- 
metrical system can still be described by symmetrical equations. These notions 
are described succintly nowadays by the statement that the symmetry of the La- 
grangian is not a symmetry of the ground state. Later Salam, together with Steven 
Weinberg and Geoffrey Goldstone, proved Goldstone’s conjecture that a massless 
spin-zero object, called the Goldstone boson, must appear in a theory as a result of 
the spontaneous breaking of a continuous global symmetry. 

Both the 7s-invariance principle and spontaneous symmetry breaking in the 
papers referred to above hold in the context of global symmetries. Subsequently, 
Abdus Salam and John Ward worked on a local gauge theory for the weak and 
electromagnetic interactions, obtaining the SU(2)xU(1) model in 1964. This was 
a continuation of their work on the same topic that they had started in 1959. In 
the intervening period and thereafter, Salam had become deeply convinced that all 
elementary particle interactions are gauge interactions. This was a recurrent theme 
in his papers and lectures in the sixties. Some of the papers included in this volume 
from this epoch are representative of his thinking. Incidentally, Sheldon Glashow in 
1961 had also proposed the group SU(2)xU(1) for describing the electromagnetic 
and weak interactions. However, in the papers of Salam and Ward as well as in 
Glashow’s paper, the problem of generating the masses for the gauge bosons of weak 
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interactions remained unsolved. So, things remained dormant for some time as far 
as a viable mechanism for mass generation was concerned. 

In the years 1961-64, a lively debate developed about whether the Goldstone 
theorem could be evaded. P.W. Anderson, using an analogy with the supercon- 
ductor, pointed out that the Goldstone (plasmon) mode becomes massive due to 
the gauge field interactions whereas the electromagnetic modes are also massive 
due to the Meissner effect, despite gauge invariance. However, Anderson had not 
explicitly given a proof of the evasion of the Goldstone theorem in a relativistic 
theory. This proof was provided in subsequent theoretical developments pioneered 
by Peter Higgs, and independently by F. Englert and R. Brout. They also proposed 
a mechanism by which local symmetries could be broken spontaneously without 
introducing Goldstone bosons. That this was a way to give masses to the gauge 
bosons and fermions without introducing explicit mass terms in the Lagrangian was 
immediately sensed by Salam, and independently by Steven Weinberg. So, all the 
ingredients mentioned earlier, namely local gauge theory, ys-symmetry (leading to 
chiral fermions), and renormalizability, on which Salam had worked for years, were 
there. In 1967/68, these developments culminated in the famous papers of Wein- 
berg and Salam resulting in the electroweak unification (a name coined by Salam), 
based on the SU(2)xU(1) group with spontaneous symmetry breaking. This was a 
crucial step in the construction of a viable theory of weak interactions, made pos- 
sible by the imaginative strokes of genius of Higgs, Salam and Weinberg. In 1971, 
G. ’t Hooft proved the renormalizability of the Salam-Weinberg theory, and shortly 
thereafter B.W. Lee and J. Zinn-Justin gave a proof based on the path-integral 
formalism, thus removing any residual doubts in the minds of the sceptics. 

The SU(2)xU(1) theory with the specific choice of the Higgs fields adopted by 
Salam and Weinberg made a number of predictions: 


e A new kind of neutral current, different from the well known electromagnetic 
current in quantum electrodynamics (QED), must exist. The Lorentz and (weak) 
isospin structure of this current were completely specified in the SU(2)xU(1) 
model. 

e In addition to the known spin-1 photon, three additional vector bosons, W* and 
Z°, mediating, respectively, the charged and the additional neutral weak current, 
must also exist. _ 

e The seemingly different strengths of the electromagnetic and charged current 
(Fermi) interactions followed from the large mass splitting between the photon, 
remaining massless, and the other three massive gauge bosons. 

e The W+ and Z° masses were generated by spontaneously breaking the local gauge 
symmetry from SU(2)xU(1)-U(1)em, which was achieved by the introduction of 
a self-interacting complex scalar field, @, transforming as an SU(2)-doublet. The 


doublet field © and its complex conjugate together comprise four independent 
fields. Spontaneous symmetry breaking was implemented by giving one of the 
neutral fields a nonzero vacuum expectation value, (¢) = (0|¢|0) = v//2 # 0. Of 
the four fields in the Lagrangian before spontaneous symmetry breaking, three 
fields become the longitudinal degrees of freedom of the vector bosons W+ and 
Z°; the photon, coupled to the remaining symmetry group U(1)em-generator, 
remains massless. 

e One neutral scalar particle remains in the physical sector of the theory. This is the 
so-called Salam-Weinberg Higgs particle, which the SU(2)xU(1) model predicts 
to exist. 

e Since the same Higgs doublet is used to give masses to the bosons and fermions, 
which have Yukawa couplings with the scalar fields, the SU(2)xU(1) model pre- 
dicts the couplings of the Higgs particle with all the known bosons and fermions 
but makes no prediction about its mass. This could be traced back to the fact 
that in the Salam-Weinberg theory, the Higgs particle mass is a function of the 
unknown quartic Higgs-boson coupling constant. 


First evidence for the weak neutral currents came in 1973 from an ISR exper- 
iment at CERN using the Gargamelle bubble chamber, in which the first (v,e) 
scattering event was observed. After a brief oscillatory period, the discovery of 
the weak neutral currents was confirmed by an experiment at Fermilab. The news 
about the ISR discovery was given to Salam during the European Physical Society 
meeting held in 1973 at Aix-en-Provence. According to an offen quoted anecdote, 
Paul Musset of the Gargamelle collaboration, who was driving to the venue of the 
conference, stopped Salam on the road as he was walking to attend this conference. 
Apparently, not having met him earlier, Musset enquired if he was Salam. On 
Salam’s affirmative answer, Musset asked him to get into the car as they had dis- 
covered the weak neutral current predicted by him and they were going to announce 
it at the conference! 

This was the first triumph of the SU(2)xU(1) model experimentally. Subse- 
quently, experiments measuring the lepton-nucleon and lepton-lepton scattering at 
CERN, Brookhaven and Fermilab consolidated the evidence in support of neutral 
currents and established their space-time and isotopic spin properties. Likewise, 
experiments carried out at reactors using the intense 7,-beams also confirmed the 
strength and isospin structure of the weak neutral currents. Another classic exper- 
iment in this context was carried out in 1978 at SLAC, confirming the observation 
of parity non-conservation in inelastic scattering of polarized electrons by nucleons, 
as predicted by the SU(2)xU(1) model. Experimental evidence in support of this 
model was already convincing and this was recognized through the award of the 
Nobel prize to Glashow, Salam, and Weinberg for the successful prediction of weak 
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neutral currents in 1979. The crowning verification of the electroweak model came 
in 1982 as the massive vector bosons W+ and Z° were discovered in the experiments 
UA1 and UA2 at CERN, confirming theoretical predictions about their masses and 
couplings. This indeed was a long shot and can rightly be described as one of the 
finest examples of theoretical prophecy that this century has witnessed. 

The SU(2)xU(1) model for leptons has been extended to the quark sector, with 
important contributions from Glashow, Iliopoulos and Maiani in 1970 (the GIM 
mechanism) to cancel the unwanted O(G)-contribution to the K°-K° mixing, and 
by Kobayashi and Maskawa, who extended the electroweak model in 1973 to three 
families of quarks and leptons, thereby introducing a complex phase in the quark 
mixing matrix to incorporate CP violation observed in K-decays. 

The Standard Model of electroweak interactions, as the Glashow-Salam- 
Weinberg theory is nowadays called, has been successfully confronted to precise 
data in the electroweak sector that have come from experiments at LEP and SLC 
as well as the CERN and Fermilab colliders and vN scattering, carried out labo- 
riously for well over a decade. The agreement between the experiments and the 
Standard Model, after taking into account the quantum structure of the model, is 
now completely quantitative, as discussed below. Here, we want to point out that 
there are still two remaining pieces of this model, namely the top quark and the 
Higgs boson, that have yet to be discovered. Indirect evidence in favour of the ex- 
istence of the top quark is compelling, with non-trivial constraints on its mass and 
couplings from induced effects in the electroweak sector and a number of flavour 
changing neutral current (FCNC) transitions and direct searches at the Fermilab 
collider. Likewise, there is no evidence so far speaking against the existence of the 
Higgs boson. Its mass, however, remains largely undetermined, with LEP experi- 
ments providing a lower limit of 63.5 GeV. 

In what follows, we review the present status of the quantum (loop) corrected 
Standard Model in the electroweak sector. 


e Present Status of the Standard Model 


There exists a wealth of experimental data testing the physics of the Standard 
Model, ranging in energy from O(eV) (atomic physics) to O(100 GeV) (LEP/SLC 
and CERN/Fermilab colliders). A detailed discussion of the experiments and the 
electroweak theory would require several volumes. We shall restrict ourselves here 
to some of the best tested aspects of the Standard Model using recent reviews on 
this subject. 

The Standard Model has three families of quarks and leptons. As indicated 
below, they are placed in the left-handed SU(2) doublet and right-handed SU(2) 
singlet representations of the SU(2)xU(1) group: 
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This quark-lepton replication is needed to cancel the so-called triangle anomalies to 
make the theory renormalizable. A minimum of three families is needed to incorpo- 
rate CP violation and accommodate all other aspects of particle physics experiments 
measured so far. LEP data (and also indirect cosmological limits on N, from astro- 
physical measurements using the primordial He abundance and neutron lifetime) 
state that this is also very probably the maximum number of quark-lepton families. 
In particular, experiments at LEP have determined the number of neutrinos to be: 


N, = 2.98 + 0.027, (7) 


where a neutrino means any neutral lepton whose mass is less than mz/2. We recall 
here that in the Standard Model all three neutrinos are massless though there is 
no compelling reason for this requirement. While the LEP measurements are very 
convincing, and all other data are likewise consistent with three neutrino species, it 
should be stated that a direct measurement of the tau-neutrino, v,, has yet to be 
made. Experimentally, the following limits hold in the direct searches of nonzero 
neutrino masses: 

m(ve) < 7.2 eV, 

m(vy) < 270 keV, (8) 

m(v,) < 31 MeV. 


In laboratory searches no evidence has been found yet for lepton number violat- 
ing processes, such as 4p — e+ 7, and the present upper bounds on the branching 
ratios translate into (model dependent) lower bounds of O(1 — 10) TeV on the bo- 
son masses that could conceivably induce such transitions. While on the topic of 
neutrino masses and mixings, and hence FCNC transitions in the lepton sector, we 
remark that the apparent deficit of the solar neutrino flux, compared to the Standard 
Solar Model expectations in the underground laboratory experiments (the Home- 
stake, Kamiokande, Gallex and SAGE experiments) hints at non-trivial neutrino 
properties. In particular, the interpretation of the solar neutrino data in terms of 
nonzero neutrino masses and oscillations in the dense solar matter — the so-called 
Mikheyev-Smirnov-Wolfenstein (MSW) mechanism — implies lepton number viola- 
tion. We recall that lepton and baryon numbers are conserved quantum numbers in 
the Standard Model. So, confirmation of the neutrino mixing would signal physics 
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beyond the Standard Model. This, however, would not be a radical departure from 
the SU(2)xU(1) local gauge group, since lepton and baryon number conservation 
are related to global symmetries and it is easy to break them in, for example, a 
Grand Unified Theory (GUT). Perhaps, non-perturbative aspects of the Standard 
Model may also lead to baryon- and lepton-number violations at high energies and 
temperatures. These non-perturbative effects are, however, not yet quantitative. 

In the quark sector, five of the six quarks have been established experimentally. 
Their electroweak couplings have been measured and found to be in accordance 
with the Standard Model. Concerning the top quark, indirect evidence in favour of 
its existence is compelling. The most convincing is the measurement of the weak 
isospin of the beauty quark, for which present compilations give: 


I3(b) = —0.49040:013 , (9) 


This is entirely compatible with the Standard Model assignment J3(6) = —-1/2, im- 
plying that the b-quark is indeed in a weak isospin-doublet. Hence, its weak isospin 
partner, namely the top quark, must exist. Likewise, the top quark plays a dom- 
inant role in determining the amplitudes of a number of loop-induced transitions, 


_ the most prominent among them being the vacuum-polarization contributions to 


the W+ and Z° boson masses, and a number of FCNC transitions involving K- and 
B-decays and mixings as well as CP violation. In fact, determining the top quark 
mass from electroweak radiative corrections is so far the only useful aspect of these 
measurements! In the FCNC transitions, also the Cabibbo-Kobayashi-Maskawa 
(CKM) couplings of the top quark with the three Q = —1/3 quarks are measured. 
All of these couplings are consistent with the unitarity bounds following from the 
three family structure of the Standard Model. The most stringent lower bound 
on the top quark mass in direct searches is posted by the CDF collaboration at 
Fermilab, their limit being m; > 113 GeV at 90 % confidence level. Indirect lim- 
its from the precision measurements of the electroweak parameters and quantum 
effects involving a top-quark loop give: 


mz = (164 + 27) GeV. (10) 


The other missing particle in the Standard Model is the Salam-Weinberg Higgs 
boson. There is no model independent theoretical constraint on its mass. This can 
be readily seen from the Higgs potential of the Standard Model: 


Vid) =H lO? +Aldlt; v2 <0, ADO. (11) 


Its minimum is at |¢| = v//2 = ,/—?/2X, where v is the neutral-Higgs vacuum 
expectation value. This gives, at the tree level, mi, = 2\v*. A bound on the 


Higgs mass is equivalent to a bound on the Higgs quartic coupling, which is not 
determined in the Standard Model. We briefly discuss a number of bounds on mg, 
following from well motivated theoretical assumptions. 


e Bounds on the Higgs Boson Mass from Partial Wave Unitarity 


The high energy behaviour of the elastic scattering amplitudes involving the 
longitudinal W,, Zp and/or ¢ bosons must satisfy partial wave unitarity. This re- 
quirement can be used to get upper bounds on the Higgs boson mass. Alternatively, 
it can also be used to set the scale on the centre of mass energy beyond which the 
unitarity requirement would necessitate physics beyond the Standard Model. We 
discuss both of these situations below. For the Jth partial wave amplitude, par- 
tial wave unitarity implies that |az| < 1 for all J. This bound can be made more 
restrictive if the partial wave unitarity is used in the form: 


las)? < |Ima,], (12) 
which in turn implies the relation: 
(Rea ;)? < |Imaj|(1 — |Imay]), (13) 


giving 
1 
[Reaz| < 3° (14) 


The best bound emerges for the J = 0 partial wave. It was shown some time ago by 
Lee, Quigg and Thacker that the most stringent unitarity bound is obtained by con- 
sidering the full coupled channel system involving the Wit W, ,(1/V2)Z.Z1, Z.4, 
and (1/./2)¢¢ scattering amplitude matrix. In the limit s >> mi, > mi, (here s is 
the centre of mass energy squared in the process indicated), the largest eigenvalue 
of this matrix then gives the following bound: 


A4nV2 
3GF 


mi, < ~ (0.7 TeV)? : (15) 
This is the upper bound on mg from the use of tree level unitarity in the perturbative 
approach. It is an interesting and open question how to interpret this bound for mg 
obtained in the above stated limit, since it is known that loop effects don’t allow an 
energy independent bound on mg. It has been argued to constrain the high energy 
behaviour of the electroweak amplitudes involving the longitudinal W,, Z° and ¢ 
bosons in a different limit where mj,,m%Z < s < m3. This is the relevant limit 
also for the strongly interacting Higgs case (ie. A > 1). Following the argument 
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given above for the tree level unitarity, the most restrictive bound follows for the 
(weak) isospin = 0 and J = 0 channel, (1/V6)(2W;}W,, — Z,Z,). In the above 
limit this bound can be stated as: 


s<s,= ve < (1.2 TeV), (16) 
F 


where s, is the maximum s allowed by the tree level unitarity. The correct inter- 
pretation of s, is that it defines the energy scale above which new physics beyond 
the Standard Model must exist. This partial wave unitarity argument goes beyond 
the tree level unitarity since the bound derived in (10) can be shown to follow also 
from non-perturbative low energy theorems. The upper bound on the Higgs mass 
can be tentatively identified with s,. This is the scale to be reached in the planned 
next generation experiments in the parton-parton centre of mass system. The same 
limit is often described as a no-lose scenario, implying that either one would find a 
Higgs boson much before the partial-wave unitarity limit is reached, or else it would 
signal breakdown of the perturbation theory in the Standard Model, heralding new 
physics. 


e Bounds on the Higgs Boson Mass from Triviality Arguments and 
Lattice Regularization 


Concentrating on the pure scalar part of the Standard Model given by V(¢) 
above, and neglecting all other couplings for the time being except the Higgs self- 
coupling in the evaluation of loop effects in V(¢), one obtains the following renor- 
malization group (RG) based solution for the scalar running coupling constant, 
A(Q), at the one-loop level: 


A(v) 


\(Q) = 1— 29) 1n(Q2/v?) : (17) 


The minus sign in this equation indicates that the Higgs self coupling is not asymp- 
totically free. On the contrary, it implies that regardless of how small A(v) is, \(Q) 
will eventually blow up at some large energy scale Q (this pole is called the Landau 
pole). In order to avoid this and to guarantee the positivity of \(Q), one must have 


A(v) < oe (18) 
giving 
mi, = 2dv? = Varlr) < ea (19) 


Gr 3Gr In(Q/v) 
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An upper bound on (Q) implies a corresponding bound on X(v) and hence on 
my. This is the basis of the upper bounds on the Higgs boson mass derived from 
triviality arguments. In the Standard Model, the running of the coupling constants 
is a coupled-channel problem where, because of the large top-quark mass, it is 
important to take into account the running of the top-quark Yukawa coupling. 
Neglecting the gauge couplings, which only induce nominal quantitative changes, 
the. one-loop RG equations read as follows: 


d ae 
: r = 12\? + 6\h? — 3h4 
dt’ 6x2 = Be 


The triviality argument given above for the pure scalar case implies now a bound 
on the Higgs and top quark masses. A detailed analysis of the coupled-channel case 
has been carried out, including the next-to-leading order #-functions. Assuming 
that there is no physics between the electroweak scale and an assumed large mass 
scale (such as the GUT-scale O(10'*) GeV or the Planck mass scale O(10'*) GeV), 
one gets my = O(200) GeV. Likewise, non-perturbative effects as the quartic Higgs 
coupling becomes large have also been estimated, mostly in the context of the lattice- 
Higgs model. Again, a cutoff on the parameter \(v) provides an upper bound on the 
Higgs mass. A recent lattice update gives mg < 640 GeV, which is actually pretty 
close to the partial wave perturbative upper bound. Thus, taking into account the 
present experimental lower bound, a plausible range for the Salam-Weinberg Higgs 
boson mass is: 


63.5 GeV < mg < 640 GeV. (21) 


While still on the point of the Higgs boson mass, we remark that in the super- 
symmetric extension of the Standard Model, which is motivated on the stability 
argument to protect the Higgs boson mass against large quantum corrections from 
higher scales such as GUTs, in general, there is more than one Higgs field present. 
Taking into account radiative corrections to the supersymmetric potential, it is 
argued that the lightest Higgs boson mass in such theories is bounded to lie be- 
low O(150) GeV. The discovery of the Higgs particle(s) is clearly the next most 
important milestone in the understanding of the mass generation puzzle. 

It is befitting to end this brief overview of the Standard Model by summarizing 
the impressive quantitative rapport between the quantum (loop) corrected Standard 
Model and the data. In general, quantum corrections are renormalized by fixing 
a specified number of physical quantities at their measured values, which in the 
present context are usually taken to be the electromagnetic fine structure constant, 
= Oem(Q? = 0), the Fermi coupling constant Gp, and the mass of the Z ° boson, 
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mz, being the best of the measured quantities so far. Their present values are: 


—! = 137.03598995(61), ' 
Gr = 1.166389(22) x 10-5 GeV~?, (22) 
mz = 91.187 + 0.007 GeV. 


In addition, in proving the consistency of the Standard Model at the quantum level, 
a number of other quantities are used as inputs, including the strong interaction 
(QCD) coupling constant, ag, and mw. The W-boson mass, my, has also been 
measured, though at a lesser accuracy than mz, with mw = 80.22 + 0.26 GeV. 
The consistency of all the experimental results is then checked in terms of the 
unknown quantities, namely the top-quark and Higgs-boson masses. It has become 
customary to express the results in terms of the quantity sin?(6y), while specifying 
the renormalization scheme. We shall not enter here in the technical discussions 
involving these renormalization schemes but assume that a specific renormalization 
scheme has been consistently used. In one such relation, the weak mixing angle 
defined at a given scale, say 4 = mz, is related to the fine structure constant, a, 
the Fermi constant, Gr and the Z mass, mz, through 
A? 
a ee 

s*c a (23) 
where s? = sin? 0y(mz), c? =1—s?, A= (ra/V2Gp)'/?; Ar is the radiative cor- 
rection factor which is a function of a, = mz,m,mg. The dominant contribution 
to Ar arises from the light degrees of freedom (quarks and leptons) to the vacuum 
polarization amplitudes. This contribution is reliably calculable using experimental 
measurements. 

Likewise, taking into account radiative corrections, the relationship between the 
W boson mass, sin? 6, and the Fermi coupling constant, Gr in the Standard 
Model also gets modified: ; 

ies aoe eee 

s (1 = Arw) 

where Arw represents another function of the parameters indicated above. The 

modifications induced in the partial and total widths of the Z° have to be taken 

into account in a similar fashion. The partial decay width Z° — ff, where f 

stands for a generic fermion, can be expressed using the so-called improved Born 
approximation. This can be expressed as 


(24) 


a m m 
Ty = WS oy MAPA Ty 4 (1 a1 gltys?)'] (25) 
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Table 1. Electroweak observables determined from the combined LEP data and the loop corrected 
predictions of the Standard Model. The analysis is based on the following bounds: m; > 113 GeV 
(from CDF), 60 GeV < mg < 1000 GeV, the mw (Arw) constraint as discussed in the text, and 
as (M2) = 0.123 + 0.006, from the hadronic event topology measured at LEP. The second error in 
the third column is from as. (Source: LEP Electroweak Working Group, D. Schaile et al., 1993.) 


Observable Experimental value SM prediction 
Mz 91.187 + 0.007 (GeV) (input) 
T(Z — all) 2.489 + 0.007 GeV 2.488 + 0.010 + 0.004 GeV 
rz > ItI-) 83.82 £ 0.027 MeV 83.7 + 0.04 MeV 
I'(Z — invisible) 497.6443 MeV 500.3 + 1.9 MeV 
hadrons 41.55 + 0.14 nb 41.49 + 0.03 + 0.04 nb 
Rhadrons = Thadrons/Tiept 20.76 + 0.05 20.78 + 0.03 + 0.04 
Ry =T3/Thadrons 0.2200 + 0.0027 0.2160 + 0.0016 
sin? Mept 0.2321 + 0.0006 0.2160 + 0.0013 
Plept 1.0035 + 0.0036 1.0026 + 0.0038 


where Nf is the colour factor, Qy the electric charge of the fermion f, and the 
functions ps(q?) and ky(q”) represent vacuum polarization corrections, with é? = 
4nd(mz) being the electromagnetic coupling at p = mz. 

The radiative correction functions Ar, Arw,(ps(q”) — 1), and (ks(g?) — 1), be- 
come the basis on which the loop corrected Standard Model and experiments are 
confronted. These functions involve, among other parameters, the top-quark mass, 
whose value due to the quadratic dependence of some of these functions on the 
top-quark mass is numerically important, and the Higgs boson mass, which enters 
only through logarithms, and hence is not effectively bounded. A combined fit of 
all the electroweak data has been performed recently by several groups. The result 
of one of these fits due to Paul Langacker, which is fairly representative, is 


sin” 6w(mz)azs = 0.2328 + 0.0007. (26) 


The subscript corresponds to the so-called MS-scheme of renormalization. The very 
impressive precision measurements carried out at LEP (and lately also at SLC) allow 
a more detailed test of the Standard Model. In Table 1, we reproduce the results of a 
combined fit of all the four experiments at LEP and the (loop) corrected predictions 
of the Standard Model, recently undertaken by the LEP electroweak working group. 
The weak angle in this compilation corresponds to the definition: 


sin? Oept = 1— e, (27) 


with gy and gy, being the leptonic vector and axial vector coupling constants, respec- 
tively. The agreement shown in Table 1 is quantitative, with theory and experiment 
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all lying within one standard deviation. This analysis can be used to put a bound 
on the top quark mass. A global fit of the LEP data alone in terms of parameters 
m, and the QCD coupling constant a,(m?,), allowing the Higgs boson mass to lie 
in the range 60 GeV < mg < 1000 GeV, gives the following numbers: 


mz = (166115439) GeV, (28) 
ag(m?,) = 0.120 + 0.006 + 0.002. 

The same LEP analysis also provides a determination of my, giving mw = 80.27+ 
0.13 GeV, entirely consistent with the direct measurements at the Fermilab collider 
yielding Mw = 80.22 + 0.26 GeV. Likewise, the value of as(m?,) from the global fit 
is in very good agreement with the measurements from the hadronic event topology, 
giving as(m?,) = 0.123 + 0.006. On the other hand, using the LEP data, as well as 
data from the vN scattering and direct measurements of my, give: 


me = (164419451) GeV, - 
ag(m%,) = 0.120 + 0.006 + 0.001. -) 
The errors on m; are combined to give the bounds we have already quoted above, 
mt = (164 + 27) GeV. Ongoing experiments at LEP and SLC will improve the 
precision on the weak angle (optimistically) by a factor 2. Likewise, experiments 
at LEP200 would measure my with an accuracy of O(50) MeV. The experimental 
collaborations CDF and DO at Fermilab are expected to reach the sensitivity on 
the top-quark mass in the range implied by the LEP electroweak analysis. These 
anticipated results would confront the Standard Model with tests of unprecedented 
precision. However, if its present status is any indicator, we should have no doubts 
that the Standard Model will pass these tests with the same ease and persuasiveness 
which we are witnessing today. The role of the Standard Model as the Standard 
Theory of Particle Physics at the electroweak scale is already well established. This 
still leaves the Higgs particle whose discovery timetable is somewhat hard to predict! 
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(ricevuto il 18 Giugno 1955) 


Summary. — A new four-dimensional isotopic spin formalism is developed 
for the heavy fundamental particles. All particles correspond to single- 
valued representations of the rotation group and there is complete sym- 
metry between the isotopic properties of fermions and bosons. The re- 
sulting classification is similar to Gell-Mann’s except that the degeneracy 
in the classiticution of the K-mesons is removed. The forms of the strong 
interactions are given explicitly. The pbysical consequences of the theory 
are discussed in detail. In particular it predicts the existence of a neutral 
K-meson of lifetime ~ 10-!%s. A new experimental technique for de- 
tecting this particle is suggested. 


1. — Introduction. 


Pats (1) has obtained a classification for the heavy fundamental particles 
by considering a four-dimensional isotopic spin space. One disadvantage of 
his scheme is that it predicts the existence of doubly charged hyperons and 
these have not been observed. In addition, if the reaction: two nucleons > 
two hyperons is forbidden (and it has not been observed) there must 


(*) Now at the California Institute of Technology, Pasadena, California U.S.A. 
(1) A. Pars: Proc. Nat. Acad. Sect., 40, 484 (1954). 
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be two sets of heavy bosons (K-mesons) having the same quantum num- 
bers (*). 

A different scheme has been proposed by Gell-Mann (*). However if the 
experimental evidence that t-mesons and 6-mesons have different spins and 
parities is accepted there is again a mysterious degeneracy in the classification 
of heavy bosons. 

The purpose of this note is to develop a new four-dimensional isotopic 
spin formalism. In the Pais scheme fermions correspond to spinor represent- 
ations of the rotation group (*) and bosons to tensor representations of the 
rotation group, in isotopic space. In our scheme all particles correspond to 
tensor representations and there is complete symmetry in the isotopic properties 
of fermions and bosons. No multiply charged particles appear and the resulting 
classification scheme is similar to Gell-Mann’s, except that the t-mesons and 
0-mesons are assigned different isotopic spins and so the degeneracy is removed. 

In section 2 some mathematical preliminaries concerning the represent- 
ations of the rotation group in four dimensions are developed. In section 3 
this formalism is applied to the problem of classifying the heavy fundamental 
particles. It is shown how their strong interactions can be written down. In 
section 4 the physical consequences of the theory for the K-mesons are developed. 
In particular the theory predicts the existence of a neutral K-meson of lifetime 
-~ 10-8. Despite its instability, an experiment to show its existence is suggested. 


2. ~ Isotopic Formalism. 


The generators, I,, (x, 8 = 1, ..., 4), of the rotation group in four dimensions 


satisfy 


(1) Tg = —I py; 

and 

(2) (Zags Tyo] = tT pg + t3p4l ay — 1.g1g, — 13 5,T 5 - 
If we write 

(3) t= (Lae +lin), 

(4) He = 4 — Tn), 


(*) M. Geit-Mann and A. Pats: Proceedings of the International Physics Conference, 
Glasgow, 1954. 

(2) M. Gert-Mann: Phys. Rev., 9 , 833 (1954) and reference (*). 

(*) Because Pais takes the charge to be r; + 4; + 3 (in our notation). Thia is to 
get conservation of baryons. However this is guaranteed by their fermion character. 
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where (i, j, k) is a cyclic permutation of (1, 2, 3), then 


(5) [ti .) = 9, 

and 

(6) [t,t] = tte, 

(7) OT el 


Equations (6) and (7) are just the commutation relations of the generators 
of the rotation group in three dimensions. All irreducible representations of 
these operators may be labelled by a single quantum number, 7’(u’), taking int- 
egral and half odd integral values. It is well known (5) that all irreducible repres- 
entations of the rotation group in four dimensions can be labelled by the 
two quantum numbers t’ and yw’. Those representations for which +’+ yu’ is 
an integer are the single-valued tensor representations and those for which 
t'+ y' is half an odd integer are the double-valued spinor representations. 


3. — Classification and Interactions. 


We write our scheme in terms of the eigenvalues of the operators t, and 43: 
(t, plays the same part as isotopic spin, and y, the same part as « strangeness », 
in the Gell-Mann scheme.) Electric charge is given by 


(8) Q =Iys = ts + fs» 
for all particles. We classify fermions according to: 


This is essentially the same as the Gell-Mann scheme. The differences appear 
in the bosons. We classify according to: 


(*) Cf. H. Wrz: Theory of Classical Groups (Princeton, 1939). 
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We postulate that the strong interactions are invariant under rotations in 
the four-dimensional isotopic space. Since 7,, and J,, commute, they are 
separately conserved in these interactions and so 7; and fy are separately con- 
served. The interactions with the electromagnetic field are not invariant under 
rotations but there is no inconsistency in supposing that they conserve 1; 
and y, separately. The weak interactions, causing decays, conserve only t;+/3, 
the total charge. 

The nucleons and cascade particles together correspond to the (4, $) re- 
presentation of the rotation group. Therefore they can be represented by a 
vector NV, in isotopic space. In the equations of motion we shall have to write 
a term a + by, for the mass to give the difference in mass between the nucleon 
and the cascade particle. The 2 particles correspond to the (1, 0) representation 
and so can be written as a self-dual antisymmetric tensor Z,,, and the A° 
corresponds to the (0,0) representation and is a scalar A. 

Among the bosons the x-mesons are represented by a self-dual antisymmetric 
tensor 7,,, and the @-mesons are represented by a vector 6,. The r-mesons 
correspond to the (0, 1) representation of the rotation group and so are repre- 
sented by an anti-self-dual antisymmetric tensor r,,. 

In our scheme all particles correspond to single-valued representations 
of the rotation group. This is essential because only such particles will have 
integral electric charge. Nearly all representations corresponding to unit 
charge have experimentally observed counterparts. The only exceptions are 
a fermion family corresponding to the (0,1) representation and a scalar boson 
(0,0). If the fermion family had a mass greater than about 2800 electron 
Masses it would be highly unstable under 6-decay into a nucleon. 

The problem of writing down the strong interactions is simply that of 
forming appropriate invariants from the vectors and tensors at our disposal. 
We give two examples, writing only the isotopic indices. The interaction of 
t-mesons with nucleons and cascade particles is given by 


(9) WT tagNp 


and the interaction of 8-mesons with nucleons, cascade particles and A-part- 
icles is given by 


(10) AGN, + ¢.¢.. 


4. — K-mesons. 


The similarity of our scheme and Gell-Mann’s means that many of the 
predictions are the same. Consequently we shall only discuss in detail the 
physical properties of the K-mesons since these show up the differences between 
the two schemes. 
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We take the +° and its charge conjugate to be same particle since N°—+A°+-° 
is forbidden. However the +*°is a highly unstable particle with a fast y-decay 
(~ 10-'§ 8) and a very fast 3n-decay (~ 10-'*8). The mode of production with 
the lowest threshold is 


(11) r+N3N4%. 


This should take place above about 0.5 GeV. The existence of this process, 
together with the other K-meson processes discussed below that take place 
at higher thresholds, should explain the broad second resonance in high energy 
x--N+ scattering ("). We note that the reaction (11) corresponds to t’= }. 
The +° produced will rapidly decay into 3~-mesons and this process may explain 
the high probability of N° >x++x7- + 7° events in n--N+ scattering at 
1-4 GeV (7). . 
A possible way of verifying the existence of the t° despite its short lifetime 
would be as follows: He atoms are bombarded with x with energies just at 
the threshold for the production of o, by (11). Any 7° created will be slow 
and will certainly decay outside the range of nuclear forces but inside the 
mesic atomic radius (~10-%*cm). A slow nm- produced by this decay would 
be captured by the remaining proton to form a mesic atom. This way of 
forming the mesic atom should be much more probable at thia energy than 
direct x- capture. Consequently there should be a sharp increase in the amount 
of characteristic mesic atom X-ray emission at the threshold for +v° production. 
The ++ may be produced by reactions such as 


(12) r+Now+ =, 

while the §+ is produced by reactions such as 

(13) nt+N—7>6++A°, 

(14) r+N36+4+5. 

The question whether ++ is produced in association with a E ur with a 2 or A 


gives another discriminating test between our theory and Gell-Mann’s. As 
yet the evidence (*) is too indefinite to decide. The thresholds for (13) and (14) 


(*) M. GELL-Many and K. M. Watson: Annual Review of Nuclear Science. 4 (1954). 

(7) W. B. Fowrer, R. M. Lea, W. D. SuepHerp, R. P. SHutt, A. M. ‘THORNDIKE 
and W. L. WHITTEMORE: Phys. Rev., 97, 797 (1955). 

(8) W. B. Fow er, R. P. Suurr, A. M. THORNDIKE and W. L. WHITTEMORE: Phys. 
Rev., 98, 121 (1955). 
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are lower than that for (12) and this agrees with the evidence that 6’s are more 
common than 1's. Since there is some analogy in our scheme between +’s 
and x’s we expect that the K-meson having a weak u-decay is the + in analogy 
with mp + v. 

The t~- and 6- can only be produced in pairs with the ++ and 6+ respectively, 
by such reactions as 


(15) rt+Nocttt+ectn, 
(16) r+N—>6@++6-4N. 


This explains the relative abundance of positively charged K-mesons over 
negatively charged K-mesons, since the former can also be produced by (12), 
(13) and (14), with lower threshold. 


We wish to thank Mr. W. GitBERT and Mr. R. SHaw for interesting 
discussions. 


RIASSUNTO (*) 


Si sviluppa per le particelle pesanti fondamentali un nuovo formalismo assumendo 
lo spin isotopico quadridimensionale. Tutte le particelle corrispondono a rappresenta- 
zioni ad un unico valore del gruppo rotazionale e si ha completa simmetria tra le pro- 
prieta isotopiche dei fermioni e dei bosoni. La classificazione risultante 6 aimile a quella 
di Gell-Mann, salvo che scompare la degenerazione nella claasificazione dei mesoni K. 
Le forme dell’interazione forte sono date esplicitamente. Si discutono dettagliatamente 
le conseguenze fisiche della teoria. In particolare questa predice l’esistenza di un me- 
sone K nenutro di vita media ~ 10-'* s. Si suggerisce una nuova teenica sperimentale 
per la scoperta di questa particella. 


(°) Tradustone a cura della Redasione. 
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On Parity Conservation and Neutrino Mass. 
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(ricevuto il 15 Novembre 1956) 


1. - Yane and Lz5(1) have recently suggested that present experimental evi- 
dence does not exclude the possibility that parity is not conserved in B-decay. 
If future experiments confirm this, it may be possible to relate parity-violation 
in neutrino-decays to the vanishing of neutrino mass and self-mass. The argument 
is as follows: the free neutrino Lagrangian is invariant for the substitution 
Yo > V5» (Wp —> — Pers). If it is further postulated that neutrino interactions pro- 
duce no self-mass, one way to secure this is to require that the total. Lagrangian also 
remain invariant for the same substitution (#) (so that yy, > — ¥,y,) while other 
fields (barring degeneracies which we consider later) remain unchanged. In so far 
a8 y, and y,y, have opposite intrinsic parity, most neutrino interactions would then 
violate parity conservation. 


2. — Some consequences of this invariance are noted: 


(a) To all @-decay couplings (*) [p(x) Qn(x)][ey) Qr(x)] must be added (non- 
parity conserving) pseudo-couplings [p(x) Qn(x)][e(x) Qy,r(x)]. 


(6) The x-decay Lagrangian must read as fu(x)iydn(x) (y5r(x)+9(r))+h-c. 
and similarly for K,,, decay. The fact that neutrino decay interactions violate parity 
conservation does not depend on whether the processes are direct or take place 
through other intermediate fields. 


(c) The magnetic moment of the (Dirac) neutrino must vanish. This is be- 
cause o(x)o,gx(x) > —v(x)o,gr(x). Since jy = v(x)y,r(2) > +(z)y,»(7), the neutrino 
and anti-neutrino are not identical. 


@) O. N. Yana and T. D. Les. The author is indebted for a pre-print. 

(*) This is not the mass-reversal transformation discussed by J. TiomNo. (Nuovo Cimento, 1, 
226 (1955)) which requires invariance of the total Lagrangian when a substitution » —> yy, 1% -—> -- ™ 
is made for all fields. In this case neutrino self-masa dm, need not vanish. In fact dmg OC mf(m*) 
and thus émy,¥y¥y does not change sign. 

(*) We write all field operators with their particle symbols: thus x(x) stands for the m-meson 
field, »(2) for the neutrino-field etc. 
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(2d) The conventional y-decay interactions can be grouped into 2 classes 
depending on whether two neutrinos or a neutrino and an anti-neutrino are emitted: 


(A) Ly = > alex) Qe(x) I(x) Qv(x)] + he. 
t=1 
& 
(B) Ly = > Bilit(x) Qe*(x)I[v(a)y, Qv(x)} + hee. 
est 


Invariance for the substitution » > y,v requires that DZ, is a sum of vector and 
axial-vector, and LZ, a sum of scalar, tensor and p.s. interactions. For L,, the tensor 
interaction can in fact be excluded if we require further that L, remain unchanged 
for the interchange of the two neutrino operators. The Michel parameter has, then, 
the following unique values, irrespective of the strengths of the couplings involved, 


8. — For the x, K,,, and neutron decay interactions it is possible to conserve parity 
as well as make dm, = 0, by postulating a parity-degeneracy of electrons and 
p-mesons. The substitution operation then reads 


vV—>Y5Y > Pa Hes e+e, 


where the pairs of particles u,, u, and e,, e, have opposite intrinsic parities. The 
fact that parity-degeneracy in electrons has never been observed may be attributed 
to a local pre-ponderance of electrons of one parity (like the local preponderance 
of negatively charged electrons.) From the present point of view (i.e. with the 
demand that parity-conservation hold), 


(i) a parity-degeneracy for electrons and u-mesons makes it wnnecessary to 
require parity-degeneracy for K-mesons. There may or may not be two types of 
K-mesons and K,,, K,, decays are irrelevant so far as neutrino self-mass is 
concerned. 


(ii) Although it is uneconomical of postulates, one may link a parity-dege- 
neracy of K-mesons with the substitution operation v + y,v, K, > K,, e, >@,, ty > e- 
This in turn must lead to two types of A’s and <’s if 6m, = 0. The physically 
observed K,rr and K,xnz decays, however, would now give a non-zero self-mas for 
the neutrino, in so far as they are not substitution invariant. 


4. - The alternative is to give up the idea of parity-conservation. There are 
now two distinct ways in which parity violation occurs, (a) through the requirement 
that neutrino self-mass vanish: (b) in Kmm and Kzmwn decays. These decays are 
unrelated to (a) and do not affect it. 

This is unsatisfactory. The ideal would have been to link all parity violations 
with the «neutrino-gauge» requirement dm, =- 0. The only suggestion that the 
author can make is the following: 

Assume from strong interactions that a parity degeneracy exists for K-mesons 
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{and for A and = hyperons) and that the global (strong as well as weak) Lagrangian 
is invariant for the substitutions v + y,v, K, >K,, A, >A,, =, 2,. Parity violation 
take places for weak-decays in a specified manner which makes the neutrino self- 
mass (like the photon self-mass) vanish, while decay times for K,, K, (or Aj, As; 
or &,, 2,) particles are all the same. 


eee 


The author is deeply indebted to Professor PErerRLs who first suggested inves- 
tigating the consequences of the requirement dm,=0. He has profited from 
discussions with Dr. Purser. 


169 


170 


Reprinted from Imperial College preprint. 


On Fermi Interactions 


ABDUS SALAM 


Imperial College of Science and Technology, 
London 


1. With recent experiments on parity-violation' and their theoretical interpreta- 
tion,” it appears that some of the difficulties in the hypothesis of a Universal Fermi 
interaction between (pn), (vj) and (ve) pairs can be resolved. In this note a specific 
form of the hypothesis based on recent p-decay! experimental results is presented. 
Let 2! = 1; 0? = 4,; 
8 = yaya, i371, INI» 11%) 112% 1713%4; M4 = 175%; 
05 = 45 be the 16 hermitian Dirac matrices. Write L*(1, 2; 3,4) = (p10*y?) 
(p3Q*y*) where p!, p?, ~3, wt are four independent Fermi fields. It is well 
known’ that 
Li(1, 4; 3, 2) = a L(1, 2; 3,4) (1) 
where 
1 1 1 1 1 
4-2 0 2 -4 
-4a%7=|6 0 -2 0 6 
4 2 Q —-2 -4 
1 -1 1 -1 1 
The result is unaltered if either of ! or #3 is replaced by p!¥5, 345. 
In the sequel, we are concerned with paired operators (pQ*n), (p(1—75)Q* ut), 
(b(1 — y5)N*et).* p, n, w, e stand for the field corresponding to the particle con- 


1c. s. Wu, E. Ambler, R. W. Hayward, D. D. Hoppes and R. P. Hudson, Phys. Rev. (in the 
press). R. L. Garwin, L. Lederman and M. Weinrich, Phys. Rev. (in the press). V. Telegdi, Phys. 
Rev. (in the press). 

2 Abdus Salam, Il Nuovo Cim. V, 229 (1957). T. D. Lee and C. N. Yang, Phys. Rev. (in the 
press). L. D. Landau, Nuc. Phys. (in the press). 

3See H. Umezawa, Quantum Field Theory, North Holland Publishing Co., Amsterdam (1956), 
p. 119. The additional negative sign on the left-hand side arises if one assumes (as here) that all 
Fermi Fields anti-commute. 2', i= 1,... , 5 are respectively the S, V, T, A and P interaction 
matrices. 

‘The ordering of the operators is based on the assumption that consistently n + p+e7 + 37, 
pttn— pti (xt pt +v), and pt 4 e+ ++. If it turns out that xt — pt +7, this decay 
could not be comprehended as due to the universal Fermi interaction. With a change of notation 
the results of this paper would hold if consistently n + p+e— +v, p+n— pty, pret+vut. 


cerned; » satisfies y(0/Ozr)p = 0 and (1+ 5) is the anti-neutrino-field in the 
2-component theory. ly = 2 ae 5 = ( : a J Define L*(p, n; Vv, 1) = 
(pQ*n)\(P(1 — ys)O*¥u); Lu, v;v,e) = (GOK + ys)¥)(d(1 — 45)M*e); 
L¥(p, n; v, e) = (pQ*n)((1 — y5)N*e). The universal interaction hypothesis will 
be stated in terms of L*. 


2. In its simplest form the p-decay interaction can be written as: 


Li = [oviiype + gas YuellPru(1 +7s5)¥]. (2) 


The crucial quantitative result of Lederman’s experiment is that ga # gv. If ga 
strictly equals gy, we notice that L’ is invariant for the substitution et + —yse+ 
(or p+ — —y5u7+). In so far as the electromagnetic interaction (éyAe) as well as 
the free electron Lagrangian remain unchanged if 


e+ —yse, m. 74 —m,,° (3) 


it would appear that invariance for this substitution is a universal law for electrons 
and possibly also for u-mesons. 
Conversely, we may postulate that all electrons (and ps-meson) interaction should 
possess this symmetry. One may then deduce from dimensions that 
MeMy MeMy 
M2 M?- 
Here M is a mass. Lederman’s experiment shows that (for a + 6) M > m,., my. 
At least for the electron, the substitution e + —7se finds a deeper basis, if it is 
assumed that the entire physical mass of the electron is electromagnetic in origin 
(i.e. the bare mass is zero). The Lagrangian then contains no mass term and the 
bare coupling constants gf and g) must be equal. From this point of view the mass 
term in the free Lagrangian (as well as the ‘correction’ term (m.m,/M7)b in (4)) 
arise from a cut-off which must be imposed on the theory.® 


gv =at+ b, ga =a- b. (4) 


5 This is the mass-reversal transformation studied by J. Tiomno (Il Nuovo Cim. 1, 226 (1955).) 

8 To illustrate how these quantities may be calculated consider only the electromagnetic interaction. 
If eo is the unrenormalized electron field, the Lagrangian is 9 y8eo +te02yAoeo. This is invariant 
for €9 — —yseo. In terms of renormalized quantities rewrite it as: 


é(yO + m)e — mée + ic&yAe. 


a 2/..2 . : A? /m? 2 2 
If a cut-off A? is introduced, A?/m? satisfies the equation 1 = fj p2(x?)dz? / 
i * fen? zpi(z?)dz? (H. Lehmann, Il Nuovo Cim. 11, 342 (1954).). In perturbation theory 1 = 
(30/4) log A?/m?. Thus with a universal A?, the scale of electromagnetic masses is fixed. 
The possibility of m. — 0 (and possibly m, — 0) (if there is no electromagnetic field) justifies 
non-inclusion of terms containing M?/mem,, My/me, me/my in (4). 
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Using invariance principle (3), the 6-decay interactions fall into two distinct 
classes; (S, T, P) and (A, V). The general interaction reads 


=| >> gt L*(p, 0; v, 0] +(e / > a] (5) 


k=1,3,5 k=2,4 


Note the dimensional factor m,/M in front of the second bracket. The same 
applies to (pn)(vp) interaction: 


L’ -| > g'* L*(p, n; vs) + omy > | (6) 


k=1,3,5 k=2,4 


Similarly in the present notation, y-decay reads?: 


D} -| > go" * LF (u, v; v, o| + many) | > rn . (7) 


k=1,2,3 k=2,4 


The connection between (7) and (2) is obtained using (1). Noting L'(y,v;v,e) = 
—L5, L? = —L*, one can verify that 


: g'® _ gl” = 2a, g!? _ g' —b. (8) 


From Lederman’s work, g"! # g'”. 
We may now state the universal Fermi-interaction hypothesis in the following 
form: 


1. gi =" = g'", i= 1,3; g° = g" = —g!'5 


2. If all electron and p-meson interactions are similar, then g' = g", i = 2,4. 


3. g 4 g’”®. 
4. No statement can be made about g!", i = 2,4. 


Some consequences of this hypothesis are: 


(i) B-decay proceeds mainly through S, T and P couplings and the Fierz terms are 
missing. 
(ii) In (pn)(vyz) interaction, a relatively large admixture of A and V exists. 


7In the limit m. — 0,e — —7se allows only S, T, P interactions. This is the reason for not 
including A and V terms in (5) with a factor M/me in front. 

8That S and T interactions in 8 decay are compatible with gq = gv in L! was first pointed out 
by Prof. T. D. Lee. I am grateful to Prof. J. Steinberger for this remark. 
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3. A -meson can decay through the (pn)(ev) as well as (pn)(uv) couplings.® It is 
well-known that S, T, V couplings give no decay, P gives a predominant (ev) and 
A a predominant (jv) decay. 

It is indeed possible that g*> = 0 so that no P coupling exists. Even if it turns 
out from B-decay evidence that g° = 0, the following reasoning shows why it may 
not copeeibute to a-decay. The (=, =") doublet is similar to the (p, n) doublet, 
with =° presumably the heavier particle!® and it seems plausible to postulate for it 
direct Fermi couplings like (6) and (7). 

Thus corresponding to the hermitian coupling 


L*(p, n; v, e) = —9°(py'n — ny>p)[P(1 — ys)e + E(1 + 75)¥] (9) 
there may exist the interaction 
L*(E~, 5; v, e) = —g°(E- PE? — SP y°E-)[V(1 — ys)e+e(1+75)¥] (10) 
with the same coupling constant 9°. 
It has been suggested elsewhere!! that the m interaction with the isotopic spinor 
(p, n) may be expected to be nearly the same as with (=°, =~). Assuming this, we 
notice that the sign of g° is opposite for the two matrix-elements 


at — ptiset+y (orpu+v) 


a= 11 
+ H°45- +e+v(orpty). ”) 


These two matrix-elements may, therefore, very nearly cancel.!? It is easy to 
verify that exactly the opposite is true for the axial vector case, with 


Lt = —g*[piy?y'n + nig’ y"pl[b(1 — ys)iqe + Siyu(1+75)¥], (12) 
where there is no relative change of sign and the matrix-elements for the 7-decay 


through (p, 7%) or (=°, =~) virtual pairs add. For this case, the ratio of decay 
probabilities is: 


A(m>ety) ~( me) me(m; — me) 


Ar > w+ v) m2 (m2 _ m?) 


°See S. B. Treiman and H. W. Wyld, Jr. (Phys. Rev. 101, 1552 (1956)) for a complete discussion 
of all previous work. 

10-This conjecture is based on arguments similar to those given by Feynman and Speisman for the 
neutron case (Phys. Rev. 94, 500 (1954)). The decay of =° -+ Z- + e+ + v (although very rare) 
would be a very striking event. 

118. D’Espagnet, J. Prentki, and Abdus Salam, Nuc. Phys. (in the press). 

12 More precisely, if f; NN and fs==m are the corresponding x-meson interactions with nucleons 
and cascade particles, the cancellation is exact if I(N)/fi = X(=)/fa. O(Ni) and XL(E) are 
contributions to meson self-energy from nucleon or cascade pairs. This defines an implicit equation 
for f, in terms of f;. The origin of the cancellation above lies in the possible electromagnetic 


inversion of the doublet (=°, =~) relative to the (p, n) doublet so far as mass is concerned. 
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The factor in the second bracket arises from the (squared) matrix-elements; the 
additional factor (m_./m,)? comes from the ratio, the coupling constants in L? and 
L? and is peculiar to the theory presented here. The ratio of e to 4 production in 
n-decay is therefore 1:10°. 

A quantitative estimate of the absolute 1-decay rate using (6) seems to show 
that M ~ m,."* 

I am indebted to Dr. J. C. Taylor for numerous helpful discussions. 


13In these estimates one is dealing with diverging integrals and quantitative results are unreliable. 
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Abstract: The |41| = } rule is replaced by a conservation law. This new scheme is practically 
equivalent to the rule just mentioned (with the possibility of introducing in a natural 
way some |41| = } admixture). Its main advantage is that it can incorporate lepton 
interactions. 


1. Introduction 


To give a quantitative description of strange-particle weak decays, 
several authors have suggested that the weak interaction Lagrangian Lw 
is an iso-spinor 1~*). This leads to the selection rule 5) |AI| = 3, |4U| = 1, 
which has been found fairly successful in various applications f. 


t The rule (41| = } is successful in giving a correct account of t, A and + decay branching 
ratios as also of the ratio of 2+, Z- life-times (if parity violation is taken into account §)). 
It provides the only “explanation”’ of the fact that K+ has a much longer life than K°. 

The rule is not successful in the prediction of the (K° > 2*+2°)/(K° + a+-+27) branching 
ratio: the theory predicts a value }, while the experimental ratio is at best  }. It is, of 
course, clear that the |AI| = } rule is inaccurate to the extent that electromagnetic effects 
are to be included. It is commonly stated that electromagnetic effects should make only a 
difference of «*= (1/137)*, but this is not necessarily true. Electromagnetic effects appear in the 
K® —» 2°-+7° and K® + x++27 processes through the mass difference of the x, 7+ mesons. 
One simple way to see the effect of this mass difference on the matrix-elements for K® decay 
is the following: Let p be the 4-momentum of K°, p = p,+)-_ for K® > 2++2- decay and 
P = Poth, for K® + x*+-2° decay. The matrix elements are 


Fi = V2 F(p*, py, pt), Fy = F(p*, pe', 2,3). 
Thus, 


oF, 
F, = V2 | Fit 2(p,*—pe) 555 |: 
Po 
assuming from dimensions dF,/dp,* = const. F,/p,?, 
P.?— PF 
F, = /2 | 1+2xXconst. x Se Fy. 
) 
If the const. above = 1, we have 
Fix V2 [1 4 =| ee eee 
1 V2 fe gee s=Vv 93° 2° 
Thus, (F,/F,)? s 625/242, giving 
K—+>x*+2° 3 


K > at+n- a 8 
Thus, the mass-difference can have a very large effect in this problem. 
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From a fundamental point of view there are two objections to these 
suggestions. Firstly, the assumption that Lw is an iso-spinor does not 
correspond to the conventional procedure in which Lagrangians are normally 
considered as iso-scalars; secondly leptons do not find any natural place 
in such a scheme. We would like to suggest an alternative approach to the 
problem which avoids both these objections, while having the merit of 
giving practically t the same results as the |4I| = $ rule. In fact, we shall 
replace the violation of the rule |4I| = 4 by a conservation rule’). 

Briefly, we remark that the global Lagrangian (including all strong 
and weak interactions) is invariant for the charge-conserving transformations 
¢— [exp (tQa) ]¢ (Q is the charge). Of the known particles, (z+, n°, x), (2+, 2°, 
2); (u*, , e-) form charge triplets, whileA® is a charge-singlet. If K and (N,2) 
interactions can also be written in terms of charge triplets (K+, K°— K°, K-) 
(p, 2°—n, S-) and charge singlets (K°+K®), (3°+-n), and we shall show 
this, then Q can be considered as the third component of a vector and charge- 
conservation is the same thing as rotation invariance for rotations around 
a given axis in a [3]-space. To the extent that (ut, e-) and (N, 2) mass 
differences can be neglected, we discover that it is possible to consider 
Lagrangians invariant for full rotations in this [3]-space, so that not only 
the charge Q (denoted by M, in the sequel) but also M? is conserved. We 
find that M?-conservation possessed by the global Lagrangian when (N, & 
and (u, e) mass-differences are neglected is practically equivalent to the 
|AI| = $ rule. In the paper we shall be concerned with the charge-space 
(M-space) and its connection with isobaric-space theories. 

The formulation can be given in two different but equivalent forms which 
correspond to two distinct models for strong interactions, namely the Salam- 
Polkinghorne *) [4]-dimensional theory and the d’Espagnat-Prentki °) 
{3]-dimensional theory. These two models, referred to as S.P. and E.P. 
theory, will be very briefly reviewed in section 2. It will be emphasized 
there that a very simple connection exists between them. 

2. Theories of Strong Interactions 
2.1. THE S.P. THEORY 

The isobaric spin space is [4]-Euclidean; only rotations are considered. 
The different particles are attributed different irreducible representations 
QG(I*, I-) of the rotation group as follows: 


wa) 949 (TES 
z Q(1 0) (1) 


A (0 0) 


t Note added in proof: Recent experimental data increase the need for some |A1| = ? 
admixture. It is thus satisfactory that such an admixture can be introduced in a natural way 
in the present scheme (cf. footnote p. 451). 
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a Ai 0) (1) 
K 98D (Pak 


Notice that I+ is just the “ordinary” isobaric spin in three dimensions 
while 2 I,~ is U = S+-N. (S denotes the strangeness, N the baryon number.) 
The interactions are classified in the usual way as strong (I+ and I- conserved 
separately — 4-dimensional invariance) electromagnetic (I,* and /,~ conser- 
ved separately) and weak ([;++J,~- = Q conserved). The bare N and & 
masses are of course assumed to be equal. 
2.2. THE E.P. THEORY 

The usual 3-dimensional isobaric spin space is considered, rotations and 
reflexions are taken into account, spinors of 18t and 2™4 kinds are defined 
through & > i (9)(4)) and 7 > —im (O(4)) in a reflexion through 
the origin. The attributions are as follows: 


N B+) (5) (é) 

= B- (3) (7) 

2 Q\(1) (ps-vector) (2) 
A J+)(0) (scalar) 

x QO (1) (ps-vector) 

K B(3) (é). 


If p is the isoparity (reflexion through the origin) then U = S+N is 
related to ~ by '°) 


pb = eli’. (3) 
Similarly, the reflexion A through the (1,2)-plane, is related to Q by") 
A=ef?, (4) 


Strong interactions are invariant under rotations and reflexions, electro- 
magnetic interactions are invariant under rotations around the 3"? axis 
and reflexions through the origin (therefore also under reflexions with 
respect to the (1,2)-plane); weak interactions conserve only Q = st3U. 


2.3. CONNEXION BETWEEN S.P. AND E.P. THEORIES 

A very simple connection exists between these two theories: in the S.P. 
scheme invariance with respect to rotations around the 3" axis in I--space 
ensures that the transformation 

ye ty (5) 

carried out for all fields leaves the Lagrangian invariant. For the special 
value « = x this gives, N > iN, 8> -18,2 >2,A>A,x1->&, K + iK, 
K + —iK, ie. just the reflexions of the E.P. theory: this is why 2/,~ 
and U are in fact the same quantum number. 
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3. Invariance in Charge-Space 


In the S.P. scheme the N and & masses are the same. In order to reproduce 
the physical mass difference it is essential to break the full 4-dimensional 
invariance. If one believes in the conservation of ordinary isobaric spin, 
this should be done by introducing tntermediate interactions that are 
invariant under all rotations in I+-space (and which moreover conserve J,~: 
conservation of strangeness). This is the same as saying that in the E.P. 
Lagrangian g, £4 &; # &,--- This idea has also been considered by 
Polkinghorne !%). 

As mentioned in section 2, [,++J,~ is nothing but the charge Q. Now 
it is well known that /,++/,~— is also J,,, one of 6 infinitesimal generators 
of the 4-dimensional rotation group. Among these, Jos, J 31, J12 form com- 
ponents of a vector with the usual [3] angular momentum commutation 
rules. Calling J, = M, etc. we have here another subspace of the rotation 
group, the [3] M-space. 

From the fact that Q has only integer values, it follows that the only 
representations of the [3] rotation group that can have physical sense are 
the integer ones. In fact, if multiply charged particles are excluded then the 
only admissible representations are scalar and vector. 

Let us recall that our aim is to write down the weak interactions as 
invariants in a [3]-space. Now the 4-dimensional manifold furnishes three 
[3] dimensional spaces, namely the I+, I- and M-spaces. For obvious 
reasons both the I+-space and the I--space can be ruled out (as 4I;+ = +4, 
AI,- = +4, 4U = +1 for such interactions), thus only the M-space 
remains possible (4M, = 0 because of charge conservation). Let us therefore 
make the assumption that the weak interactions of bare fields are invariant 
under rotations in M-space. 

Summarizing, the different interactions have the invariance properties 
given in table 1. 

TABLE 1 


Interactions Rotation-invariance 
of bare fields ; properties 


strong (s) It, I-, 5+, Is-, M, | 4-dim. 


intermediate (i) i It, I,*, Ty, 3-dim. (I+ space) 
electromagnetic Tyt, Is7, 
weak (w) : H 3-dim. (M_ space) 


As is well known, the Y(J+I-) irreducible representation of the [4] 
rotation group splits into a direct sum of irreducible representations of 
3-dimensional rotations through 


QItI-) = DIT) @... @ B(lIt-I-|) 
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when only rotations in M space are considered. This gives 


(N, 5) > D(1) @ B(0) 

= +> G(I1) 

A +> G(0) (6) 
n —> Y(1) 

K > (1) ® B(0) 


More explicitly 


The other particles J(10) and Y(00) have of course the same representations 
in M as in I+ space. It may be worthwhile to point out that the neutral K’s 
which appear here are not the Ky, K, but the K,°, K,°. 

Explicit forms of Lw can now easily be obtained. As an example direct 
weak interactions between baryons and mesons should take the form 


(BxZ)-x, 8B, 2-2; (9) 
@xz)-K,  AE-K, (10) 
=-IK,, A A Ks. 


It is easily verified that these interactions satisfy the |41| = 4 rule. In 
fact, the Lagrangian thus obtained is just the one which follows from 
“spurion” theory with, however, the restriction that the N and & coupling 
constants are equal f. 

When intermediate interactions are introduced to produce the N, & 
mass difference M? is no longer conserved. (The effective N and & coupling 


t Strictly speaking, this is only true for interactions containing only one K and no B or 
conversely. Other M-invariant elementary interactions, such as for example the Fermi-like 
interactions between baryons (e.g. 1B, B - B) do not satisfy the |41| = } rule. As far as real 
processes, such as A, J or K decays, are concerned, it can be shown that, as a matter of fact, 
such interactions lead to a violation of the |AI| = $ rule only when combined with inter- 
mediate (as contrasted with strong) interactions. On that basis it might be guessed that, 
even if such weak interactions are present, the violation of the |AI| = } rule would be rather 
small: it should, however, be stressed that the very possibility of introducing such Fermi 
interactions in the present scheme is a problem in itself which requires further consideration. 
It may finally be noticed that weak interactions of a similar kind, namely (B x B) « 7, would 


- 
o 


induce an anomalous = decav (5 > N+2). 
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constants in Ly then become different). Because of the fact, however, that 
intermediate interactions conserve I+, the physical Ly still obeys the 
|41| = 4 rule. We come back to this question in section 5. 
If wu, e, vy mass differences are forgotten, then leptons can easily be in- 
troduced into the scheme by making 
(ete —pt+ em ) 
L | ——__, ———___, » 
/2 44/2 
the three components of a vector L in M-space (with the possibility of 
a second neutrino as a scalar): x — w+vand K -> u+y»decays can then be 
accounted for simultaneously. This feature, however, needs some further 
comment (see section 5). 
Weak interaction Lagrangians involving leptons can easily be written; 
we give here some examples: 
(B-B)(L-L); (BxB)- (LxL) 
(BxzZ)- (LxL) (11) 


m:(LXL);  K(LXxL) 


4. Formulation in E.P. theory 


The same results can be obtained starting directly from the 3-dimensional 
space of E.P. theory. The approach is then as follows. The total Lagrangian is 


LotLr+Lw 


where Lo, Lr = L,+-L; and Ly are the free, the E.P. and the weak inter- 
action Lagrangians respectively: Ly is invariant under rotations and 
reflexions in isospace with the E.P. attributions; the same holds for Ly. 
If, however, the assumption My, = Mg, for bare masses is made, then 
these are not the only attributions that make L, a true isoscalar. The other 
possibility is to take the integer representations (6) and (7) for (N=) 
and (KK), with the supplementary requirement that under reflexions 
vectorial quantities transform as pseudo-vectors. It is assumed that with 
this new set of attributions Ly is a true isoscalar t. Then Ly is of course 


t We also considered the possibility of taking 
A~ZN {A+Z° 
(2.3) (a =) 
v2 v2 
as isospinors of the 1*t and 24 kind (My = My). As shown by Gell-Mann 34), also the x 
strong interactions can be made invariant with this choice of representations; the K strong 
interactions, however, cannot (they should produce My # My). This choice would make 
it possible to write weak 2 interactions as invariants and is therefore a possible alternative 
to the choice of the present paper. Such a formalism raises, however, a difficulty concerning 
Z- decay (which becomes forbidden in lowest order). These features were considered in- 
dependently by Ning- Hu "*). The different behaviours of 2+ and Z- in this scheme make 
the choice of ref. 7) and 15) and of the present paper, in our opinion, definitely better. 
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the same as the one in section 3 and therefore leads to the usual |AI| = 4 
selection rule. The point of view chosen here is that a kind of symmetry 
exists between strong and weak interactions: just as [y+Z;y is a true 
scalar with the attributions (E.P.) adapted to strong interactions, L)+Lw 
is a true scalar with the attributions adapted to weak interactions. Neither 
of these two sets of attributions makes of course the total Lagrangian in- 
variant under the rotation-reflexion group. There is, however, one operation 
of that group which leaves it invariant: it is the reflexion with respect 
to the 1, 2 plane. If the operator corresponding to this particular reflexion 
is A, the general relation between A and the charge operator Q is 


A = ei 


valid with both sets of attributions. The invariance stated above is thus 
connected with charge conservation. 


5. Discussion 


Ly was written in terms of bare fields operators, with the essential 
assumption My = M, for bare masses. Ly+L,-++Lw is an invariant in M: 
this makes it possible to define a new quantum number M? which is a good 
quantum number as long as intermediate and electromagnetic interactions 
are neglected. M? conservation brings very strong restrictions to Ly, much 
stronger in fact than the usual |4I| = } rule (it reduces the number of 
coupling constants by a factor 2). However, intermediate interactions 
should, of course, not be neglected: they are in fact of paramount importance 
in making the N and & observed masses different and in giving a meaning 
to strangeness. As they are not invariant in M-space their introduction 
has the result that the effective Ly no longer has the invariance properties 
discussed before. The M? conservation rule is thus only a poor approxima- 
tion. As the net influence of intermediate interactions on the N, & masses 
is approximately 30 %, it can be hoped, however, that the violation of 
M? conservation produced by the introduction of N, & mass differences 
is also of this order. It should be pointed out that, because of the fact that 
intermediate interactions conserve I+, the weak interactions derived 
from (9), (10) still rigorously obey the |4I| = $ rule. In some sense the 
present scheme is still more restrictive than the |AI| = } selection rule 
because the coupling constants of the effective Lw could in principle be 
estimated. It should be stressed, however, that Fermi-like interactions 
can give a |AI| = 3 admixture (see footnote p. 451). 

The reason for non conservation of M? is of course the fact that I+ does 
not commute with M (nor does I-) and that, for this reason, a particle 
cannot be attributed simultaneously J+ and M values. As, however, the 
intermediate interactions are much stronger than the weak ones, the Jt, 
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I,- quantum numbers have a much more definite physical significance 
than the M quantum number. Quite similar remarks apply to the [3] 
dimensional approach f. 

Finally, the present scheme is more powerful than the usual |4I| = 4 rule 
in that it can also be applied to leptons. This, however, is only possible if 
the uw and e bare masses are taken equal. This, in turn, raises a difficulty 
which is more serious than in the nuclear particles case because no equivalent 
of the intermediate interactions is here at our disposal. 

Of course, if [4]-representations were attributed to leptons this problem 
might be solved, but the danger is then that strong interactions of leptons 
might turn up that would contradict experiment. This raises, however, no 
conceptual difficulty because phenomenological mechanisms can be thought 
of, which would solve the dilemma: as an example consider the assumption 
that the only intermediate interaction is g(&- S-+4+5° £°) (fu). This inter- 
action is sufficient to account for the &, N mass difference as well as for the 
#, e mass difference. The suitable value for g seems to be rather small in 
view of the quadratic divergence involved. One would expect an anomalous 
“ scattering from nucleons whose magnitude is being estimated. 


t It needs hardly be pointed out that the philosophy is adhered to that symmetries, in- 
variance properties etc. which may exist in nature are intimately connected with bare fields 
and can be spoiled, or even completely hidden when physical particles are considered. 
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Summary. — The postulate of a «local connection» in a [3] charge space 
leads to the introduction of three spin one fields. One of these can be 
identified with the electro-magnetic field and the other two can be shown 
to mediate all known weak interactions, thus unifying these interactions 
with electro-magnetism. The theory takes account of the fact that weak 
interactions violate parity and strangeness conservation while electro- 
magnetic interactions do not do so. 


1, -— D’Espacnat, PRENTKI and SaALam (1) have recently advanced the 
hypothesis that a three-dimensional [3] charge space Q exists and that all ele- 
mentary particles correspond to its scalar or vector representations. 

These authors show that possibly weak interactions exhibit full rotational 
symmetry in Q space. Electro-magnetic and strong interactions violate the 
full symmetry; however these interactions are invariant for rotations around 
one particular axis in this space (the « charge-axis ») so that Q, is always con- 
served. 

In this paper we wish to make a fresh approach with the idea of a [3] charge 
space. Following some ideas first advanced by SCHWINGER (7), we show 


(*) Visiting Professor at the University of Maryland, present address, Free Uni- 
versity, of Brussels. 

(4) B. p’Espacnat, J. PRENTKI and A. Satam: Nucl. Phys., 5, 447 (1958). This 
paper will here by referred to as ESP. Similar ideas have been suggested by G. TAKEDA: 
to be published. In ESP the Q space is designated as M space. 

(2) J. ScowincEerR: Ann. of Phys., 2, 407 (1957). 
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2 WEAK AND ELECTROMAGNETIC INTERACTIONS [569] 


that parity-conserving weak and electromagnetic interactions taken together 
form a unit which exhibits full rotational symmetry in Q space. This full sym- 
metry is broken on the one hand by parity-violating weak interactions (y,-in- 
variance) and on the other hand by strong interactions. We go further in 
respect of the rotational invariance of electro-magnetic and (parity conserving) 
weak interactions in Q space; we wish to make the hypothesis that the orien- 
tation of all three charge axes can be chosen arbitrarily at all space time points. 

Just as it is necessary to introduce the electro magnetic field if it is as- 
sumed that the orientation of axes in the conventional [2] (*) space spanned 
by fields ® and ®* (or alternatively by the fields ®, and ®,, where G=G@,+19,) 
is arbitrary at all space time points, our « three-dimensional gauge invariance » 
makes it necessary to introduce in Q space a triplet of fields consisting of two 
charged vector bose fields in addition to the electro-magnetic field (*). It will 
be shown that the form of the interaction of the charged fields is such that 
they can mediate weak interactions. 


2. - Let us first consider the problem of the generalized gauge transfor- 
mation (°). Let represent a vector in charge-space, (b= 1, Ye, Ys where, 
Yr» Woy Ys are 3 Fermi fields), which transforms as 


(1) p= Sp. 


If § is a function of a, y, z, ¢ it is necessary for invariance, that all derivatives 
of y appear in the combination 


(2) (0, — eB, )y 5 


where B, are 3x3 matrices, and transform as 


By, = 81B,8 + 8 s. 
7" 


(*) A priori, it is more attractive to associate charge with a [3] group structure, 
rather than with a [2] structure as in conventional theory. This is because infinitesimal 
matrices describing rotations in three dimensions possess three eigenvalues +1, 0 
(rather than just +1), so that the same formulation can give charge values of all 
charged and neutral particles. We are indebted for this remark to Prof. M. FIErz. 

(*) This was firet done by ScuwincEr (ref. (!)). The difference between our work 
and Schwinger’s is that here the charged Bose fields arise naturally from the 3-dimen- 
sional charge-gauge and there is little arbitrariness in writing down the interaction 
Lagrangian. 

(*) Mathematically the work in this Section in completely analogous with that 
of Yano and Mitts (Phys. Rev., 96, 191 (1954)); and R. Saaw (Cambridge dissertation, 
unpublished (1954)). 

Yane@ and MILLs were considering the possibility of a generalized gauge transfor- 
mation in three-dimensional isotopic rather than charge-space. 
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If Q, are the set of three rotation matrices in Q space, one may write 


B, = A,(a)-Q 
and define 
(3) Fur = ny — Sys 
where 
0A, 0A, 
(4) Cy = ae, = day, 
(5) S., = &(A, xA,). 


Here x is the symbol for vector-product. 
It is easy to verify that 


Pi, =f, ‘Q 
transforms as 


(6) F,, =SF,8. 


The A field (or alternatively f,,, field) has arisen as a direct consequence of our 
demand that S depends on 2, y, 2, t. 
A charge-gauge invariant Lagrangian for A field is 


(7) = ha Fur " 


The §,, terms are necessary for the invariance. Analogously to ref. (5), the 
total lagrangian density is 


(8) — thoy Sis — byly + teQ.Ap Te meprp . 
Notice that 
J = pQyp =— ix) 


so that the interaction term in (8) is 


JA=cehyy pA. 
It is easy to verify that the subsidiary condition 


0A 
9 _~—0 
(9) On, : 
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is compatible with the equations of motion derived from the Lagrangian; 
also that the « current » 


(10) GF, =J,+ eA, x f,, 


satisfies the equation of continuity 


(11) Fu _ gy. 
Oty 
Thus 
Q =[sare, 


is independent of time. 
One can verify that components of A field carry charge +e, 0, —«. 
Picking out an arbitrary charge axis and defining 


1 . 
(12) A* = 75 (AF t4:), A°= A;, 


and similarly for y+, y° we note that 

lin p 2 43 + Ste S- 

3 6 7 + fiofur) = (ei. — av) (ny _ a) = 
1h eg ego\ g+ {2 _ ge go\ gel((% | gege\ g-  (% 1 gge\ g- 
= (se — ica’) Ai — lac, — ica’) A} an, + teA,| A; 3a, + teA),) Ay |, 


while 


_ thie - = te, ey +4Se, _ 48, Soy . 
Identifying Al, and ey with the electro-magnetic field, the lagrangian 
—tf,.f,,, is a sum of terms which represent 
1) the free Maxwell Lagrangian (— te%,,¢?,); 
2) the terms: — }$(07 Ax — Or AL (0, A, —0,4,), 
where 


a_, 
o+ = (et ica’) . 


These terms describe the conventional electro-magnetic interaction of 
charged fields At, A. 
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3) Terms — 48°, 5), = }e((At.A, — A, A;)* which are in a sense « mass » 


terms for the charged fields At, A™. 


4) A term $8°,¢°, =—(i/2)(A*A?— A} A;)¢,,. 


By py 


This term would represent a (Pauli) anomalous magnetic moment for 
At, Aq fields, if these fields had mass. 

The A field by itself is then a most remarkable field. One of its compo- 
nents can be identified with the Maxwell field, the other two represent charged 
particles, carrying «anomalous magnetic moment » while in place of the con- 
ventional mass term — p*A*A~, there is a more complicated (quartic) term 


S [UAE Az (AZAD 


Even in the presence of interactions with other particles the supplementary 
condition has the transparent form 


2A, 
On, . 


The theory is renormalizable; it is perhaps the only theory of charged 
vector mesons which can be renormalized. Finally note that 


—Pxh-A = (Pty — Pp lA + (Poy — Pty)At + h, c. 
3. — Let us assume that DL, = (ct,7,e-) form a vector in charge-space. 
With 


1 ; 
0% = im (Ya F ta) » Y=, 


(where the three py are Majorana fields), the derivative term in the free Lag- 
rangian is 


prep , 


which leads to an interaction with A field of the type px-A. Writing this 
in full 


(14) [éty,v — dy e-]A* + hic. + [éty,et— ey, eA, « 


The last term represents electromagnetic interaction while the first two 
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terms could give the weak interactions of (e,v) pair. However so far there 
is nothing in the theory to pick out any one axis in charge-space. 

We wish now to do precisely this, by requiring that the neutrino Lagran- 
gian remain invariant for 


(15) v > yy. 


in so far as the neutrino mass must be zero. One result of this is that the 
first term in Z,,. reads 


a[éry,(1 + ys)v — vy, (1 + ysle JA; . 


Thus the neutrino-gauge, conflicting as it does with the [3] charge-gauge, picks 
an axis in charge-space, and (incidentally) leads to parity violation of inter- 
actions of the A’, A, fields. The possibility of gauging the neutrino (v > y,v) 
arises from the fact that neutrino has zero mass while the electron does not. 
In a sense then the existence of mass is incompatible with full rotational sym- 
metry in [3] charge-space; the fact that all known charged particles have mass 
is the expression of the fact that one particular axis is preferentially chosen 
in [3] charge-space. 

One can consider a second lepton vector L, = (ut, v’, u-), where v’ is gauged 
as v'—>-+ y,v’ (*). The interaction Lagrangian for L, fields is —eL,x L,-A. 
Through the intermediacy of the At, Aq fields, one then has a possibility of 
u—>e+v-+r', all helicities given by our interaction Lagrangian being preci- 
sely the ones which are observed. 

The major problem that remains is the problem of the mass of A# fields. 
Before the introduction of the parity violating term in (14), there was nothing 


in the theory to differentiate A+ from A°. The charged A fields would (in 
spite of the term 


—5 [4p 4p) — (rds), 


acquire no self-mass from its interactions (**). The parity violating terms 
give the possibility that self-mass for A*, A~ no longer vanishes. Also the 
charge-renormalization for A+, A~ interactions is different than for the A° 
interactions. 


(*) In a sense v and v’ are twin neutrinos. 

(°°) This has actually been checked to the lowest order by S. KamMEFuUCHI. We are 
indebted for a private communication. He has also checked that an effective mass 
will appear for the A* fields if parity-violating terms are added. 
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We propose to come back to this problem in a subsequent paper. Here 
we simply note that if «#/4m— 1/137, At, A~ fields would need to have an 
effective mass wVé*/g, i.e. about 30m,. Note that a (quadratic) self-mass 
is we*A?, where A is the cut-off mass. Thus e?A? w e/g gives A x 350 m,. 
This does not appear too excessive a value for the cut-oft. 


4. — Baryons and mesons. 
For = and K mesons, define the charge space vectors m and K composed 
from (x+,7x°,x+) and (K*, Ki, K-) particles. (More precisely 7 == (71, 72, 7): 


1 ; 1 = 
7 = 73, te gear Ola Ei = Fg (E+ Ko). 
The interaction with the A field is 


— e(On x +A) — &? [| A’? — (A-7)?] 


and similarly for the K mesons. 
For baryons, we make the fundamental assumption that all bare baryon 
masses are equal. Defining 


1 1 
Sag ee) Be ee 
we write two baryon vectors 
4 Eee ae a ‘ at + E 
pag i(p — 2) ; Bes gira, 
\ Lets 


The free baryon Lagrangian can be written as 
[B,DB, + B,DB, + B,,DB,, + B,,DB,y] + 
+ [BiDB; + B;DB; + B;, DBs, + Bi, DB] . 
Here 
1 
va 


1 


By = [n—Y,], By = Va 


[Y,— 2], 
D is the Dirac operator and B° is the charge-conjugate vector. (Using Ma- 
jorana representation of Dirac matrices if y= y,+iy, the charge conjugate 


spinor is yp” = y, —7y,). 
We note here an essential difference from the case of leptons. Each one 
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of our vectors B,, B,, etc., contains complex fields as components. For 
leptons (L,, L,) a8 well as for 7 and K mesons, the corresponding charge-space 
vectors were real. The reason why B,, B, are complex lies in baryon-conser- 
vation. Thus one can adopt two completely different attitudes for baryons; 
one can consider that there are essentially four independent charge-space 
vectors B,, B,, Bj and Bj and baryon-conservation demands that B,, Bj 
(for example) should occur symmetrically. Alternatively one may split each 
of the vectors B,, B, into real and imaginary parts and work with the re- 
sulting four vectors. It is crucial that there are four baryons which are charged 
(P,Z~), (2+, 2-). One could never arrive at the ideas of charge-space vectors 
before the discovery of new particles. 
A charge space rotation will produce the interaction Lagrangian. 


(12) e[B,B,-A + B,B,-A]— { B°B: + B;Bs)-A. 


The Lagrangian combines formally electro-magnetic interactions, as well as 
interaction terms which could be responsible (through A*, A™ fields) for 
6 decays as well as for hyperon decays. However at this stage only parity 
conserving weak decays are included. 

On the other hand we know from our work with leptons, that the postu- 
lated y,-invariance of neutrino interactions picks out a direction in charge- 
space and also symmetrizes the weak lepton interactions for parity-conserving 
and parity-violating terms. It thus appears that neutrino y,-invariant Lagran- 
gian is also »,-symmetrized in the sense used earlier by SALAM (*). 

A term in a Lagrangian is «y,-symmetrized» if the trasnformation 
y > yy, m—>—m are made independently for all fields concerned (**) and the 
result summed. Since tke lepton and A field interaction Lagrangian happens 
to be «y,-symmetrized » in the above generalized sense, it seems necessary 
to ¢y,.-symmetrize » the baryon-Lagrangian as well. Thus 


(13) Pp, Y,,2° > ys(Py Fi, 2). 


A priort (X*, Y,, &-) could transform as +, or — y, but i, and 2, are 
related and thus it appears likely that (2+, Y,, 2-)—>y,(2+, Y, 27). After 
this symmetrization the electro-magnetic interaction remains unchanged, 


(¢.9. Py,P > t(Py,.P — Pysy,¥sP) = Py, p, while py,n —> }(p(1—ys)n) . 


(*) A. Satam: Phys. Rev. Letters (to be published). «y,-symmetrization » is not 
synonymous: with ¢y,-invariance» of a Lagrangian though these may be equivalent 
in some special cases. 

(**) If spin zero Bose fields are present gy -— p simultaneously with y—>y,y. All 
currently accepted strong and weak Lagrangians appear to be y,-symmetrized. 
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It is now necessary to introduce strong interactions of baryons and mesons 
and to insure that these conserve charge in the conventional sense. This is 
an important point, for we do not wish to use the vector combinations B, 
and B, (and singlets B,,, B,,) etc., for writing strong interactions. If we did 
so, and if strong interactions were rotation invariant in the [3] Q space, there 
would be no distinction between these interactions and weak and e.m. inter- 
actions so far as conventional strangeness, isotopic-spin etc., are concerned. 
In other words it is necessary to state some criterion which guarantees that 
even if strong interactions are not rotation-invariant in charge-space these 
conserve charge in the conventional sense. 

Such a criterion is easily stated. Among the A fields, y,; symmetry has 
picked out the component A°. The divergence of the current #\” vanishes. 

Here F,” equals the third component of 


e(L,L, + LL, + B,B, +B, 2 BB: — BB.) + 
+ terms from 7, K and A fields. (See Equ. (10)). 


Thus charge operator 
Q= | Frdsa , 


can be defined in the usual manner. If we now demand that the hamiltonian 
for all strong interactions £, must commute with Q (and must satisfy baryon 
conservation) charge in the conventional sense is conserved even if #, is not 
rotation-invariant in @-space. Thus the usual isotopic rotation invariant 
Lagrangian with 8 different coupling constants 


gNNan+gAln+9,22+... gNKA+9NKS+... 


is fully acceptable. The mass degeneracy of baryons in the free Lagrangian 
will be removed by these strong interactions. 


5. — The simple interaction Lagrangian written symbolically as 
(LL+ BB+ +KK+ AA)-A 


combines electro-magnetic interactions, as well as weak interactions. For weak 
interactions ,-symmetrization gives parity-violating terms while electro- 
magnetic interaction terms still conserve parity. The weak interactions ap- 
propriately violate strangeness conservation while electromagnetic interactions 
do not. 

There are also a number of conservation (eq. (10)) laws for the weak inter- 
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action currents. These are similar to the conservation laws previously discovered 
by GELL-MANN (*) and ZELDOVICH and GERATEIN. 

The idea that weak interactions and electromagnetic interactions should 
be combined, originating as it did with ScHwINGER (*), has been often dis- 
cussed privately, as has also the possibility that the resulting A-fields should 
be associated with a Yang-Mills type of gauge transformation. In this con- 
nection we are unable to disentangle the extent to which we are indebted to 
others. Particularly we would like to mention Dr. S. L. GuasHow who has 
expressed similar ideas to us privately and a recent preprint (H. MAYER, 
Dubno) where a future paper on this subject is promised. 


“ee 


The work of one of the authors (J.C.W.) was supported by the U.S. Air 
Force through the Office of the Scientific Research of the Air Research and 
Development Command. 


(*) M. GELL-Mann: Phys. Rev., to be published. S. S. Ger’rrgn and ZELDOVICH: 
Zurn. Ekeper. Teor. Fiz., 29, 698, (1958). 


RIASSUNTO (°) 


Ih postulato di una «connessione locale» in un [3] spazio della carica conduce 
al’introduzione di tre campi di spin uno. Uno di questi pud identificarsi col campo 
elettromagnetico e ai pud dimostrare che gli altri due sono il veicolo di tutte le inte- 
razioni deboli note, unificando cosi tali interazioni coll’elettromagnetismo. La teoria 
tien conto del fatto che, a differenza delle interazioni elettromagnetiche, le interazioni 
deboli violano la conservazione della parité e della stranezza. 


(*) Traduzione a cura della Redazione, 


AI=1 Rule 


ABDUS SALAM 
Imperial College, London, England 


and 


J.C. WARD 
Carnegie Institute for Technology, Pittsburgh, Pennsylvania 
(Received September 20, 1960) 


One attractive way of formulating the AI = } rule is to postulate the existence 
of “spurions”! — neutral isospinor particles carrying no energy and momentum 
which are emitted or absorbed in decays of strange particles. We wish to point out 
that conventional field theory contains a perfectly natural realization of spurions. 
Consider the decay mode K? — x+ +27. If the Lagrangian for the process is 
f.Kintn—, it is easy to see that the vacuum expectation value of K ° would not be 
zero. In fact (K?) « f.,. If we now consider a seemingly isotopic-spin conserving 
T product of field operators, like AN'r - 7K, it not only possesses matrix elements 
for strong interactions like N + — A+K, but also a matrix element for the decay 
A — N +7 (arising from ANtr-2(K)) consistent with the AI = $ rule: (K?) thus 
gives a realization for the spurion. 

One can perhaps reverse the thinking above and reinterpret isotopic-spin non- 
conservation in the following manner. Let us postulate that all fields possessing the 
same quantum numbers as the vacuum (and in particular K? for which CP = +1) 
do have nonzero expectation values. These expectation values define the so-called 
coupling constants (in this instance the weak coupling constant f,,). Admitting 
only seemingly isotopic-spin conserving products of field operators, we obtain both 
isotopic-spin conserving and isotopic-spin nonconserving matrix elements from the 
same expression. Apparent nonconservation of isotopic spin is another expression 
for the fact that K? had nonzero expectation value. 


1G. Wentzel, Proceedings of the Sixth Annual Rochester Conference on High-Energy Nuclear 
Physics (Interscience Publishers, New York, 1956). 

Reprinted from Physical Review Letters, Vol. 5, No. 8, p. 390. 

©1960 Amer. Inst. Phys. 
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It is possible to interpret parity nonconservation in the same manner. If there 
exist? K' mesons of opposite (strong) parity to K mesons, (Kj?) #0. Thus ANtr- 
w7sK' gives a decay matrix element for A — N +7 of opposite parity to one arising 
from ANtr- 2K, leading to parity nonconservation in the decay phenomenon. 

Details of a theory of coupling constants and symmetry properties based on the 
above ideas will be published elsewhere. 

‘We are grateful to Professor R. G. Sachs for the hospitality of the Summer 
Institute at the University of Wisconsin. 


2M. Gell-Mann has re-emphasized the theoretical necessity of these particles for understanding 
weak interactions; Report at the Tenth Annual Rochester Conference on High-Energy Nuclear 
Physics, 1960 (to be published). 
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On a Gauge Theory of Elementary Interactions. 
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_J. C. Warp 
Carnegie Institute of Technology - Pittsburgh 


(ricevuto il 15 Settembre 1960) 


Summary. —- A theory of strong as well as weak interactions is proposed 
using the idea of having only such interactions which arise from gener- 
alized gauge transformations. 


1. — Introduction. 


One of the problems engaging current interest in fleld theory is the problem 
of determining which fields are « elementary » in some fundamental sense, and 
which are not. An equally, if not more, important, problem is that of finding 
a@ guiding principe for writing fundamental interactions of fields. The only 
such principle which exists at the present time seems to be the gauge-principle. 
Whenever a symmetry property exists, the associated gauge transformation 
leads in a definite manner to the postulation of an interaction through the 
mediation of a number of intermediate particles. There exist, at present, 
numerous attempts to understand all known elementary interactions in this 
manner. In an earlier paper (1), the authors considered a gauge-transformation 
in [3] ¢ charge-space » to generate weak and electro-magnetic interactions. Re- 
cently J. J. Saxunar (*) has used similar ideas to postulate five intermediate 
vector mesons which may be responsible for mediating strong interactions. 

All these attempts suffer from certain weaknesses. Our earlier attempt (') 
to understand weak and electro-magnetic interaetions produced only parity- 


() A. Satam and J. C. Warp: Nuovo Cimento, 11, 568 (1959). 
(?) J. Saxorar: Ann. of Phys., 11, 1 (1960). 
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conserving interactions in a natural manner. Besides, the weak interactions 
did not obey the AJ=} rule. Sakurai’s strong Lagrangian suffers from the de- 
fect that it contains no Yukawa-like terms permitting single emission of pions 
or K-mesons by baryons. 

In this note we wish to reconsider the problem. Our basic postulate is 
that it should be possible to generate strong, weak and electro-magnetic inter- 
action terms (with all their correct symmetry properties and also with clues 
regarding their relative strengths), by making local gauge transformations on 
the kinetic-energy terms in the free Lagrangian for all particles. This is the 
statement of an ideal which, in this paper at least, is only very partially realized. 

It may however be of interest to set down the procedure which has been 
followed. 


2. - A simple model. 


Consider the x-nucleon system. Following SCHWINGER we assume the ex- 
istence of a scalar iso-scalar particle o. Write the free Lagrangian kinetic 
energy terms in the form 


(1) Ni 9, Vi + Nivy,0, Nat 4(0,,7) *(0,7) 4- $(0,0)*, 


where 
N,=41+ys)N, 


N, = t(1—ys)N . 


Following a suggestion made by SCHWINGER (*), GELL-MANN and LEVY (‘) 


: C 
one may consider y 


g 
dean space. Since there are 6 rotations in such a space, the gauge-principle 


will give rise to six fields .., Y with the interactions 


o 
) as forming a spinor and ( a 4-vector in a [4] Eucli- 
n 


1/ dx ao on or 
(2) Tua 5 (05 — Be ERA Be — ae AR) Kt 


‘ 1 1 1 
+ iNi yey eX, Ms + 5 (X-m)* + 3 (WAX)? + 3 Xt0* + 


on =e on on 
(°55— aes") + (See ae, 1) 


"Ge, 2e, 


1 
mn) 


ee nt st 1 
+ tN Wy TY, Ne + 8 (Y-m)* + 8 (xAY)? + 8 Y%q? . 


(*) J. ScHwinaerR: Ann. of Phys., 2, 407 (1957). 
(4) M. Getx-Many and M. Levy: Nuovo Cimento, 14, 705 (1960). 
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The «free » Lagrangians for the X field is as follows 
oxy — X,AX,)— oy — X,AX, 
Oly” eas ox, * ee 


with a similar expression for the Y field. 
One can rewrite the above interaction slightly differently, introducing fields 


2 
’ 


4X+ Y)=u, 
4X—Y) =v. 
Thus 
Grid ian 
(3) Din = (xr a. — vn) + Niyy,tN) ut 
(3 [a 
ox = da re 
+ io ae Ons z+ Nyy yest |'v + terms quadratic in u and v. 
fad i 


We wish to identify the o-containing part of the above Lagrangian as re- 
presenting strong interactions and the remaining Lagrangian as representing 
weak interactions. The leptons (e*,v,e~) or (ut, v’,u-) form a 3-vector in 
the space we are considering and a gauge-transformation will only link them 
with the e-field. The strength of the strong coupling comes about if we assume 
that the vacuum expectation value of ¢ (<a>) does not equal zero but equals 
(ge/2M (1/9) (*)- 

Thus terms in the Lagrangian with o(dx/dx,)-v and Mtyy,y,t-vN to- 
gether give the conventional pseudo-vector strong Yukawa interaction with 
pions emitted singly. This is not to say that we are considering o as an alter- 
native expression for the strong coupling constant. There is every possibility 
that o-particles are emitted (and absorbed) as physical particles. 

Notice that the weak interactions in this model conserve parity. This 
unfortunate situation seems to persist in subsequent work also (**).: 


8. — Extension to strange particles. 


In the above model o, x form a 4-vector in a [4]-Euclidean manifold while 
N, and WN, form a 4-spinor. A direct extension of this to include K-mesons 
is possible, provided we consider o, x and K-particles to form a vector in an 
[8]-space while the sixteen baryons (eight-baryons each decomposed into their 
left and right components) form a 16-component spinor in such a space. 


(*} Notice the terms g3(X?+ Y) in (2) could give the maas-terms for u and v particles. 

() The theory of weak interactions recently proposed by GELL-Manwn and Lé&vy (*) 
effectively proceeds by identifying the terms containing X,, only in (2) with the stran- 
geness-conserving weak Lagrangian. The gauge-transformations giving rise to Y,, fields 
are not considered. 
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The formalism we use was essentially developed by TiostNo (*). Let us 
first recapitulate this. Write 


Za x 
Wp) (A°— +2) = (" _ = (24, 24), 
K+ = K,—ik,, K*=K, —ik,. 


If all K-coupling constants are equal, the conventional p.s. (or p.v.) strong 
K-Lagrangian can be written as 


4) Le=imeeyiny)( *\(*\ 4a 
= Et) (i _ Ce. 
( rf Vays K- _e) z, 
N 
Write y= ~ J; then L x. equals 
2 
23 
a 
(5) Lvtivrsl Ky 
awl 
where 
xi x1 
(8) r=( ) N= . ). 
x1 —txl 


These I’ matrices are 8x8 matrices pertaining to a (six or) seven dimen- 
sional manifold. The spinor y is an 8x1 column. 

It is possible to write the conventional p.s. (or p.v.) x-interactions in 
term of y. 

Define three additional matrices, 


1xt 
1xt 


0) Pears —1xt 


=%;X1x¢t. 
—1xt 


Then the matrices J, I;,.... [, anti-commute. If all x-couplings are equal 
(and in particular if 9,N =— Ines) One can write the 2-Lagrangian 


(8) L,= vinyl, m,)y 
anb,6,7 
It is clear that ~’s and K's form a vector in a [7]-space. 
So much for Tiomno’s formalism. We can now follow a procedure ana- 
logous to Section 2 and obtain an expression which would contain terms like 


my =, aE 
7 


4 
202 LP ina) Te Za, 
ik aol 


(5) J. Tromno: Nuovo Cimento, 6, 69 (1957). 
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to give an effective strong p.v. Lagrangian of the Tiomno type. Write 


(9) L, = Vr YeYp nV, + Ve Mn euPe + 3[0,0 + (0,,7%)* + (6,X,)*] . 


Yu 


The sixteen-component entity ( ) forms a spinor in [8]-space. One anti- 


& 
commuting Dirae set for such a space is 


PS, = 4X (mn xt)x1, 

bial = 7X (t;X1)x1, 
(10) 

Fey. =X (t%X1)X t, 

i) ‘Sex Dic. 


In [8] space there are 28 rotations. Seven of these rotations (¢ ->o+e°'n+ 
+¢,K,, m—~>n—eo, etc.) with the corresponding spinor rotation matrices 


ana? 
1 (s) 718 (8) (i) 
=I 3-2 TP), 
2 
give 
1/f ox ok, do eo 
(11) Lia = 5(0 5-0 + 0 Get Dy Se m9 — oD] 


7.6. Tiomno Lagrangian with (iy,y,t-2) replaced by (t.YyysFov,) and (yal K,) 
replaced by iy,y,y,/',Z,,,- The fields V, and Z, behave, so far as isotopic 
spin, ete., is concerned just like m and K mesons. 

In so far as these seven rotation matrices do not form a Lie-Algebra, the 
interaction Lagrangian must contain 21 other fields corresponding to the re- 
maining 21 rotations. From the point of view adopted in Section 2, these give 
weak interactions only. A general analysis of these terms has been given by 
Gérser (*) in a recent paper which also adopts the Tiomno formalism to give 
an analogue of the Gell-Mann-Lévy theory of weak interactions. 

It may be more profitable from our point of view to consider two fields o 
and o’ in such a way that (o, 7) form a 4-vector and (o’, K,) a 5-vector. 
The resulting strong Lagrangian would then contain two coupling parameters 
<o>e and <o">,. (a, %) and (o’, K,) spaces in a sense form two (disconnected) 
pieces of a [9] space. Even for the Tiomno Lagrangian it was possible to consider 
m and K-mesons as particles corresponding to disjunct pieces of the 7-dimen- 
sional space. Thus if we replace I',z, in eq. (8) by I'n, where r=1x1 xt 
(1.6. J. =+ Inez) we see that ~ and K no longer form a 7-vector. The per- 


(*) F. Gtmszy: preprint. 
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mitted rotations have to be limited in such a way that x-mesons are not trans- 
formed into K-mesons. 

Returning to the [9] space, if (o, 7) form a [4] subspace and (o’, K) a [5] 
sub-space, it is clear that the total number of intermediate bosons will be 
6+10=16. Of these seven will mediate strong (p.v.) interaction, and 9 will 
mediate weak (v.) interactions. All these interactions conserve parity and 
isotopic-spin. 


4. - Ali =}$ rule. 


One simple way to introduce strangeness violation consistent with the A|I|=4 
rule is to remark that the other field besides o (or o’) which can have a non- 
zero expectation-value is the field corresponding to the 6° particle (CP = +1). 
In the notation above <K,> + 0 and would in fact be proportional to g, even 
in the conventional theory. Thus all strangeness conserving terms like 
AN <-nK describe also the matrix-elements for (parity-conserving) weak decay 
of A> N’+ x consistent with AT =} provided we take the vacuum expectation 
value of the K-meson. . 

The non-zero expectation value of 6° is the perfect realization of the spurion 
idea of Wentzel so that it may not be necessary to introduce any additional 
fields to violate strangeness. 

From what has been said above, it is clear that seven fields (three with 
transformation character of m-mesons and four with that of K-mesons) are 
necessary to mediate strong-interactions. The number of those necessary for 
weak interactions depends on the model used. However in all this work 
parity-violation for weak interactions remains a complete mystery. 


zae 


We are deeply indebted to Professor R. G. Sacus for an invitation to the 
University of Wisconsin Summer Institute where part of the above work was 
completed. 
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Experiments on &-K production on 
hydrogen for pion incident energies 
around 1 GeV seem to indicate that (1-3) 


() vat Vow V2a, 
where: 
Oy Ti +p ~K,+ xy ’ 


dy n+p >K, +2), 
o.>n_+p ~K,+2_. 


Isotopic spin analysis would predict 
only an inequality whereas experiments 
seem to show an equality in (1). 


@) F. S. Crawrorp, R. L. DoveLass, M. 
L. Goon, G. R. KaLsrieisce, M. Ll. STEVENSON 
and H. K. Ticuo: Phys. Rev. Lett., 8, 394 
(1959). 

(7) C. Batray, H. Courant, W. J. Fickin- 
GER, KE. C. Fowuer, H. L. KRayYBI., J. SAND- 
Weiss, J. R. SanrorD, D. L. STONEHILL and 
H. OD. Tart: Rev. Mod. Phys., 38, 374 (1961). 


The general amplitude s+ N>K+2 
can be expressed as 


(2) (M|An- D+ iBeraA dE). 


In perturbation caleulations A and B 
are real. Thus the experimental results 
can be understood in the form that the 
non-i-spin-flip amplitude A 0 and only 
the i-spin-flip amplitude B contributes 
to the production process at these 
energies. 

If 4 ~0 we have even a more con- 
stringent relation there (1): 


(3) 4% O_% fay. 


Relation (3) is indeed favored by the 
experimental results (?) (Fig. 1). In the 
following we try to find the implications 
of this result on the basis of simple 
perturbation ideas. 

Assuming even Z-A and K-n parities 
we have three graphs given in Fig. 2. 
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These give It is interesting to mention that 
relation (5) corresponds to Gell-Mann’s 
D-coupling in the unitary theory (?), as 


Jes Iwn , SALIAER x 
y Pea i, ae ’ (yp ) = 3 ; 
~[getem PoP, ‘ im Jes Vv IzAx 
(4) Inte = IV39~ 55° 
JesvI un IaxwI sxx 
Be) Se Pe) The angular distribution is however 
P y'Py Py Pe roughly isotropic. 


© 0, (Baltay et ai.) 
o a. (Crawford et al.) 
ad (Crawford et ol.) 


Fig. 1. - Angular distributions in n4+p—+K+2£ reaction at 1.08 GeV (Lab.). The <=, cross- 
section is divided by 2. 


where p’s are the corresponding 4-mo- In addition to the three graphs of 
menta and we have neglected A-2 Fig. 2 there is a fourth graph (Fig. 3), 
mass difference. For the energy region with a K* exchange (‘) which contributes 


] 2) 3) 
Fig. 2. - Feynman diagrams for £ production. 


considered pr‘ Pp/P ‘Dy & ¥. Thus we 
may conclude that (*) M. GELL-Mann: The Eight-Fold Way, 
California Institute of Technology report (1961). 
( M6. Auston, L. W. ALVARCZ, P. EBER- 
Izzy 3 Jase HARD, M. L. Goop, W. Graztano, H. K. TicHo 
= Ae ~3 . and S. G. Woscicki: Phys. iter. Lett., 5, 520 
Jean I en (1960). 


(5) 


[1289] ISOTOPIC SPIN RELATIONS IN HYPERON PRODUCTION 3 


to both amplitudes A as well as B. 
If spin of K* is unity or if K* is scalar 
this will lead (as for K-Y production (5)) 
to a forward peaking of K-mesons. This 


Fig. 3. — Diagram for = production with inter- 
mediate K*. 


type of peaking does seem to show itself 
for a KaA-production only at higher 
energies (> 1.3 GeV (*5)). This seems 


(*) M. GeLL-Mann and J. Tiomno: Proce. 
of the 1960 Annual Intern. Conf. on High-Energy 
Physics at Rochester (New York, 1960), p. 508; 
A. SaLam and J. C. Warp: Phys. Rev. Lett., 
5, 390 (1960). Also J. TiomNno, A. VIDEIRA 
and N. Zacury: Phys. Rev. Lett., 6, 120 (1961); 
M. BEé and P. DECELLES: Phys. Rev. Lett., 6, 
145 (1961); C. Coan: Phys. Rev. Lett., 6, 383 
(1961). 


to indicate that N'XK* coupling is 
energy-dependent and our neglect of 
this around 1 GeV may be justified. 

When A-= parity is odd an K-z even 
the experimental relation (1) can be 
obtained only if the K* graph is no 
longer neglected. The relations of coup- 
ling constant are not any more simple. 
The angular distributions of K’s may 
now be peaked backwards at Z,,~1 GeV, 
the forward peak due to the K* graph 
becoming important at higher energies, 
as indicated by the experimental re- 
sults (13:6), 


eae 
We wish to thank Prof. R. G. Sacus 


for the hospitality of the Summer Inati- 
tute for Theoretical Physics. 


()) M. I. SoLtovirv: Proce. of the 1960 Ro- 
chester Conference, p. 388. 
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Some proofs are presented of Goldstone’s conjecture, that if there is continuous symmetry transformation 
under which the Lagrangian is invariant, then either the vacuum state is also invariant under the trans- 
formation, or there must exist spinless particles of zero mass. 


I. INTRODUCTION 


N the past few years several authors have developed 
an idea which might offer hope of understanding 
the broken symmetrics that seem to be characteristic 
of elementary particle physics. Perhaps the fundamental 
Lagrangian is invariant under all symmetries, but the 
vacuum state! is not. It would then be impossible to 
prove the usual sort of symmetry relations among 
S-matrix elements, but enough symmetry might remain 
(perhaps at high energy) to be interesting. 

But whenever this idea has been applied to specific 
models, there has appeared an intractable difficulty. 
For example, Nambu suggested that the Lagrangian 
might be invariant under a continuous chirality trans- 
formation y— exp(1®-eys)~ even if the fermion 
physical mass M were nonzero. But then there would 

* This research was supported in part by the U. S. Air Force 
under a contract monitored by the Air Force Office of Scientific 
Research of the Air Development Command and the Office of 
Naval Research. 

tf Alfred P. Sloan Foundation Fellow; Permanent address: 
University of California, Berkeley, California. 

'Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961); 
W. Heisenberg, Z. Naturforsch. 14, 441 (1959). 


be a conserved current J), with matrix element 


(P' Jal p)=S(¢) avin (2M/¢)gn]s, 


where g=p—p’. The pole at g*=0 can only arise from 
a spinless particle of mass zero, which almost certainly 
does not exist. Of course, the pole would not occur if 
f(0)=0, which might be the case if we do not insist on 
identifying J, with the axial vector current of 8 decay. 
But Nambu showed that this unwanted massless “pion” 
also appears as a solution of the approximate Bethe- 
Salpeter equation.! 

Goldstone? has examined another model, in which the 
manifestation of “broken” symmetry was the nonzero 
vacuum expectation value of a boson field. (This was 
suggested as an explanation of the AJ=4 rule by 
Salam and Ward.)* Here again there appeared a spin- 
less particle of zero mass. Goldstone was led to con- 
jecture that this will always happen whenever a con- 
tinuous symmetry group leaves the Lagrangian but not 
the vacuum invariant. 


3 J. Goldstone, Nuovo cimento 19, 154 (1961). 
4A. Salam and J. C. Ward, Phys. Rev. Letters 5, 512 (1960). 
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We will present here three proofs of this result. 
The first uses perturbation theory; the other two are 
much more general. 


II. PERTURBATION THEORY 


We will consider a multiplet of ” spinless fields ¢; 
which interact among themselves and perhaps also 
with other fields. The Lagrangian is assumed to be 
invariant under a set of infinitesimal transformations: 


5° := eT ij%). (1) 


If the vacuum state were also invariant under these 
transformations, the vacuum expectation values of the 
¢; would be subject to a set of linear relations, 


Ti;*(bj)0=0. (2) 


(Usually, there would be enough such relations to 
imply that all ¢; have zero vacuum expectation value. 
This is the case in the example to be discussed at the 
end of this section, where the ¢; transform as the 
defining representation of the orthogonal group, so 
that the T span the space of all antisymmetric matrices.) 

We are going to examine the possibility that the 
vacuum state is not invariant under these trans- 
formations; in particular we will consider the conse- 
quences that ensue if 


Ti; (b;)0%~0 (3) 


for some a and some i. It is inconvenient to work with 
fields with nonzero vacuum expectation value, we we 
will define 


o:=Xitn, (4) 
where 
n= {:)o, 
so that X; is a quantum field with 
{Xi)o=0. (5) 


In perturbation theory this means that we should 
ignore all “tadpole” diagrams with a single external X 
line. 

The Lagrangian L(g), although invariant under (1), 
will, in general, not be invariant under the “naive” 
transformations 

6°X,= €T 4j°X;. (6) 


Hence, the vanishing of (X,)) provides a nontrivial 
self-consistency condition which allows us to calculate 
n: up to some unavoidable ambiguities. We will now 
show that the value of 9 is such that propagators of 
some of the X,; have a pole at zero mass. 

We begin by defining a function F(n) as the sum of 
all proper connected graphs with no external lines, and 
with the over-all energy momentum conservation factor 
4(2x)45*(0) omitted. Every factor \; in each term of 
F(A) represents a place where we might instead have 
an external line of type 7. This can be seen in general 
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by noting that the interaction Lagrangian density used 
in calculating these graphs is 


L' (Xm) = L(X-++n) — Lo(X), 
Lo(X) = —}(0,X,) (0#X;)—4m?X,X,. (7) 
It follows then that the sum F) of all connected 


proper diagrams with N external lines 7, 7, --- carrying 
zero energy and momentum is (for N32) 


F,;..%= (0% /8n.dn;: ‘ + )F(n). (8) 


For N=2 the mass term in —Zo gives an additional 
contribution, so 


PF. ‘iG = (8/ On.Ong)F (n)+-m?5 3. (9) 


As defined here, F™) does not include the propagators 
for its external lines or the over-all factor i(2x)*5(0). 
Tt is clear from the definition of F™ that 


FO = (0'"(0))iXxs)o- 
Here A’(p) is the complete propagator given by 


(10) 


A’ ;(p)= | dhe €-P-(T{.(2),xs(0)})o. (11) 


Because (x;)o vanishes, the most general improper 
diagram for A’(~) can be constructed by stringing 
together proper self-energy parts II*(p) into a linear 
chain; hence the inverse of the propagator is given as 


usual by 
(A’"\(p))s= (p+ m*)5,,—T1*,;(p). (12) 
For zero momentum, 
1*,;(0)=F;®, (13) 
and so, using (9), we have 
(A!) y= — (8/9n:00;) F (0). (14) 


We are going to prove that (14) has no inverse, so it 
should be kept in mind that it is A’1(0) and not A’(0) 
that is well defined. 

To complete the proof, we now must make use of 
the invariance of L(¢) under the transformation (1). 
This has the consequence that it is only the presence 
of the » terms that breaks invariance under (6), and 
hence that F(y) is invariant under the corresponding 
transformations 


bs eT 53°15. (15) 
Thus 
(aF/dn,) T;9;= 0. (16) 
Differentiating with respect to », this gives 
(8°F/dn:dnj)Tatmt (OF/dn)T2=0. (17) 


For physically allowed values of 4 this relation 
together with (10) and (14), yields at zero momentum 


(A’-) gl in me= 0. (18) 
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We see that for zero momentum the inverse of the 
propagator becomes singular and so some elements of 
the propagator become infinite. This does not prove 
that there is a pole at zero mass, but we certainly 
expect the propagator to be infinite at P?=0 only if 
the theory involves particles of zero mass. The fields 
with nonvanishing matrix element between the vacuum 
and states of zero mass are 


Xome T gn eX;. (19) 


Clearly, none of this trouble would occur if it were 
not for our assumption (3) that 7;.%7.50. It is the 
broken symmetry, and not merely the nonzero vacuum 
expectation value 7, that necessitates massless bosons.‘ 

To see how this all works in a specific example, let us 
take as the Lagrangian 


L(¢)= —¥(v8+M — 4(0,4:) (0"G:) —4*.4; 
—g04¢:—3\(G.4,)._ (20) 


Defining ¢;= X;+1,, this becomes 


L(g) = L(X)— 8X9.) — fo? (nen) — Oni 
(XX) (yng) — A(Xa7s)®>— FAG) (ys) 
—A(nn) ms) —FACnan)* (21) 


The low-order contributions to the sum of all proper 
connected vacuum graphs are 


F (9) =F (0)— 4 (nns) — 2d (ens)? +i (2x) en: 


x | dtp Tr{0.5(p)) +i(2e)-*\(nnet Bonen) 


; 
x i ap Bs(0)+—(2n)“ehna, if ap 
XT r{OS(p)O;S(p)} —§(2) A? (nny + 48ssnene) 


X (nemat+dSaonene) / dp Aie(p)A;e(P) 


— (24)—"N75:nidaone i dtp d'p’ 


K (Aia(p)djo(p’)dec(P+ Pp) + dce(P)A;0(P’) 
X Are (p+p’) +Ase(p)Aje(p’)Are(PtP’} , 


“It is clear from (19) that the maximum number of zero-mass 
fields is L, the number of Lie generators. There may in special 
cases be fewer than L zero-mass fields if not all fields x* given 
2) (19) are linearly independent. This happens for example when 

in® Correspond to the “tensor” representations of simple Lie 
groups. For this case T,4* are antisymmetric for all three indices. 
Therefore qax*=naTianaXi=0, and only (L—1) of the fields x* 
are linearly independent. These results are unaltered even if we 
allow in the theory more than one set of scalar fields ¢; with non- 
zero vacuum expectation values. To take a concrete case, the 
spurion theory proposed by Salam and Ward (reference 3) to 
explain the AJ=4 rule rests on assuming (K,*)»0. This would 
mean that the three companion fields to K,°, ie, K~, K+, and 
K+, must possess zero masses. 


(22) 
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where 
S(p)=(—-ipyy" t+ MT, 
Aij(p) =5,,(p +m)“. 


It can be readily seen that the derivative of F(n) 
with respect to 9; is the sum F,;) of the proper con- 
nected diagrams with one external line, and that the 
second derivative with respect to 7; and 4; is the sum 
of the proper connected diagrams with two external 
lines, except that the m*? term in F() does not con- 
tribute to Fe, 

We will now assume that L(¢) is invariant under the 
group SO(n) of orthogonal transformations on ¢. This 
implies that the operators O, are such that 


if ap Tr{O,S(p)} =0, (23) 
J dp Tr{O.S(p)O;S(p)} = 8,41. (24) 
Thus F(») is a function of 9?=(nm,), 
F(a#)=F(0)—}mht— Brat 
+i(2e)-al-+4e) f atp(gttemy 
+i (2u) “gy? — (20) “Ny (2+ 38) 
x | ep prem my Ce) MF) 
x fee fae prt orm 
XCO+p')+m'T". (25) 
The dependence on #7 alone implies then that 
FO= nF’, (26) 
Fj) = (m+ 2F bi, +-4qnjF". (27) 


(A prime denotes differentiation with respect to 1.) 
We see that the contribution of the term —4m*y? in 
F® is canceled by the term m*8,; in (27) arising from 
~—Lo. 

We have shown that F; is proportional to (X,)o and 
so must vanish. This implies that either » is zero or it 
must satisfy the consistency condition: 


F'(?)=0. (28) 


Thus if 9 is not zero, it is determined up to an orthogonal 
transformation; we certainly could not expect a more 
unambiguous determination.® 


5 Basic to the entire self-consistency procedure is, of course, 
the conjecture that F’(y*)=0 does possess a root for real ». By 
considering classical field theories, Goldstone states that a real 
root would exist provided the bare mass for the ¢; fields is pure 
imaginary. It is interesting to note that if the Lagrangian (20) 
contains no — 4\(¢,¢,)? term, an application of Lehmann’s mass 
theorem [H. Lehmann, Nuovo cimento 11, 342 (1945)] shows 
that Goldstone's condition [(bare mass}?<0] can never be satis- 
fied. If, however, the — }\(¢:¢;)* term is present in the Lagrangian, 
Lehmann’s theorem gives no indication of the sign of (bare mass)'. 
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We have also shown that 


A. (0) = m3 3—~ F. ‘gy? 
= —2F',;—4n0,F". (29) 


If »=0, there is no reason to expect that F’=0, so 
that (A’),; is the nonsingular matrix —2F6,;. But if 
730, then for physically allowed values of » we must 
have F’=0 so, 


(4’*(0)) a= —4nenF". (30) 
This is certainly a singular matrix. In fact 
(4’*(0)) :;4j=0 (31) 


for any « orthogonal to 7. All such « can be expressed as 
(32) 


by choosing T;; as an appropriate antisymmetric 
matrix. We see then that the space of #’s is precisely 
the space indicated by the general considerations above. 


us= Tans, 


Ill. GENERAL PROOFS 


If the Lagrangian is invariant under an #-dimensional 
set of infinitesimal transformations which transform a 


general field ¢, according to 
df.= Tar, (33) 
then there will exist a set of conserved currents 
_ OL 
Jeez Gad 3%, (34) 
a,J**=0. (35) 


The usual proof of the conservation equations (35) 
makes use only of the invariance of the Lagrangian, 
and hence should not be affected by the noninvariance 
of the vacuum. Also, from the canonical commutation 
relations we always expect that 


[O*.]=Tards, (36) 


where 


Qr= [ Px J°*(x). (37) 
We will begin by assuming again that there exists a 
set of spinless fields ¢; transforming according to Eq. 


(1), ie., 
[0*,6:]= Tis; (38) 


The fields ¢; need not be “fundamental” here; all our 
remarks will apply equally well if the ¢; are synthetic 
objects like JOw. 

We shall show that if the vacuum is not annihilated 


by Q+, so that 
Tio) 40, 


then the theory must involve massless particles. 
The place we will look for zero-mass singularities is 


(39) 
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in the vacuum expectation value of the commutator of 
J« with ¢; Using the usual Lehmann-Kallén argu- 
ments, this can be written 


LI-=(2) (9) o= a" if dm? A(z—y, m)pe(m'), (40) 


where A is the usual causal Green’s function for mass 
m and 


CP—2)A(z—y, mm?) =0, 
(2x) *p-0(p*).°(— 2") = — L8(P— 9") (0| Jw |) 
X(n|¢-(0)|0). (42) 


The current conservation condition (35) together 
with (40) and (41) implies that 


(41) 


nip (m?) bad 0, (43) 

and hence 
ps(m?) = N°3(m’), (44) 
([J*“(2),6:(y) Do=N20*"D(z—y), (45) 


where D is A for m=0. We would normally expect no 
singularity in p(m*), or in other words, VNf=0. (It is 
well known, for example, that the pion-decay matrix 
element would vanish if the axial vector current were 
conserved.) But because of (39) we can show that 
N°0. For 


o= J &x N#0D(z) 


46 
=([0*,6:(0) o ~ 


= Tj"(6;(0))0340. 


Thus the sum in (42) must include states of zero mass. 

It perhaps does not necessarily follow from the non- 
invariance of the vacuum that there exists (or can be 
constructed) a set of spinless fields ¢; with 7.;%(¢,)o%0. 
We therefore wish to offer a simple nonrigorous argu- 
ment that if there were no massless particles in the 
theory, then we would have to conclude that 


0= |a)=Q-|0); (47) 


for the conservation of current implies that Q« and 
hence ja) is invariant under the inhomogeneous Lorentz 
group. But then 


{a| J=*(x)|0)=0, (48) 


so that 


(ela) [ae {a| 7 (x) |0)=0. (49) 


Equation (47) follows from (49) and the positive- 
definiteness assumption. 

This “proof” is probably unobjectionable in ordinary 
theories with no massless particles. But if there are 
massless particles, the integrals in (37) and (49) become 
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somewhat poorly defined, because then there are states 
that are not Lorentz invariant but arbitrarily close to 
Lorentz invariance. If |«) is such a state, the matrix 
element (48) will be small, but may give a large value 
to the integral (49). 

As an example, let |p) be a state containing a particle 
of mass zero, and construct the wave packet 


Ln= [a [oli (50) 
The normalization condition is 
mae [| (Ep/EsE, (51) 


so that if we wish we can choose {(0)0. Lorentz 
invariance requires that 

{p| J*#(x)|0)=N*|p|-ipreiv-s, 
where p= |p|. 

For particles with mass, current conservation would 
require that N*=0, but no such conclusion can be 
drawn for massless particles. For the wave packet (52), 
we now have 

(lyelo=ne [ epcor/ielyse(ples, 
so that 


(52) 


(jla)= | x (f|J>=(2)|0) 
= (2x)'N=f*(0. 


Tf we choose f(0) to be nonzero, then the factor |p|—+ 
in (50) gives | f) a more-or-less Lorentz-invariant com- 
ponent, which has nonzero matrix element with |a). 

This becomes a bit more understandable if we ask 
ourselves what is the meaning of the state 


(expieQ*) |0)= |0)+ic |a). 


Clearly, this state is degenerate with |0), and is in fact 
another possible vacuum. It involves an infinitesimal 
component containing massless bosons of preponder- 
antly low momentum. The role of the massless particles 
is apparently just to give meaning to the various 
possible vacua. 


IV. PROSPECTS FOR THE UNSYMMETRIC VACUUM 


The general proofs of the last section rest entirely on 
the assumption that there exists a conserved current, 
and that the integral of its time-component satisfies 
(38). This follows formally from the invariance of the 
Lagrangian, but in a quanium field theory the non- 
commutativity of the factors in the current, and the 
possible nonconvergence of the integral of its time- 
component, make our arguments _ essentially 
nonrigorous. 


969 


Therefore, it seems reasonable to defer belief in the 
necessity of massless bosons in a theory with unsym- 
metric vacua until such a béfe noire is found in an actual 
calculation based on such a theory. We have already 
shown in Sec. II that the massless bosons do appear 
when we perform calculations using perturbation 
theory, provided that the symmetry of the theory is 
broken only by the choice of the vacuum expectation 
value » of the boson field. 

But this is not the most general possibility. The 
original work of Nambu! indicates that the choice of a 
fermion mass can also break a symmetry. In this theory 
the fermion mass is 


—tpya= m+ iyems, 
where (1,2) transform under chirality transfor- 


mations like the components of a 2-vector. If m, and 

ms, are not zero they must satisfy a condition of form 
F(mi+m/)=0. 

Any particular choice of direction for the vector 

(m,,m2) breaks the chirality invariance. (It should be 

noted that Nambu’s choice m:=0 is purely arbitrary 

and not dictated by parity conservation. For a general 


mass we must simply define the matrix associated with 
parity transformations to be 


C(omit-imeys)/(m2+m;") 8, 
rather then just 8.) 


In Nambu’s theory there is no “bare” spinless boson, 
but it is possible to construct a two-vector 


H=W, d=ibrwy. 


With Nambu’s definition of parity (i.e., m2:=0) the 
vacuum expectation value of ¢2 but not of ¢1 vanishes, 
so the vector (¢)o points in the 1-direction. An in- 
finitesimal chirality transformation would rotate (¢)o 
towards the 2-axis, so we are led to conjecture that the 
propagator of ¢: has a zero-mass pole. In fact, just such 
a pole was found by Nambu in an approximate treat- 
ment of the bound-state problem. However, to show 
that the pole remains at zero mass when more compli- 
cated diagrams are considered would require a more 
thorough understanding of the treatment of bound 
states in perturbation theory. We are attempting this 
at present. 

In a more complicated situation we could have an 
invariance broken both by the choice of a vacuum 
expectation value of a “bare” field and also simul- 
taneously by the choice of a mass. For example, if we 
specialize the model discussed in Sec. II to the case of 
chirality invariance, we must take 

M=0, Oi:=1, Or= 17s, 
so that 
L=—¥(8--y)¥—$(8,4;) (0%S.)— $*(6.0,) 
— BWd:—ighrdr—2A(6.0,)?. 


In this case our conjecture would be that: 
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(1) If part of the loss of symmetry is due to the 
choice of a two-vector (¢)o, then there must appear a 
zero-mass pole in the part of ¢ perpendicular to this 
vacuum expectation value. 

(2) If part of the loss of symmetry is due to the 
choice of a nonzero Fermion mass m+-imrys then there 
must appear a zero-mass pole in the propagator of 


‘= — mat mubyeb. 


[Presumably this is the same pole as for (1). Parity 
conservation would require (#t1,m2) to be in the direc- 
tion of (¢)o. ] 

(3) If part of the loss of symmetry is due to the 
choice of a noninvariant boson mass (i.e., if the residue 
of the pole at mass m in the propagator of ¢, and ¢; is a 
matrix which is not just a constant times §,;), then 
there must appear a fwo-boson pole at zero mass in the 
propagator of ¢’. 

These “conjectures” can be taken as proved if we 
accept the arguments of Sec. III. We believe that we 
will also soon be able to prove these conjectures, in 
general, within the framework of perturbation theory. 

If this is so, then there seem only three roads open 
to an understanding of broken symmetries based on 
the noninvariance of the vacuum: 


(A) The particle interpretation of such theories 
might be revised (as in the Gupta-Bleuler method) so 
that the massless particles are not physically present 
in final states if they are absent in initial states. How- 
ever, all our attempts in this direction have failed. 

(B) The massless particles might really exist. The 
argument against this based on the Eétvés experiment 
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might not apply if the particles carry quantum numbers, 
since then the scattering cross section of two macro- 
scopic bodies due to exchange of the massless bosons 
would be proportiona! only to the numbers of atoms in 
each body and not (as for Coulomb forces or gravi- 
tation) to the squares of the numbers of atoms. But 
the couplings of these massless particles would pre- 
sumably be quite strong, and would have shown up in 
exotic decay modes. 

(C) Goldstone has already remarked that nothing 
seems to go wrong if it is just discrete symmetries that 
fail to leave the vacuum invariant. A more appealing 
possibility is that the “ur symmetry” broken by the 
vacuum involves an inextricable combination of gauge 
and space-time transformations. 


Note added in proof. Recently, one of us (S. W., 
Proceedings of the 1962 Geneva Conference on High 
Energy Nuclear Physics) has developed a method of 
rewriting any Lagrangian in order to introduce fields 
for bound as well as ‘‘elementary” particles. This allows 
the proof of Sec. II to be extended to the case where the 
field with nonvanishing vacuum expectation value is 
any scalar function of the elementary particle fields, 
hence completing our argument. 
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One of the recurrent dreams in elementary 
particles physics is that of a possible funda- 
mental synthesis between electro-magnetism and 
weak interactions [1]. The idea has its origin in 
the following shared characteristics: 

1) Both forces affect equally all forms of matter- 
leptons as well as hadrons. 

2) Both are vector in character. 

3) Both (individually) possess universal coupling 
strengths. Since universality and vector char- 
acter are features of a gauge-theory these 
shared characteristics suggest that weak 
forces just like the electromagnetic forces 
arise from a gauge principle. 

There of course also are profound differences: 

1) Electromagnetic coupling strength is vastly 
different from the weak. Quantitatively one 
may state it thus: if weak forces are assumed 
to have been mediated by intermediate bosons 
(W), the boson mass would have to equal 137 
My, in order that the (dimensionless) weak 
coupling constant gy2/4x equals e2/4z. 

In the sequel we assume just this. For the 
outrageous mass value itself (My, ~ 137 My) we 
can offer no explanation. We seek however for 
a synthesis in terms of a group structure such 
that the remaining differences, viz: 

2) Contrasting space-time behaviour (V for elec- 
tromagnetic versus V and A for weak). 

3) And contrasting AS and AJ behaviours both ap- 
pear as aspects of the same fundamental sym- 
metry. Naturally for hadrons at least the 
group structure must be compatible with SU3. 


Lepton interactions define both the unit of the 
electric charge and (from j-decay) the (bare) 
value of weak coupling constant. Leptons there- 
fore must be treated first. 

There is only one genuine lepton multiplet 
(in the limit me = m,, = 0) which really treats 
the neutrino field on the same footing ** as yu 
and e. This is the Ksnopinaki-Mahmoud multi- 
plet. 


168 


v 
L -(«;) (1) 
pt 


In terms of SU3 generators ***, the electric 
charge clearly equals: 


0 
Q) = -1 . -2U3 = -2/3 (Ig- Vo) = 2(13 - V3), 
+1 (2) 


while the weak interaction (with no neutral cur- 
rents) has the unique form t 


* Permanent address, John Hopkins University, Bal- 
timore. 

** There are other schemes where one postulates 
multiplets consisting of a two-component neutrino 
field together with a four-component electron or 
muon, These do not satisfy even the most elemen- 
tary requirement of a genuine group-structure, i.e. 
that in some limit at least, the particles concerned 
should be transformable, one into the other. 


on (Ti, Dy ai phhpk 
{r?,P}=tshi+ ate re 
Ig = 73, 12 = 42 (T1FiT%, Ip = TS, tg,t) = 0 
Us =4./3 T8 - 47°, ut =4/2 (78 sity, 
Up = 4v3 T3 + 478 
Vg = 4/3 78 + 473, vt = dye 47175, 
Vo = 4/3 TS - 478 
Note 
Qn = 7? +3 /878 =3/3 Up =4v3 (lo+ Vo) = Eis + V5) 
Q = 78 - BTS = -2Ug = -},/3 (lg - Vo) = +2 (Ig - V3) 
Explicitly, 
m=(F4 t+ % (4.4) 


Qh is the conventional hadron charge operator, 
Qi gives lepton-charge. 
t Define 


tr 40 +y5) 4 tp = 4(l-ys5) + 
(A*B), =44* vay (1+ vB 


Reprinted with permission from Phys. Lett. 13 (1964) pp. 168-171 
© 1964 Elsevier Science Publishers B.V. 
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Lyeak = [((e)ty), + (vtH)R] Wo + hc. 


= (1+ Vig) W1 + Uor- Var) We: (3) 

Here W* = 4/2 (W1+1Wo9) and yz, = (W* IyW)z, ete. 
Now I31,+ Yr» l2u - Var, I3n - Var generate 
an SU, sub-group. Since two of the group genera- 
tors I1;,+ Vip, Vor, - Vor give the weak cur- 
rents, ideally one would have liked the neutral 
component [2] (131, - V3p) to represent electro- 
magnetism. This unfortunately is not the case. 
131, - Va equals 7(Q71+ 375 @p) so that in addi- 
tion to the "correct' electromagnetic current 
#Q, there appears also unwanted parity violating 
term ys Qy. We are therefore forced to extend 
the group structure as follows: 

The free Lagrangian (yd) is invariant for 
the following SU, ® Uy, transformation 


' = 
where L’= UL 


U = exp id(I,,+Vp)e - V31(lou- Vor)éo)- (4) 


Here / is an arbitrary constant determining the 
relative strength af the Abelian gauge (lou ~ Vor) 


compared to the gauge ( /,+Vg) (V'= V1,-V2,-V3). 


Following the well-known procedure, construct 
Lint by replacing @y) in Ls with the co-variant 
derivative | 

DL = ab + ie[(Iy,+VR) W- ¥31(o- Yor) Mol 
In terms of the two orthogonal combinations 
of fields, 


A° = Wo cos 6 + W3 sin 6 
X° = -Wo sin 0 + W3 cos 0 


(i = tan 6) 


one can write the neutral component of (4) in the 
form 


(cos 9 QxX° + sin 8 Q/A°) (8) 


where Q, »+ sec? 6 (375 Qh + (2 cos 2 @-1)Q1). 
' The full interaction Lagrangian equals 


Ant = -eL* yqy p[(+ V't) Wt + hic. + 


+ sin 6 QJA° + cos 8 QyX°FJL .(7) 


This Lagrangian has the following characteristics 
1. The electromagnetic interaction ie sin @ 
(i* ut - & e) is necessarily accompanied by a 
neutral current term - ie cos 9 QxX°. For the 
special case @ = 30° (322 = 1) this neutral current 
conserves parity and is pure axial-vector, with 
the same sign of coupling for e~ and w+. For 

@ = 45° (12 =1) the orthogonal fields A° and X° 


equal 4/2 (W3+ Wo) and the full neutral Lagrangian 
reads 


h/2ie (ut -eteAg (8) 


- Wie [v*ygy - det (1+75) 2+ Sut (1-75)H Xp 
Within Lepton physics the only assumption one 
need make is that X° is not mass-less (in order 
that the neutral X° current does not contribute 

to what is experimentally called the electric 
charge). When we come to consider hadrons, the 
absence of neutral leptonic currents interacting 
with heavy particles however requires that we as- 
sume X° particles are at least as massive as 

W* or W-. The appearance of the X° current is 
about the minimum price one must pay to achieve 
the synthesis of weak and electromagnetic inter- 
actions we are seeking. 

Since the interaction of W3 with Wt,W™ (in- 
cluding the coupling strength) is completely de- 
termined by the gauge principle, it is crucial to 
check that the electric charge carried by Wt: W~ 
identically equals the charge on y+ end e”, 
Group-theoretically this is equivalent to making 
sure that the W's belong to the same group repre- 
sentation (SU, x U1) as L itself. 

Concretely, in accordance with the transform- 
ation properties of the W's, one may define the 
field strengths 


Wuv = auWy = ay Wi, -@ Wu x Wy (9) 


Wouy a ou Woy = ayWow e (10) 
The gauge-Lagrangian for the W fields equals 
LW) = 4 Way: Wuv + WouvMouv)- (11) 
In terms of A° and X°, rewrite (9) and (10) in the 
form 


Wi y=0,Wy- awe = ieWr (cos 6 X°+sin 6 A°), 


tie W% (cos 9 X°+sin 6 A), 
Wiy = 9,X° - 0,Xp - te cos 0 (W7Wy- WiW)) 
Oo . oO. oO. “yt = 
Ag y= 3,49 - al - te sine (WLWy-WiW,). 
Clearly, 
1 
LW) =TAL Any + Xi yXiv+ MiyMiv+ MayM iy) 
(12) 
Comparing the coupling constants in (7) and (9), 
it is obvious that the dynamical charge carried 
by W~ and W* equals respectively the charge on 
e” and 4+ both in sign and magnitude. 
Note that the magnetic moment of W* equals 
2 Bohr magnetons irrespective of the value of 9. 
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For leptons 
Q1 = T3 - 43 78 
while for hadrons the Gell-Mann - Nishijima for- 
mula gives 
Qh = T3 + ii 3 78 . 
To correspond to this fundamental difference, 
clearly the appropriate infinitesimal unitary 
transformation for hadrons equals 
Uszit+ile- 1+ $31 I) 
instead of the leptonic transformation 
U=l+i(el-/31 Ip). 
Now weak interactions for hadrons experimental- 
ly appear to exhibit the pattern 
FV 4pA 
It was pointed out [3 ,4] in an earlier paper that this 
precisely is the consequence of assuming that the 
9-fold of baryons B transforms as a representa- 
tion of the group [5] structure (SU3)7, ® (SU3)r. 
Specialising for weak and electromagnetic inter- 
actions.to the sub-group (SU2 x Uj) in place of 
the full SU3 group, consider the double gauge 
transformation 
B' = [exp i (I, + Vg)] B {exp-i Up+ Vy) 
where I, stands for, 
T= Khe, + neg + 1963 +4V31 Ing 


and likewise for V. 
With the standard gauge procedure, this gives 
rise to the currents 


- 4B vay, [I+ V, B] 


- 4BY 747475 {I- V, BY 
The neutral components of Lint are 
Lint =-te sing A° Tr Bt(@n.B] Ag -ie cos 0X9, 


where (13) 


Jy =} sec” 9 Tr BY ((1+2c08 26)[Qp B] - 75{@,B}). 
(14) 


Once again, note that for 9 = 60° (J2 =3) the new 
neutral current is purely axial vector *. It is 
gratifying that relative electric (as well as weak) 
charges on baryons are the same in magnitude 
as on leptons. This is not true in any obvious 
manner for the new neutral charge appearing in 
J: 
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Summarising the full Lagrangian equals 

Lweak = “te W- (((e7)*v)y, + OR + 

+43TrBtt+v+,B) + 3Tr Bt ys {Ph - V+,B}+(15) 
+ meson terms ) 


) (16) 
~ie cos @ XO (L*QxL+dy) (17) 


Lem = -ie sin 6 A°(ptp +... +u ue t.. 


Lneutral = 


A number of problems remain 
1) Even though the neutral X° current conserves 
strangeness and even though it is only just the 
lepton pairs ete”, u*u~, vv which make their 
appearance. 

The upper limit established in the CERN neu- 
trino experiment on v + p — vy +p (1% of oweak) 
implies that the effective coupling of X° particles 
must be much smaller than gys. We speculate 
that there possibly may exist a geometrical rela- 
tion among the effective coupling constants like 


e7g?, = e202. 


We have no convincing reasons for this relation. 
This however appears to be the most plausible 
conjecture for &y» once we do accept that 


+ # e2 
a he weak hadron Lagrangian {[*+V*]p + 
75 {I* - V*}p shows no sign of the Cabibbo sup- 
pression for the strangeness-changing currents 
v*; it also predicts the combination (V +A) in 
€" — n + leptons compared to (V-A) for p-decay. 
There are two distinct views about Cabibbo's 
rent ones eames f*cos 6 + V* sin O]p 
+75 (aff* cos 0 + V~ sin 6]p +b{I* cos 6 + 
V+ sin 0}p). One is that we Cabibbo suprression 
is a consequence of the symmetry-breaking me- 
chanism operating in strong-interaction physics. 
The second view postulates that the suppression 
is intrinsic and results from a rotation of the 
weak relative to the strong i-spin and hyper- 
charge axes. Now the most general charge and 
CP-conserving rotations one may consider are 


the following 


* To incorporate the mesons, the natural assumption 
[3] appears to be to consider the PS. particles 
M, together with a set of yet undiscovered scalar 
mesons Mo, to form a 9-fold M= M, + iMo. The 
appropriate gauge transformation is 

M' = exp (i) Mexp (-iV) 
giving the gauge Lagrangian (see ref. 5, eq. (33) - 
£ = Tr ((aMy + HI+V My] - 4{1- V, Mp}? + 

+ (6Mg + ALI+ V, May] + 4{7~V, Mo})? 
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By, = X04) ByX71(62) 
BR = X03) BRX~1(04) 
where 
X = exp (210 T7). 


The net-effect of these is to replace J and V in 
(18) by the appropriate combinations of (6) = 
x-1(@) 1(9) and V(8). ForI*, V*, this may 
indeed give the Cabibbo suppression but for 
neutral currents (since Q(@) =Q cos 20 + 
4 sin 20 7) any value of 9 other than 0° or 90° 
inevitably gives rise to neutral strangeness- 
changing currents (K° — yt+y~). For such cur- 
rents there appears to be no experimental evi- 
dence. The "rotation" view is therefore incom- 
patible with the present theory. 

In a subsequent paper we consider the prob- 
lem of starting with [I+ V]p +75 {I- V}p, to show 
that the strong symmetry-breaking mechanisms 


The authors would like to thank Prof. J. Prent- 
ki for a discussion. 
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It is shown that a relativistic basis for invariance under SU (6) exists only if the group structure is extended 
to U+(6)@U- (6) for any interaction terms. The notion of an inhomogeneous extension U,*+(6)@U »" (6) is 
introduced. This extension leaves the kinetic-energy terms invariant, though it still does not provide a fully 


satisfactory theory. 


1. INTRODUCTION 


E wish to examine in this note the relativistic 

basis! of recent generalizations of Wigner’s 
supermultiplet theory? to elementary-particle physics. 
We start with the assumption that so far as the rela- 
tivistic and internal-symmetry structures are con- 
cemed it is sufficient to start with an elementary multi- 
plet of Dirac spinors—elementary in the sense that it 
corresponds to the fundamental representation of the 
internal symmetry concerned. More specifically, for the 
internal symmetry group U(3), this fundamental 
representation corresponds to a Dirac set of three 
(Sakata-like) quarks. Our assumption then amounts to 
saying that so far as group theory is concerned all par- 
ticles can be considered as composed of Dirac quarks. 
There are three questions to be studied: 
(A) What is the structure of the “algebras” formed 
from the Dirac matrices and the internal symmetry 
generators JT‘? 
(B) For which of these “algebras” are the kinetic 
energy and the mass terms in a free Dirac Hamiltonian 
invariant? 
(C) What types of interaction Hamiltonians (if any) 
are invariant for each “algebra’’? 


2. THE STRUCTURE OF THE COMBINED 
ALGEBRAS 


Given a set of Hermitian Dirac matrices y4 and 
internal symmetry generators* T‘, we note that 


Cy4Tiy8 T= Hy4 776,444 VTS TY 


For the fundamental (n-fold) representation of any 
unitary group U(n), the nX matrices T* span the 
entire Hermitian basis and therefore both [T‘,77] and 
{T*,T*} are expressible as linear sums of the T*’s them- 
selves. The same is trivially the case also with the full 
set of the 16 Dirac matrices. Specializing to U(3) (ie., 
for the nine matrices JT‘, i=0,1, .. ., 8), it is clear 
from the above that the 144 matrices y47‘(A=1,-+-, 


1A. Salam, Phys. Letters 13, 354 (1964); F. Giirsey and 
L. A. Radicati, Phys. Rev. Letters 13, 173 (1964); R. P. Feynman, 
M. Gell-Mann, and G. Crh Phys. Rev. Letters 13, 678 (1964). 
This r appeared while this work was in progress. 

*E. Wigner, Phys. Rev. 51, 106 (1937). . 

3 For details see A. Salam, in Lectures in Theoretical Physics, 
cone Colorado, 1959 (Interscience Publishers, Inc., New York, 
1960). 


16; +=0,1, + - + , 8) in general provide the set of gen- 
erators for a U(12) structure. 

It is easy to see from the results for the anticommu- 
tators of the Dirac y’s given in the Appendix that the 
general U/(12) group contains two U(6) subgroups each 
generated by the 36 matrices 


U+(6): $(ltdys)T*, 4(lt+iys)o,,.T*; 
U-(6): 4(1—tys)Ti, 4(1—-tys)o,.7%. 


The crucial remark is that since (1+7y7s5)o,, is a set of 
antisymmetric self-dual matrices, there are only three 
independent ones among these; and likewise for 
(t-#ys)o,,. Clearly, a U(6)-invariant parity-conserving 
theory must necessarily possess U+<» U- symmetry. 
U+(6) and U~-(6) clearly are straightforward general- 
izations of SU+(2) and SU-(2)—the two subgroups 
into which the (Euclidean) group of rotations in 4 di- 
mensions splits. 

The relevant matrices are unimodular for a Lorentz 
metric, and one must therefore first resort to the 
“unitary trick” of Weyl, i.e., go to a Euclidean metric, 
generalize U+(2), U-(2) to U+(6) and U-(6), and then 
pass back to the Lorentz metric. Adopting an obvious 
nomenclature we shall call U+(6) the homogeneous 
symmetry group in contrast to the inhomogeneous groups. 
We shall consider this in the next section. 

“Algebras” of the second kind based on the in- 
homogeneous rather than the homogeneous Lorentz 
group are generated if we combine general relativistic 
“spin operators” with the T*’s. The “spin operators” 
are products of the Dirac matrices with momentum; 
one example is the set of the Pauli-Lubanski operator 
(which in the rest frame of a particle gives its intrinsic 


spin) 
(Ppt ,=0) (2) 


(1) 


Wyr= Lepr rePes 
Since 
[wy,8r = teprpeP We (3) 


{w,,0.} =4 (Dube Pew) » 


a new U(6) algebra‘ is generated by the 36 quantities 
Ti, wT‘. Since w, (like o,,) commutes with yz, it is also 
possible to set up the groups U,*(6) with the generators 


U*(6): 4Cziys)Ti, 41 biys)w,T*. 
Now the w’s are only one example of the general 
‘Strictly speaking, this is only an algebra in the rest frame. 
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class of “spin operators.” Another operator has been 
described by Calogero.® This is the tensor 


Wap= — Te wasV6YuPr ; 
Wap =} CapysW73= —t7s(Yaps—Yapa) - 
For a free Dirac particle, Calogero shows that the 


“even” components of the w, and w,, (in the Foldy- 
Wouthuysen sense) represent, respectively, 


w,=Eo,'+mo,', wo=p-o! 


FladeWee= Moat Hoa! » Wao= pxe'. 


Here o' and go are the longitudinal (along p) and 
transverse components of spin @. In the rest frame, 
therefore, w, and w,, possess the same physical sig- 
nificance. In a future paper we hope to come back to 
the complete algebra of these spin operators. 


3. INVARIANCE OF THE LAGRANGIANS 
A. The Free Lagrangian 


The Pauli-Lubanski operator w, and the Calogero 
operator wes possess the remarkable property that the 
Dirac operator D=y-p—m commutes with them. 
Thus, 

Leer p— my 
is invariant for U(6) (with generators 7‘, w,7*). Like- 
wise, defining ¥r,2=3(1-bys), the terms Pry- py, and 
Vey per are invariant for U,*(6) (generators 7, 
w,*T*), respectively. This is of course not true of the 
mass term m(Yavit¥ive)- 

Consider now the algebras U+(6) generated by the 
Ts and the Dirac matrices. The transformations® 


vr! = (14-day, Tio, tiaiT yr, 
ve’ = (1498 'ToytiB-T ye, 


even when taken in conjunction with the Lorentz 
transformation 


(4) 


p= Pubewd, 


do not leave the free Dirac Lagrangian invariant.” In 
fact, 


6 (buy . p¥1) =a, 1T! (Yap 1 bit ’ 


where the summation is to be carried from i=1 to 8. 
The conclusion therefore is that so far as the free 
Lagrangian is concerned, the group U,,(6) is the only 
one which leaves the Lagrangian invariant; U.*(6) 
leaves the kinetic-energy term unchanged but not the 
mass term, while for the covariant groups U+(6) 
(defined with Dirac matrices ¢,,, etc., rather than the 


5 F, Calogero, Nuovo Cimento 10, 280 (1961). 

* Note that the factors 4(14-7ys) which appeared in the gen- 
erators (1-tiys)T*, (17y,)o,,7* in (1) are now incorporated in 
¥1,z in writing (4). ae 

71€ we extended the notion of », to a 72-dimensiona] vector 
>, '* transforming according to the (35,1)@ (1,35) representation, 
then the invariance of the free Lagrangian would be restored. 
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spin matrix w,) the free Lagrangian possesses no 
specially desirable transformation character. 


B. The Interaction Lagrangian 


It is at this stage that our difficulties start. It has so 
far appeared impossible to construct an interaction 
Lagrangian involving a product of a finite number of 
field operators which is invariant for U..(6) or U.*(6). 
It would seem therefore that if U..(6) is a relatively 
exact symmetry of nature, only at S-matrix type of 
theory can be constructed for it. 

On the other hand, for the group structures U+(6), 
even though the free Lagrangian is not invariant, one 
can write invariant interaction terms. For example,® 
in the Euclidian sense (with ~=yt), the interaction 
part of the parity-conserving Lagrangian 


+ Gruvsl'Y) ryursTY) (5) 


is invariant for U+(6) @U~(6) transformations. There 
is a total of 72 currents, of which only the SU (3) nine- 
fold Py,T‘y is conserved. The divergences of these 
currents are listed in the Appendix. 


4, INVARIANCE OF SU*+(3) @ SU-(3) UNDER SU(6) 


The considerations of Sec. 3 leave us with a dilemma. 
What is the U(6) group of Giirsey, Radicati, and 
Sakita, if it is not U,,(6)? If we are willing to give up 
covariance of the group structure (though of course not 
of the basic Lagrangian), a noncovariant subgroup of 
the structure U+(6) @U~-(6) is provided by the 36 
generators 


Ti,cosTé (i, 7=0,1,°° +, 8; @,b=1, 2,3). 


This structure coincides with the little group U..(6) for 
the rest frame p=0. Thus, the set of transformations 


y= (1tieTi+HhiewsoaT)y, 
po’ = Po, Pa’ = pattasps (space-rotation) 
leaves the interaction (Py,7¥) (Gy.T¥)+ GraneTY) 
X WyuvsT) invariant as well, so the mass term as well 
as ¥'pop is invariant, and the kinetic-energy term is 
changed by 
52=2eaasPyepsl Y, (i=1, Pee 8) m 


The differential conservation law does not hold for the 
24 currents 


Waly (i=1,---+, 8; @,b=1, 2,3). 


Note quite generally that 5£=7 D0 ed,j.. 

Now the Lagrangian (5) postulated above is precisely 
the type of Lagrangian previously written down in a 
different connection—in connection with what has been 


(6) 


83 iy Yi) = Hep 
KLE (garva—gunvs)ditT!— te prs fitty pT *W1. 
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called the (SU(3)],@[SU(3) Jr theory. It is perhaps 
instructive to write the equations of the gauge version 
of this theory in detail as well as the transformations 
involved. We shall use the Lorentz metric and not adopt 
the trick of passing to the Euclidean space. 
Start with the Lagrangian 
£=}4 Py [4Z,45°(0,2,'—-8,2,' +9 f'*Z,iZ,*) 
—42Z,,'Z,,'— 4u°Z,'Z,*] 
t+buy: (p+ 92Z1'T Wi 
+brv-(p+921'T yr—mbW, (7) 
where Z,,‘ and Zz,‘ are 18 gauge vector fields which can 
be expressed as sums and differences of vector and axial 
vector fields 
41=V+A, Z:=V-A. 


Now if we specialize to the Weyl! representation of the 
¥ matrices, the U+(6)@U-(6) transformation written 
in Eq. (4), we have 


v1! = (1t+ia'Ti+iet- oT pr, 
Wr = (1+iBT'+ip'-oT yr, 


W=(1+i(e ivan) T+ ie: (tiv) TY, 
with a=e+%n, B=e—ty. Then it is easy to check that 


the Yukawa-like interaction terms in (7) are invariant, 
provided 


Zy0" = Zio + f*(@Zi0'+a7-Z,') , 
Zy" = Zy'+ fo (@IZ,*+ Zot) —dtttai XZ", 
Zao!’ = Zao! f5*(BiZag*— Bi Zs*) , 
Za = Za + fo (B/Za— BZ 20") — d'* BX ZE, 
However, the free Lagrangian changes by 
SLo= Wra'X y-pT yz t+ Wax y- pT Ye 
him (a'— B)- VroTy,—pr0T pr) 


-++meson terms. 


(8) 


or 


(9) 


(10) 


(11) 

Clearly, the mass term Py is invariant only if the 
Ys-containing part of the transformation vanishes 
(n=0 or a=8). Also as stated before, the kinetic energy 
term is at least invariant for the part of the transforma- 
tion (8) corresponding to pure rotations, viz., 


¥— (l+ieT!+ie- ay, popteXp. 


Note also that Z,Z, is invariant in the Euclidean sense, 
i.e., 5(Zo?+-Z?) =0. We have omitted writing the meson 
equivalents of the fermion kinetic energy in Eq. (11) 
for the sake of brevity. 


5. CONCLUSIONS 


To summarize the situation with respect to combining 
the Lorentz with the internal symmetry groups: We 
have succeeded in writing down a complete field-theo- 
retic formalism provided we extend the algebra of the 

* A. Salam and } C. Ward, Nuovo Cimento 19, 167 (1961) and 
Phys. Rev. 136, B763 (1964); M. Gell-Mann, Phys. Rev. 125, 


1067 (1962); Physics 1, 63 (1964); P. G. Freund and Y. Nambu, 
Phys. Rev. Letters 12, 714 (1964). 
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homogeneous, and not the inhomogeneous, Lorentz 
group. The operators (1-:7ys)¢,, correspond to the two 
independent (angular momentum) operators which 
generate the homogeneous Lorentz group. 

The group structures U+(6)@ U-(6) are a direct gen- 
eralization from SU+(2) to U*+(6) of spinors of each 
kind. However, we note that these generalizations do 
not leave the kinetic-energy terms invariant. The physi- 
cally significant group with 36 generators is then the 
generalization of the homogeneous Lorentz group, this 
generalization consisting of 36 generators of space ro- 
tations o and the unitary transformations, T‘,e¢T‘. For 
the rest frame of a single particle, this group coincides 
with U,,(6), the “little group” of Giirsey, Radicati, and 
Sakita. 

Note added in proof. Subsequent to the writing of this 
paper, the authors have been able to show that a de- 
sirable covariant U(6) theory is provided by the group 
structure U(12) discussed in Sec. 2. The details are 
published in Proc. Roy. Soc. (London) 9 February 1965. 
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APPENDIX 


We list here the commutators and anticommutators 
that arise in the algebra of U(12). For the U(3) spin 
part we have 


[TY TA =ifeT*, (THT iy = gikTe, 
The f and d are the same as those of Gell-Mann? and 
\=4T establishes the correspondence with his notation. 
For the Dirac algebra we use the 16 matrices 
Y=), Yas Cue= FL Yue], Cn5=T78, Ye 
for which Py4y is real. Then listing the results, 
[1,o.,]=0, 
(1,e4,} =2o,,, 
[vaso u»]= 24 (gru'vr— Bre) » 
(1n,7u7} = —2erure ps, 
[onan] = 24 (Ser rut BrpFur— Bex rv BrvFen) 5 
{60,0 47} = 2 (CeuBrv— BrwBer) — 2€erue'V5 
[oso nr ]= 24(grnore— Brvous) , 
{95,5p2} = —erureV os 
Cys,oy]=0, 
{5,0 ur} = EurprnT pr. 


See for example K. Bardakci, J. M. Cornwall, P. G. O. 
Freund and B. W. Lee, Phys. Rev. Letters 13, 698 (1964) ; 14,48 
Serrote also M. A. Bég and A. Pais, Phys. Rev. Letters 14, 
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We also include here the currents which generate where 
U+(6)®@U-(6). Th der (4 h ; : 
KO} UA), Fats, smders(@) we have Jin =binowT Wit, Ini=binTyit-+: 
3 =a] 9. Wa] and similarly for Jz. Since the only change in the 
8 (Ax1) 9 (8x2) Lagrangian is that of the free part, 
+ meson contributions OJ 1{=d)Jri=0, j=0,1,---, 8 
=—dslVinr iano THiavT 1 OF aarri= MarBe— VB) TH ET | : 
; . any ; = ) ee 8 ’ 
+e (F1B yo nyl ?+i18'T Wat al | OS Rus v= Wr (YO u— 19>) TYRt+ weve 
= —hiaturOS tuv,x7— F418 OJ nur! and 


—i00)J 13-18 48)J rv , OS Rar W=OJ tr V=0 if m=O. 
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A classification of particles is suggested based on a U(12) symmetry scheme. This is a 
relativistic generalization of the U(6) symmetry. The spin } and § baryons are each described 
by 20-component spinors which satisfy Bargmann—Wigner equations and belong to the 
364 representation of the 0(12) group while the vector and p.s. mesons belong to the 
representation 143. The procedure for writing fully relativistic form factors is worked out in 
detail for baryon-meson and meson-meson cases. 
The ner results are the following: 
(g*) ¢ 
) F< + Gon 
(2) pty = 1+ 2m/<p)>, where<j) is the mean mass of the 1- multiplet and m the nucleon mass. 
(3) Hynes = 3. 
The conventional U(6) results can be recovered by projecting to the positive energy subspace 
in the rest system for each particle. To any irreducible representation of the U(6) there 
corresponds one irreducible representation of 0(12) and vice versa. 


where F? and F¥ are (Sachs) electromagnetic form factors. 


1. InrRopUCcTION 


The problem of finding a relativistic generalization of the U(6) group structure has 
engaged considerable attention recently (see references A). In an earlier paper 
(Delbourgo, Salam & Strathdee 1965}, to be referred to as I) it was suggested that 
one way to write relativistic S-matrix elements is to embed U(6) in a 0(12) group- 
structure. The present paper gives the detailed formalism for writing relativistic 
S-matrix elements in this theory. In particular we compute the two basic baryon— 
meson and meson—meson form factors. The generalization of the symmetry from 
U(6) to 0(12) gives the following new results: 

(1) There is essentially just one relativistic form factor in strong interaction 
physics of the octet baryons and the (1-) and (0-) mesons. The relevance of this 
result to the conventional nucleon electric and magnetic form factors is discussed 
in §6. 

(2) In Bohr magnetons the magnetic moments of the proton and the neutron are 


Lp = 142%, f= — §(1+ 22), 


where x = my/{) and <1) is the mean mass of the (1—) multiplet. The experimental 
magnetic moment values are well reproduced if (”) ~ 1000 MeV. This mass value 
is not far from the mean of Mp, M,, Mg, ete. 


ft On leave of absence at the International Centre for Theoretical Physics, Trieste, Italy. 
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The formalism describes both the spin } and $ baryons as 20-componentf com- 
posite entities made from the basic 4-component (Dirac) quark (Gell-Mann 1964; 
Zweig 1964). In §2 we describe the 0(12) algebra; in §3 are computed the form 
factors incorporating full ((12) symmetry. In §4 we specialize to the reduced 
symmetry group U(3) x #, (where &, refers to the homogeneous Lorentz group), 
the inhomogeneous Lorentz group (1f,) being considered in §5. The reduction of 
the 0(12) symmetry to U(3) x (IF,) in §§4 and 5 correctly reproduces the final 
physical symmetry situation, and gives the relativistic expressions for the baryon 
form factors in a fundamentally broken U(12) symmetry scheme. The exact U(6) 
symmetry can be recovered from our expressions in the limit of zero momenta. 


2. O(12) AND ITS SUBGROUPS 


We assume that the fundamental entity for strong interactions is a 12-component 
(Dirac) quark. The group structure 0 (12) is defined by the algebra of the 144 matrices 
FRi = yRTt, R =1,...,16;4 = 0,...8. Here 


YR=1, Vp Fe = BY er] I eYe Yo 
with y, hermitian and y antihermitian and the metric (1, —1, —1, —1). The general 
0(12) transformation on the quark field Y,= Vp. (p = 1,2,3; « = 1,2,3,4) 
will be assumed to be 


BW na = i(e + e Vs + ey, + ied, Vue + $e, a (T4)¢ Yop (2-1) 


where all 144 e’s are real and this property leaves Py = yt yyy invariant. 
For higher representations of 0(12) (made up compositively from quarks) the 
transformation (2-1) will take the form 


OY =i Fi + fF 5+ LP + eis F is + buy Fpy) ¥. (2-2) 


The general commutation rules of the generators F are listed in the appendix. 
The quadratic Casimir operator is 


FiFi — FUL +493, Fi, + F4F4—FigF os. 


Inspection of the commutators for 0(12) reveals that a 72-component subalgebra 
is generated by the operators Fi, Fj, F4,. This is the subgroup W(6) (see references A) 
and in the fundamental representation has the generators 77, y,T/, and o,,7/. The 


expressions 
FUFL—Fi,Fi, and FiFi-FUF{+}Fi,Fi, 


are now separately invariant under W(6). Note that W(6) possesses the important 
36-parameter subgroup U(6) (T‘o,,; T’; a,b = 1,2, 3). This will later be identified 
with the U(6) of Giirsey, Radicati & Sakita. 


{ Of all the approaches to the relativistic U(6) theory listed in references A, the formu- 
lation nearest in spirit to our own is that of P. Roman & J. J. Agasshi. The mesons are de- 
scribed similarly in both approaches but the baryon states (and their underlying symmetries) 
are different. Thus the well-known eightfold of baryons appears in the Agasshi-Roman 
theory with four components contrasted with the 20 components for our case. These essential 
differences come about because we use Bargmann—Wigner equations of §5 to make sure 
we are dealing with particles having a definite mass as well ae definite spin. 
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3. SoME REPRESENTATIONS OF (12) AND THEIR DECOMPOSITION 


A. The fundamental representation of (12) is the 12-component quark dis- 
cussed above. Following the usual procedure we assign to this quark the baryon 
number B = }. The baryons are then to be constructed from three quark states and 
the mesons from quark-antiquark states. 

These states decompose under 0(12) in the following way: 


2@12* =1+14 
12@12* = 1+143, } (3:1) 


12@12@12 = 220 + 364 + 572 + 572. 


The 220 is completely antisymmetrical, the 364 completely symmetrical and the 
572 is of the mixed symmetry type [2,1] . 
Under the subgroup W(6) these states reduce according to 


143 = (35, 1) + (6, 6*) + (6*, 6) + (1, 35) + (1, 1), 
220 = (20, 1) + (15, 6) +(6, 15) -+(1, 20), 
364 = (56, 1) + (21, 6) + (6; 21) + (1, 56), 
572 = (70, 1) + (21, 6) + (6, 21) + (1, 70). 


(3-2) 


Under the subgroup U(3) @ U(4), where U(3) refers to the space of unitary 
spin matrices 74, and 0(4) to that of the Dirac matrices y®, the contents are given 


by 143 = (8, 15) + (1, 15) + (8, 1), 


220 = (8, 20’) + (10, 4) + (1, 20), 
364 = (10, 20) + (8, 20’) + (1, 4), 
B72 = (10, 20’) + (8, 20) + (8, 20’) + (1, 20’) + (8, 4), 


(3:3) 


where in each bracket the first number denotes the U(3) representation and the 
second the U(4) representation. The three 0(4) representations denoted here 
by 20, 20’ are of symmetry types [3] and [2, 1] respectively. 
We note also the reduction of the products 
143 @143 = 141437 + 143 + 4212 + 5005 + 5005* + 5940, 
364@364* = 1 + 143 +5940 + 126412, (3-4) 
143. @364 = 364 + 572 + 16016 + 35100. 
B. Since it is our intention to assign the baryon to the 364, we compute the 
expectation values of the 144-vector (y?7')4 between 364 states, namely 
JRi = PABOyRTI)4 WS RO (3-5) 


where ¥, po is fully symmetric and has the U(3) x 0(4) decomposition 


By 
Y eppoyr = 2/3 Dapy, nar t Engr ice pas Mapiy.e + Cera Maylanp + rps Miya) pa): 
(3-6) 
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Here (a, f, vy) take the values 1, 2, 3, 4 and (p,q,1r) the values, 1, 2, 3. Viepy 8 com- 
pletely antisymmetric, D,»,, y¢ is completely symmetric in both afy and pgr and 
Nafiy,r 18 of the symmetry type [2, 1], i.e. 
Mapiy aE Negaly = 0, } (3-7) 
Maply + Mey t+ Myaig = 9. 
After some algebra we find (specializing to i + 0 so that (7")P = 0), 
TR = EDohr Per (yR\E(T*P Dy, ue vor 
+ EDP YF)E (TYE Cy ge Ma ply,t + MeAirg eP0( yR)2(Tip" D 
+ [VeAn(yh)e (T8' Moar B+ WOMB (TE (y®)Z Viral 
—e(WAlr(yP)e’ Ny hase 
+ y( Waly) Ni.) pipser (3-8) 
where (NN), = N2(T")2 Ni —N? N4(T%), 
(WN)p = N2(Tg maBeayeryg| 


a ‘eyv'erl 


(3-9) 


Notice the appearance at this stage of the characteristic combinations 3D +2F 
and 3D + 5F for the form factors involving the eightfold baryons. 


4. Repvction or 0(4) to THE HOMOGENEOUS LORENTZ GROUP Ly 


A. We now specifically consider the space-time symmetries. So far it has been 
assumed that in its space-time behaviour the fundamental 4-component (04) 


entit transforms as 
ye a> Baby 


where Sf =1 + i(€s¥5 + nV a + 16457 2¥5 + Egy Oyy)h (4-1) 


with } transforming as * > Y[S—1}. With e’s real, these transformations preserve 
the invariance of $,. The higher representations w75--: of U(4) transform as 


Ws: > SY Sh. (GS-2), (SG... we (4-2) 


The symmetry represented by (4-1), however, is too general. In space-time 
terms it corresponds, as is well known, to the full conformal group symmetry (,. 
To make contact, however, with physical space-time symmetries of (at this stage) 
the homogeneous Lorentz group we must descend from (/(4) to L&,. There are a 
number of ways of doing this which are not all necessarily equivalent so far as the 
underlying physics is concerned as will be discussed in §5. 

Disregarding the problems connected with unitary spin, clearly the most direct 
symmetry reduction is achieved by taking 


€s = €, = €,5 = 0. 


Now as is well known for this case (though not for 0(4)) one can define an anti- 
symmetric matrix (C-1)*4 (within the Dirac algebra) with the defining property 
that C-1yrT transforms similarly to y. (Here yr? is the transpose of yy.) In particular, 
C3yTy just like yy is an invariant. Clearly from the definition above, the 


221 


222 


A. Salam, R. Delbourgo and J. Strathdee 150 


antisymmetric matrix C-! = (C-1)*4 = — (C-1)¢¢ plays the role for #, of the metric 
tensor. We may regard (C-1)*4 as a contravariant quantity (with two upper in- 
dices) and its inverse C',, as the corresponding covariant (C,,,(C-1)v = 62). 

It is easy to show (Jauch & Rohrlich 1955) that the matrix C with the defining 
property abovef can be realized by finding a matrix satisfying 


(Ye C)ap = (YpC) pas 

where (Yp C)ap = (Y,)2 Cv 
It is also easy to show that the 16 Dirac matrices (y"C),, fall into two distinct 
classes; the matrices (y,C),,and (o,,C),garesymmetric, and C4, (Y5C)ag, (iV p¥sC)ap 
are antisymmetric. For writing symmetric and antisymmetric higher-rank ‘spinors’ 
in #, these are the primary quantities one needs. 

To illustrate consider the following examples: 
(i) Multt-spinor of rank 2 

A second-rank symmetric spinor must have the form 


a = [(y,.€) Py + 3(o,,C) Prrlag- (4-3) 
Likewise the general antisymmetric spinor has the form 
Din = (CO+(¥sC) Os +i(¥.¥5C) Puslas- (4-4) 


(ii) Fully symmetric spinor of rank 3 
Consider Y’,,, with full symmetry in a, £, y. From symmetry in y and £, one 
may write ¥' in the form 


Papy = Pap(YpC)ey+ Vopr FnrC) ay (4:5) 
We now show that full symmetry in a, f, y is realized provided 
Vp V, = 0, (4-6) 
Yp¥p» tip, = 0. (4:7) 
For, the three antisymmetric tensors (C-1)”*, (C-1y,)’* and (iC-1y,y,)’* must 
annihilate ¥’,,,. 
This gives VrunlYn)p + Wapr(Tnr)p = 0, 


Vanl¥n¥slet 442,(9, nv Ys)p = 0, 
WaplYpVaYslet t¥ an TprVaYsds = 0. 


If we suppress Dirac indices, the first two equations give (4-6) and o,,¥,, = 0, 
and the last is equivalent to (4-7). Note that as a result of (4-6) and (4-7) the 40- 
component entity on the right side of (4-5) contains only 20independent components. 


wt One could have made t the transition U(4) > &, via the intermediate symmetry stage 
Sp(4) (65 = €,5 = 0). The Sp(4) transformation with 10 parameters (Eg Egy) also admite of t the 
existence of this matrix C. All statements of §4 apply equally to theories with Sp(4) 
symmetry. 
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(iii) Mixed spinor of rank 3 
The 20-component tensor ‘¥,, 4, which satisfies the ‘trace’ condition} 


Vaply at; Viyal B + Veen 2=O0 (4-8) 
can necessarily be written in the form 
Praply = (Ys C)ap Vy + i(Yp¥s C)ap fy + Cup K,. (4:9) 
The mixed symmetry character of ¥ yields the constraint 
Ys¥ +inpVsh,—K = 0. (4-10) 


This follows on multiplying (4-8) by (C~1)*4. 

B. Toreturn to 0(12), we now decompose all irreducible 0(12) higher representa- 
tions relative to the representations of U(3)®@.%,, maintaining the over-all sym- 
metry. Thus for the (8 x 20”) part of the 364 representation, we write 

Mop ye = Cup Ky3 + (Ys Chap N,$ Be (iy nYs C)apNyy$> 
The contribution of N43, to the currents (3-8), namely 
JRUN) = —gy(NU7(y®)2 Nemy)apssr t+ te(NY"(y" 2 Mary plap+ar 
may be now written out in terms of N and N,. Thus 
J(N) = {2NN +i(N,y,N —Ny,N,) + Nay, 7,N,+ N,N, Ip 

Ji(N) = H(N,N -NN,) bsp 

= BN a vary —NypVaMy) —NY My tN AVY p YN ipter 
Ji, AN) ra i(V,,N, —N,N,)b-ap 

+ $2No,,N+i(Ny, YS yyN—Nogy 7, Ny) + Ny opp N + MY Su Ve Meds arr . 
JA(N) = — UNy.N, +N ,y5N +iN, Vrs, = iN ,¥sYNy)apisr 

— 2, ¥sN +N yeN,) + Marr 5V aN +N p¥5VaM) 

—2i(N ,¥s¥aN,—NayaysN,) iN, ¥p¥eNa tiN a YaIe¥6¥rNlipar, 

Is(N) = —4QNy,N +iN ,Yp7sN —iN ys y,N, ever 

+4N 5M t+ Naas nN, )sd+0R- 


Note now that already the sacrosanct combinations 3D + 2F and 3D + 5F of 0(12) 
have disappeared, being replaced by their various linear combinations. 


5. THE INHOMOGENEOUS LORENTZ GROUP AND THE FINAL EXPRESSIONS 

FOR THE FORM FACTORS 
A. The work so far has been concerned with purely static considerations. We 
have computed the expectation values of matrices y® between (the homogeneous 
Lorentz group) multispinors of various symmetry properties. The formalism can 
have no physical content till these spinors are made to represent physical particles, 


t Vie fiy has 24 components; equation (4:8) states that the fully antisymmetric part of 
‘Piapy Vanishes. We are thus left with 20 independent components if equation (4:8) is satisfied. 
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i.e. till the formalism assures that they correspond to the representations of the 
inhomogeneous Poincaré group. One needs therefore, at this stage, some equations 
of motion which the spinors ¥,,,,, must satisfy. This essentially is the point of 
departure of our work in comparison with other approaches to the problem and 
was stressed strongly in I. 

Among the variety of higher spin equations available, we shall choose the simplest, 
and the least restrictive (though in many ways the most profound) set of equations: 
we generalize the Bargmann—Wigner (1948)f approach to the representations of 
the inhomogeneous Lorentz group. The approach works with the equations 


(yp)a Vapy...(P) = mY. py...(P)s 
(yp)8 Y apy...(P) = mY .py...(P). (5-1) 


These describe particles of (a) one definite mass m, (b) one definite spin (provided 
‘Yufy... i8 @ spinor of a definite symmetry type), (c) the solutions of the equations 
pose no problems of negative energies or indefinite metrics and (d) the higher 
spinors transform ‘visibly’ as direct products of the fundamental quark. 

We now examine the implications of applying these equations to the spinors of 
rank 2 and 3 considered previously: 


(i) Spinor of rank 2 


Write of = [D+75bst*Vp¥sPust VaPut hoy, Perle (5-2) 
From (yp)e DE, = mO!, -(yp)g OF = moe 
we deduce ¢=0, 
Pas = imo ys, PuP xs = —imdy (5°3) 


Py Py —Prop = ime,» PrP op = —im¢,. 
Thus (¢5, ¢,5) together describe (Kemmer 1939) a 0~ particle and (¢,, 4») describe 
a l- particle. The relation of the second-rank spinor with what is essentially the 
Kemmer theory of spin zero and spin one particles was first pointed out by Belin- 
fante (1939; the spinor is called an undor in his terminology). Note that the assump- 
tion that the tensor ©4(p) transforms as a quark-antiquark composite y,(p) WA(p) 
(with no relative momentum) fixes the parities of the mesons unambiguously. 


(ii) Fully symmetric apinor of rank 3 
On account of full symmetry the three equations can be collapsed into a single 
equation (yp \e Parpy = mE apy: 
Substituting the expression (4:5) into this equation and contracting it with 
(C-1y,)6, (C-ly,)*4 and (C—e,,)*? we find 
(yp—m) ¥, = 0, (5-4) 
PrP vp = —imy,, Pale —Pr¥s = im yyy (5-5) 
+ These authors state the equations for the case of fullsymmetry ina, 8, y, .... The extension 
to other irreducible spinors of mixed symmetry (defined in the manner of §4) presente no 
difficulties. It is this type of extension, however, which sllows us to describe a spin } 


particle, for example, by  20-component spinor. 
¢ Hereafter we assume that for the fundamental quark PyP-! = y,¥. 
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It is simple to show, moreover, that y,,y,, satisfying (4-6) and (4-7) give a fully 
symmetrical Y’,,,. Thus the system is entirely equivalent to the Rarita-Schwinger 
formalism (Rarita & Schwinger 1941) for a particle of spin 3+, except that the 
components y,, now appear ‘on par’ with y,. 
(iii) Mixed spinor of rank 3 

Applied to equation (4:9), the first equation of motion 


(yp)? FP apy or, mY py 
gives simply (yp—m) vr, = (yp—m) f = (yp—m) K = 0, (5-6) 


while the other pair of equations 
(yp a Pw py = mY say 
give the relations K=0, pav,—p¥, = 9, | 
Pa¥ = imy,; Pulp = —imy. 
Taken together the system clearly describes a particle of spin 4*. 
B. With the Bargmann—Wigner equations our identification with physical 
particles of the U(12) quantities ®4 and VY’, 7 is complete. 


We here summarize the results: 
(i) The regular representation 12 x 12* decomposes as 


Of = (P+ ys$b tiv, ¥sbist Va Pet bop» Parla (Te 
If the mesons are free with mass m, the implication of the equations of motion are 


(5-7) 


?, $4 = imdis, p,G4s = —im¢§ for (0-) particles, 
DP, $s — Dy Gh, = img}, Py $5, = —imdi, for (1-) particles, 

gi =0 for (0+). 

Thus spin zero particles are represented by 5-component entities; spin one by ten 

componeaimand 144 = 14341 =9x 1049x549. 

The last nine are the so-called trivial components. 

(ii) Rank 3 

The 364 components of the fully symmetric 0(12) tensor ¥ 4 x¢ decompose as 
364 = (10, 20) + (8, 20) + (1, 4). 
In detail: 
Vappayr =D aby, per t Epgr Viapyi oa x6 (pgs Ne yet grs N, (fy) aD + rps Myal A a) 


where D is completely symmetric both in its spinor and unitary spin indices, 
Vag is completely antisymmetric and Ni.g,,- has mixed symmetry in spmor 
indices and is traceless in unitary spin indices. 

The equations of motion ensure that D (with is 20 components) describes a 
particle of spin 3, N (with its 20 components) a particle of spin } and V vanishes 
identically because of complete antisymmetry. The relative parities of the decimet 
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and the octet are the same (and for the quark y transforming as PyP-! = y,~ 
the same as the quark). The detailed consequences of the equations are to allow us 
to write D and N in the forms: 


1 
Dapy, por(P) = (Yn C)as Dy, par(P) + 2m Co C)ap [py D,,, par(P) —P, Dyy, par(P)] ’ 


with (yp —m) D,, pa P) = 0, YP ru, par?) = 0, (5°8) 
and for the eightfold baryon NV: 


MNapys(P) = (yp +m) ¥sC lap Ny,e(D); 

(yp —m) Nr(p) = 0. (5-9) 
It is important to remember that the 0(12) multiplets (which were decomposed 
relative to U(3)x &, before the Bargmann-Wigner equations were applied) 
now no longer possess the full symmetry.t The exact U(6) limit, however, can still 
be recovered, by going for every particle to its rest frame (p = 0) and projecting 
out to the positive energy subspace.t The demands of ‘relativistic completion’ 
are incompatible with exact symmetry at any (but zero) momenta. 

One point is worth emphasizing again at this stage. With the Bargmann—Wigner 
equations the 364 multiplet of 0/(12) has exactly the content of the 56 of U(6); 
likewise for the 143 of 0(12) which corresponds with the 35 of U(6); no more and 
no less. This will happen for all multiplets. In a future paper we shall treat the 
572 multiplet and show how its algebra provides the relativistic completion of the 
70 of U(6) in a one-one manner. 

C. With (5-8) and (5-9) inserted into (3-8) and p and p’ denoting the incoming 
and outgoing baryon momenta, we can now give the final expressions for the form 
factors. These are 


Jt = fm-*P(NN) + 3D, D,] + $n, Dg, D,, (5-10) 
Ji = 4m P(N. N)p+4m-(W: t,N)pigrt M*(6 yx PeQ,D,N th.c.) 
+ 3m“ P*D,y,Dy+ $m QQ. Datei Der (5-11) 
Jb = ym PUN ON) pigrt 3D, o,,D,]+ $"q, Dy ¥6%eDx 
+him (P,q,—- P,4q,) (NN)iz_p +iMMEgy Py DN +h.c.), (5°12) 
J 45 = mP? (Wy, YsN)pigr + fim P* Dd, Ye ¥sDa+ fim-4q, D, Yn¥5%D, 
—ti m*P(D,N +h.c.) +i m-*(p,,p,D,N +h.c.), (5-13) 


t The residual symmetry will always depend on the type of equation applied to the spinor 
Popy.... For example if in place of equations (5-1), one had used equation (8) of paper I 
(TiyP +iyyW}y = Myr) the W(6) symmetry would have formally survived. 

¢t We shall here prove that the positive energy projection of all irreducible representations 
Papy.(P) of 0(12) remain irreducible representations of U(6) even after Bargmann-Wigner 
equations are applied provided p = 0. Here by U(6) we mean the group generated by the 
matrices T’, Tis (o are 2 x 2 Pauli matrices). The proof is elementary. For p = 0 the positive 
energy projection of yp equals m1, and «, f, y,... run over 1, 2 rather than 1,..., 4. Thus 
the symmetry character of any is unaltered by the application of the set of equations and 
carries iteelf from ((12) to U(6). 
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J5 = 4m PUN y,N )oigr + m-(q,D, N +h.c.) 

+2mPD, yD, + 4m". Dy75%eD,, (5°14) 
where P = p+p', g = p—D'; ty = CpnaPy%e Yas Note that the coefficient multi- 
plying P,/2m and r,/4m? are the Sachs (1962) form factors Fy and F,, respectively. 
To recover the conventional U(6) results for the form factors (Sakita 1964; Bég, 


Lee & Pais 1964) take p = p’ = 0. 
If we further make the identifications 


i bcd = PeGi-Dr Ger 
ingat = p, oi, = meson mass, 


for the meson field interaction 04/4, we arrive at the following predictions for the 
pseudoscalar and vector currents: 


2m 
T= (1452) Fly M oar + 8D. 74D,) 


3 = 
+ Ban or (1 +7) Qa DrVs%& De +— al +) (¢,D,N +h.c.], (5-15) 


ide 2m\ (x Tp 
J, = 58 (1+5! =) FN )p + (14+) pdb 


3P? — 2m £, 2m P, 


7 (147 a )le € grea ode DN +h.c.]. (5-16) 


6. RESULTS AND CONCLUSIONS 


As shown in §5C the baryon—meson (+N M) vertex contains just one form factor. 
Its relation with the electric and the magnetic form factors introduced by Sachs 
(1962) is obvious. Assuming that the photon (F,,) couples with the composite 
structure of the baryont through an effective gauge-invariant ‘interaction’ 
S(q@?) F,, Mi, where M%, is the U-scalar meson combination (M* = M 34 (3)-* M8), 
one would get for the electromagnetic form factors the expressions 


rg = $8 (1455) OpFor (61) 
(dey 8 


¢ To write a minimal photon interaction (yp > yp—eyA) seems highly inappropriate 
for.a structure as complex as a baryon. To take an analogy, no one would normally contem- 
plate using the ‘minimal ansatz’ for a helium 3 or tritium nucleus. 
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where F(q?) oc f(q?)/(q2—,?). As stated in the introduction we note that 


(i) fy = (1+2m/u) (Bohr red 
6-3 
fy = — 31+ 2m/y). 8) 
‘é JC 1+q?/2um 
(ii) Fa Tb omin (6-4) 


For small g? essentially there is therefore just one electromagnetic (Sachs) form 
factor (Barnes 1962). 

(iii) The U, limit of (12) taken at the stage of equations (5:10) to (5-14) results 
in losing the ‘anomalous’ magnetic moment of the proton. Stated otherwise, the 
extension of the (U(6)) 35-fold of mesons to a (0'(12)) 143-fold is essential to obtain 
the results (6:3). 

(iv) For weak interactions (5-11) and (5-13) give the vector and axial-vector 
form factors. These reproduce the well-known U(6) result g,/g, = —5/3 at zero 
momentum transfer (Kawarabayashi 1964; Rosen & Parksava 1964; Bég & Pais 
1965; Altarelli, Buccella & Gatto 1964; Babu 1964). 


(v) Meson—meson vertex 
In general 143 x 143 contains 143 twice but for the special case of identical 143’s, 
there is just one coupling of the type 


L = OF 05 04. 
Written out in terms of ¢§, dj, etc., introduced in equation (5-2), Y equals 
FSO, DL, + 3h j5 Phy Boo + G5 $1 Gis + bur Hoa Phe] 
+ $die,1yo[26, Pau Gis t Aber Shy OF + (terms in g*)]. (6-5) 


Introducing equations (5-3), we get for the effective vector current 
2 2 
Teor’) = f*| ~P, (1+ £5) #600" a8) (145) $80 881 —n)} 
+34, 940") SH —P) + 4,84 —P) HCO} — Pe Glo") aah —Pr 


a“ 52 esa geP TALE) EE —P) + $0) $#(—p)}. (6-6) 


Introducing the gauge-invariant electromagnetic coupling f(q*) F,,¢,,, we obtain 
a total magnetic moment of 3 Bohr magnetons and a quadrupole moment of —4 
(in units of e/z*) for positively charged 1- particles. 


(vi) The outlook 

With the effective baryon-meson and meson—meson vertices available it is a 
trivial step to write pole approximations for the strong interaction four-particle 
process. With this approximation as the starting-point all S-matrix techniques 
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(like Mandelstam representation, Reggeization, analytic continuation now both 
in angular momentum and unitary spin) are available for determining the complete 
(0(12)) relativistic S-matrix theory. This is so because as a rule all that the S- 
matrix theory requires are ‘Born approximations’ as the ‘input’. The higher 
‘fundamental’ 4-particle vertices involving 4-particles (like NN MM) which 
are analogous to 4-field Lagrangians (and knowledge of which is necessary for peri- 
pheral interactions) are no harder to write down, using the methods and techniques 
of this paper. Every one of these ‘fundamental’ interactions will now be momentum 
dependent—this dependence coming in a determinate manner from 0(12) sym- 
metry. The conventional field theory Lagrangians are but local approximations 
of these ‘fundamental’ interactions. 

Note that one of the ways in which the inhomogeneous Lorentz group breaks 
the full 0(12) symmetry is to force certain components of ®4 to become ‘redundant’. 
In a future paper we wish to exploit these ‘redundant’ components and use them 
as symmetry-breaking ‘spurions’. 

It would seem that the 0(12) ideas fulfil completely the dream of the U(6) 
theorist, ie. to write S-matrix elements whose momentum dependence is dictated 
by the internal symmetry group of SU3. 


Our thanks are due to Dr M. A. Rashid for helping with the content of the 0(12) 
representations. We are grateful to Drs J. Charap, P. T. Matthews, and J.C. Ward 
for numerous fruitful discussions. 


APPENDIX 


Our convention for the unitary spin matrices is the following: T* = 4A‘, with the 
dé defined by Gell-Mann (1962). Thus Tr(T*7'/) = 46%, fo%* = 0, and d%* = dik(2/3)t. 


{T*, T3] = ifeeT, {Tt, Th = qiukpe, 


From the fundamental representation, F¥‘ = y?T* we deduce the following 
commutators: 
(Fé, Fi] = ifseRe, 


[F#, Fi] = ife"F§, 
(Fi, Fi] = —ifo*F*, 
(F*, F4,] = ife¥Fh, 
[Fs Fie] = Hi Te aya ens 
[Fi,, Fi] = id*(g,, Phat gap Ph — Gen l bo — 9a Po) 
+if9*((9, Fav — Iau Ir) F — apy FS), 
[Fi, Fi] = ifthg,, F* —id't* Ff, 
[Ft, Fos] = idétg,, FE + tify, Pia, 
(Fi,, Fis] = —ift*g,, F* + id Fi, 
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and [Fi, F4] = ifuer’, 
[F*, Fis] = ifvkP*,, 
[Fi, Fi] = idS*rk,, 
(Fi, Fis] = iderk, 
[Fi, Fi,] = iditk(g, FF —9ryFs) =i LS ete 
(Fis, Pos] = id"), Fis — Gar Fis) — if "Crue Fe 
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Scattering amplitudes for particles of arbitrary mass and spin are expanded in terms of homogeneous 
Lorentz group representations. The expansion satisfies the group theoretic O(3,1) boundary constraints in 
the forward elastic limit and incorporates the correct threshold factors. 


Following Toller's realization [1] that the 
elastic forward scattering amplitude admits of an 
O(3.1) little group invariance on account of vanishing 
momentum transfer four-vector, considerable 
interest has lately arisen in partial wave ana- 
lyses using unitary representations of the homo- 
geneous Lorentz group [2]. 

The physical consequences of using this type 
of expansion are two-fold; first the solution of 
t=0 singularity problems [3] which had made 
{ .r appearance in Regge analyses based on the 
standard angular momentum O(3) expansion 
(evasions versus conspiracies); second, the 
appearance of “daughter” poles associated with a 
(Toller) pole in the complex O(3,1) plane. 

This‘note is concerned with two important 
generalizations: 

(A) Expansion of the flipless elastic amplitude 
for all values of momentum transfer and 

(B) Extension of the expansion to the spin-flip 
amplitudes. 

Our methods only use group theory to provide 
the boundary conditions on the suggested expan- 
sions; otherwise they are simply based upon the 
fact that any function T(¢) is square integrable *** 
in the sense that 


* The research reported in this document has been 
sponsored in part by the Air Force Office of Scien- 
tific Research OAR through the European Office 
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f at sh2¢ |7(0)|2 <=, 
o 


can be expanded in terms of the principal series 
of functions of the homogeneous Lorentz group. 
Specifically, 


Ts (8) = DD, P ido(j2 -0) x 
| jg | 2 min ($,S') 0 


X T315 (Joy 48S (6)- (1 


Here oand j, are related to the two Casimir 
operators of 0(3,1);0 < o <i» and j, is discrete. 
Thus consider the elastic scattering amplitude in 
the centre-of-mass and define a reduced ampli- 
tude T5','s, by 


*** The (near) forward scattering amplitudes do not 
satisfy the square-integrability criterion. However, 
one may assume that for large negative ¢, there 
exist a region of s where the criterion is satisfied. 
The expansion can then be continued in ¢ to small 
negative ¢ and eventually to ¢ > 0. In this continua- 
tion process one will pick up poles in the complex 
g-plane which pierce the background integral. It is 
possible that cut singularities could be associated 
with the supplementary series of the Lorentz group; 
thus if 7(¢) is not square~integrable, the expansion 
(1) may need also a supplementary series integral 
ranging from 0<0<1, and it appears tempting to 
postulate that the existence of such an integral can 
be associated with the cut phenomena in the com- 
plex g-plane. 


Reprinted with permission from Phys. Lett. 258 (1967) pp. 230-232 
© 1967 Elsevier Science Publishers B.V. 
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(P3532, bg Sqrq|T| P1911) PgS2rp) = 


- > 


~ $n,S"0" 
Tyr 5(S,t) (Sg Ag,SA| $4 A1)(2) 


(Sq4|Sg2,S'-A") x 


Here the amplitude on the left is the conventional 
helicity amplitude with A's as the eigenvalues of 
J 12 in the respective rest frames. 

(A) In the forward direction T5')'5) (s,¢ = 0) = 
= 6), Tsg(s), has the group theoretic expan- 
sion (1) (with cht =(s-«)/4m, mg), and A=A'. For 
£# 0 (A=A'), we use eq. (1) to write 


Ts1y, salt) = Df ido (92 - 0%) x 
Jo 


x Ty's (ior %t) daoRi(t) (3) 
with 
—— a, 
ch €) = (by +b3)* (bg +a) = 


= (s-u)[(4m2 -t) (4m'2 -£)]-2(4) 


Clearly eq. (3) satisfies all group-theoretic boun- 
dary conditions at ¢=0. 

(B) In order to see how to incorporate the spin- 
flip amplitudes, which reduce to eq. (3) when 
there is no spin-flip, note from the standard 
O(3) partial wave expansion 


Ty) (s,£) = z (27 +1) Thy(s) dro, Ag-r4(9s) (5) 


that for small ¢, we have the threshold behav- 
ior * (sin $,) 14! ~t2/4! where 


B= (Az - Ag) - (Ag - Ag) = (Az - AB) -(AZ- a4) (8) 


Thus we shoujd anticipate the occurrence of spin- 
flip factors t2'4 in the amplitude. This is in 
fact borne out by the group theory which neces- 
sitates that in an expansion in powers of momen- 
tum transfer, 


Ty", sa(s,é) = eS'n' rk (s,t) |S), (7) 


* In general sin? 6, = 4s0(s,t)/A(s,m%, m3) A(s,m ma) 
where $(s,¢) = 0 denotes the boundary curve of the 
physical region and the A have the usual significance 
in terms of the relative momenta in the centre of 
mass frame. For equal masses, m= Hg 7m, mo = 
= mg= mt, ain29, = 4st{su - (m2 - m'2) }/{s-(m-m')2} 
{s-(m-+ my)? }. 
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the factor ghlal must be associated with the 
(rotation) tensor operator rk (3, ¢) of order n - 
finite near f=0 -' with 2 = |A4|. In general we can 
extract spin-flip factors from eq. (7) in (at least) 
two ways 


Tg*y",gnlSt) = Let" (S'2"|T'q (0,0) |J"A) x 


nJ' 
x(Sts'A|T(s,t)| SA) = (7") 
= 2 emo r®| ry isra'|na rr) s'"| 7, |S) 
wines 


or 


Ts gn(8s)= Zam(sx|T(s,8)| SINK |T|Sd) = 


= 


t"(S'|T, +|SJ) (TIP || s)\(aa'|n4 Sa). 
Jn>|o (7"") 


We now have only to restrict the variation of ” 
and J" (or J) in order to obtain a linearly indepen- 
dent set of reduced amplitudes, (2S +1) (2S' +1) 

in number. The simplest variation we have found 
is to set n = |A| and normalize (S'|T|J) = 1. 
The amplitudes Tgy', yy' or Ts"), ya being flip- 
less are Tollerizable and we can therefore write 


Testy ,Sr (8,8) = 
=D Alga tafaras|ry|s), (8) 
or ” 
Ts"), SxS, 4) = 
= Ziti! (s*| Tye] SJ) Wat |afa,sad. 8") 


One may get an undercount of the amplitudes 
through the following accident; if A (or 2’) vanish 
with A' # 0 (or A # 0) using eq. (8) we would get 
the expansions 


Ts'y", $0 -2 #! 41 (star [at |at,g%0) (Sta | To|S) 
Ts'-y", 50 = % #8 Mss ata) x 
x (TS gnpi 7) 5). 


t For details see Delbourgo et al. (4). 
J Up to the imposition of discrete C, P, T symmetries. 
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Thus for even values of |A'| +J'-S' the ampli- 
tudes Tg: go and Tg'_y',S0 are no longer inde~- 
pendent. This difficulty is simply circumvented 
if one considers the four sectors (i) A# 0, A' #0, 
(ii) A=0, A'=0, (iii) A=0, A' #0, (iv) A # 0, 
d'=0 separately. For sector (iii) the appro- 
priate expansion is eq. (8'); for (iv) it is eq. (8) 
while for sectors (i) and (ii) it is immaterial if 
we expand using eqs. (8) or (8'). 

With eqs. (8) or (8') we are now able to make 
the desired expansion for the new reduced ampli- 
tudes, 


(Su"|T,| S)= 


' i o* 

=u J ido (72-07) TE (5g, 0,8) alg). (9) 

o 

One may now approximate to these amplitudes by 
a set of Toller poles. The important point is that 
in a scheme of Tollerization, the high-energy 
behaviour of the amplitude which depends on an 
asymptotic expansion of the functions CEE NAC) 
does not depend on the quantum numbers 3 and S$ 
but only on 9, jg and A; 


(alocey ~ (cnt)? 1-90"), 


The physical consequences of introducing Tol- 
ler poles into eq. (8) at c- 1 = a(j,,£) are to pro- 
vide a set of integrally spaced Regge daughter 
trajectories (7) at an(t) = a(jy,t)-m, parallel to 
the parent, with their residues related to the 
leading one simply through factors which enter 
the group-theoretic decomposition of O(3,1) into 
O(2,1) representation. This has been discussed 
in detail by Toller and Sciarrino [5] and one can 
take over their formalism without change. As yet 
the experimental evidence for daughters is 
scanty; however, if daughter trajectories do 
exist and, further, if the trajectories are experi- 
mentally found parallel or near parallel then 
our formalism will prove useful. 

The unequal mass case the previous arguments 
require little modification. Thus we propose the 
very same expansion (2), (8), (9) with the same 
definition of ¢; except that we replace ¢7!4! by 
the threshold factor |¢(s,f)|4 where (s,¢) = 0 
is the curve which denotes the boundary of the 
physical region. The group-theoretic necessity 
for this change can be seen as follows. The for- 
malism we have presented is based on a com- 
pleteness relation for the functions dst. and the 
possibility of expansion of a square integrable 
function in terms of these. We had to guarantee 
at each stage that the group theoretic boundary 
conditions for the equal mass case at ¢=0 or 
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more exactly at 6, =0 were respected. For une- 
qual mass ¢(s,¢) ~ (sin26,). The new point that 
emerges is the occurrence of singular residues 
(corresponding to factors tol (mt - m2) and 
t-l (mg - m§)) if one makes a Regge daughter de- 
composition * and passes from an expansion 
based on dJo%(t4) to the normal expansion dJ(6,). 
The formalism presented in this note is as 
simple as the conventional O(3) expansion and 
we believe that the decomposition in terms of 
O(3,1) representations will replace the normal 
0(3) analysis as far as Reggeization is concerned. 
We strongly suggest that the experimental data 
be analysed afresh from this point of view **. 
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* 


To make this decomposition one requires the gene- 
relisation and continuation of the usual addition 
theorem, 


Ca (ch 4) = 
-D Ryn CHF chp) CHtI-¥ (ch) Pap (cos 9), 


with cht, =chy chy -shW shy" cos 6;, and ch = 

= (m2 ~ m2) {t(t-2m} -2m)}-+ chi = ond - m3) x 

x {ut- 2m - 2m) -} corresponding to the singular 
contributions. 

For these new analyses use must be made of the 


d¢¢ ;) functions (which are listed in ref. 1) and their 
analytic continuation. 


* 
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In earlier work the Reggeization of approximate dynamical groups has been presented as a calculational 
method for classifying particles and evaluating S-matrix elements at high energies. In continuation of this 
work, an especially simple model is considered where just one invariant of the higher U (6) < U (6) approxi- 
mate symmetry, quark-plus-antiquark number, is Reggeized. The resulting classification of particles 
(according to their quark content) into exploding supermultiplets of spin and unitary spin, and the formulas 
for computing S-matrix elements, are given for high energies, where an exchange of an N-plane trajectory 
in the cross channel may be expected to dominate the scattering. The hope is that this analysis may help 
reduce the large number of parameters now used in Regge theory by combining Regge ideas with higher 
symmetries. The type of Fourier expansion on a higher approximate symmetry group and the Regge tech- 
nique used here for evaluating asymptotic behavior may possess wider applications than the case considered 


in this paper, 


1. REGGE MODEL OF HIGHER 
SYMMETRIES 


HE Regge method in strong-interaction physics 
originated in the study of the S matrix for com- 
plex values of angular momentum and has recently met 
with a certain number of successes in describing elastic 
and inelastic two-body reactions. Even where it has 
succeeded, however, it has been necessary to admit a 
large number of residue parameters with no guiding 
principle to limit their arbitrariness. A similar situation 
prevailed in the absorption-model description of low- 
energy scattering; recently, however, higher supermulti- 
plet theories [and in particular U(6,6)] were used with 
fair success to constrain strongly the values of the 
coupling-constant parameters! that entered into the 
Born approximation. One may expect that a marriage of 
supermultiplet schemes with Regge theory would be 
desirable in that it may suitably reduce the number of 
Regge parameters. We shall describe below one at- 
tempt? at obtaining these correlations based upon 
a supermultiplet scheme that Reggeizes the quark 
number. 

The basis of our scheme is the following. Angular mo- 
mentum is but one of the conserved quantities on which 
the S matrix depends. In particular, if a system possesses 
a higher spin-containing symmetry, there may be other 
conserved quantities (Casimir invariants of the relevant 
symmetry group) which it may be more profitable to 
continue to complex values and Reggeize. For example, 
with the hydrogen atom it is well known that one ob- 
tains a deeper insight into the dynamics of the bound 


* On leave of absence from Imperial College, London, England. 
96%) Migneron and K. Moriarty, Phys. Rev. Letters 18, 978 

* Abdus Salam and J. Strathdee, Phys. Rev. Letters 19, 339 
(1967) (referred to hereafter as I); R. Delbourgo, Abdus Salam, 
M. A. Rashid, and J. Strathdee, Phys. Rev. Tro, 1477 (1968) 
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states if it is the principal quantum number (connected 
with the well-known O(4) symmetry of the system] 
that is Reggeized rather than the angular momentum. 
For hadron physics the U(6)@U(6) group appears to be 
an approximate symmetry for classification of particles. 
The analogy of the principal quantum number for the 
hydrogen case here would seem to be with the total 
quark number N (half the number of quarks plus anti- 
quarks) and an analogous Reggeization of this number 
appears to be indicated. One may now go further and 
explore the dynamical consequences for high-energy 
scattering of such a Reggeization procedure and it is this 
aspect of the scheme in terms of its practical applica- 
tions which we wish to stress in this paper.* 
The consequences of the scheme are twofold: 


(i) One obtains two master trajectories [plots of 
ReN versus (mass)?], one for mesons (B=0) and one 
for fermions (B=1). For M*>0, ReN goes through 
1, 2, 3, --- for mesons and §, §, «++ for fermions. On 
present evidence it is not excluded that this simple 
picture of Regge recurrences classified according to 
quark content can accommodate all known semistable 
meson and baryon states. The idea that there should be 
basically only one baryon and one meson entity was 
proposed long ago by Weisskopf. 

(ii) To evaluate the high-energy behavior of scatter- 
ing amplitudes, we make the Regge assumption that the 
amplitude is dominated by the contributions from an 
exchange in the crossed channel of these master tra- 
jectories. The residue functions automatically satisfy 
U (6) invariance. 


It appears that this Regge model will provide a rea- 
sonably restrictive theoretical framework for analysis 


?R. Delbourgo, M. A. Rashid, Abdus Salam, and J. Strathdee, 
in Proceedings of the International Seminar in High-Energy Physics 
and Elementary Particles (International Atomic Energy Agency, 
Vienna, 1965), p. 455. 
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of experimental data. Naturally, this theory will not 
provide any antidote to the obvious failures of conven- 
tional Regge techniques nor will it provide a funda- 
mental answer to the unitarity difficulties which beset 
supermultiplet schemes. But it does give the possibility 
of building unitarity into the formalism as this is al- 
ways done in Regge theory, i.e., mainly through the 
signature factor.4 The new formalism will, however, 
certainly provide relations between presently used 
Regge residue parameters. _ 


2. PARTIAL-WAVE EXPANSION IN 
U(6)@ U6) 


The basic ideas of the approach were described in I 
and II. Here we shall present a simplified version of the 
generalized expansion technique, proceeding by direct 
analogy with the conventional partial-wave expansion 
of the S matrix. The conventional partial-wave expan- 
sion can be understood either as a consequence of rota- 
tion invariance of the S matrix—and this of course is 
the deeper point of viéw—or, alternatively, as a mathe- 
matical expansion in terms of an appropriately chosen 
complete set of functions. It is this latter point of view 
that.we wish to stress in this paper. 

The rotation symmetry of the S matrix manifests it- 
self in the following ways: 


(a) Particles at rest group themselves into (2J-+1)- 
component multiplets of SU(2),. (If the masses of the 
particles vary with J, one has a strong suggestion 
towards grouping them on a Regge trajectory.) 

(b) A three-point function with all particles confined 
to the 0-3 plane shows helicity conservation: 


(A T(E) | \rd2)= 8x, ang Payrg(E)- (2.1) 


(c) A four-point function with all particles also con- 
fined collinearly (forward scattering) shows net helicity 
conservation: 


(rsda[ TCE) | Ard2)= by, -rgar—rgZ rgdarina(E)- (2.2) 


Suppose now that we are dealing with a nonforward 
scattering amplitude with the final particles rotated 
through an angle @ out of the 0-3 plane. We can always 
extract the angular dependence of T(£,6) by expanding 
in a complete set of orthonormal (square integrable) 
functions as follows: 


T(E,9)= Lin Ta(E)fa(8). 


The completeness of f, means that a one-one corre- 
spondence between T, and T(@) exists. If we know 
nothing about the rotational invariance of the S matrix 
but simply that conditions (b) and (c) hold as empirical 
experimental facts, it is appropriate to choose the com- 


‘ The absorption aspects of Regge theory arise, as is well known, 
mainly from the signature factor. This is because the Regge ampli- 
tude (1-be'**)8()S* /sinwa is real (and violates unitarity) for 
real a and 8, if the crucial signature factor is not included. 
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plete set of functions f,, to be the two-labelled function 
dyy7(0), satisfying d))/(0)= 4); as one well knows, a 
class of such functions is given by the rotation functions 
of SU(2),. Thus one writes the mathematical expansion 


(Ashal T(E, 0) [dde) = (2J-+1) 


X Tyarearna’ (E)ds-anaar—aa 6) . (2.3) 
Expressing the summation as a Sommerfeld-Watson 
integral, one may tie in (c) with (a) and (b) in the well- 
known manner by proposing that Tq.’(Z) exhibits 
poles in the expansion-parameter J according to 


(shal T(E,6) [Ard2)= DS SasnaaBrare” 
JA? 


dy7(—8) 
Xm Bete Banca: (2.4) 


Let us generalize. If the rotational symmetry SU(2),s 
is combined with SU(3) to give a possible rest symmeiry 
U(6)@U(6) and if U(6)XU(6) was known to be the 
symmetry of at least a part of the S matrix—a very 
strong assumption and certainly false for the exact S 
matrix—the symmetry would manifest itself in the fol- 
lowing ways: 


(a’) Physical particles group themselves in U(6) 
@U(6) multiplets.®-* (If the first few representations are 
known it would be natural to attempt to trace a Regge 
trajectory through them.) 

(b’) Three-point functions exhibit W-spin conserva- 
tion” (generalized helicity conservation—see Appendix). 
Thus 


(W |T(E)|WiW2)= x (SW |WiW2)Trww(E), (2.1’) 


where (W|W,W,) denotes the U(6)w Clebsch-Gordan 
coefficient which couples D¥:@D™? to D™. In general 
there is more than one independent coupling. It is there- 
fore necessary to include a parameter { to distinguish 
among them. 

(c’) Collinear scattering processes also exhibit U(6)w 
conservation: 


(WW, | T(E)|WiW2)= 2 (WW, \t'W) 


XT pp (EW | Wis). (2.2’) 


*R. Delbourgo, Abdus Salam, and J. Strathdee, Proc. Roy. Soc. 
(Landon), AA, 146 (1965); B. Sakita and K. C. Wali, Phys. Rev. 
139, B1355 (1965). 

*'R. Dashen and M. Gell-Mann, Phys. Letters 17, 142 (1965); 
H. Harari and H. Lipkin, Phys. Rev. 140, B1617 (1965); P. G. O. 
Freund, Phys. Rev. Letters 14, 803 (1965); R. Oehme, bid. 14, 
664 (1965). ‘ 

re J. Neale Phys. Rev. Letters 14, 789 (1965); H. Lipkin 
and S. Meshkov, ibid. 14, 670 (1965); R. Arnold, Phys. Rev. 162, 
1334 (1967). 
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(d’) Noncollinear four-point functions show conser- 
vation of coplanar symmetry U(3)@U(3) which has no 
analog for the smaller rest symmetry SU(2)5. 


Tf we accept only that (a’), (b’), (c’), and (d’) hold as 
empirical facts (at least to a fair approximation), we 
may adopt the mathematical expansion theorem at- 
titude and express nonforward scattering amplitudes in 
terms of the complete set of suitably defined functions 
dww’*(6) as follows: 


(WW | T(E,0)|WiWs) 
= LY WiWals’W')dw 7" (—8) 
Nrwe'w 
XT pw ew (ECW |WiWs).  (2.3’) 


To satisfy the boundary conditions (b’), (c’), and (d’), 
the suitable definition of dww-*(@) turns out to be that 
these functions are U(6)XU(6) rotation functions 
(dww-*(0)= 8p; also dww-"(8) are diagonal in U(3) 
@ U(3) labels subsumed in W] but this is indicental for 
our present purposes. 

What exactly is the nature of the relevant Casimir 
invariant N of U(6)<U(6)? The completeness notion 
used here requires that we sum over a one-parameter 
family of U(6)XU(6) representations D” since we are 
eliminating thereby a single angle @.8 Moreover, if the 
Tepresentations D% are nondegenerate in their U(6)w 
content, i.e., if a complete set of basis vectors can be 
labelled | NW), then the functions 


dww*(—6)=(NW’ [ei2| NW) 


are well defined. One may show that any square- 
integrable function defined over the interval O< @< x 
and satisfying the appropriate boundary conditions at 
6=0, ~ can be expanded in terms of the dww-(6) if we 
characterize the representation D* by, for example, the 
symmetrized U(6)XU(6) tensors $a,--ayyyn°!“F¥-98, 
where B denotes the baryon number and WN takes the 
values $B, §B+1, }B+2, ---, ie, N is the quark 
number.* 


* This one-one count is easy to see for the orthogonal group. For 
example, in O(4) the generalized helicity group is O(3), while O(2) 
plays the role of the coplanar group, which means that one en- 
counters only the flipless amplitudes 7,),-(6). The expansion 
technique then replaces \ and @ by the two Casimir labels fo and a 
appropriate to O(4). In detail, 

Tre (0) = Dies Tr s3¥d nse (8), 
where d(6) are the complete set of “rotation” functions for O(4). 
evMore generally, for the case of O(») the expansion theorem 
re 
Tipo ao (8) = Lone Tyas. Now NEN eWeaNo-1"7(8), 


where N, stand for the Casimir rators of O(y). Since (N,) 
= (N,_2)+1, the one-one count is clearly exhibited. The same is 
true for our case of U(»})U(y). 

‘It is of course not essential to employ the set of most de- 
generate representations characterized by the pair of quantum 
numbers W and B in defining the complete set of functions. How- 
ever, this choice involves the least complication since the less 
degenerate representations of U(6))U(6) are not completely 
labelled by the U(6)w quantum numbers and it would be neces- 
sary to formulate more involved criteria for picking out ortho- 
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Returning to the expansion (2.3’) finally one ties in 
the property (a’) by assuming that 7*(E) exhibits poles 
in the V Casimirs corresponding to U(6)@U(6) bound 
multiplets, thereby reducing expression (2.3’) to 


(WAW,| T(E,6)|WiW2) 


= LD WWW er www 
Ngweew’ 


dww*(—8) 
x 


Pome ewww (SW |WiWs). (2.4) 
This is the direct analog of (2.4). The rotation functions 
dww’*(0)=(NW |[e-#43|NW’) which make their ap- 
pearance are generalized derivatives of the Gegenbauer 
Cy? (see next section) just like the d,,-7(0), which are 
generalized derivatives of the Legendre. We can now 
pass to the Regge amplitude by making a Sommerfeld- 
Watson transformation: 


lim (WW al T(E,@) | W,W2) 


(cosé --90) 


dww*(— 8) 
qs 


~ LD WWaleW ere wie, , 
sinza(E) 


rege we 
Xgrwrywsttt(W | Wil), (2.5’) 


where a(my?) = N is the master trajectory function. This 
is of course the direct analog of the normal Reggeization 
procedure which yields 


( lim ) {Asda| T(E,8) | A1A2) 
dyn*(— 9) 
sinwa(£) 


WL Bag nantBrare Barra%Oa,ni-ae» (2.5) 
an 


Note the very close correspondence between Eqs. (2.1)- 
(2.5) and (2.1’)-(2.5’). If we multiply expressions (2.5) 
or (2.5) by the signature factors (1--e***), we shall be 
taking some account of unitarity in the sense that ab- 
sorptive effects on the high-energy amplitude are in- 
corporated through this. 


3. ROTATION FUNCTIONS IN U(6)@U(6) 


Any further progress requires a practical knowledge 
of the dww-*(8) functions which appear in (2.5’). This 
section is devoted to their computation and tabula- 
tion.?° The first and most direct method would be to 
work directly in the basis | NW) and to determine the 
dww’" (6) by setting up differential equations for them. 
A second, less direct but more feasible, method which 
we shall use instead is to work in an auxiliary relativistic 
basis | A1---Ay) and to calculate the (3f-function-like) 


normal sets of functions dww-*(6) from among all the matrix ele- 
ments of ¢**/3, This course may be forced upon us, however, if 
physical particles cannot all be accommodated on the trajectories 
obtained by Reggeizing simply the quark number N. 

WR, Delbourgo, J. Math. Phys. (to be published), 
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d4,---Ay.B,--By(8); passing to the standard basis via the 
transformation wave functions (A1:-:Aw|NW), we re- 
cover the canonical dww-*(@). There are several advan- 
tages in following this seemingly indirect path. 


(i) Crossing complications that occur in the canonical 
basis are avoided. All one needs is to differentiate be- 
tween particle and antiparticle wave functions #4,...4y 
X(NW)=(A1- * -An|NW) and VAy-ay(NW)=(Ai- oe 
An|NW), respectively, in passing from one channel to 
another. 

(ii) Tied to (i) is the problem of kinematical con- 
straints on canonical basis amplitudes Twa in passing 
from one channel to another. In the M-function ap- 
proach these constraints are automatic (after contrac- 
tion over the wave functions) and need not be considered 
separately provided that the invariant amplitudes in M 
are kinematic singularity free. 

(iii) The use of the relativistic basis |.A1---Aw) per- 
mits us to discuss in a simple manner the case where the 
total four-momentum vanishes. Moreover, off-mass-shell 
continuations appear to be more straightforwardly 
carried out for M functions than for Tw,). 

(iv) The most important advantage of using the M- 
function approach is that symmetry-breaking prescrip- 
tions can be readily formulated, particularly the sym- 
metry breaking which comes about through using 
physical masses of particles rather than mean masses of 
multiplets and which affects even the Clebsch-Gordan 
coefficients (WiW:2|W). This is not easy to do after one 
has passed to T(w,). 


The auxiliary basis appropriate to (a’)-(d’) is of 
course provided by the nonunitary representations? of 
U(6,6). The interpretation of the supermultiplet con- 
dition (b’) is that one is limited to couplings involving 
the U(6,6) auxiliary fields 4,...4y(p) and the momenta 
qa® only, while (a’) is assured by subjecting the U(6,6) 
fields to subsidiary Bargmann-Wigner equations. (c’) 
and (d’) are natural consequences of applying these rules 
to open diagrams. 

The d(§) functions may be calculated by inserting a 
general pole contribution specified by the quark number 
N into the scattering diagram. Before carrying out the 
contraction over external wave functions one meets 
d§(9) with a certain number of U(6,6) indices (the 
number depending on the external particles alone). It is 
these which we list below for some simple cases rather 
than the contracted forms dww%. 

Take the case of meson (B=0) exchange first and 
various simple examples. 


A. ,Diptot UD ipa Dypre t+, Dire 
d¥(6)=Cy*(cosb), cosd=—9-g'+4-09-p'/m?. 
B. (1,14 (6,6)42 > (1,D+,6) 


There are two separate contributions to the amplitude 
corresponding to the canonical functions 4,1" and 


(3.1) 
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d, 35". The amplitude is therefore described by the gen- 
eral linear combination 


[giga?+g20/8qn4)Cw, (3.2) 


where 


»(8Cw/dqe4)= (Vg) a®Cw’—(P-4)a2Cxs', (3.3) 


TPae= (1/4?) (pm)y-k(pFm). (3.4) 
C. UD)+6)4.—-7 1D+6,)e 
The linear combination here is modified to 
[g:542+ g20/8qn4 Cw. (3.5) 


D. (1,1)+(6,8)4? > (1,)+6,8)a® 


This is a generalization of process B, the amplitude 
now containing a double derivative 


[giga®+ g20/dgn4 JL gi9' 54’ + g20/0q’4""" Cv. (3.6) 
The single differentiation formula has been written 
above; the double differentiation gives 
v(v-+2)(0°Cw/dq'a/?’dqn4) = (T+)e3(T aA’ Cry” 

+L(T40)ar4’(T ga? — (Tero) a 4(T-) a4’ 

—(Py)a®(T-ge)a4’ Cn" +0 Ti ae)ar8(T ae) a4” 

—(T4q)e4’(P-g)a?— (T+ ear 4’ (Tg) a2 JCn-1” 

+(Pee)a4’ (Tag) a2Cn-2", (3.7) 
where 
T= (1/2m)(pm), 

Tyee = (1/8m*)(pom)y-k(pem)y-k' (pm). 
Contraction of 42C/dq’dq over the external wave func- 
tions provides dss 35" (@). The calculations for more com- 
plicated d(6) involving further derivatives have not as 
yet been carried out. 

We now turn to the simple cases involving baryonic 
exchanges. For the single-quark family exchange B=} 
there is the basic process 

C. 1,D+6,D > U,D+6,1) 

In this case we arrive at 


(d¥(6)) 48 = (T) 42Cwa1j2’— (Te q'a)a®Cnay2’ 
N =4, 3, oe 
relating to ds¢¥(6). On the other hand, for the more 


practical case of B=1 exchanges we must consider the 
basic process 


E. (1,1) +56,1)(1,)+ (66,1) 
Suppressing the six obvious multispinor indices 
dN (@)=TyTPy Cua” — 30 yy Py Cuge”” 
+30 4 ql eel Cua” — Teel teel seen’. (3.10) 


The dee,se¥ functions which may be deduced from this 
have been given in detail elsewhere. 


(3.8) 


(3.9) 
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All these functions need to be multiplied by the 
threshold factor (|gq||¢’|)* which appears naturally in 
M-function calculations. This was shown explicitly in 
I. The Regge formulas therefore appear in the form 
(omitting signature factors) ~ g*(#)g*(#)(|q||q/|)*4*/ 
sinwa, where the 6’s are reduced residues. 


U(6) x U(6) 


(24, 21) 


(6, 6) 


U(6) 1 


405 


Fic. 1. The master boson 
rajectory lecomposed into 
SU (6) setellites, (identified by 
0, x, A, ..., etc.) which are 
decomposed into SU (3) 
pieces. Notice that there is 
more ee one estalite tra- ! 
jectory of a given pre: 
ie breaking is ex-  (su(2) ) 
itt the trajectories a 
im the positions shown. The 
known octets of J?=0-, 1°, 
and 2+ (and iby 1+} are 
shown in the thi ttern. 


' 
(S02) bog J- 
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4. FEYNMAN TRAJECTORIES AND THEIR 
DECOMPOSITION INTO REGGE 
TRAJECTORIES 


The master N trajectories [we shall sometimes refer 
to them as leaning Feynman towers since the particles 
on them correspond to the most degenerate tower 
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studied by Feynman!! for the noncompact U(6,6) for 
mesons and baryons] contain all the relations between 
the J-Regge parameters. To see exactly what these rela- 
tions turn out to be, we have to carry out the reduction 
chain SU(6)@SU(6) — SU(6) > SU(3) r@SU(2); of 
the master trajectories into the SU(2); satellites for 
specific SU(3) representations. Mathematically this 
reduction corresponds to the decomposition of particu- 
lar SU(3) components of the SU(6)@SU(6) rotation 
functions Cy’ into the SU(2),; rotation functions 
P ;=C;'”, The relevant formula is obtained from 


CwXcos6)= > aneCy—20’ (cos6) , 
«>0 


where the summation terminates at the background!” 
and ay, is a «Fs function (a sum of I-function ratios). 
For the simple case of the reduction 


Cy? = Doe OneP n—2% (4.1) 


the explicit formula was given in Eq. (15) of II. In the 
next section when we consider symmetry breaking, we 
shall need this reduction. In the M-function approach 
of Sec. 3, where all d*’s are expressed in terms of Cy’ 
and its derivatives, it is just the formula (4.1) which is 
repeatedly needed. 

To illustrate the consequences of this type of reduc- 
tion graphically, let us plot a few satellite trajectories 
for the meson case. The master trajectory is shown in 
Fig. 1. It gives rise to the satellites shown in the lower 
diagrams. The rotation function dw pertaining to 
the master trajectories is a sum of rotation functions for 
all satellites. The general properties of these satellites 
have been noted in IT. Here let us reemphasize the main 
physical points. 


A. Parallel Satellites 


If the symmetry were exact, all satellites would be 
parallel to the parent. Since empirically different SU(2) 
and indeed SU(3) trajectories are found to be roughly 
parallel (with the exception of the Pomeranchukon 
which may be a fixed pole) higher symmetry may pro- 
vide the simplest explanation of this fact. 


B. Residue Relations 


In the asymptotic limit P 7(cos@) ~ (cos6)/; it is clear 
from this that the leading satellite trajectory contained 


11 A. O. Barut, P. Budini, and C. Fonsdal, Phys. Rev. Letters 
14, 968 (1965); Y. Dothan, M. Gell-Mann, and Y. Ne’eman, Phys. 
Letters 17, 148 (1965) (the Feynman towers with the same content 
as the master trajectories were first presented in this paper); C. 
Fronsdal, in Proceedings of the International Seminar in High- 
Energy Physics and Elementary Particles (International Atomic 
Energy Agency, Vienna, 1965), p. 665; R. Delbourgo, Abdus 
Salam, and J. Strathdee, Proc. Roy. Soc. (London) 289A, 177 
gee. Abdus Salam and J. Strathdee, Phys. Rev. 148B, 1352 
1966) 


12 The exact form of the general formulas, which take into ac- 
count also the background terms when N is complex, will be the 
subject of a further publication. The complicating point about 
such formulas is that the backgrounds of C* and C’ occur at differ- 
ent places, namely, at N=—d and N= —N’, respectively. 


DELBOURGO, SALAM, AND STRATHDEE 


239 


172 


in the expansion (4.1) will dominate the scattering am- 
plitude, e.g., the SU(3). octet piece will show a domi- 
nance of the p trajectory over the x-trajectory con- 
tribution. On the other hand, the octet part of function 
dz a5" automatically includes the contribution of both 
trajectories and the decomposition Cy=a@yoPy+tam1 
Pyot--- shows how, for example, the p- and z- 
trajectory contributions emerge. This reduction pro- 
vides group-theoretic relations between the Regge 
residues @y1/@no automatically. 


C. Symmetry Breaking 


Since the high-energy behavior in Regge theory de- 
pends so critically on a@(é), and in particular on the 
intercept a(0), it is evident that any mass shifts! pro- 
duced by the symmetry breaking will shift the resultant 
satellites, and their asymptotic contributions will differ 
markedly from the exact symmetry predictions. This 
is in contrast to the effect of symmetry breaking for 
vertices where, barring certain exceptional cases, one 
hopes that symmetry breaking may be wholly accounted 
for just by change of kinematical factors, e.g., by using 
physical masses in the invariant couplings (and Barg- 
mann-Wigner equations) rather than mean super- 
multiplet masses. To show how critical a role this 
trajectory shifting can play, take the example of pure 
27 of SU(3) exchange that occurs in a process like 
K-p— n'+Y-, which shows no forward peak, and a 
high-energy behavior E-*5+®-7 corresponding to az7(0) 
ss ~—0.7. Assigning the 27 as well as the 2+ octet (/,As, 
K**,---) to the same 405 of SU(6), it is clear that an 
SU(3)-dependent mass shift between the 27 and the 8 
of the order of no more than 300 MeV (without change 
of slope) can shift'*-!5 @5(0) from its value of about 0.4 
down to a27(0)~ —0.7. 


13 F. Giirsey, A. Pais, and L. Radicati, Phys. Rev. Letters 13, 
299 (1964); M. Bég and V. Sigh, ibid. 13, 418 (1964); H. Harari 
and M. A. Rashid, Phys. Rev. 143, 1354 (1966). 

44 Tf a27(0) is so critically shifted it is obvious that within the 
present Reggeization scheme, J. D. Jackson’s analysis [Phys. 
Rev. Letters 15, 990 (1965) of Johnson-Treiman-like relations 
[J. D. Carter, J. J. Coyne, D. Horn, M. Kugler, H. Lipkin, and 
S. Meshkov, ibid. 15, 373 (1965)] and his negative conclusion 
about SU(6)w predictions in the forward direction for 405 ex- 
rin st no longer applies. On the positive side, R. Arnold in 
Ref. 7 has considered processes not involving 27 exchange where 
the pA: eee dominates in a U(6) XU(6) XO(3) scheme. He 
finds reasonable disagreement with experimental results if he as- 
sumes an SUw(6) symmetry between residues. Also, as Jackson 
himself noted, no account was taken in his analysis of mass differ- 
ences due to symmetry breaking. As pointed out in (iv) of Sec. 3, 
the use of M-function formalism is superior for this reason to the 
direct W-spin formalism since it allows mass differences to be 
taken account of in the residues. 

16 Barut has given a one-parameter mass formula for mesons 
in the traceless SU(3) form, m?=m?+\4{j(j+0—-—40 +) 
—1Y?—C)}, with m,?= 16X10! (MeV)? and \?=28X 10+ (MeV)?. 
The constant C which guarantees tracelessness depends on SU(3) 
Casimirs and equals +1 for octets and 8/3 for 27-folds. The 
formula fits the known octets with accuracy and would predict a 
mass more than 300 MeV higher for the spin two doubly charged 
27’s. It is also worth remarking that the leading trajectory n ver 
contains 10, 10, 35, 35, or other non-self-conjugate multiplets of 
SU(3). This means that the exchanges of such multiplets are defi- 
nitely suppressed at high energies. 
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D. Mass Formulas and Trajectory Shifts 


To take account of trajectory shifts on account of 
symmetry breaking, we need mass formulas, which in 
general may have the form" 


M*=M?*(N,J,F) 
=Mo(N)+-Mi(F)+MAAFJ) , 


where F denotes the SU(3) labels (including J and Y). 
To incorporate the trajectory shifts, go back to the ex- 
pression of Sec. 2: 


"| 


One may replace Cy exactly by’* }a,,.P,; if we further 
decide to incorporate symmetry breaking by replacing 
M*(N) by M7(N,J,F), we obtain 


r J dJ-—-b4+*a 5, P.s(cos8) ( 
© J sine(J+x) (—M%6J,F) 


The trajectory function J=a(t,x,F) [obtained from 
solving for J the equation i— M(x,J ,F) =0] now allows 
(1) for possible SU(3) shifts given by M1°(F) in (4.1) 
and (2) for departures from parallelism among the 
satellite trajectories arising from the M@2?(F,J) term. In 
keeping with our program, we shall not interfere with 
the residues 87,.(é). Let us examine the simplified form 
of a mass formula (4.2), where 


MAN)=NMO, MF J)=JU+1)M(F); (44) 


ie., the master trajectory in the N plane rises linearly. 
It is a simple matter to solve out for the trajectory func- 
tion from ‘— M?=0; we get 


(4.2) 


dN 6*%Cw(cosé) 
sinsV 1—M(N) — 


4.3) 


° 1 2x—1)MP2(F 
a(t,«,F)= [i—a4i(F (+) 


M;*(F) 
—x(x—1)} u 


(4.5) 


to lowest order in M;37/M,*. To this order the trajec- 
tories remain linear but with modified slopes, exhibiting 
an SU(3) mass shift which depends on which satellite 
we are considering. 


1¢Tt is worth pointing out that the factors ay. are factorizable. 
This is a general consequence of completeness relations of the type 


(NW' |e*42| NW) = x (NW'|J’«’) 
Ju,J'n! 
(J +naJ' +2’ =N) 
KS en! |e 3| Tn) Jax| NW) 
= FL (NW'|Jn)Ps(cos8)(J«|NW), 
Ji 

(J +=) 
where the vectors |J«x) denote a basis for the representation DY 
which diagonalizes the angular momentum J*. 
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Since at present we have no reliable theoretical 
means for computing mass formulas—except perhaps as 
tadpole effects or as estimates from second-order self- 
energy graphs written in the language of current 
algebra—we have to take the trajectory parameters 
from experiment. This is a weakness of the present 
scheme. 


5. RELATIVISTIC ASPECTS OF U(6,6) 


Just as for forward scattering of equal-mass particles 
the little group enlarges from O(3) to O(3,1), likewise 
here U(6)@U(6) enlarges to U(6,6) itself. The O(3,1) 
partial-wave analysis at P,=0O which was originally 
carried out by Toller!” can similarly be done here for 
U(6,6). Following the method of Freedman and Wang,” 
one first shows, for a certain unphysical range of s, that 
one may deal with the compact group structure U/(12) 
rather than U(6,6) so far as partial-wave analysis and 
Reggeization are concerned, continuing back later to 
physical values of s. Denoting the (12) rotation func- 
tions by dyw (6), where 9t and N stand, respectively, 
for the set of U(12) and U(6)@U(6) Casimirs, one can 
make the expansion at P,=0, 


(NaWs,NW | T(8)| NWN Ws) 
=> (NwWiNWANW) 
NWN’ 


x (N'W|T(6)| NW)NW | NW1,NaWs) 
(NaWs,N Wal NW) Tyen™ 
Xdy-wn™(0)(NW |NiW1,NaW2). 


2 


NWN'R 


(8.1) 


In the case of O(3,1) or O(4) the appropriate rotation 
functions are known to be Cy}(cosé) and their deriva- 
tives. For the U(12) or U(6,6) degenerate series one can 
show that they are proportional to Cy"!? and their 
derivatives. 

The expansion (5.1) holds at P,=0. It can, however, 
be extended to the case ‘= P?0 for all W-spin-conserv- 
ing amplitudes, since dyww (6) provide appropriate 
expansion functions for this case as well. This is analo- 
gous to the expansion of general flipless amplitudes for 
all momentum transfers'® using O(3,1) rotation. An 
extension to W-changing amplitudes is possible, analo- 
gous to the O(3,1) expansion proposed recently by a 
number of authors! for spin-flip amplitudes. These ex- 
pansions correctly incorporate threshold effects and at 
the same time have the merit of automatically building 
the Toller parent-daughter phenomenon into the formal- 
ism even for é0. Thus a trajectory in the U(6,6) 


and Toller, Nuovo Cimento, 53A, 671 (1968); D. Freedman 

. M. Wang, Phys. Rev. 153, 1596 (1967); A. Sciarrino and 
‘oller, J, Math, Phys. 8, 1252 967). 

Me Del UTE, ‘Abdus Salam and J. Strathdee, Phys. Letters 


25B, 230 (1967); R. F. Sawyer Phe) Rev. 167, 1372 (1968); G. 
Cosenza, A, Sciarrino, and M. Toller, University of Rome Report, 
1968 (unpublished). 
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Casimir 91 plane gives rise to a series of parent and 
daughter trajectories in the U(6)@U(6) N plane—all 
of these daughters unfortunately being parallel to the 
parent.!® 

To see the complexion of these daughters, take the 
Feynman meson trajectory in U(6,6) which, for this 
degenerate series, passes through the U/(12) represen- 
tations 1, 143, 5940, ---. From the U(6)@U(6) reduc- 
tion of these multiplets 


1= (1,1) ’ 


5940= (21,21) + (21,21)-+ (6,8)+ 66)+ (6,120) 


+(120,6)+ (6,120) + (120,6)-+(1,1)+ (1,35) 
+(35,1)+ (35,35)-+ (405,1)+ (1,405), 


one is led to sets of U(6)@U(6) trajectories, among 
which is the master meson trajectory considered earlier. 
The important relativistic aspects which emerge are as 
follows. 


A. Gribov Doubling 


The reduction of U(12) multiplets into U(6)x U(6) 
multiplets produces pairs of the variety (A,B) @(B,A).” 
For example (6,6) is accompanied by (6,6); likewise 
(35,1) by (1,35). 

To characterize this doubling, one may say that the 
states are populated equally by composites of quarks 
(6,1) and pseudoquarks (1,6) [also by antiquarks (1,6) 
and antipseudoquarks (6,1)]. Even apart from Tolleri- 
zation, this particular doubling should have been ex- 
pected from the Gribov-Pomeranchuk-Okun phenome- 
non which even in conventional Reggeization schemes 
would lead one to expect that a Reggeized quark state 
should be accompanied by a pseudoquark state from 
MacDowell symmetry.! If composites of quarks exist, 
one should expect composites of pseudoquarks also to 
exist. 

The important point to note about the Gribov dou- 
bling is that whereas for fermions it always leads to 
parity doubling [(56,1) — (1,56) ] (the two states have 
opposite parity) this is not necessarily the case for 
mesons [consider (6,6) — (6,6); parity of the two states 
is the same]. 


B. Parity Doubling for Mesons 


In addition to Gribov doubling (which, as remarked 
above, does not lead to parity doubling for mesons), 
another peculiarly Toller-like phenomenon of parity 


19 This parallelism is of course one shortcoming of the formalism. 
It is important to distinguish the /(6)@)U (6) satellites and the 
U (6,6) daughters. The first are a consequence of the supermultiplet 
symmetry, the second a consequence of its relativistic enlargement. 

% V, Gribov, L. Okun, and I, Pomeranchuk, Zh. Eksperim. i 
Teor. Fiz. 45, 1114 (1963) [English transl.: Soviet Phys.~JETP 
18, 769 (1964)]. 

h'§, MacDowell, Phys. Rev. 116, 774 (1959). 


DELBOURGO, SALAM, AND STRATHDEE 


172 


doubling for mesons does take place. This is the doubling 
implied, for example, for the 143 by (6,6)+(6,6) > 
(1,35)+ (35,1). This is analogous (but not the same) as 
the parity-doubling phenomenon for Toller’s theory of 
SL(2,C) when for mesons one may expect parity de- 
generacy whenever the Lorentz quantum number M in 
Toller’s notation does not equal zero. Perhaps one way 
to understand this new doubling is to remark that the 
chiral subgroup U(6) X U(6)| ,, is as equally a subgroup 
of U(12) as nonchiral U(6)X U(6)|,. As we have seen 
above, for Reggeization U(6,6) and U(12) possess com- 
pletely interchangeable roles; one may start with either 
group and pass to the other by continuations in s and ? 
variables. One may expect the theory therefore to ex- 
hibit doubling associated both with the chiral as well as 
nonchiral subgroups. 

All this is not too clear at present. What we seem to 
have is that whithin an S-matrix approach, at the 
point P,=0, one can resolve the old dilemma of chiral 
U(6)X U(6) being a symmetry at the same time as well 
as U(6)XU(6) nonchiral. 


6. OUTLOOK 


It must be admitted that it needs trepidation and 
courage to propose a theory of the type suggested here 
where the expectation is that higher symmetries may 
exhibit themselves best in giving a coherent description 
of Regge residues.”? This is because, on superficial evi- 
dence, the major necessary condition for the theory—the 
existence of a string of higher supermultiplets lying on 
the master trajectories—seems unfulfilled. Unfortu- 
nately the situation in this regard may remain un- 
changed for a number of years. 

The higher supermultiplets of U(6)XU(6) contain 
vast numbers of particles. The present rate of resonance 
identification, notwithstanding the heroic efforts of ex- 
perimental colleagues, is slow. The situation is com- 
plicated further because, as has been shown by Horn, 
Lipkin, and Meshkov and Abramsky and King,”* firstly, 
the higher SU(3) multiplets contained in these super- 
multiplets are hard to produce in normal meson-baryon 
and baryon-baryon collisions and, secondly, most of 
these resonances do not possess two-body decays. Also, 
there is a great amount of mixing going on when reso- 
nances have the same quantum numbers. Indeed much 
theoretical work needs to be done to identify experi- 


* This is the point of view which has consistently been empha- 
sized from the first when the symmetries were suggested rather 
that their use without qualification. Thus, for the S$ matrix, the 
outlook was stated in Ref. 5 as follows: “with the effective baryon- 
meson and meson-meson vertices available, it is a trivial step to 
write pole approximations for the strong-interaction four-point 
processes. With this approximation as the starting point, all S- 
matrix techniques (like Mandlestam representation, Reggeiza- 
tion, analytic continuation both in angular momentum and _uni- 
tarity spin) are available for determining the complete U(12) 
S-matrix theory. This is so because, as a rule, all that the S-matrix 
theory requires are Born approximations as the “input.” 

=D. Hom, H. Lipkin, and S. Meshkov, Phys. Rev. Letters 17, 
1200 (1966); J. Abramsky and R. King, 20 1408 (1968). 
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mental situations where there is most chance of observ- 
ing these higher multiplets. 

In practical applications of the theory, one difficulty 
has been noted in Sec. 4. This is the difficulty associated 
with symmetry-breaking effects in mass formulas and 
the trajectory shifts these can produce, so that the tra- 
jectory parameters must at present be taken from ex- 
periment. A second difficulty is connected with the gen- 
eral Reggeization program. The Regge-pole model, 
even with its large number of parameters, has spec- 
tacular failures as well as successes. The failures have 
been attributed to kinematic effects, imperfectly under- 
stood so far, and to the fact that pion-exchange effects 
(perhaps on account of their exceptionally long range) 
appear less amenable to a Regge treatment and more to 
absorption or coherent-droplet models. The Reggeiza- 
tion scheme presented in the present paper will inherit 
the conventional kinematical structure. To be sure, 
though, there will be new features, like the threshold 
factor (|q’||g)¥ rather than the conventional factor 
(lq’| ||)’, mentioned in Sec. 4, and the new zeros con- 
tained in ay, of Eq. (4.1) as well as the new features 
which will arise from a consideration of sense and non- 
sense phenomena anew in the present case.” 

It is possible that a Toller-like program may provide 
here, as in conventional Regge theory, one way to define 
singularity-free amplitude. It is perhaps worth remark- 
ing that something mathematically similar to a Toller 
expansion of conventional amplitudes in terms of O(4) 
rotation functions’ is automatically included in our 
formalism, through the U(2)X U(2) subgroup of U(6) 
U(6). Even though U(2)X U(2) has a completely differ- 
ent physical significance from O(3,1), the rotation func- 
tions for the two cases are identical. Whether this fea- 
ture is enough to take care of all kinematic singularities 
automatically, we do not know. Only experience with 
the formalism can tell. 

To expand on this point, it has been stressed before* 
that the U(6,6) theory has two relatively disconnected 
features: First, the obvious one, it includes the internal 
symmetry SU(3); second, and unfortunately the less 
emphasized but in our view the more important feature, 
it includes the extension of the space-time Lorentz 
structure SL(2,C) to the bigger (perhaps conformal) 
structure U(2,2). This extension U(2,2)~O(4,2) in- 
creases the number of “space-time” Casimirs from the 
two well-known ones of SL(2,C) to three of U(2,2). It 
was pointed out in Ref. 3 that the empirically well- 
established proportionality of electric and magnetic 
form factors of the proton is a direct consequence of this 
particular extension of SL(2,C) space-time group to the 
U(2,2) group. Thus, even if SU(3) was a badly broken 


* These latter (not studied so far) present fascinating problems; 
the mysterious vanishing of a number of residues in conventional 
theory may poet find a kinematical explanation in the present 
formalism. This may not be surprising if one remembers that the 
extended kinematics of this formalism is an expression of the dy- 
namics of hadron physics. 
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symmetry or if it was conclusively established that all 
hadron resonances make up only the 8’s and the 10’s of 
SU(3) and never any other multiplet, it would still, in 
our view, make better dynamical sense for Reggeization 
ideas to make a partial-wave analysis using the U(2,2) 
extension of space time structure*® [in practice in terms 
of functions Cy! and their derivatives corresponding to 
the little group U(2) U(2)]. Thus the first logical step 
in Reggeization of higher symmetries is to consider 
Reggeization of U(2)X U(2); this will give baryon and 
meson trajectories with content similar to those derived 
from noncompact groups by Barut and Kleinert”*; next, 
one may include isospin and extend the symmetry to 
U(4)XU(4) and, finally, with the inclusion of SU(3) 
to U(6)X U(6). The kinematic factors ayy’ arising from 
the decomposition of the relevant Cy’ to Cy=ayy'Ps 
for each assumed symmetry would be different. [For 
U(v)@U(v) symmetry the rotation functions are Cy¥ 
(cos6); for U(2v) they are Cy’(cos@); and for O(v) 
they are Cy¥~(cos@).] 

Hopefully, experiment may distinguish between the 
various possibilities which correspond to the successive 
chains of symmetry breaking. One of the important pa- 
rameters relevant to this distinction is the F/D ratio*’; 
it is a mathematically fascinating problem to compute 
the F/D ratio along the SU(3) 8-projection of the Feyn- 
man trajectory. Other problems are a better under- 
standing of the mathematical expansion theorem for 
the case of less degnerate series, a simpler procedure for 
computing the relevant d% functions, and, most critical 
of all, a reliable mass formula for use in (4.3). 


APPENDIX 


There are at least four formulations of (6,6) and its 
subgroup symmetries known to the authors.?:* Though 
their relative merits are hotly debated,” all of them un- 
fortunately suffer from one shortcoming or another. All 
approaches do at least agree on the subgroup hierarchy 
of Sec. 2 as representing the maximal possible invari- 
ance attainable. To describe the approaches and their 
interrelations, let us briefly recall the group structure 
they use in order to explain the detailed differences. To 
begin with, there is the U/(6,6) algebra which is iso- 
morphic to the algebra generated by the 16 Dirac ma 
trices y multiplied into nine SU(3) matrices 7°: 


(1 1FyY5;Y50,Y0;709,7075,Y0Y8C) x Ts; 


% We summarize here the results on rotation functions; for the 
most degenerate representations the rotation functions correspond 
to derivatives of Cy’ !/? for U(2y) and Cy*” for U(») XU (») 
groups. We conjecture that the same Gegenbauer polynomials and 
their derivatives occur for all other representations of the relevant 
groups. 

* A. O. Barut and H. Kleinert, Phys. Rev. 160, 1149 (1967). 

™ This has recently been emphasized by P. N. Dobson, Jr., 
Phys. Rev. 163, 1619 (1967). 

38S. Coleman, Phys. Rev. 138, B1262 (1965), has listed a still 
larger number of variants. 

*See, for example, Y. Ne’eman, Algebraic Theory of Particle 
Physics (W. A. Benjamin, Inc., New York, 1967) and P. T. 
Matthews, Nature 217, 197 (1968), review of this book. 
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(The Lorentz subalgebra is generated by o@ and y:0.) 
Four translations P, are adjoined to U(6,6), whose com- 
mutation property is obtained through the isomorphism 
P,+y,. For processes involving one (timelike) vector 
Po¥7o, the subgroup of U(6,6) which commutes with 
vo is the “little” group U(6)@U(6) which consist of 
(1,y0,0,voe)T*. Collinear processes confined to the 0-3 
plane require the “lesser” group which commutes with 
the pair of vectors yo and ya; this is U(6) and consists 
of (1,08,y001,7or2)T* [for the Lorentz case the analogous 
subgroups are SU(2),, consisting of o and the helicity 
group U(1) consisting of og alone]. W-spin is thus the 
generalized helicity of U(6,6). Finally, there are the co- 
planar processes confined to the 013 subspace whose 
“least” group is U(3)®U(3) made up of (1,7yo02) 7%; this 
has no analog in the Lorentz group case. 

So much is common ground. However, the four ap- 
proaches differ in the concrete realizations which they 
give to the generators of (6,6) and the way the transla- 
tions P, are handled. 

(1) First, there is the simple field-theoretic approach 
based on a Lagrangian formulation of U(6)@U(6) 
multiplets, e.g., the quark Lagrangian S=(iy-d—m) 
X<y¥+ ey)? or a more complicated Lagrangian con- 
structed from the U(6,6) multispinors. In this formula- 
tion the mass and interaction terms are U(6,6)-invariant 
whereas the kinetic energy terms of the type Pidy are 
not. Evidently open diagrams and their sums do pos- 
sess the hierarchy of little group symmetries (even if 
derivative interactions are included), whereas closed 
loops are not likely to preserve these. If a Regge pole is 
pictured as an infinite sum of pole diagrams*! the hier- 
archy of symmetries survives. However, inclusion of 
two-particle or more intermediate states, i.e., imposition 
of unitarity, breaks the chain through the symmetry 
breaking introduced by closed loops. 

(2) The second approach was suggested by a number 
of authors"! and developed in particular by Fronsdal 
and his collaborators. Here the full noncompact U(6,6) 
may be taken as a rest symmetry with the consequence 
that there must exist an infinity of particle states cor- 
responding to representations of U(6)@U(6) all having 


*®°R. Delbourgo, M. A. Rashid, Abdus Salam, and J. Strathdee, 
Proc. Roy. Soc. (London) 285A, 312 (1965). 
31L, Van Hove, Phys. Letters 24B, 183 (1967). 
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the same mass. The subgroup hierarchy provides exact 
invariance groups for the relevant processes; unitarity 
also is exactly satisfied but only in the mass degenerate 
limit—as soon as mass differences are introduced be- 
tween different particle states unitarity disappears. It 
is clear that Reggeization of approach (1) and its inter- 
pretation as a summation over an infinity of particle 
states brings closer together approaches (1) and (2). 

(3) The third approach is based on current algebras® 
and is wide enough to encompass either (1) or (2). Un- 
happily, there exists no model, however idealized, for 
which the charges defined from the full set of U(6) 
@U/(6) currents are conserved. 

(4) The last approach is the inhomogeneous U(6,6) 
theory of Bell and Riiegg and Charap, Matthews, and 
Streater,*? which adjoins 143 momenta to U(6,6). Be- 
fore specializing to four physical momenta the subgroup 
hierarchy, as well as unitarity in a generalized partial- 
wave expansion, emerge as exact consequences of the 
theory; also, one may write equations of motion for the 
nonunitary finite-dimensional representations of U(6,6) 
since one is dealing with a 143-dimensional Poincaré 
group. In the physical limit of four-momenta surviving 
from among the 143, the equations of motion of ap- 
proach (1) are obtained. One could write if one wished 
Majorana type equations in the (144) space for infinite- 
dimensional representations of U(6,6) to give a physical 
particle spectrum. The unresolved difficulty of this ap- 
proach is the definition of a sensible (stereographic) 
limit whereby the 143-dimensional space maps onto 
physical four dimensions. 

In Sec, 2 we have tried to formulate yet another view- 
point by accepting the subgroup hierarchy as empirical 
input. We have worked with just the conventional S- 
matrix setup in the physical space of four dimensions. 
We have made a partial-wave analysis based on the 
existence of a complete set of functions in terms of 
which 5(@) can be expanded—a purely mathematical 
procedure which must always succeed provided the weak 
statement of the input hierarchy of subgroups is 
guaranteed by the choice of the expansion functions. 
The full symmetry of the S matrix under the higher 
group is not needed. 

3. Bell and H. Rtiegg, Nuovo aa 39, 1166 (1965); J. 


Charap, P. T. Matthews, and R. F. Streater, Proc. Roy. Soc 
(London) 290A, 24 (1966). 
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One of the recurrent dreams in elementary particle physics is that of a possible 
fundamental synthesis between electromagnetism and weak interaction. The 
idea has its origin in the following shared characteristics: 


1. Both forces affect equally all forms of matter-leptons as well as hadrons. 
2. Both are vector in character. 
3. Both (individually) possess universal coupling strengths. 


Since universality and vector character are features of a gauge theory those 
shared characteristics suggest that weak forces just like the electromagnetic forces 
arise from a gauge principle. There is of course also a profound difference: 
electromagnetic coupling strength is vastly different from the weak. Quanti- 
tatively one may state it thus: if weak forces are assumed to have been mediated 
by intermediate bosons (W), the boson mass would have to equal from 50 to as 
large as 137 M,, in order that the (dimensionless) weak coupling constant 
g%,/4a equals e7/47. 


I shall approach this synthesis from the point of view of renormalization 
theory. I had hoped that I would be able to report on weak and electromagnetic 
interactions throughout physics, but the only piece of work that is complete 
is that referring to leptonic interactions, so I will present only that today. 
Ward and I worked with these ideas intermittently (1, 2), particularly the last 
section on renormalization of Yang-Mills theories. The material I shall present 
today, incorporating some ideas of Higgs & Kibble, was given in lectures 
(unpublished) at Imperial College. Subsequently I discovered that an almost 
identical development had been made by Weinberg (3) who apparently was 
also unaware of Ward’s and my work. 

The renormalization point of view has become increasingly more and more 
important as time has gone on. In fact, if I have heard the reports rightly, 
the major activity in the U.S.A. last year, at least according to the rumours 
we heard about it, was the attempt to renormalize the radiative corrections 
to beta-decay, particularly at Princeton, by Gell-Mann, Goldberger, Kroll, 
Low and others. I will not say that the problem of renormalization of weak 
interactions, together with their radiative corrections, has acquired the same 
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importance now as in 1947 it had for electrodynamics in connection with the 
Lamb shift, but I think it is a pretty serious problem, which must be treated 
at a fundamental level. 

Today it is not the renormalization to second order that one is speaking 
about. I have in mind a renormalization program that should apply for the 
complete theory just as the program applied for electrodynamics itself. From 
this point of view we shall see that this unification of electromagnetism and 
weak interactions becomes more and more of a necessity. Further, it places 
a large number of restraints on the type of theory one can have. 

For leptonic weak interactions the basic problem is of course that one is 
dealing with vector and axial vector interactions of spin half particles. The 
four-fermion interaction has not the slightest vestige of renormalizability. 
We thus consider intermediate boson theory and what we wish to do is to 
formulate the theory such that the photon appears as the neutral intermediate 
boson. Before I do this I shall briefly review what we know about the renormali- 
zation problem of vector mesons. As is well known, the lack of renormali- 
zability of the theory arises from massive vector mesons from the k,k,/m*(k? — m*) 
term in the propagator. 

(a) Consider neutral vector mesons, where there is hope that currents can be 
conserved. In this case Feynman’s old proof, in which he showed that this 
k,k, term latches on to the currents J, and J, at either of the vertices and 
disappears because of the conservation law, applies. The theory is renormaliz- 
able even if the vector meson is massive, as was first shown by Matthews. 
Thus current conservation must be preserved at all costs as a minimum re- 
quirement. 

(6) Clearly, for an axial current the mass of the source Fermi particle 
(electron or meson), which makes the current non-conserved, will destroy any 
hope of renormalizability. Therefore the second restriction is that we must 
not have a fundamental Fermi mass in the theory. 

(c) If one is dealing with charged vector or axial mesons the currents must 
include these particles themselves. To construct a conserved current this 
time we must have a recipe which includes contributions of the vector and 
axial vector mesons themselves within the current. The only known method 
for constructing such currents is the Yang-Mills recipe which arises when one 
is dealing with gauge symmetries associated with non-abelian symmetry groups. 

(d) Now what about the renormalizability of Yang-Mills theories? Around 
1962 the following was proved. Take U(3) symmetry; then out of the, say, 
nine currents of U(3), three of these, Jo, J; and J,, will allow the corresponding 
k,,k,|m? terms in the propagator to be transformed away. But, for the remaining 
currents the corresponding meson propagator must contain these terms and 
they cannot cancel even though the currents are conserved. Thus Yang-Mills 
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theory with non-zero meson mass is not renormalizable even if the currents are 
fully conserved. 

Therefore the only hope for vector mesons is (1) a Yang-Mills theory but 
also (2) that mesons should be massless. To state it more generally, it is not 
current conservation that is the criterion of renormalizability, but gauge invariance. 
The mass of the vector meson is not gauge invariant even though it does not 
interfere with current conservation. Nothing that will destroy the gauge in- 
variance is allowed. Thus the only hope for achieving a renormalizable theory 
involving vector currents is that the mass of the meson should come through 
a spontaneous symmetry breaking. Further, since the second source of lack 
of (axial) gauge invariance is going to be the Fermi mass term, what would be 
ideal is if the Fermi mass term could also come from spontaneous symmetry 
breaking and preferably the same symmetry breaking. The Fermi mass coming 
from symmetry breaking was an idea started by Nambu, and has been worked 
on particularly by Johnson, Baker and Willey in electrodynamics. One adds 
the mass term in the free part of the Hamiltonian, sets up an interaction 
representation, computes the self-mass and sets it equal to the physical mass. 
This gives a self-consistent equation. For the meson case the propagator has 
no k,k,/m* terms but just 6,,/(k*—m*) and the theory from the outset is re- 
normalizable. (See for more details ref. 2.) 

A second proposal and a related one is not to do this rather brutal addition 
and subtraction of mass terms but to work more gently. This is the method of 
letting the vector mesons interact with a set of scalar particles and to let them 
acquire physical masses by assuming self-consistently that these scalar particles 
possess non-zero expectation values. Consider, for example, the charged 
mesons ¢ and ¢* interacting with a neutral vector meson. Compute self- 
consistently from the theory an expectation value <¢,> for the ¢ field. The 
term e*f*¢A7i in the Lagrangian now appears to have a piece e%(¢,)?.42 which 
acts like the vector meson mass. 

Now all this is beautiful, but there was the suspected difficulty with this 
theory which held people back for a long time. This was the fear of Goldstone 
mesons. What one feared was that whenever you have such a theory Goldstone 
boson sits like a snake in the grass ready to strike. According to Goldstone’s 
theorem a number of massless particles must arise in any such theory. To 
see these massless objects it is simplest to take the same example as before 
of charged scalar meson; set 


¢=ee", $*=e07" (1) 
The Lagrangian equals 


L=8,$°O.h + m?$*d = (0, 0)? +0°(0, 0)? + n’g? (2) 
24 — 689894 Nobel Symposium & 
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It clearly has a massless field 0. It is this field 9 which for spontaneous sym- 
metry-breaking theories appears as the Goldstone boson. 

A big advance in resolving this difficulty has recently been made but I do not 
think that many people are aware of it. This is due to Higgs and, following him, 
Kibble who have shown that, true, there may be massless scalar mesons when 
you have done the spontaneous symmetry breaking. But if you have a gauge 
theory such objects can be transformed away as gauges and they have no 
coupling to the physical particles. To see this let us go back to the same example. 
Consider the Lagrangian 


£=(0,—ieA,)$*@ pt ie) t FurF uy tmp p G) 
Now write 
(0, tieA )¢ =e(8, 0 +ieA,e) (4) 


where A, =A,+0,0. Clearly the term 2,6 appears in such a way where it can 
be transformed away through the gauge invariance, and no trace of the @ 
field is left. Also, if we assume that the expectation value of 9 could be non-zero, 
ie. @=<0.>+0’ where Q’ is the quantized part of e, then the term e%92A2 now 
has a piece e(9,)*A2, i.e. the vector meson acquires a mass term in this particular 
gauge specified by <g>. 

What has happened? We started with the two fields @ and 6. One of the fields, 
g, I can use for spontaneous symmetry breaking. The other field was massless. 
The symmetry breaking gave mass to the vector meson and the massless 
objects got transformed away. So you have the best of all possible worlds in 
this theory. Since the mass term has come in gently through symmetry breaking, 
our claim is that the theory is renormalizable. It clearly is in the original 
formulation with ¢, ¢* fields. 

Let us now make use of this in the case of weak and electromagnetic inter- 
actions. I will try to get a Yang-Mills theory of weak and electromagnetic 
interactions combined because that is the only way of keeping currents con- 
served. Since there is a mass of the fermion, the Yang-Mills theory will want to 
be broken spontaneously. If the same symmetry breaking can be arranged to 
give masses to the charged intermediate bosons which mediate weak current 
but not to the neutral meson representing the electromagnetic field we would 
have removed the major objection to the unification of weak and electro- 
magnetic fields of having in one multiplet massive and massless objects. 

The application of the Yang-Mills ideas to weak and electromagnetic inter- 
action has been carried through by Gatto, Ne’eman, Ward, Salam and recently 
Weinberg. I will write it in an SU(3) notation and I hope that this will prove 
to be more than a notational nicety. What you do is that you have a fout- 
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component neutrino, a negative electron and positive muon, and define the 
lepton triplet 


v 
L= (- (5) 


Consider /-spin and V-spin subgroups of SU(3) where I define the scalars in 
I-space and V-space as 


h=T*, y-Brar (6) 


The lepton charge equals 


a( -1 (7) 
1 


Notice that the hadronic charge in the same notation is 


-pripal - 
A- P+ ar ( i ) (8) 


so that Q, and Q, are “orthogonal” combinations in T?, 7* space. Define 
right and left particles, conventionally, 
Yre=iltys)y (9) 


and note that 


Iu — Var=1(Qi+ 375 Q2) 


Ton — Vor= (0:-Ys 0s) (10) 
Now the weak interaction can be written as 
Loweax = (27 »), + (G0*)n) W~ + hic. = (Ty + Vix) W + (ie— Vas) Ws (11) 


where the intermediate bosons are W+ and W-. Note that the anti-neutrino 
right come in with muon and neutrino left with the electron so that all four 
components of the neutrino field are used up. This is a minor merit of the 
formulation. If one has a theory of symmetries it is undesirable to have to 
work with two-component neutrinos and four-component electrons and 
muons, because in some conceptual limit you would like to transform them 
into each other. 


372 A. Salam 


To complete the Yang-Mills gauge group we must introduce the third 
component of the vector W, adding on the term (Ja, — Vsz) Wa to the Lagrangian. 
Ideally one would have liked this to be nothing but the electromagnetic field. 
Unfortunately the /,,— sp term contains the y,;Q, piece which has nothing to 
do with electromagnetism. One must therefore introduce in this theory an 
additional neutral vector meson W, and add in a term 


Laeutra = (az ~— Ver) W3- V3 tan 6(Tox — Vor) Wo (12) 


to the Lagrangian (11). The factor V3 tan0 gives an arbitrary scale factor 
between the two neutral currents. In terms of the quantities 


A° = W, cos 0+ W, sin 8 


X° = —W, sin 6+ W, cos 0 (13) 
one can write the neutral currents as 

(cos 00, X°+sin 6Q,A°) (14) 
where 

Qx=} sec’ 6(30,7,+(2 cos@—1)Q,) (15) 


Identify A° with the Maxwell field. In addition one has to buy—as about the 
minimum price for this unification—another field X° which is neutral and has 
the current Qx. Note that the current Q, is diagonal in all the particles and 
does not transform electrons to muons. 

Let us not worry about muon mass for the moment and concentrate on the 
electron. We shall now introduce one common source of breaking the sym- 
metry introduced above which will give (a) mass to the electron (6) mass for 
W+, W- and for X° (but not to A°). To bring out the structure of this term 
let us rewrite the symmetry introduced above in a more familiar language, 
define a lepton hypercharge and write 


1Y¥=—-V¥3T? (16) 


All that I described above in the SU(3) notation can be re-expressed in the 
following way: we make a doublet out of the electron-left and neutrino-left 
with hypercharge — 1 and let the electron-right correspond to J=0 with Y= —2. 
This can be indicated in this way 


I; Y Q=I,+4Y 
Vit - 0 
ex—} -1 =I 
ee 0 -2 -1 
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To bring out the analogy with hadron physics, it would be as if we were dealing 
with © and QO. 
Write 


analogy ‘Ro 
Ca-mépe the. = fO-(JOnE)+he; X= ( s (17) 
Since I would now want to get this mass term as an expectation value of some 
scalar entity, I have written it in a suggestive form in analogy with a sort of 
AI=} rule for /-spin breaking. To do this I have exhibited an analogous 
interaction of Q- and & particles. The idea is that we introduce into the theory 
an object which transforms like the K-meson in leptonic I-space and that 
this object—or rather the K,, component of it—possesses a non-zero expec- 
tation value, {<K,,>m. The K-meson thus introduced must itself have a gauge 
interaction plus a mass term (plus a four-field interaction to allow it to acquire 
& non-zero expectation value). Thus its Lagrangian is 


L=(0,—ieW,) KO, tieW JK + PIO K +A HHIO? (18) 


If one does a very simple-minded calculation the expectation value of K® 
comes out of the magnitude 


(Ko © m*/2h (19) 
where m is the mass of the K-particle. We now use the Higgs ansatz and go 
into a special gauge where all objects except Ky, are transformed away. Higgs 
would tell us that of the four real fields contained in X, Ky, to which we have 
hopefully assigned the spontaneously introduced non-zero expectation value, 
will survive in the Lagrangian while Ky,, K+ and K- can be transformed away. 
What is further remarkable is that this will give mass terms proportional to 
e*(Ky,>* to the charged intermediate bosons W+, W- and to X® but not A°. 
The simplest way to see this is to remark that the vector meson field cor- 
responding to the symmetry which survives (electric charge conservation) 
started with zero mass and will end up in the special gauge with zero mass. 
There is only one symmetry which we are preserving in the whole business and 
that is the symmetry corresponding to the electromagnetic ficld. We had no 
mass for this field to start with and no mass when we finish, The other three are 
the symmetries we break; the corresponding vector fields acquire masses which 
are e?(Ky,>*. The whole thing has therefore worked out ina unified and beauti- 
ful manner; a renormalizable theory of massive vector mesons, in which electro- 
magnetism is built in as part of the theory and the Lagrangian is perfectly 
symmetrical. Only when onc goes to a special gauge, where 


Ue = et T-04 Y60 (5) (20) 


and where <0> = K,,, only in this gauge does the Lagrangian Jook ugly. 


374 A. Salam 


Like all suggestions in physics this one too has some associated difficulties. 
The first difficulty of course is “what shall we do with this expectation value?” 
We would like the mass of the vector meson 


my = @¢Ky)? (21) 


to be larger than 50 BeV or so to get the weak interaction constant to equal the 
electromagnetism. If we want the coupling constant e to be the electromagnetic 
coupling constant, then <K,,> must be of the order of 500-1000 BeV. We can, 
of course, arrange for such a large value of <Kj,> by making the mass m in 
front of the term Xt X large. But this is really shifting the problem of a large 
mass for the intermediate boson to a (still) larger mass for the scalar K-meson. 

This is not so pleasant. There may be another way out. Suppose we were 
using similar ideas for the baryon case, with something like a fundamental 
quark field which we assume to be very massive. If such a quark mass were also 
to arise from spontaneous symmetry breaking, the scalar object similar to what 
we called the K-meson above, coupling to such quarks, would need to possess 
an enormous value for its vacuum expectation value. Such a scalar object 
would couple with the intermediate bosons just like the K-particle above and 
give them mass, It may be more pleasant to find the source of large vector 
boson mass thus through its association with baryons rather than leptons. The 
point is that since weak bosons couple both to leptons and baryons, their 
large mass may come from the baryon side rather than leptons since all contri- 
butions of the type ¢K,,>* which determine both the baryon masses and boson 
masses come additively in the latter. 

All I am trying to say is that you must have a complete theory. And one must 
not be allowed to break symmetries in the fundamental Lagrangian ad hoc if 
vector meson renormalizability is to be preserved. I feel that this is a line worth 
pursuing just because it is so restrictive. 

Now some remarks on the construction of a similar theory for hadrons. This 
Ward and myself tried very hard to do in 1964 but we failed. The main source 
of the failure was always the Cabibbo angle. One does not want the neutral 
current introduced into the theory to be strangeness changing. In every theory 
with a non-zero Cabibbo angle this will inevitably happen. 

One line we tried was to use the same combination of J, and Vp for the 
hadrons with two types of intermediate bosons 


[Z, cos 6+ Vp sin 0] W,+[—J, sin @+V_ cos 6] W, (22) 


as far as hadrons are concerned. Let only W,-particles interact with the leptons 
and require that the charge values on leptons and hadrons given by the appro- 
priate neutral current be Q, and Q,, 
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0,=T?-V3T°, Q-P+ir (23) 
¥3 

This gives a unique value for @=15° which, it so happens, is the right numerical 
value for Cabibbo suppression of leptonic decays of hadrons. It is easy to 
check that there are no neutral strangeness-changing currents. I am not pre- 
senting this as the solution for the hadron problem, firstly because in sucha 
theory we would get a V+ A charged strangeness-changing quark weak current; 
secondly, to get any non-leptonic strangeness-changing decays at all we shall 
need to use a further spontaneous symmetry breaking which must employ 
something like a non-zero expectation value for the physical Ko-particles 
(<Ko.> +0) in addition to the intermediate boson theory above. The hadron 
problem is still unsolved. 
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Discussion 


Pais 

Suppose you have by some mechanism or other a range for the effective mass 
of the charged W. Suppose I calculate some leptonic process, in which more 
than a single W-meson goes across between leptons. Is it not seriously diver- 
gent? 


Salam 
My claim is that in the theory I discussed there is no k,k, term in the propagator. 


Pais 

In that case I want to ask a second question namely the following one. You 
have auxiliary scalar fields. I thought what you said is the following. The 
purpose of this field is by some self-consistency condition to generate the mass. 
At the same time you have no Goldstone particles. Suppose I have now re- 
transformed the theory into this form. In what way does that theory now 
present itself to me in a different fashion from a theory in which I had an 
ordinary mass from the very beginning? 


Salam 
Formally none. Except that this mass does not have the same origin. All your 
troubles are now computing this mass. 
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Sudarshan 

I would like to pursue this point a little further. Suppose, after the theory 
has reached its final stage, one attempts to write down rules for computing 
diagrams. Would I then simply substitute the g,,/(k* —m*) propagator? 


Salam 

Let us have it clear. There are two distinct formulations of the theory; the 
fields in the two formulations are being transformed one into the other by a 
non-linear (gauge) transformation. One is the perfect theory which contains 
all of the scalar particles; the gauge is preserved, etc. In that version of the 
formulation there is no k,k, term and there are no divergences. If you ask me 
for a dictionary to the conventional theory obtained by transforming to the new 
set of fields where not all the scalar particles are present I haven’t got this 
dictionary worked out yet. I conjecture that this will be a very simple dictionary 
but I have not evolved it yet. 


Pais 
So you have not proved that the k,k, term can be dropped? 


Salam 

It can clearly be dropped in the symmetrical version of the theory. I believe 
this will also happen in the normal theory because I know there are no diver- 
gences; and also I know the two theories are equivalent so far as the final 
results are concerned. 


Sudarshan 

But in that case if I look at the propagator then the effective propagator 
for this particular particle does it not have a scalar negative norm particle 
because of the g,,? , 


Salam 

No. It cannot have negative norms because the symmetrical version of the 
theory does not have them. A local transformation of fields cannot introduce 
negative norms if there are none before. 


Stech 

I have some difficulty in understanding such a high mass for the intermediate 
boson. If one wants to calculate, in a very rough way, an absolute rate for non- 
leptonic decays as Glashow, Weinberg and Schnitzer did some time ago or 
when one wants to compare the electromagnetic mass differences with non- 
leptonic matrix elements of the current-current type one sees that a high mass 
for the intermediate particle is not likely. There are several arguments against 
a high value of a mass (A) representing the structure of weak interaction. My 
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own one is based on a comparison of electromagnetic mass differences with 
one-particle matrix elements of the weak interaction describing non-leptonic 
decay processes. 

One has for an example: 


3m,(nt, — my) 


d‘q 4y pez # — ¥3 
[EE fareeercnl 7074 uGe)”2Op|p> = A 
and 


dg A? 4 m 4-15 Ht 4-15 1 
= g+ Aim fe x(a TV 12(x) Vi (0) + A440) Ay (0) | Ae + V3 >) 


On)'(n] Haan AP+ 73°) 


sin 6 cos 0Gm?/V2 


A comparison of the two integrals can be made using the assumption that the 
high momentum transfer region (Bjérken limit) decisively determines the 
(dominant) octet parts of the two interactions. Defining a factor x by 
x=(n|VV+AA|A°+(1/V3)Z/2V2<n| VV'|p> one gets from the known num- 
erical values of the right hand sides of the above equations (using octet parts only) 
|x| 0.16 m5/A?. By this relation high values of A are excluded even if a size- 
able suppression of the weak interaction matrix element (in breaking SU(3) x 
SU(3)) occurs. This conclusion is, of course, not valid if the high momentum 
transfer region is unimportant for the value of the integrals. In this case 
|x] +0.16(1/q?)m? i.e. rather low values of g? determine the integrals. The 
Bjérken limit would be irrelevant and could not be held responsible for the 
octet dominance observed in both interactions. 


Salam (remark added after discussion) 

The two integrals can be compared only if one neglects A? in the denominator 
1/(—q?+ A’). Clearly for A? (50 m,)? this is questionable. So the argument 
based on neglecting A? in the denominator to prove that Ais small is somewhat 
circular. 
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Finite-Component Field Representations of the Conformal Group 
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We review work done on realization of broken symmetry under the conforma! group 
of space-time in the framework of finite-component field theory. Topics discussed in- 
clude: Most general transformation law of fields over Minkowski space. Consistent 
formulation of an orderly broken conformal symmetry in the framework of Lagrangian 
field theory; algebra of currents and their divergences; Manifestly conformally covariant 
fields and their couplings. 


I. INTRODUCTION 


The conformal symmetry of space time as a possible generalization of Poincaré 
symmetry has provided a recurrent theme in particle physics.1 The problems asso- 
ciated with conformal symmetry are (i) its physical interpretation and (ii) the 
problems arising from its broken character and the precise manner of descent to 
Poincaré invariance. 

In this paper we wish to concentrate on (ii) and present work done on realization 
of conformal symmetry—and in particular of the algebra associated with the group 
—using field operators which satisfy Lagrangian equations of motion. The fields 
may be defined over Minkowski space-time manifold x, or over a projective six- 
dimensional manifold 4, related to x, . We believe this approach to conformal 
symmetry offers the best hope of exploiting the symmetry physically in contrast to 
approaches based on a group theoretic treatment of state vector spaces associated 
with the group.’ This is essentially because in the latter approach it would be much 
more difficult to see how to break the symmetry down to Poincaré invariance. 


* Permanent address: University of Munich, Fed. Rep. Germany. 

** On leave of absence from Imperial College, London, England. 

1 A historical survey may be found in Refs. (/-3). 

2 Unitary irreducible representations of SU(2, 2) (sO(2, 4)) have been constructed in Refs. 
(4-10). The problem of reduction with respect to the Poincaré subgroup has been considered 
in Refs. (JJ-15) for few special cases. 
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The plan of the paper is as follows: In Section II we give the most general trans- 
formation law of fields (defined over Minkowski space x,) for conformal symmetry, 
using the theory of induced representations. 

In Section III we enumerate the Lagrangians (for particles of spin <1) which 
are conformally invariant and describe some modes of symmetry breaking—in 
particular the physically interesting case of conformal symmetry breaking to the 
extent of breaking dilatation invariance only. A current algebra formulation of 
broken dilatation symmetry has recently been found useful and gave rise to sucess- 
ful predictions for multimeson production (/6, 17). Here we extend this scheme to 
the full conformal group, considering it as a broken symmetry in the same sense as 
chiral SU(3) ® SU(3). For an explicit Lagrangian model see Appendix. 

Even where the formalism of Sections II and III is conformally covariant, it is 
not manifestly so. In Section IV we treat the manifestly covariant formulation of 
wave equations for quantized fields defined over a six-dimensional projective space. 

In Section V we review an attempt to understand V — A or V + A weak interac- 
tion theory as a conformally invariant theory of fundamental interactions. Not 
considered in this paper are representations of the conformal group which give 
rise to infinite component fields. They will be discussed elsewhere (18). 

The reader who is mainly interested in a discussion of possible physical inter- 
pretations of the conformal group is referred to Refs. (19-25). Mention should 
also be made of work of Ref. (26) which is somewhat different in spirit. 

Without further discussion of the usefulness and consistency of possible different 
physical interpretations, we adopt for the purpose of the present paper the following 
point of view, following essentially Kastrup (2, 24) 


1. Exact dilatation symmetry would imply that to every physical system in any 
given state sub specie aeternitatis and for arbitrary p > 0 another one exists which 
is realizable in nature and differs from the first one only in that every physical 
observable is changed by a factor p'; where /is the dimension of length of the observ- 
able in question. 


2. Special conformal transformations may be interpreted as space-time 
dependent dilatations. 

3. We consider only infinitesimal transformations. Then no problem arises 
with causality; in particular the local equal time commutation relations (C.R.) of 
fields will be invariant. (Section III.) 


Il. TRANSFORMATION LAW OF FIELDS 


The conformal group of space time consists of coordinate transformations as 
follows: 
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1. Dilatations 
x= px,, p>o 


2. Special conformal transformations 
x) = a '"(x)(x, — ¢,x*) (II.1) 
where 
o(x) = 1 — 2cx + c®x? 
3. Inhomogeneous Lorentz transformations 


The generators D of dilatations, K, of special conformal transformations, and 
P,,, M,, of the Poincaré group admit of the following commutation relations (C.R.): 


[D, P,] = —iP, [D, M,,] == 9 
[D, K,] = ik, [K, . K,] = 0 (I.2) 
IK, ’ P,) = —2i(g,,D + M,) [K, > Mw] — i(g,.K, > BovK,) 
plus those of the Poincaré algebra. Parity must satisfy 
ODI =D, [IK.71=4+K,, J1P,II-' = +P, (IT.3) 


where the + sign stands for » = 0, and the — sign for » = 1, 2, 3. 
The C.R. I.2) can be brought into a form which exhibits the O (2, 4) structure 
of the conformal group explicitly by defining, for u,v = 0 --- 3, 


Iw = My» Jes = D, Jey = (P, — K,), Tou = +(P, + K,). 
Then 
xr» Jun) = i(gxnJim + SimJxn — SxmJin — 8inJkm) ‘UL4) 


where 
faa = (+--+, —+4), A = 0,1, 2, 3, 5, 6. 


Note that the special conformal transformations do not take momentum eigen- 
states into momentum eigenstates, as [K,, , P,] does not commute with the momenta 
P,. We also notice the relation (27) 


eiaD ptg-iaD — p20 p? 


Because of this relation, exact dilatation symmetry (with an integrable generator D 
that takes one-particle states into one-particle states) implies that the mass spectrum 
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is either continuous or all masses are zero. This clearly implies that exact dilatation 
symmetry is physically unacceptable and one will therefore have to make assump- 
tions on the dynamics which specify how the conformal symmetry is broken. A 
theory of this type, which is in a sense analogous to the SU(3) @ SU(3) current 
algebra with PCAC will be presented in the next section. 

First we have to define, however, what we mean by an (infinitesimal) dilatation 
or special conformal transformation, as we want it to transform a physical system 
into another one that is realizable in nature (and not, e.g., a proton with mass m 
into some nonexistent particle with mass p—!m, for arbitrary p > 0). 

To do this we postulate that there exist interpolating fields to every particle which 
transform according to a representation of the conformal algebra, i.e. 


(T(g) P)x (x) = Sye(g, x) pe(g-'x) for infinitesimal geo (2,4) (II.5) 


where g acts on the coordinates x as indicated in Eq. (II.1). 
It follows from Eq. (II.5) and the multiplication law for the representation matri- 
ces 7(g) that 


S(g, 0) must be a representation of the stability subgroup of x = 0. 


It is seen from Eq. (II.1) that this subgroup (the little group in physical usage) 
which leaves x = 0 invariant is given by special conformal transformations, 
dilatations and homogeneous Lorentz transformations. From the C.R. Eq. (II.2) 
one finds that the Lie algebra of this subgroup is isomorphic to a Poincaré algebra 
+ dilatations, i.e. we have 


(SOG3,1) @{D}) YM. (1.6) 


The 4-dimensional translation subgroup 7, corresponds to the special conformal 
transformations, and SO(3,1) is the spin part of the Lorentz group. 

Given any representation S(g, 0) of the little group (11.6) we can now determine, 
in accordance with the standard theory of induced representations (28), the 
complete action of the generators of the conformal group on the field g(x) as 
follows: 

Let 2,,, 4, «, be the infinitesimal generators of the little group (II.6) corre- 
sponding to Lorentz transformations, dilatations, and special conformal transfor- 
mations, respectively. They satisfy 


[xu ’ k,] = 0, [4, Ky] = +ik, 


[x, > Zw) ad (Spur, a Bovleu)s (I1.7) 
[2,0 ’ Jw] — (Goud = Prec it Baieiou + Sw ou) 
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Choose the basis in index space in such a way that space time translations do not 
act on the indices, i.e. 


Pypal) = i pag a) (8) 


It follows that for every element X of the conformal algebra 


Xo(x) = exp(—iP,.x“) X’p(0) 


where 
X’ = exp(+iP,,x") X exp(—iP,x") 
ew — x o afP, CLP, » XIII (11.9) 
n=O "* 


The important point is that the sum on the RHS. of Eq. (II.9) is actually finite.* 
From the C.R. Eq. (II.2) it is found by inspection that there are at most three 
non-vanishing terms in this sum. Evaluating the finite multiple commutators, e.g., 
for X = K,, we get 


exp(+iP,x’)K, exp(—iP,x”) = K, — 2x°(8,D + Muy) + 2x,x°P, — x*P,,. 
From this we now deduce the action of K,, D, M,, on (x), since the action on 
(0) is known by hypothesis; e.g. K, (0) = x, 90). The final results are 

P, p(x) = 18,9(%) 
M,,9(%) = {i(x,8, = %,0,) + Zw 9(x) 
Do(x) = {ine + 4} pp) 
K,9(x) re {i(2x,x,0” — x*d,, ae 2x" [2A + Zul) + Ky} ox) 


(IT.10) 


where the matrices Z,,,, 4, «, satisfy the C.R. (IL.7). 


We have thus shown that all field theoretically admissible representations of the 
conformal algebra are induced by a representation of the algebra of the little group 
(11.6). Since this algebra has two nontrivial ideals (=invariant subalgebras) 
{D} 2 T, > T;, there arise the following types of representations: 


I. finite-dimensional representations of the little group 


(a) x, = 0 
(b) x, ~ 0 but nilpotent 


2 The finiteness of this sum follows also from a general theorem of O’Raifertaigh’s (29): Let G 
be any finite dimensional Lie algebra containing the Poincaré algebra P = SO(3,1) 7. Then 
there exists a finite number 7, such that 

IT, (GL... 7, 41...]]] = 0 for 2 > m and any Xe G. 
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I]. infinite-dimensional representations of the little group. 
Regarding these representations and their physical uses, the following remarks are 
in order: 


(1) For case (Ia) 4 = i/1 by Schur’s lemma if the 2,, form an irreducible 
representation of the homogeneous Lorentz algebra. 


(2) In Section III it will be shown that the notion of a (broken) conformal 
symmetry admits of a perfectly consistent formulation in the framework of ordinary 
Lagrangian field theory. This theory makes use of finite-dimensional representations 
of the little group (II.6), with «, = 0 (type Ia). All generators will be hermitian. 


(3) For case (Ib) the conclusion that all the «,, must be nilpotent follows from 
the well-known fact that in any finite-dimensional representation of the Poincaré 
algebra the generators of translations are nilpotent (30).‘ 

(4) The possibility of using representations of type (Ib) for physical purposes 
could be interesting because it may give rise to spin multiplets. The problem is that 
the representations induced in this way are apparently not fully reducible. 

Further discussion on this possibility will be given in Section V, where Hepner’s 
work on the use of these representations will be reviewed (31). 


(5) The possible use of infinite-dimensional representations of the little group 
will not be discussed in this paper. This would lead to the consideration of infinite- 
component field theories which will be discussed elsewhere (/8). 


I. LAGRANGIAN FIELD THEORY; APPLICATION TO STRONG AND 
ELECTROMAGNETIC INTERACTION 


In the present section we shall show that the idea of an orderly broken symmetry 
under the conformal group of space time admits of a perfectly consistent formula- 
tion in the framework of ordinary Lagrangian field theory. The considerations 
presented here are an extension of an unpublished note by one of the present 
authors (32). For simplicity we assume fields with spin <1 and minimal couplings.® 
We shall show that: 


(1) There exist local conformal currents %;, and a dilatation current 9, 
such that the corresponding generators K, and D are hermitian and have 
C.R. with the particle fields as given in Eq. (II.10), with 4 = i/1, x, =0 
(type Ia). This is true independently of whether the action { & d‘x is invariant 
or not. 


“Recall that nilpotency of a matrix « means that «" = 0 for a suitable positive integer m. 
* Minimal couplings are those involving no derivatives of fermion fields and up to first order 
derivatives of boson fields; they have the virtue of not affecting the canonical C.R. of the fields. 
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(2) The kinetic energy term without mass is conformal invariant.* The same 
is true of all non-derivative couplings with dimensionless coupling constants 
and all couplings arising from (Yang-Mills type) (34) gauge field theories. This 
includes electromagnetism. It also includes weak interactions mediated 
by an intermediate boson, if this boson is associated with a gauge field asso- 
ciated with some internal group (e.g., for hadrons, the Cabbibo SU(2) subgroup 
of one of the SU(3) ideals of chiral SU(3) © SU(3), or the U(2) ® U(2) group 
considered for leptons by Ward and Salam (36), which includes both EAM and 
weak interactions.) 


(3) Besides the exact symmetry limit corresponding to massless particles 
only, the possibility also exists of a spontaneous breakdown of conformal 
symmetry. There, all particles can be massive except for J = 0, J? = 0+ 
massless Goldstone boson. An example of a corresponding Lagrangian (the o 
model of Gell-Mann and Lévy) is discussed in the Appendix. 


Abstracting from Lagrangian field theory, a current algebra type scheme may 
be set up. It is composed of the C.R. of the currents with the particle fields, 
Eqs. (III.1) and (II.6), and the relation (III.17) between the divergences of the 
currents. In addition, an algebraic relation between the divergence of the dilatation 
current and the axial vector currents of chiral SU(3) @ SU(3) has been proposed 
elsewhere (/6) and is given in Eqs. (A.4) and (A.5) of the Appendix. Equation 
(III.17) expresses the idea that the breaking of conformal symmetry is minimal in 
the sense that there is only as much breaking of the conformal symmetry as is 
induced by the breaking of dilatation symmetry alone. 


1. The conformal currents 


According to Eq. (II.10) we want to transform the interpolating fields as follows 


(a) = Dex) = i(—1 + x0) oe) 
(b)  K,o(x) = i(—2x, + 2,2, — x88, — iE) ox) (IL) 
(c) M,,,9(x) = i(x,28, i x,,, i id.) ox) 


If is the electromagnetic vector potential, we may postulate this transformation 
law only up to a gauge transformation. Eq. (III.1) is to be understood in this sense 
in the following. The well known (35), (27) reason for this is that, for a massless 


* The conformal invariance of the free Maxwell equations and the free massless Klein—-Gordon, 
Dirac- and Weyl- equations has been known for a long time, cf. Refs. (1-3). 

A conformal invariant spinor equation with a nonlinear interaction (4)*/* has been considered 
by Girsey (/) 

Conformal invariant wave equations in Minkowski space for massless free particles with arbitrary 
spin have been considered in refs. (22, 15, and 33). 
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particle, the vector potential is not a manifestly Lorentz covariant field in the 
ordinary sense. Through the last equation, %,,, is defined in terms of the spin of the 
particle: 


when acting on a spin 0 field Ly, = 0 
when acting on a spin } field 2 = 5 [Yu » Ye] 
when acting on a vector field (2,4), = i(Gue4, — SveAu) 


The present theory does not lead to multiplets of particles with different spin. We 
fix the values of / to be 


? = —1 for sclar and vector fields 


(III.2) 
/ = —} for spin } fields 
and / = —1 — ; for (0, /) @ GU, 9) fields for arbitrary spin j, cf. ref. 75). This 
choice is necessary in order to obtain acceptable currents because only then the 
canonical equal time commutation relations of the fields are invariant.’ The values 
of J in (III.2) agree with the actual dimension of length of the fields in question. 
Note that (III.1c) is of the form g’(x) = p'¢(p-1x) under x, > px, ;p = 1+ €s0 
that the fields transform under dilatations according to their actual dimension of 
length. 
We can now write down the following local currents: 


oF 
9x) = x°T,, — 2 I, 3a, 
of ‘ 
4A) = 2x°xX,T yp = T,,, cm y (S55 (21%, + 2x? Lio) 9) a - Budd 
Eee, tele 
e 


(111.3) 


For the free field case with exact symmetry, similar currents have been written down 
by McLennan (33) and Wess (27). 

The angular momentum current has the usual form. The energy momentum 
tensor is defined by 


Of 
T,,(x) = —Bipk + 2. a, 
2 00"—, Pr 


7 Eq. (III.2) also follows from the requirement that the free massless wave equation be fully 
conformal invariant. 
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It is convenient to choose the kinetic energy term in the Lagrangian as: 


L= YS WyF— Mot LT Wagtee —p*9*9) 


spin¢ apinod 
_ Y {2(2,,B, - 2,B,)? + 4m B, B’} (IIT.4) 
spinl 


Since the zeroth components of the currents, 7o,, 2, %, and -@,,, are all 
hermitian, the corresponding generators, formally defined as the space integrals of 
the zeroth component of these currents, are also hermitian. 

One checks by using the canonical equal time C.R. of the fields 


[d{x), 7(x')]z = 18%(x — x’) for x9 = X4 (III.5) 
that 
Dox) = —[ axl D(x"), Hegre, 
° (111.6) 
Kos) =~] Pxf Fle), Plas, 


satisfy Eqs. (III.1). This is independent of whether the Lagrangian is conformal 
invariant or not. (The integration in (III.4) goes over some volume v including 
x = x’) 


2. Divergence of the Currents. 


We now turn to the discussion of the properties of the divergence of the dilatation 
current Y, and special conformal currents %;,,. The dynamical information of a 
symmetry (exact or broken) defined by the transformation law of the fields, lies in 
the properties of the divergence of the corresponding currents. 

From Eq. (III.3) it is seen that the dilatation current 2,(x) depends on x explicitly 
and can therefore not be coupled to the field of a vector particle. However, using 
energy momentum conservation @7,, = 0, we find for its divergence 


of 
a(x) = T, — 4, Is l, 2,0, o| (111.7) 


From this we see that: 


The divergence of the dilatation current is a local 
I= 0, J? = 0* field. 
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Using the Euler Lagrange equation of motion, (III.7) can be rewritten in the 
form (37) 


#O(x) = 42 ~F(L — e+ — Dae up) (UL) 


From Eq. (III.8) it is seen that all pieces of the Lagrangian that .do not involve 
constants with nonzero dimension of length give zero contribution. To see this, 
notice that the RHS of Eq. (III.8) vanishes, since it is simply the Euler equation 
for a homogenous function (all terms having the same dimensionality). This 
establishes that the kinetic energy term without mass is dilatation invariant, and so 
are all couplings with a dimensionless coupling constant. 

Next we turn to the divergence of the conformal currents. Using energy 
momentum conservation we find from Eq. (III.3) 


of 
od, =2 “ T’, — 4, La ir 
© x. e 20, Gr m4) 
ce 
—2 2h 25 r ee Gr + 2s > = Ew + 5 + a(¢* ¢) 
spind 


+ 2xP 


T., _ Tou + 2i a, 22 00,0, E901) (11.9) 


The last line is equal to 2x°d".W,,,, and vanishes by angular momentum conserva- 
tion. Hence 
ON), = 2x,09, + V, II.10) 


where V, is a local vector field defined by the second line on the RHS of Eq. (III.9). 
From Eq. (III.4) one checks by explicit calculation that the kinetic energy term 
without mass gives zero contribution to V,,. Since it gives no contribution to 
o@, either, we see that the kinetic energy term without mass is fully conformal 
invariant. Furthermore, from (III.10) the condition that an interaction Lagrangean 
£, be fully conformal invarjant is found to be the following 


(1) It is dilatation invariant, i-e., has a dimensionless coupling constant 


ag; aL; = = ooe 
(2) L (/ aar—, e+ iagg SoZ vr) = 05 w= 0-3 (UII.11) 


Condition (2) is independent from condition (1) as is seen from the example 
£, = gA*x(2,,0) which satisfies (1) but not (2). An example which satisfies neither 
(1) nor (2) is the derivative pion nucleon coupling Nysy,Né“r. For nonderivative 
couplings, condition (2) is trivially satisfied. 
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3. Yang-Mills theory 


Let us now turn to the question of the conformal invariance of the coupling of 
vector gauge fields in a Yang-Mills type gauge field theory. Let A be the internal 
n-parameter symmetry algebra, and B,*, a= 1---n, the corresponding gauge 
vector fields. Under an infinitesimal transformation with constant infinitesimal 
parameter ¢*, all fields transform according to 


®,=6,4+86,, 80, =icT? 0, (111.12) 


where the matrices T, form a hermitian representation of the algebra A. Hermiticity 


reads 
(T. rf o=Htr; (I.13) 


As is well known (34, 38), all couplings of the vector fields B,* are completely 
determined from the postulates of a Yang-Mills type theory and are obtained by 
the substitution 


8G,» 8,0, — igT? B® 


aA u ~B 


(11.14) 


Here, g is a dimensionless real coupling constant. To test for conformal invariance 
we see that condition (1) above is always fulfilled, while condition (2) is also satisfied 
because the only derivative couplings are the couplings of mesons, which have the 
form 


4, = — B{(G+O4)*(T? ,)*D, — (4) T?2 2D BS (II.15) 
for spin 0 fields ®, , and 
Gy = 5 8(Opr)*(T2_*(,5B,o — PunB,2) — hee} (16) 


for spin | fields »,’. Inserting into Eq. (III.11) and making use of Eqs. (III.13) and 
(III.2) one finds that condition (2) is indeed satisfied. 


It is now tempting to speculate that in physics there is only as much breaking of ; 


conformal symmetry as is induced by the breaking of dilatation symmetry. In 
other words there should be a remainder of conformal symmetry in the sense that 
all couplings satisfy condition (2) above. This is equivalent to the algebraic condi- 
tion 

Od, = 2x, 0D, (01.17) 


The virtue of this restriction is that it still allows for a breaking of the symmetry by 
the mass terms in the Lagrangian. 
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IV. MANIFESTLY O(2, 4) COVARIANT FIELD TRANSFORMATION LAW 


General experience from the history of elementary particle physics may lead one 
to the opinion that “the only good covariance is a manifest covariance’’. This is 
the motivation for the present section. It is mainly pedagogical in character and 
much of the material presented may be found in the literature for special cases, but 
is presented here in a unified way. Manifestly conformal invariant free field equa- 
tions were first discussed by Dirac (39). Invariant interactions were given by 
Kastrup (40). 

The problems to be solved are the following: 


(1) Write down manifestly conformal invariant transformation laws 
for fields. 

(2) Determine the relation between the old fields ,(x) occurring in 
the transformation law Eq. (II.10) and the new fields which are trans- 
formed manifestly covariantly. 

(3) Write down manifestly invariant free field equations and interac- 
tions. 


The new fields will be multispinor functions on the four-dimensional surface in 
a five-dimensional projective space rather than Minkowski space. Their physical 
interpretation will nevertheless be guaranteed by correspondence with ordinary 
fields y,(x) over Minkowski space discussed in Section II. This correspondence 
also allows one to consider questions of unitarity and quantization by reference 
to Minkowski space. 


1. Manifestly Covariant Transformation Law for Fields 


A manifestly O(2, 4) covariant transformation law may be written down for 
multispinor functions y(n) defined on the five-dimensional hypersurfaces of R* 
given by 

mP = Lt av.1) 
and satisfying x67) = xe(—7). 

Summation over B is over 0, 1, 2, 3, 5, 6 with metric (+ ———; —-+). There are 
three essentially different surfaces, corresponding to L? = +1, 0. 

Suppose that sap is any finite dimensional representation of the algebra of O(2, 4) 
(*SU(2, 2)) acting on the indices of x¢(y) only. Then a manifestly covariant 
transformation law including an orbital part is given by (cf. Eq. (II.4)) 


5x(m) = —ieA®Sanx(n) = —ieAB(Law + Sap) x(n) (IV.2) 


where 9 
Laz = i(qaes — yp), oa = one 
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Clearly Lay and sax commute with each other and satisfy the C.R. of O(2, 4) 
separately. It is important to notice that L,, is a well defined operator when acting 
on functions that are only defined on the hypersurface (IV. 1) (39). This is so because 
Lz corresponds to an infinitesimal coordinate transformation which is a pseudo- 
rotation of the hypersurface (V.1) into itself. 


The cone 
nay = (IV.3) 


is also left invariant by the coordinate transformation 7, —> Ang , A > 0. Moreover, 
this transformation commutes with the O(2, 4) rotations. Therefore we may require 
the fields to be homogeneous functions on the cone (IV.3) 

xn) = A*x(m), Le. pBOax(q) = nx(n). (IV.4) 
These homogeneous functions then depend arbitrarily only on 4 of the 5 coordinates 
which determine a point on the cone (V.3), i.e., just as many as there are coordinates 
in Minkowski space.® We shall restrict our attention to this case in the following. 


2. Mathematical preliminaries. 
Before proceeding, we need to know some mathematical lemmas. 


Lemma 1. By a suitable choice of basis, each finite dimensional representation 
of the algebra (11.7) by matrices =,, , 4, x, can be brought into the form 


P Agl 


* 
Zz Aa 


Z | 


Juv 


oy : 


K, = a (IV.5) 


4s 
(c) 
Note in particular that all «,, are nilpotent, as («,,)" = 0, and their top rows are 
identically zero. 
® A subtle point here is that the points where at least one coordinate x, is infinite may also 


correspond to finite coordinates on the cone. This is however not important here as we consider 
only infinitesimal transformations. 
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Proof. Finite dimensional representations of SL(2C) algebra are fully reducible, 
whence (a). As [2,,,,, 4] = 0, (b) follows by Schur’s lemma. Without loss of gene- 
rality, ReAy > Reda, > --- > ReA,. By C.R. (IL7), each «, is a stepoperator 
lowering the eigenvalue of i4 by 1. This implies (c). 

We also need some properties of finite dimensional representations of O(2, 4) 
algebra. We make use of its isomorphy with SU(2, 2) algebra and the well known 
Weyl’s unitary trick to arrive at 


LemMA 2. All finite dimensional representations of O(2,4) algebra (without 
parity) by matrices San = —Spa can be obtained by reducing out tensor products of 
the following two inequivalent fundamental 4-dimensional representation A‘+) and A‘-) 
given by matrices yp, as follows: 


i i 
ys hea Yu = 4 [Yu ’ y]; Yus = 5 Mus 


Ys = —tYs; Yus = bYu (IV.6) 


7 i ; i 
A: Y= ri [yus Wh Yue = 3 YuYs 
Vse = 3753 Jus = wy. 


yu are Dirac matrices defined by {y, , y.}4 = 284, , and y5 = Yoy1/2y'3. All matrices 
satisfy AygcA = Yi, where A = yo for the usual choice of Dirac matrices with yo 
and iy, hermitian. 

Parity transforms A‘+) into A‘ and vice versa. The two representations A+) and 
A‘ are conjugate to each other. 


This is a weak form of a standard result (4/). 

The simplest nontrivial representation of O(2, 4) with parity is eightdimensional 
and unique up to a choice of basis. It is given by 4 = 4‘) @ A). It is convenient 
to carry out a basis transformation such that 


i i 
Yur = 4 [yu » y), yu = 2 YuTe 
i V. 
Ys =~ 9 T8 Yue = us oe 
I= Yo 


Parity is represented by y, here. 7, are Pauli matrices. In this form the eight dimen- 
sional representation has been given by Murai (42). For this representation a 
Clifford algebra exists such that (39, 40) 


, [Ba.,Bs] = yas; (Ba, Ba} = 2gan (IV.8) 
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The matrices 8, transform as a six-vector in the sense that 
5(c:) BAs“Y(a) = aApB®, ice. [Ba, yao] = i(GanBc — Backs) 


The real numbers «4g are the parameters characterizing an element of O(2, 4) 
group. This transformation law will be important for constructing invariant 
couplings. Explicitly the 8, may be given by 


Bu = YuTs 3 Bs = ity; Be = Ts (IV.9) 
There is also a conformal pseudoscalar B, 
Bz = —iBoBBoPsBsBe = iysts TIBI = —B,. 
All matrices satisfy 
AyscA = Yoo and ABsA = —By*, where A = yor; (IV.10) 


We further need the following consequence of lemma 2: 


LEMMA 3. Suppose we are given a representation of SU(2, 2) algebra by matrices 
Sap acting on a finite dimensional vector space #. Evidently this provides at the same 
time a representation of the subalgebra (I1.6)f by matrices 


Ku = Seu—Ssus Zw =Sw3 4 = Seg. (IV.11) 
We assert that there exists a projection operator E such that 
(1) «,E 4 0, (IV.12) 


Q) «=F E=0, 2 =ES,E, 4 = ESE—in1 


and 


form anew representation of the algebra of the little group (11.6) acting on #’ = EHX. 


n may be any c-number. 
Moreover, every representation of the algebra of the little group with x, = 0 
may be obtained in this way from a suitable representation of SU(2, 2) algebra. 


A constructive proof will be given below.® In the basis of Lemma 1, #” is 
spanned by vectors of the form 


* 

0 

0 
* Note that this construction does not amount to restriction to an invariant subspace under 
the full little group, as obviously [Z, «,,] # 0. Instead we are here exploiting the fact that our 
little group is not semisimple, and its finite dimensional representations are in general not 


completely reducible. «,£ # 0 will be important later for the construction of invariant wave- 
equations. 
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It follows from (IV.5) that «, maps these into the orthogonal complement 3’+ 
of #’. Consequently Ex,E = 0. However, none of the matrices Z,, , 4, «, makes 
a transition 3’ —> #°’, as 0’ and ’+ are separately invariant under £,,, and 4 
by virtue of Lemma 1, and «, has the form (IV.5). Thus #” forms a representation 
space for the algebra {Z,, , 4’}, extended to one of (II.7) by adjoining «, = 
Ex,E = 0. This completes the demonstration of the first part of the lemma. 

It is useful to reformulate in matrix language. With a choice of basis as in Lemma 
1, the matrices (Z/,)ss, (4’ + in 1).s, («jas = 0 are submatrices of Z,,, 4, Ky 
with «, B € Ipnys - Jpnys is the set of indices « such that the basisvectors e, « #’, 


where 
H' = # — U x, 
“ 


Finally, addition of a multiple of the identity to 4’ does obviously not change the 
CR. 
The second part of the Lemma 3 may be proved by explicit construction. 
Consider the multispinor which transforms as direct product of 4-dimensional 
fundamental representations 4‘+) and 4‘~) 


3 
ee = —ieA® p> (Yas) ayajboy...t)...0y 32)..-By 


k 
+L Caw idiben. ast Binatt 5 yy Bee Li 4 (IV.13) 
=-1 


As a necessary condition for irreducibility we may impose symmetry properties 
in indices of the same kind, and tracelessness 


68 pe 


ByPayag... = 0. 


The multispinor with upper dotted indices is obtained by applying the index 
raising operator Cy), with Cy,C = —¥,. 

Since [2 , 4'] = 0 and «/, = 0 we may restrict our attention to an irreducible 
representation of SL(2C) which may be characterized by a pair (j/2, k/2) in the 
usual way. 

The desired representation of SU(2, 2) acts on multispinors 


Fay...) tdy eos) = §tedst8) (IV.14) 


which are totally symmetric in each kind of indices and have j undotted and k dotted 
indices. Each index takes 4 values. The dot-notation has been adopted in anti- 
cipation of connection which will be made with Lorentz group. 
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We now adopt a basis for the Dirac matrices as follows 


_o th. _ (0 —a). «iu fl 0 
v= (4 0) oS (<, 0) 5 ns = (9 _1) he 
Then projection onto #’ amounts to considering only those multispinor components 
with 
a;= 3,4; B= 1,2 


for all undotted indices «,; and dotted indices B; , respectively. Using (IV.11), (IV.13), 
(IV.6) it is readily established that 


£03.48, = —ie(Ky)ia,¢0) = 9. 


Moreover, under infinitesimal Lorentz transformations these multispinor com- 
ponents are found to transform precisely like the familiar Lorentz multispinor 
with j undotted and k dotted indices, i.e. according to the representation (j/2, k/2) 
as desired. Finally, 4’ = —il1 by Schur’s lemma. This completes the proof. 


Remark: 3’ may also be characterized as the eigenspace belonging to the highest 
eigenvalue of iss . 


Provided s,, is irreducible, this follows from the fact that «, is a step operator 
which lowers the eigenvalue of isg, by one unit. Irreducibility is true for traceless 
multispinors of the form (IV.14) but will not be proved here. 

We now proceed to the proof and statement of our last lemma. Suppose that we 
are given a field representation of the conformal algebra of the form (II.10) induced 
by finite dimensional representation x, , Z,,, 4 of the algebra of the little group 
(11.6). As we have seen, there arise in this way two types of representations, 
k, = 0 (type Ia) and «, 4 0 (type Ib). Consider the latter case, i.e. x, 0. By 
virtue of Lemma 1 we may assume that the four matrices «, are in lower triangular 
form. Then there will be a set Ipnys of values of the index a, defined by the 
requirement 


(«Joe = 0 for  «€ Jphys and all 8 and p. 
Consider those components ¢,(x) of the fields with «€ Ipnys . Anticipating later 
applications we shall refer to these as “physical components”. Lemma | asserts that 


such components always exist. Furthermore, from Lemma ! and proof of Lemma 3, 
part 1, we know that 


(2i)aB a 0, Aus =0 for a € phys ’ B ¢ Tpnys . 


By Schur’s Lemma we may assume, without loss of generality, that 
Ap = —iAgSas; Oy Be Ipnys 
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(otherwise there is an invariant subspace on which this is true). Upon inserting 
these relations into the general transformation law (II.10) it is found that the 
“physical components” of the field transform under infinitesimal transformations 
according to the law (III.1)—i.e. a transformation of type la—in the sense that e.g. 
for special conformal transformations 


Sp(x) = —iet Yo {i(—2lx, + 2x,x, & — x* 8,) Bug — 2ix"(Zuv)as} Pax); 
PEI phys 
aie for eg € Tonys . 


An important point here is, of course, that the physical components of the trans- 
formed field depend only on the physical components of the old field. 
We may summarize our findings in the following 


LEMMA 4. Suppose we are given a representation of the conformal algebra of 
the form (11.10), induced by any finitedimensional representation x, , Z,,, 4 of the 
algebra of the little group (11.6). Choose a basis in indexspace as in Lemma 1. Then 
a suitable (nonempty) part {p,(x), « € Ippys} of the components of the field may be 
selected such that a representation of the form (III.1) (i.e. of type Ia) is induced on 
these components. Ipnys is defined by the requirement that 


(Jus =O for «€ Ipnyg and all B and p. (IV.16) 


3. Relation between manifestly covariant fields and fields over Minkowski space. 
After the preparations of the preceding subsection we are finally able to prove 
the main result of this section. 


THEOREM. Suppose we are given a manifestly conformal covariant (multispinor) 
field x(n), defined on the cone n* = 0 in R*, and satisfying a homogeneity condition 


7 Oax(m) = mx(n) where = op = i (IV.17) 


Suppose it transforms under infinitesimal conformal transformations according to 
Sx(n) = —ieA®(Las + Sas) x(m), = Las = i(na2n — Mp2) 


where Say is some finite dimensional irreducible representation of O(2, 4) algebra 
acting on indexspace #. Let d, be the highest eigenvalue of ise, . Consider then 


G(x) = KEV y(n) (IV.18) 
where 


X= Mik; «=n t+; %V = exp —i(s, + 55.) 
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and E is the projection operator onto the eigenspace #°' belonging to eigenvalue ry 
of ise, . We assert 

(1) 8¢(x) = KEV 8y(n) is given by Eq. (Ill.1) and (L3)f with l= n+ ry 
and real. 

(2) every field (x) over Minkowskispace with transformation law (III.1) may 
be obtained in this way from a suitable manifestly covariant field y(n) as described 
above, provided the matrices X,, in (III.1) form an irreducible representation of 
SL(2C). A suitable SU(2, 2) representation say is given in terms of the completely 
symmetric multispinors described in Lemma 3. 


The extension to reducible SL(2C) representations is obvious. The most 
important case are the familiar Bargmann Wigner Lorentz-multispinors ae 5 
y; = 1 --- 4 which transform like a product of (3, 0) © (0, 4) representations. The 
conformal extension is given by oe , where y; now run from | --- 8. It trans- 
forms under SU(2, 2) like a product of eight-dimensional representations (IV.7). 


Proof. The proof of the first part of the theorem will proceed in three steps: 
(1) coordinate transformation 


(2) x-dependent basis transformation in index space to transform 
away the intrinsic part of the translation operator, i.e. ensure 
Eq. (I.8) 


(3) Project out unphysical components. 


Step 1 has first been carried out by Dirac (39). For spin 4 case, step 2 has been 
described by Hepner (30). The present discussion covers arbitrary spin. 


Step 1. We introduce a new set of six real independent variables x, , «, 1° 
related to yn, by 


w= Mike «= +7, 1 = Narn 
Let us now reexpress the functions y,(n) as functions of the new variables 
Xam) = XaC%u» Ks 9°) 
Making use of the chain rule 


e- (PHE+G0E+ GS 


1 @ a @ 
= (ga — [ga® — ga®] x“) ae + (ga® — 8°) Be + 2na Ont 
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we may reexpress Lap = i(y,0g3 — 7p0q) as a differential operator in the new 
variables. The differential operator 2/0n? does not enter this expression for Lag. 
Lap is therefore a well defined differential operator acting on functions defined on 
the cone 7? = 0 only. We may then restrict our attention to this cone. We find 


Q 
A —_ eS 2 — 
n On = K F) on the cone n 0. 


Hence the homogeneity condition Eg. (IV.4) on x(m) reads now 


(« Zn) xu, 6,0) = 0 (IV.20) 


Inserting this into the expression for Lag we find finally the action of La, on the 
function x’: 


: a a 
Ln = i (G5 — % Fes) 
. @ 
ene (IV.21) 
' é 2 2 . 
Lou — Ly, = 1 (—2nx, + 2x yXy Be —x seul 
F ra) 
Los = i (—n + x =) 


Let us now introduce 
GalX) = «-"yA(x, K, 0) = (M5 + Ne) "Xa(M) (IV.22) 


This new field does not depend on « because of Eq. (IV.20), and is therefore a 
function of x only as stated. Furthermore a conformal transformation (IV.2) of 
x(q) induces on §(x) a transformation 


dG(x) = —ieAB(Lap + San) F(X) (IV.23) 


where Lag is given by Eq. (IV.21). To see this, note that L4, does no longer contain 
any differentiation 0/0 and the proportionality factor «—* in Eq. (IV.22) therefore 
commutes with Las; . In particular we have from (IV.21) and (IV.23) 


ee . @ 
P,G(x) = (i Dae + 7) where Ty, = Seu + Sou 


Step 2. Define (/1/, 30) 
plx) = VaeGalx) where V = exp —ix’z, (IV.24) 
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V is always a finite polynomial in x because the 7,, are also nilpotent. It could there- 
fore be worked out explicitly in each case. In practice such straightforward but 
sometimes tedious calculations can usually be avoided by using translation invar- 
iance and the fact that V = latx = 0. 

Because all z,, commute, V has an inverse given by 


V-! = exp (+ix’7,) 


Furthermore 


_O\y4_;, 2 
V (ig) VO = ge 
Using Eqs. (IV.21) and the C.R. of the matrices sa, as given by (II.4) one may 
check that the components of the field p in the new basis do indeed transform 
according to Eq. (II.10) with 


2 = Ses Ky = Seu — Sou 5 4 = Se, — in 


nis given by Eq. (IV.4). The remaining matrices have disappeared from the transfor- 
mation law. 


Step 3. After having arrived at a field which transforms according to Eq. 
(11.10) it remains to project out unphysical components such that the term involving 
x, in Eq. (11.10) goes away. This problem has been solved by Lemma 4 in the 
preceding subsection. 

This completes the proof of the first part of the theorem. The second part is now 
a consequence of the first, and of Lemmas 3 and 4. 


4. Invariant wave equations and interactions. 


With manifestly covariant fields it is straightforward to write down manifestly 
invariant wave equations and interactions. The following examples are due to 
Kastrup (40). 

All fields are to correspond to fields over Minkowski space which transform 
according to Eq. (II.10) with «,, = 0, as do the fields employed in Section III. 


The spin 0 field (scalar or pseudoscalar) corresponds to a conformal scalar A(n) 
with degree of homogeneity n = —1, ie. 


1203A(n) = —A(m),  SanA(n) = 0. 
The free wave equation is 


De4(m) = 0 where [1g = ep. (IV.25) 
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As discussed by Dirac (39), this is a well defined equation for A(m) defined on the 
cone 7* = 0 only, if and only if » = —1 as we assume. By Eq. (IV.18)f, 
/ =n = —1 in agreement with the discussion in Section III. The scalar field in 


Minkowski space is then given by 
a(x) = (ys + 6) A(n) 
and satisfies 
D,a(x) = 0. 
The spin } field is an 8-component spinor x(n) of degree of homogeneity n = —2 
nex(n) = —2x(n), San = Yap given by Eq.(IV.7). __(1V.26) 
The adjoint is defined by 
X= x*7o71 (1V.27) 


cf. Eq. (IV.10). 
The corresponding 8-spinor over Minkowski space is again given by Eqs. (IV.18) 
which reads 


W(X) = (M5 + n6)** (1 + ixy.t-) x(q) where 7 = 4(7,— img) (IV.28) 


Its physical components are those satisfying 


(1 + 73) f{x) = 0. (I[V.29) 
In the basis where 7, has the usual diagonal form, these are just the lowest four 
components. From Eqs. (IV.7) and (IV.18)f one finds / = 1 + 3 = — #, as was 


assumed in Section III because of unitarity requirements. 
The free wave equation is 


—2i(y*?Lap + 2) x(m) = 0; Law = i(qa@s — p24). (IV.30) 


This amounts to diagonalizing the second-order Casimir operator }4JA®J,as 
((Hepner and Murai) (30, 42)). 


The spin I gauge fields are 6-vectors Ag(n) of degree of homogeneity n = —1. 
1 apAcn) = —Acty); — (SanA)c = i(Gacds — Baca) (IV.31) 

satisfying the subsidiary condition 
7? Ag(n) = 0. (IV.32) 
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If we impose in addition the generalized Lorentz condition 
aAn) = 0 
then the admissible gauge transformations are, for the electromagnetic potential, 


Ac(n) > Ac{m) + 8S) (IV.33) 


where the gauge function S must be specified on a whole neighbourhood of the 
cone 7? = 0, and satisfy there 


PepS() = 0; CS) = 0. 
The free field equation is then 
Oe4c{) = 0. (IV.34) 


Again, the choice of n = —1 makes this into a well-defined equation for Ac() 
defined on the cone 77 = 0 only. 

The corresponding field ag(x) is again given by Eqs. (IV.18) 

For the first four components this takes the explicit form 


a,(x) = (ns + neu) — xuf4en) — Ac} = O° 3 (IV.35) 
and the subsidiary condition Eq. (IV.32) reads 
a(x) — a(x) = 0 (IV.36) 


This can be seen in the following way: For x, = 0, we have y, = 0 and 75 = 7. 
Therefore Eq. (IV.36) is clearly true at this point. Now Eq. (IV.32) is conformal 
invariant and therefore, in particular, translation invariant. However, by construc- 
tion, all ag(x) transform under translations according to Eq. (11.10). Thus, by 
translation invariance the validity of Eq. (IV.36) for arbitrary x, follows from its 
validity at x,, = 0. 

The first four components of a,(x) are the physical ones as they satisfy Eq. (IV.16) 
by virtue of the subsidiary condition Eq. (IV.36): 


(«,a),(x) = ({Seu ie Ssu}@)y = —By(A, — a) = 0 y=0-°3  (IV.37) 


Invariant couplings. Following Kastrup, it is easy to see that a conformal 
invariant coupling between a pseudoscalar field A(q) and the spin 4 field x(m) is 
given by the following wave equation: 


0.4 = —gn°XBcBox (IV.38) 
—2i(y4®Las + 2)x = 8n°BcBixA 
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and the coupling of the electromagnetic field to the spin } field is given by 


[2y48{na(@s — igAp) — yn(@a — igA,)} — 4i]y = 0 
Dede = Qicln) (IV.39) 
where 
ily) = 248 Xyxcx. 
The f-matrices are given by Eqs. (IV.8)f. 

As is seen, the electromagnetic coupling is obtained by making the gauge- 
invariant substitution @¢—> @ — igAc. In this form it can be immediately 
generalized to arbitrary sets of gauge fields Ac*(n). Let T, be the representation 
matrices of the relevant group as discussed in Section III; then the general rule is 
to substitute 

Oc — 0c = igAc*T, (IV.40) 


in the free field equations. Summation over a is understood. In this way one obtains 
couplings which are both conformal invariant and gauge invariant. 

Finally there also exists a quadrilinear conformal invariant spin 0 boson 
coupling. A corresponding wave equation would be, e.g., 


CleA(n) = sfA@F. (IV.41) 


Of course all couplings mentioned above can occur simultaneously. 

A point which we wish to stress is the following: Not all manifestly covariant 
looking couplings are actually acceptable. They must in addition satisfy the 
following requirements: 


(1) The wave equations must have homogeneous functions as solutions. 
This requires that all terms in a certain wave equation must have the 
same degree of homogeneity. The degree of homogeneity of such a term is 
calculated by counting each explicit coordinate 7 with +1, each derivative 
@/@n with —1, and each field with the appropriate number n indicating 
its degree of homogeneity (e.g. n = —1 for scalar and vector, and —2 for 
8-spinors x in the cases discussed above.) 


(2) The interaction terms must not couple unphysical field components 
to physical ones. 


The couplings given above satisfy this condition, while e.g. a coupling xx4 would 
violate (2). 

Condition (2) is crucial and may not be given up without destroying the physical 
interpretation of the theory. It must be satisfied at least for a suitable choice of the 
electromagnetic gauge (IV.33). A sufficient condition for this is invariance of the 
wave equation under a new type of additive gauge transformations which affect 
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only the unphysical components. For the spin $ field such gauge transformations 
have the form 


x'(n) = xm) + ABS), = Aad =  — 1G, 


where ¢ is an arbitrary complex 8-spinor function like y, and satisfies the indicated 
homogeneity condition. 8, is given by Eq. (IV.8) or (IV.9). Invariance of Eqs. 
(IV.38), (IV.39) follows immediately from (48,4)? = 0, and Egs. (IV.10) 
and (IV.32). 

There is also an easy way of checking by explicit computation whether condition 
(2) is satisfied, without going through the tedious transformations of Section 
(IV.3). Because of translation invariance, it is sufficient to check that the condition 
is satisfied at x, = 0. This corresponds to 7, =! 0 and yn, = 7. At this point the 
boost operator V in Eq. ([V.18) is simply unity: V = 1. 

By using this trick it is also easy to verify that the wave equations (IV.38) and 
(IV.39) do indeed correspond to the Dirac, Klein-Gordon and Maxwell equations 
for the physical field components in Minkowski space, with minimal electromag- 
netic interaction and nonderivative pseudoscalar pion-nucleon interaction. 

In Section III an alternative characterization of all (physically acceptable) 
conformal invariant couplings for spin <1 has been given. If all vector mesons are 
assumed to be gauge fields, then the manifestly conformal invariant couplings 
given above, and their obvious generalization to the case of several fields of the 
same spin, exhaust all possibilities for spin <1. This may be checked by enumerat- 
ing all possibilities, as there are only a few types of couplings with dimensionless 
coupling constant, and the gauge field couplings are fixed in their form. 


Vv. REPRESENTATIONS INDUCED BY REPRESENTATIONS OF THE LITTLE 
GROUP WITH «, # 0. 


In this Section we review an attempt to understand V — A or V + A weak 
interaction theory as a conformally invariant theory of fundamental interactions. 
This is at the same time as yet the only application which representations with 
x, £0 have found. To the best of our knowledge, the idea goes back to 
Hepner (30). In the sequel we follow Hepner in part. 

Assume we are working with a four component spinor (quark, yu or e-field). If 
we postulate that a four fermion interaction be invariant under conformal transfor- 
mations (11.10) with (IV.6), then there exist two possible couplings 


stripes (V.1la) 
stay Cl + tys) dabay"(1 ys) be (V.1b) 


where we have (I -+ iy;) depending on whether x, =  4y,(1 + iys), i.e. which of 
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the two four-dimensional representations 4‘*) we use for the little group. (These 
couplings correspond to %ye¥sXe 2nd NaXiy*Fxran -Xsycsx4 in the six dimensional 
language of Section IV.) The most general conformal invariant linear field equation 
with interaction (V.1b) is determined to be 


ina BCL £ yn) + 5 (2 — 2) 76 — mal ob = ByAll in) Hl yd (V2) 


Here 4d = n + }y,, this relates n to 4 which appears in the transformation law 
(11.10). It turns out that it must satisfy n* — » + 2 = 0 in order that Eq. (V.2) 
be actually invariant; therefore n 2. 

While the interaction term is precisely what we want, the LHS of Eq. (V.2) 
is not. For one thing the term 3i(n — 2)y,;4 0 prevents us from having a 
conserved hermitian probability current. Secondly, those components of 4 which 
are not coupled do not contribute to the kinetic energy in Eq. (V.2) either. There- 
fore, if we want to keep all four components of our spinor field as physical we have 
no choice but to add suitable symmetry breaking terms to the kinetic energy in 
Eq. (V.2) such that we arrive at the usual Dirac equation with weak interaction: 


(iy,0% — m)yp = gy, (1 + iys) pyfy“(1 + is) (V.3) 


In other words, the interaction term in Eq. (V.3) is conformal invariant, but the 
kinetic energy term is not. Of course, we thereby loose the existence of hermitian 
dilatation and conformal currents, as these rely on the invariance of the canonical 
equal time C.R. of the fields with their conjugate momenta, and hence of the 
kinetic energy (apart from mass). This is in contrast with the theory of Section III 
which is different from the one presently discussed both in physical spirit and 
mathematical detail. 


APPENDIX: THE o-MOobDEL, AS AN ILLUSTRATION OF IDEAS IN SECTION III 
Consider the Lagrangian of the o-model of Gell-Mann and Lévy (43) 


& = Nip — M)N + igNystNn + 4(0,7 On — p*n*) 
2 


a ; (2, co — ju" a 4 ot) —A ({a2 + 0% — Gott + o%}). (A.1) 


Here N is the nucleon field, 7 is the pion field, and a is the field of a7 = 0, J? = 0+ 
meson. f = g9/2M. 
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Let us choose the free parameter A to be 


eee ale 
\= 8 ami 


Reexpressing the Lagrangian in terms of the field o’ = o — (2f)-, and 
calculating the dilatation current and conformal currents from Eq. (III.3), one 
finds for their divergences 


(a) #2, = g-'\Mm,%o(x), — (b) & 4, = 2x,09,. (A.2) 


The last equation follows direct from Eq. (III.10)ff since the present Lagrangian 
does not involve any derivative couplings. m, is the (bare) o-mass. We see that in 
the limit of a massless boson o both currents are conserved, and we have a spontaneous 
breakdown of conformal symmetry. 

With the usual definition of the axial vector current &,“ for this model, one finds 
that generally, also for m, 40 


[F:5(Xo), 0,00;4(x)] = —id,;4(0"D, — 37-4) for i,j = 1,2,3 
where 


FS = f dxf. (A.3) 


Elsewhere it has been proposed to generalize this formula to chiral 
SU(3) @ SU(3) in the following form (/6): 


OD, = igllo(X) + cigttg(x) — <O | {orgy + axgutg} | OD (A.4) 
with 


1 3 
ot yg 3al3 
ag/% is a measure of the breaking of the eightfold way. The u,; must satisfy the 
C.R. of (integrated) scalar densities with vector and axial vector currents as 
proposed by Gell-Mann (i, j, kK = 0 --- 8) (44) 
LF, vfx)leat. = i iia (A.5) 
[F i, uj(x)lea.t, = —i dsete(x) 
with 
vx) = 0+0t,,(x) for j = 1,2, 3. 
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The matrix elements of u, + 1/-/2 u, are known in current algebra calculations 
as ‘“‘o-terms.”’ A method to calculate them on the basis of Eq. (A.4) and Eq. (III.1) 
has been outlined in Ref. (/6). 

Finally we wish to point out that the ‘‘o-meson”’ plays two different roles in this 
model. Firstly it is a manifestation of the breaking of dilatation symmetry, 
Eq. (A.2a). Secondly, it provides an attractive «N force which is necessary to 
cancel most of the big s-wave repulsion inherent in the nonderivative 7N coupling, 
which is not observed experimentally. Recall that requirement of the validity of 
Eq. (A.2b) does not allow for a derivative N coupling (Section III). There seems 
to be experimental evidence for the existence of a scalar, isoscalar meson with a 
mass around 700 MeV (45). 


RECEIVED: January 2, 1969 
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Nonlinear Realizations. I. The Role of Goldstone Bosons 
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A method, based upon analogies with the Wigner boost technique, is presented for setting up the nonlinear 
realizations of any continuous symmetry group. It is argued that such realizations are relevant to and useful 
in the treatment of cases of spontaneous symmetry breakdown. 


1. INTRODUCTION 


‘HE equations of physics are usually expressed in 
a form showing manifest covariance under the 
transformations of the space-time and internal-sym- 
metry groups. Recently, however, some attention has 
been paid to the possibility of expressing internal 
symmetries of the chiral type in a fashion which is not 
manifestly covariant, some of the transformations of 
these groups being realized nonlinearly.! In the present 
paper the nonlinear method is shown to provide an 
economical framework within which to treat the 
problems of spontaneously broken symmetries,’ i.e., 
symmetries which are present in the Lagrangian but 
not in the ground state. Beyond this, the view will be 
presented that the nonlinear method, as a method 
embodying dynamics rather than pure group theory, 
is applicable only to situations in which the symmetry 
is broken spontaneously. Much of the following dis- 
cussion will be in the nature of a review. However, one 
purpose of this is to present the notational develop- 
ments that emerge through a consistent use of the 
language of Wigner boosts which, it seems to us, 
greatly clarifies the subject of nonlinear realizations. 
We shall need this development in particular in Paper 
II, where we consider nonlinear realizations of the 
conformal group in space-time. 

The discussions in Secs. 1 and 2 concern the general 
properties of nonlinear realizations. These have been 
dealt with in great generality elsewhere.? However, in 
order to make clear the notation adopted in this paper 
and in Paper IT, it will be advantageous to go over these 
matters in some detail. Moreover, this review will serve 
to introduce our main idea, which is that the nonlinear 
realizations are intimately involved in situations where 
the symmetry breaking is spontaneous. This idea will 
be further developed in Sec. 3. Finally, to illustrate the 
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method, Sec. 4 is devoted to the nonlinear realizations 
of SU(3), which become linear with respect to the 
subgroup SU (2) U(1i). Thus, the material of Secs. 1 
and 2 consists of known results expressed in a new 
notation, while that of Secs. 3 and 4 is essentially 
new. 

Central to the method of nonlinear realizations is 
the notion of a preferred field that provides a bridge to 
representations which are linear but constrained. There 
is in fact a complete duality between sets of fields, on 
the one hand, which transform linearly while being 
subject to certain nonlinear constraints and, on the 
other hand, equivalent sets of unconstrained fields 
which transform according to nonlinear realizations. 
The preferred field is used in the formation of covariant 
equations of constraint upon the set of fields which 
transforms linearly. If these constraints are then used 
to eliminate all dependent components, there results 
what is commonly called a nonlinear realization. More 
specifically, the realization will be linear with respect 
to all but the preferred field itself, which generally 
enters nonlinearly. The structure of the realizations 
arrived at in this way must, of course, depend critically 
upon the particular set of fields which are chosen to 
play the preferred role. This choice depends in turn 
upon the nature of the vacuum symmetry since, as 
will be seen in the following, the preferred fields are 
neither more nor less than the field of the Goldstone 
bosons.‘ 

A rather trivial and very familiar example of the 
procedure just outlined is provided in the case of chiral 
SU(2)XSU (2).4 Let the chiral four-vector x. play the 
role of preferred field and let it be employed in the 
formulation of a set of algebraic constraints upon the 
fields ¢, and Fas, a chiral four-vector and six-tensor, 
respectively. For the equations of constraint one might 
take, for example, 


Tobp—Tpba= [Fag ; 
tal ap— fos=0, 


where f denotes a numerical constant. The question 
of how such constraints could arise within the context 
of a dynamical model is not, for the present, at issue. 


(1.1) 


« We wish to emphasize that this paper is not about chiral sym- 
metries, which are discussed in this section as an illustration only. 
Our interest is with the general method of nonlinear realizations, 
of which the chiral realizations are one particular example. 
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It follows from (1.1) that, in particular, 


Tata=f; 

Taba=0 ) 
so that the 16 various components can be expressed in 
terms of six independent ones, say, x and 9. The linear 


transformation laws appropriate to the chiral four- 
vectors 7, and ¢q are exemplified by 


(1.2) 


1,2 1,2, 


(1.3) 


13 43 COSW— 74 SINW, 
14 3 Sinw-+ 74 Cosw, 


corresponding to a purely chiral transformation. It 
remains only to eliminate the dependent components 
mw, and ¢ by means of the constraints (1.2). The 
independent components x and @ then transform 
according to nonlinear realizations which are exemplified 
by 
71,2 W125 

3 — ®; cosw— (f?—~x*)!? sinw , (4) 

and 
$1.2 $1,2, 


3 $3 cosw+[o-2/(f?—x°)'?] sinw , 


and one sees that only the preferred field x enters 
nonlinearly. As is well known, the form of this result 
depends very much on the manner in which re is 
parametrized. An alternative scheme would present 
®q in the form 


r= 0/1 0/P)", 
r= f/1+¢/P)", 


where the three-vector y; is independent. Corre- 
sponding to the purely chiral transformations (1.3), 
one finds for ¢; the transformation law 


(1.5) 


i=1, 2,3 
(1.6) 


1,2 
> ——_——-, 
cosw-+ (y3/ f) sinw 
%3 cosw— f sinw 


O22 a ed 
cosw-+ (y3/ f) sinw 


1,2 


(1.7) 


and, for ¢;, 
$1,2— $1,2, 
$3 — $3 cosw+ (1//)$-¢ sinw, (1.8) 


which replace (1.4) and (1.5), respectively. The real- 
ization (1.6) was adopted by Schwinger. We have 
reproduced it here because it lends itself readily to 
“proving” the noninvariance of the vacuum. Thus, 
for infinitesimal w the transformation (1.7) gives, in 
particular, 


[0,¢3]=—s¢s=of(lt+ or/Pf), (1.9) 


the vacuum expectation value of which cannot possibly 


5 J. Schwinger, Phys, Letters 24B, 473 (1967). 
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vanish® since the right-hand side is positive-definite. 
The realization (1.6) is possible only if the vacuum is 
degenerate. Notice that this argument does not depend 
on the existence or nonexistence of a Lagrangian. 

For alternative parametrizations such as (1.4), it is 
not possible to make such a categorical statement. 
However, for practical purposes where the nonlinearities 
are always interpreted by power-series expansions in 
x/f, the implication is the same. Nonlinear constraints 
can be dealt with by power-series methods only in 
theories with degenerate vacuums. The particles asso- 
ciated with the preferred fields are, in fact, the Gold- 
stone bosons. One way to see this is to remark that 
nowhere in a chiral-invariant Lagrangian does the field 
x appear without being accompanied by 0,” as well. 
It follows that the fields « must describe massless 
(spin-zero) particles. Thus a vacuum state is indis- 
tinguishable from a state with two zero-frequency 
pions, four zero-frequency pions, etc., provided the 
pions together form an J=0 multiplet of the subgroup 
SU(2). Now, since the pions form an incomplete 
multiplet of SU(2)XSU(2), it is clear that these 
physically degenerate and indistinguishable states of 
lowest energy will lead to a (spontaneous) breakdown 
of chiral symmetry. 

So far we have said that if nonlinear realizations are 
introduced by considering linear realizations of the 
preferred fields together with a constraint, the con- 
straint implies that the vacuum state in the theory 
must be a noninvariant state, and the symmetry a 
spontaneously broken one, with the independent ones 
among the preferred fields playing the role of Goldstone 
bosons. Consider now the converse problem: Given a 
theory with a chiral-invariant Lagrangian it may 
happen that the ground state is not chiral-invariant. 
In this case there must appear Goldstone bosons corre- 
sponding to the components of the symmetry which are 
absent from the vacuum. One may introduce into the 
theory a set of spin-zero fields describing these bosons. 
The problem one is presented with is how to couple 
such mesons with other particles so that the conse- 
quences of the vacuum asymmetry are made explicit. 
These effects must include, for example, the guarantee 
that these particles remain massless even after inter- 
acting with other particles. The formalism must also 
give a correct account of the perturbations of masses 
and coupling constants on account of symmetry 
breaking. Our solution to the problem is to suggest that 
the appropriate formalism is the one where a nonlinear 
realization is employed with these spin-zero fields playing 
the role of the preferred fields. 

The problem of making explicit the Goldstone bosons 
can be solved in various ways.’ Suppose, for simplicity, 

*S, Gasiorowicz and D. Geffen in their excellent review of 
chiral symmetries [Argonne National Laboratory Report No. 
ANL/HEP 6809 (unpublished) ] make this point though they do 
not stress how vital it is for the dynamical relevance of the whole 


nonlinear method. 
7. W. B. Kibble, Phys. Rev. 155, 1554 (1967). 
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that the Lagrangian contains a zero-spin chiral four- 
vector ®,; then it is possible to eliminate @, in favor 
of x= (®.6.)"*. The kinetic energy then takes the form 


$(0,B_9,Ba— m*BaBa) = § (8,X0,X— mx?) 
+4D,®:-D,®, (1.10) 


where D,® denotes the so-called covariant derivative 
of ®. It is given by 


1 %) © /® 
x nae tia 


and belongs to the nonlinear realization (1.5). The 
second term in (1.10) contains the term 4$(0,@)? 
together with an infinite number of interaction terms 
which arise from the expansion of 1/x in powers, i.e., 


1 1 1 x x” 


x @ax @) OF GO 


which is meaningful provided (X)0. The nonvanishing 
of (x) must be thought of as a consequence of the 
supposed vacuum asymmetry.® 

The particle which is characterized by the isoscalar 
field x’ is of no particular importance in the theory. It 
arose as a by-product of the effort to set up an effective 
Lagrangian with Goldstone bosons. Having obtained 
the effective Lagrangian, one is at liberty to set X’=0. 
Only the numerical part (X) must be kept. 

An important exception to the theorem which requires 
the presence of massless bosons in situations where a 
symmetry is broken intrinsically occurs when long- 
range vector fields are also present.® If the currents of 
the spontaneously broken symmetries are coupled to a 
gauge field of the Yang-Mills type, then the symmetry 
breaking manifests itself not through the appearance of 
Goldstone bosons but rather in the acquiring of mass 
by some of the components of the gauge field. This 
Phenomenon, which was discovered by Anderson and 
developed by Higgs and Kibble, will be presented in the 
nonlinear notation in Sec. 2 where it will be shown that 
the preferred field disappears from the Lagrangian if 
the symmetry group is gauged. In addition—and this 
is where we improve on Higgs and Kibble—the residual 
quantized objects such as X’, whose existence is required 
in their models, can be set equal to zero without doing 
any violence to the elegant formulation afforded by 
the nonlinear formalism. 

Turning back to the formulation of the nonlinear 
method, it will be remarked that, in Eqs. (1.1), the 
field x2 plays a role which is formally similar to that 

* In a given model it might be ible to compute this uantity 


the a self-consistent method. That is, substitute x= (x +x! in 
: ge Taerangian, and set equal to zero the perturbation corrections 


(1.11) 


eee 
? 


ays wy. Anderson, Phys. Rev. 130, 439 (1963); P. W. Higgs, 
tink Letters 12, 132 (1964); Phys. Rev. 145, 1156 (1966); G. S. 
Guralnik, C. R. Hagen, and T. W. B. Kibble, Phys, Rev. Letters 
13, 585 (1964); T. W. B. Kibble, Ref. 7 
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taken by the four-momentum ?, in the formulation of 
relativistically covariant free-field equations. The 
analogy can be extended to interaction terms as well. 
The involvement of orbital angular momentum in the 
relativistic coupling of particles with spin is accounted 
for by the presence of terms such as 7a0/0xq in the 
Lagrangian. Likewise, the involvement of soft pions 
in the chiral-invariant coupling of particles with isospin 
is brought about through terms such as Tora=m4 
TY5t*%. 

We are not advocating the exploitation of this 
analogy as a practical way to make chiral-invariant 
Lagrangians. The existing method which uses nonlinear 
realizations directly is a simpler one to apply. However, 
there is another aspect of the analogy between w2 and 
Pa Which leads to a formal development of some power. 
This lies in the notion of the boost. It was Wigner’s 
discovery that the momentum four-vector ~. could 
with great advantage be represented in the form 


Pa=(Ly)aim, (1.12) 


where m denotes the rest mass +/p*, and (L»)ap de- 
notes a 4X4 matrix belonging to the Lorentz group. 
The mass-shell constraint papa=m? is accounted for 
automatically in the representation (1.12) by the 
(pseudo) orthogonality of the matrix Ly. The power of 
this representation lies in the fact that it leads to the 
realization of the Lorentz group in terms of 3X3 
orthogonal matrices (or 2X2 unitary and unimodular 
matrices). Thus, corresponding to the Lorentz trans- 
formation 


pa pa'=Aaspp; (1.13) 
one has the realization 
A— R(p,A)=La,AL,, (1.14) 


where R(p,A) is, in effect, an ordinary space rotation. 
This realization is, of course, essentially the same as the 
nonlinear realization (1.5) obtained in this instance by 
setting p.= (p’-+m?)"?, It is perhaps worth noticing 
that, insofar as finite-dimensional realizations are 
involved, the distinction between the compact group 
SU(2)XSU(2) and its noncompact relative SZ(2,C) 
is a minor one. 

We propose to adopt the method of Wigner for dealing 
with nonlinear realizations. That is, we shall express the 
preferred field in the form 


a= (Lr)asf, (1.15) 


where (Z,)ag denotes a 4X4 matrix whose components 
are dynamical variables. These variables are not all 
independent. They are subject to the constraints 


z (Le)ap(Lz)yp=8ay, det(L,)=1 (1.16) 


or, in other words, ZL, belongs to SO(4). Included 
#” E, P, Wigner, Ann. Math. 40, 149 (1939).- 
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among the constraints (1.16) is of course the principal 
one, FaFa= f*. 

The main advantage to be gained by replacing the 
preferred field x. with the matrix (Z,)ae is the ease 
with which such a matrix can be used to effect a passage 
between linear and nonlinear realizations. Moreover, 
it enables one to discover the general features of a class 
of nonlinear realizations without the complication of 
having to commit oneself to a particular paramet- 
rization. It is this formal power which makes the boost 
approach useful for generalizing beyond the chiral 
groups. However, to avoid semantic confusion we shall 
invent the new name reducing matrix for the matrix 
L, and its generalizations, since the word “boost” has 
already a rather precise meaning within the context of 
the inhomogeneous Lorentz group and _ its 
representations. 

The realizations of a continuous group G, which 
become linear when restricted to some specified sub- 
group H, are treated by means of the reducing matrix 
in Sec. 2. These realizations are then gauged in the 
Yang-Mills manner. Section 3 contains some general 


remarks about symmetry breaking, both spontaneous: 


and explicit. The formal techniques are illustrated in 
Sec. 4 on a model which could have practical interest, 
namely, the nonlinear realizations of SU(3) which 
become linear with respect to SU(2)r U(1)y. 


2. NONLINEAR REALIZATIONS 


Consider the problem of constructing nonlinear 
‘realizations of a continuous group G which become 
both linear and irreducible under some specified sub- 
group H. One may suppose that the linear irreducible 
representations of G, 


¥— D(g)¥, gcc (2.1) 


and their decomposition into linear irreducible repre- 
sentations of H are known. It will prove convenient to 
assume that the basis has been chosen so as to render 
the matrices D(i), where hGH, block-diagonal in form. 
The first stage in solving the realization problem is 
the definition of a matrix (Z,)ag, the elements of which 
are field variables. This matrix, which we shall call the 
reducing matrix, will be subject to a number of algebraic 
constraints and will be endowed with a peculiar 
transformation behavior under the operations of the 
group G. The basic requirements are the following: 


(a) The matrix L, is constrained to belong to the 
group G. i.e., to its self-representation. This is in order 
that, for any  finite-dimensional representation 
g— D(g), the functional D(Z,) shall be well defined. 
The number of independent fields, ¢,, needed to pa- 
rametrize L, is therefore equal to or less than the 
dimensionality of G. 

(b) Under the operations of the group G the fields 
which make up the reducing matrix transform according 
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to 
Ly —> gL h“(9,g), (2.2) 


where gCG and h(¢,g)CH. In other words, the columns 
of the reducing matrix must be arranged into sets 
which transform among. themselves according to some 
representation of the subgroup H. 

(c) Under the operations of the subgroup H the 
reducing matrix transforms in the ordinary way, 


Ly hL gh. (2.3) 


It follows from (2.2) that the functionals D(L,), 
which are defined for any finite-dimensional repre- 
sentation, transform according to 


D(L4) > D(gL gh) =D(g)D(L4)D(e*). (2.4) 


It is this property which enables one to project non- 
linear realizations out of linear ones such as (2.1) by 
the operation 

y=D(Le YOY. (2.5) 


A comparison of (2.1) and (2.4) yields for y the trans- 
formation law 


¥— Dihy, (2.6) 


where h=h(¢,g) is, in general, a nonlinear structure 
which depends upon the preferred fields ¢, which 
parametrize L,. 

The detailed form of the matrix 4(¢,g) is dependent 
upon the parametrization scheme, i.e., it depends upon 
which combinations of the components (Zy)aa are 
taken as independent variables. Perhaps the simplest 
scheme is the one adopted by Coleman, Wess, and 
Zumino? and, earlier, by Kibble’: 


=et-A 
Lg=e* , 


where A, denotes the set of infinitesimal generators of 
G that are not contained in the algebra of H. Whatever 
the scheme chosen, one can discover the matrix h(¢,g) 
by referring Eq. (2.4) to a representation of G which 
contains a singlet of H. Such a representation includes 
at least one column, X, for which (2.4) takes the form 


D(L4)X > D(Lo)X=D(g)D(L4)X, (2.7) 


ie., for which D(A) is represented by the identity. If 
the chosen parameters ¢, are expressed in terms of the 
components of the column which transforms according 
to (2.7), then it is straightforward to compute the 
transformation law of these parameters. Having done 
this, one can compute the matrix & by comparison with 
(2.2), ie, 

Abg)=Ly gly. (2.8) 


The method will be illustrated in Paper I for the case 
of the conformal group." 

Consider now the problem of defining a covariant 
derivative operator for the nonlinear realization (2.6). 


u A. Salam and J. Strathdee, following paper, Phys. Rev. 184, 
1760 (1969). 
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It is evident that the ordinary derivative is not co- 
variant : 
On > D(h)a4+9,D(h)p. 


In order to be able to make covariant field equations 
it is essential that one define a covariant operator 
resembling the derivative. This can be done in the 
following way. 

Let us imbed y in some linear representation D(g): 


v=D(LS)¥; 
and let us define, relative to it, the operator A,: 
Aw=D(Ly")a,.¥, (2.9) 


which is clearly covariant. However, one should not 
adopt A, as the desired covariant derivative since it 
depends upon the imbedding representation D(g). In 
order to remove this dependence it is necessary to 
analyze (2.9) more closely. Write 


AwW=9+D(Le)d,D(Le. (2.10) 


The matrix D-'d,D can be simplified if use is made of 
the constraint L4,GG for all x. In particular, it follows 
that the matrix 


Ly" (x) Ly (e+6x)= 14 de, Led Let--- 


is an infinitesimal transformation of G. In other words, 
the matrices L,—'d,L, belong to the infinitesimal 
algebra of G. They can therefore be expanded in the 


li 
fom Lp 8yLy=i(Ly18,L4)i8i, (2.11) 


where the matrices s; constitute a basis of the algebra 
and the coefficients of the expansion are denoted by 
(L,-'0,L,4);. In the representation D(g), where the 
infinitesimal generators s; are represented by S,, the 
expansion (2.11) takes the form 


D(Lg)8,D(Ly)=1(Lo10,L4)sSi. (2.12) 


The transformation behavior of the coefficients in 
(2.11) is complicated by the presence of the derivative 
operator. From (2.2) one finds that 


Lg 8,Ly > h(Lg0,L4)kO+h8,h-. 


That is, there is present, in general, an inhomogeneous 
term in the transformation law. Clearly, however, the 
inhomogeneity belongs to the algebra of H. This point 
is of crucial importance because it means that the fields 
(L,“'0,L,4): can be divided into two sets, one of which 
transforms covariantly while the other contains the 
inhomogeneity. 

Let us suppose that the algebraic basis s; has been 
chosen in such a way that it can split into two com- 
ponents m, and #,," which transform independently 


(2.13) 


A summation over the repeated subscript ¢ is implied. On 
occasion it will be useful to divide the sum into two parts, one 
over the subalgebra H indicated by repeated greek subscripts 
a, 8, ---, and the remainder indicated by repeated li latin subscripts 
from the beginning of the alphabet, a, }, ---. 
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under H. Moreover, suppose that the m, constitute a 
basis for the subalgebra H. In this basis the expansion 
(2.11) takes the form 


(1/i)L,710,L, = Pyatat ADyhatta ? (2.14) 


which is to be looked upon as the definition of the field 
quantities I',. and D,¢,. The inhomogeneous term in 
the transformation (2.13) affects only the I,.; the 
fields D,@. therefore belong to a bona fide nonlinear 
realization of the group G. They are to be interpreted as 
the covariant derivatives of the preferred fields oq in terms 
of which the reducing matrix is parametrized. The real 
parameter ) will be fixed by normalizing the kinetic- 
energy term associated with ¢q. 

Corresponding to the expansion (2.14) one has, in 
the representation D(g), 


(1/1)D(L4)0,D(L4) = TyaMatrAD baa ’ (2.15) 


which can be substituted into the expression (2.10) 
for A,: 
AX=ONtT eM t+irD oN. (2.16) 


Since the left-hand side of (2.16) transforms covariantly, 
as does the third term on the right, therefore the sum 
of the remaining two terms must also be covariant. 
The latter part, denoted D,y, has in addition the re- 
quired property of being independent of the imbedding 
representation. Thus, the covariant derivative of ¥ is 


given by = 0+ Teed (2.17) 


Finally, consider the problems which arise when the 
transformations of the group G are made space-time- 
dependent; i.e., when G is turned into a gauge group 
of the Yang-Mills type, we have 


V(x) > D)¥(x), g=gQe)EG. (2.18) 


There is no need to alter the prescription (2.5) for 
extracting the nonlinear realizations from Y. Indeed, 
the nonlinear transformation law (2.6) is formally 
unchanged since the matrix 4(¢,g) is defined for 
arbitrary g(x)G@G. The modifications are needed, of 
course, in the definition of covariant derivatives. 

Now, it is well known that the ordinary derivative 
is not covariant under space-time-dependent trans- 
formations: 


Ov (x) > D(g)d,¥(x)+90,D(g)¥(x). (2.19) 
With the basis s; defined above, one can write 
(1/1) 80g = (gOng) 85 (2.20) 


since the matrices g'0,g belong to the algebra of G. 
Therefore, (2.19) can be expressed in the form 


OM (x) > Dg), +4(g9,g-) Si (x). (2.21) 


In order to replace this with a covariant formula, one 
must introduce a set of gauge fields 


A.=A,isi, (2.22) 
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which transform, according to the following law: 
An gAg+ (1/ifigag. (2.23) 


The covariant derivative for linear representations is 
then defined by 


DM = (Opti fAwSy¥. (2.24) 

In the usual fashion, the covariant derivative of the 

gauge field itself is contained in the antisymmetric 
tensor 

Fyp=0,4,—dAptiflAy As]. (2.28) 


From the expressions (2.24) and (2.25), which are 
covariant in the linear sense, one can project out the 
generalized nonlinear covariant derivatives. First, if 
is defined by (2.5) its covariant derivative must be 
contained in the operator 


Aw=D (Ls) (O,.+ tfA pS: Dh 4 ? 
which can be simplified to the form 


Aw= (Opti fBuSi¥v, (2.26) 
where B,; is a modified gauge field defined by 
By= Le A Let Ai fLy td, Ly. (2.27) 


It transforms under a general gauge transformation 
g(x) according to 


B,— hB,k+ (1/ifpha,i. (2.28) 


The most important feature of this transformation law 
is the fact that the inhomogeneous term belongs to 
the algebra of H. This means that the operator A, of 
(2.26) can be separated covariantly into two pieces, 


Aw=Daytir (Dba) Na ’ 
which defines the generalized covariant derivatives 
Dwh= (O.t+-7fByaM a (2.29) 


NDibs= SBuo . (2.30) 


These expressions are covariant against gauge trans- 
formations of the second kind. It remains only to find 
the covariant derivatives of the fields B,. and Bys. 
These are contained in the antisymmetric tensor 


Byr= Le Fy Lg, 
which, in view of the definition (2.27), takes the form 
By = 0,B,—0,B,+if[B,,By]. (2.31) 


The realizations discussed in this section can be used 
in the construction of Lagrangians that are invariant 
with respect to the transformations of G. First, a 
Lagrangian which is manifestly invariant with respect 
to the subgroup H can be modified so as to become 
invariant with respect to the space-time-independent 
transformations of the larger group G. It is necessary 
only to replace the ordinary derivatives 0, by their 


and 
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covariant form D,y as given in (2.17) and to take 
account of the new zero-spin boson field ¢., whose 
existence this implies, by adding a covariant kinetic- 


energy term 
E(Dyba*) (Die), 


and, possibly, adding other derivative coupling terms 
using Da. It is not possible to construct any covariant 
object which contains a term like ¢,.*¢., and it therefore 
follows that the new bosons must be without mass. 

The invariance of the Lagrangian can be further 
enlarged to include the space-time-dependent trans- 
formations of G by introducing a gauge field B, which 
transforms according to the reducible nonlinear real- 
ization (2.28). The covariant derivatives D,p and 
D,@a are given the new forms (2.29) and (2.30), 
respectively, while for the gauge field it is necessary 
to adjoin the kinetic-energy term 


tBy i By ’ 


where B,, is given by (2.31). The upshot of these final 
modifications is that the preferred field ¢, and its 
massless quanta have disappeared from the Lagrangian. 
They have been absorbed by a redefinition (2.27) of 
the gauge field. Not only has the multiplet of massless 
bosons ¢ disappeared, but part of the gauge field, 
Bya, has acquired a well-defined mass f/A. The other 
part, Bye, which enters the covariant derivatives, 
remains without mass. 

This phenomenon, whereby the introduction of a 
gauge multiplet of vector particles causes the dis- 
appearance of the massless zero-spin particles, has been 
discussed by a number of authors® in the context of 
spontaneous symmetry breaking. In Sec. 3 we show 
that this is precisely the context in which nonlinear 
realizations have meaning. The massless zero-spin 
particles are indeed the Goldstone bosons. 


3. SPONTANEOUS SYMMETRY BREAKING 


In this section we demonstrate that the formalism of 
nonlinear realizations and effective Lagrangians pro- 
vides a natural framework for treating intrinsically 
broken symmetries. The arguments given here parallel 
those of Kibble.’ 

To discuss a system with spontaneous symmetry 
breaking one must have in mind a Lagrangian which 
is invariant with respect to the transformations of 
some continuous group G. Secondly, one must assume 
that the ground state or vacuum is not an invariant 
of G but only of some subgroup H. This property of 
the ground state is signalled by the nonvanishing 
expectation values of fields or combinations of fields 
which belong to nontrivial representations of G. Its 
consequences include symmetry-breaking perturbations 
of the masses and couplings of physical particles and, 
in particular, the appearance of spin-zero massless 
bosons. 
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Consider a system of fields, fermions and bosons, 
denoted collectively by Y and, in addition, a spin-zero 
multiplet Mf (of which some components M, will 
correspond to Goldstone particles), which transform 
according to the reducible linear representations 


¥> Dey, MDM, (3.1) 


where g denotes an element of G, and D and D are the 
matrices appropriate to the representations concerned. 
The Lagrangian of this system is supposed to be in- 
variant under these transformations: 


L(W,0,¥,M,0,M) = L(DW,Da,¥,DM,Da,M). (3.2) 


This means that the system is classified into complete 
multiplets of G with the various couplings that are 
allowed by this symmetry. It may therefore be quite 
unlike the physical reality which reflects the ground- 
state asymmetry. The mass splittings of the physical 
multiplets can be large and, in fact, so large that some 
of the multiplets may be regarded as incomplete. The 
same is true for the couplings. 

We know that in such a system Goldstone bosons 
must be present. Being massless, these particles cause 
a readjustment of the stable states of the system. In 
particular, the physical vacuum should contain an 
admixture of zero-energy Goldstone particles (which 
is to say that the vacuum degenerate). This property 
of the Goldstone particles can be formulated as effecting 
a redefinition of the “bare” masses and coupling 
constants that takes account of the ground-state 
asymmetry. We wish to introduce a set of fields ¢.(x) 
to represent the Goldstone particles and to put the 
Lagrangian (3.2) into a form which, though still in- 
variant under the transformations of G, shows explicitly, 
in its bare masses and coupling constants, the effects 
of the underlying asymmetry. As stated in the Intro- 
duction, the method of nonlinear realizations, with the 
preferred fields ¢,(x), appears to be just the right 
construct to solve this problem. 

The subset Mf, of M referred to earlier transforms 
under the subgroup H, like the set of those gen- 
erators n, [see (2.14) ] that correspond to the spon- 
taneously broken symmetries of G. The remaining 
components of M, which are not included among the 
set M,, will be labelled as Ma: 


M, 
a ( ). 
Ma 
In such a case it is possible to invent a transformation 


L,(x)€G which transforms away the components M, 
in the sense that one can represent M in the form 


M=D(L,4)m ? (3.3) 
with L,(x) so determined that 
m= (D(L,)M).=0. (3.4) 
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The components of the matrix L,—obtained as non- 
linear functions of M by solving (3.4)—must satisfy 
various constraint conditions in order that L, belong 
to G, but they can be expressed in terms of a set of 
suitably chosen independent parameters ¢,, equal in 
number to the m, of (3.4). In principle, therefore, one 
can solve for these parameters ¢, (the preferred fields) 
in terms of the original set of fields M. (The number 
of m,’s being set equal to zero equals the number of 
¢@.’s introduced.) Since the latter fields transform 
according to the given linear rule (3.1), one can deter- 
mine the transformation law of the preferred set .. 
This law is quite generally nonlinear and, if the non- 
linearities are expanded in powers, inhomogeneous. It 
therefore follows, as has been emphasized in Sec. 1, 
that the representation (3.3) can be used only in 
theories with noninvariant vacuums.” 

It may be that some of the fields , and in particular 
Mza in (3.2), do not represent physical particles—in 
other words, they represent particles which are so far 
removed in mass from their partners in the set Mf as 
to be irrelevant dynamically [the analogy of M, is 
with x, (e=1, 2,3) and of Ma with o in the chiral 
model]. The chief problem, therefore, is to exhibit the 
formalism in such a way that these fields can be re- 
moved from consideration. We do this by following the 
standard nonlinear prescription of imposing constraints; 
the details of the method are as follows. 

In the Lagrangian (3.2) substitute the expression 
(3.3) for the fields M and its analog for ¥ to give 


L(¥,0,¥,M,0,M) 
= L(D(L4)¥,8,D(Le),D (Ly)m,d,D(Ly)m) 
= LY,D(L4)d,D(L4)¥,m,D(L6) 
X0,D(Ly)m), (3.5) 


where the validity of the second step depends upon the 
invariance of this Lagrangian under the transformations 
of G. The derivative terms in (3.5) involve the operator 
A, defined in Sec. 2, 


DL) 4,D(LeW=AW=DHt+aD,b.Na, (3.6) 


where D,y and D,¢, denote the covariant derivatives 
defined by (2.14) and (2.17). Similar relations hold for 
m. The fields y and m defined by (3.3) and (3.4) belong 
to a reducible nonlinear realization of G which becomes 
linear with respect to the subgroup H. The number of 
components y, ¢a, and ma is equal to the number of 
original field components ¥ and M. However, it is 
clear that any subset of the fields ¥ and m, which spans 
a (linear) representation of H can be set equal to zero 
without doing violence to the invariance of L. Such a 
disappearance of some of the components of y is 


4 We do not have a general method which defines the trans- 
formation Ly in cases where the Lagrangian contains explicitly 
no Goldstone boson fields with the requisite quantum numbers. 
For the above method to work, it is necessary to introduce extra 
fields with the requisite quantum numbers, perhaps by some self- 
consistent me! which we have not investigated 
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balanced by the appearance of algebraic constraints 
on Y. This can be seen by inverting the formulas (3.3) 
and (3.4) and expressing the components ¥ and ma 
as nonlinear functions of ¥ and M. 

Thus, one can express the Lagrangian (3.2) in terms 
of the nonlinear variables 

L(W,0,¥,M,0,M) im LY, Aw,ma,Ayma) ’ (3.7) 

and feed in the realistic bare masses and coupling 
constants. Unwanted components of ¥ and m4 can 
now be set equal to zero'*; the only rule to be observed 
is the manifest invariance of the right-hand side of 
(3.7) under the transformations of the subgroup H. 

Contained in the Lagrangian (3.7) there will in 
general be the term 


4D be) ba* = 4062960" interaction terms. 


The first term on the right-hand side of this is to be 
interpreted as the kinetic energy of the Goldstone 
bosons. These are massless bosons because, although 
$a appears elsewhere in the Lagrangian (in the co- 
variant derivatives of y), it is always accompanied by 
Ou@a- There is no mass term. That they are the Gold- 
stone bosons is clear since they appear only when the 
symmetry is broken spontaneously by the imposition 
of constraints. It is clear from the above discussion 
that these particles could not even be defined if the 
‘vacuum were symmetric. On the other hand, if the 
Lagrangian were not symmetric they would acquire a 
mass since the matrix D(Z,) would, in such a case, 
fail to be eliminated completely out of the right-hand 
side in (3.5). 

It is of interest to see what happens if a long-range 
gauge field is present. Let us therefore replace the 
Lagrangian (3.2) by one which is invariant under 
transformations of the second kind. This means intro- 
ducing a set of gauge fields, i.e., 


L(¥,08) > Li= LY, 8,.V+ifA pS) 
+4F, poi BYi) (3.8) 


in the notation of Sec. 2. If the expression (3.3) for V 
in terms of the nonlinear realization y is substituted 
in (3.8), one finds that 


L= LY, BW HAfB SP) FB rsB uri (3.9) 


% To illustrate, take the case of Ma=xa, @=1, 2,3, and Ma=co. 
One can introduce (following Higgs and Kibble) a field x(x) 
=4/(z?+0%). For the nonlinear method to apply, it is essential 
that xo=(x(x)) should not vanish. Writing x=x0+x’, where x’ 
is the quantized field, what we are saying in the text is that x’ can 
be set equal to zero. 

15‘We have of course set the components m,z=0 by way of 
defining the preferred set #4. This does not reduce the number of 
independent variables, nor does it imply any constraints upon the 
M. en constraints are introduced, then ma can also be set 
equal to zero so that all m’s are out of (3.7). The Goldstone 
bosons, however, remain, being described by the ¢.’s which 
appear in the definitions of A,. The formula (3.7) is analogous to 

ibble’s formula (10) (Ref. 7. Our formulation, being completely 
general, is valid for any symmetry group and any representation. 
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where B, is defined in terms of the gauge fields A, and 
the reducing matrix LZ, as in (2.27). B, transforms 
according to the nonlinear rule (2.28). The covariant 
derivative of B, is contained in the expression (2.31) 
for B,,. The Goldstone particles, represented by Ly, 
have been absorbed in the redefined gauge qelds B,. 
They no longer exist as independent particles. The 
fields ¢, still appear implicitly in the “nonlinear” 
transformation laws of y and B,, but they no longer 
have any dynamical significance. Moreover, the 
Lagrangian L;, being independent of the ¢,, is not 
of the nonlinear variety. 

Since the gauge fields B,.. transform inhomogeneously 
[Eq. (2.28)], it is essential for the preservation of 
gauge invariance of the second kind that there should 
be no mass term m*B,,’. However, it is possible to 
maintain gauge invariance of the first kind in the 
presence of a term such as 


3m Bua (1/if) (Le70,Le)aP , 


or, in other words, if the Goldstone particles are revived. 
This means that intrinsic symmetry breaking in the 
presence of a gauge field of finite range requires the 
presence of Goldstone particles. 

In conclusion, the Goldstone fields ¢, will become 
massive if and only if there is introduced in (3.2) an 
explicit symmetry breaker. If that is done, it is clear 
that the reducing matrix L, must appear explicitly in 
the transformed Lagrangian (3.5) and not merely in 
the covariant derivatives. This means that ¢, is no 
longer everywhere accompanied by 0,¢,; thus, by 
expanding L, in powers of ¢, one can always find a term 
proportional to ¢. For example, one could add to the 
Lagrangian (3.5) an explicit symmetry breaker of the 
form 


(3.10) 


eDy(L5), (3.11) 


where D(g) denotes some chosen (self-conjugate) ir- 
reducible representation of G and Di(g) indicates a 
matrix element of D(g) between states which are 
singlets of Z, i.e., 


Dy (hg) =Dur(gh) = Dug). (3.12) 


The presence of a term like (3.11) in the Lagrangian 
therefore does not violate the symmetry under Z. 
This is the approach advocated by Weinberg.® A 
still more satisfactory Lagrangian, fully invariant 
under G but still producing a mass for the ¢ particles, 


could be 
L= (L—4mtg)+ 4g, 


where m? is computed self-consistently by setting up 
an interaction representation and computing the self- 
mass of the ¢ particle which is then put equal to the 
physical mass, i.e., its bare mass is zero. Whether this 

16 Weinberg actually writes out the expression Di(Ls) asa 


power series, and in his way of setting it out it is hard to recognize 
that it can be so compactly expressed. 
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self-consistency procedure will introduce other Gold- 
stone particles into the theory is an open question. 


4. A SIMPLE EXAMPLE 


In order to illustrate the techniques presented in 
Sec. 2 we consider here the nonlinear realizations of 
SU(3) which become linear with respect to the sub- 
group SU(2)rXU(1)y. This example is sufficiently 
complicated to exhibit the main features of the non- 
linear formalism and, moreover, it has some physical 
relevance in that the breaking of SU(3) symmetry 
may well be, at least in part, intrinsic. In addition, as 
can easily be seen, only very little effort will be needed 
to extend the formulas given here to the case of chiral 
SU(3)XSU(3) broken spontaneously to chiral 
SU(2)XSU (2). 

The first stage in establishing the nonlinear real- 
izations is the construction of a reducing matrix 
(Lx) ECSU (3). This matrix must transform according 


i Lx gLhxk-(K g), (4.1) 


where g@SU(3) and k@SU(2)XU(1). Since SU(2) 
XU(1) is a four-parameter group, while SU(3) has 
eight parameters, one expects that there should be a 
set of four preferred fields, K and K, with which to 
parametrize Lx. These fields correspond to the hyper- 
charge changing transformations of SU(3). Out of all 
the possible parametrizations we shall pick one that 
does not involve square roots [and is therefore the 
nearest in spirit to Weinberg’s treatment of chiral 
SU(2)XSU(2)]. It is given by 


' si eae 2K 
( RK/ it+WRKEK 14+VRKK 


tn , 
r nk 1-NRK ) 
14MRK 14YRK 


where \ denotes a real parameter to be fixed later. The 
field K is a two-component column vector and K 
denotes its Hermitian adjoint, a two-component row 
vector. 

It is necessary to demonstrate that the paramet- 
rization (4.2) is consistent with the transformation 
requirements (4.1). This can be done by setting up 
explicit transformation rules for the preferred fields 


—\(Ke+eR)—d 
(1/i)sh= 
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K and KR. First, under the subgroup SU(2)XU(1), 
since h(K,g)=g, it is clear that K and K transform 
like = 3 fields with Y=+1 and Y= —1, respectively. 
To discover their behavior under the hypercharge 
changing transformations it is necessary to use the 
fact that h-*(K,g) multiplies the third column of Lx 
by a phase factor but does not mix into it the first two 
columns. Let us consider the infinitesimal hypercharge 
changing transformation 


( 1 * 
g = 

ie iJ’ 
where ¢ denotes a two-component infinitesimal quantity 


and é its Hermitian adjoint. The components of the 
column (Zx)q° are transformed according to 


(4.3) 


( 2K )=i Es 2K 

1+WRKK/ 14¥4RK (14NRK’ 

(ES) «i 2neK a 1—-NVKK 
14VYRK) 14¥RK 148RK’ 


where 69=6(K,e) is a nonlinear effect coming from 
hk, Tt can be eliminated from these formulas, which 
then yield the transformation law 


( 20K ) : 2K 2d(ié-K) 
—_. ] =e --——_—- —_ - 
1—-NKK 1-NRK 1—-NVRK 


From this formula and its Hermitian adjoint it is a 
simple matter to extract the result 


(1/i)6K =[(2\) 711 —-MR-K)e—de-KK] 
14+NRK 


=i) (ERK, 
Do RK! +K-6) 


(4.4) 


(4.5) 


which is, therefore, the transformation law implied by 
(4.1) in the parametrization (4.2). 

The infinitesimal form of the transformation h(K,g) 
is determined by the method of Sec. 2, 


1+8h= (Lx7+6L x) (1+8g)Lx, 


where 6Lx is obtained by using (4.5) in conjunction 
with the form (4.2). The result is 


(4.6) 


K(R-e+2-K)K 
Tee arene 


1—-VRK Pe 
peiaaaia ‘ (47) 


1—-WvRK 


which clearly belongs to SU (2) U(1). This matrix controls all of the nonlinear realizations with the exception of 
the preferred realization (4.5). Suppose that y transforms under SU(2)X U(1) according to a linear irreducible 
representation which is generated by the isospin and hypercharge matrices I and Y. These are defined, in the 
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context of SU (3), by 
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bp = dh PF gp = [bha?(Ly°-4+-45,°Y)— 5h2V WW 


= [the by 04 4 (bh + oh e— 


25h3*)Y w 


=[tr(6he)-I—30h3Y Wy, 


where the F are defined on the SU (3) quark by FAY = 5a $6.°f,. Then, corresponding to the hypercharge 
changing transformation (4.3) ,one finds, using (4.7) in (2. 


=—r (KR) 14 wa F0eRaK: Hn, (4.8) 
where + denotes the Pauli matrices. 
The covariant derivatives are determined in the parametrization (4.2) by the matrix 
2(KK,—K,K) 2MK(K,-K—-R-K,)K 20K, : K,-K-k.K, 
14+-RK (1+KK)? 14+NRK (1+MRK)* 

Le d,Lx= : (4.9) 

aK, R,-K-K-K, RK.-K,-K,-K 

ee ES ye fg ee 

14+-VRK (14+-RK) (1+'RK)? 


where K,=0,K and K,=0,K. This matrix, being 
anti-Hermitian and traceless, belongs to the algebra 
of SU(3). The part which belongs to the algebra of 
SU(2)XU(1) can be separated out and used in the 
construction of the covariant derivative of y, 


Dyw=a ae —— 
os oo 
& 


and the remainder is used to define the covariant 
derivatives of K and 


Ky R,K-RK, 
2 


D,K= ——__, 
14+-RK (14+RK)? sas 
R, R,K-RK, ey 
= —)———____-K 
14NYRK (1+NRKY 


Any Lagrangian made out of y and W and their 
covariant derivatives together with D,K and D,K 
will be SU(3)-invariant if it conserves isospin and 
hypercharge. The vacuum state corresponding to such 
a Lagrangian will not be invariant under the hyper- 
charge-changing transformations, and the resulting 
Goldstone bosons are characterized by the fields K 
and 

The interaction of, for example, nucleons NV and 
hyerpons A with the Goldstone fields K and K could 
be described by the SU (3)-invariant Lagrangian 


L=N (iy,D,—mn)N+K (y,.D,—ma)At+D,RD,K 
+gaxrwNy,AD,K+-+-, (4.12) 


where D,A=8,A and D,N is given by (4.10) with 
I=</2 and Y=1. To the invariant part (4.12) one 
might add an explicit symmetry-breaking term in 
order to give mass to K and K. This term could take 
the form of a matrix element between SU(2)XU(1) 
singlets of the transformation D(Zx) in the manner 
outlined in Sec. 3. The simplest representation D 
which can serve in this role is of course the octet. The 
octet symmetry breaking is given by 


M?1—4N"RK+™M (RK) 
6? 14+-2NRK+M (RK)? 
=M?/6N—-M?*RK+2M'X(RK)*+---, 


Me 
——- ao (Lrdgh xg) =— 


(4.13) 


where the normalization has been adapted to give the 
kaons mass M. There is no necessity to stop at octet 
breaking. It would be a fairly straightforward calcu- 
lation to derive the explicit form of a symmetry breaker 
belonging to any higher representation. In such calcu- 
lations it is useful to define the field 


S=LebLg (4.14) 
which transforms like an ordinary (linear) octet, 
&— gog7, gESU(3) 
but satisfies the algebraic constraints 
6($+1)=2. (4.15) 


The [=Y=0 component of & is proportional to the 
octet symmetry breaker (4.13). The generalized sym- 
metry breakers, belonging to higher representations of 
SU(3), could be expressed in terms of the 7=Y=0 
components of the appropriate irreducible tensor 
polynomials in &. 
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Transition to CP conservation and zero 
Cabibbo angle in strong magnetic fields 


Most current theories of particle symmetries assume that 
violations of these symmetries come about through a 
spontaneous breaking mechanism which produces non zero 
expectation values for certain scalar (elementary or composite) 
fields. As is well known (refs 1-7 and Lebedev Institute Reprint 
No. 101) these expectation values may make a phase transition 
to a zero value for certain critical temperatures and possibly 
also for certain critical external magnetic field strengths H,, 
He,, Hey... Here we point out that it is conceivable that the 
charge asymmetry (associated with CP violation) in K,>x++ 
{++(v) decays may disappear for fields of ~ 8 x 10° 
gauss if CP violation is milli-weak in character, and that the 
Cabibbo angle may be reduced to zero—leading to suppression 
of certain hyperon decays—in fields of the order of 10'* gauss. 
These estimates are so strongly model-dependent that it may be 
worthwhile in any case, to make a systematic phenomenological 
search for effects on particle asymmetries of strong magnetic 
fields of 10* gauss upwards. 

The notion of critical fields (above which spontaneously 
broken symmetries are restored) is well known from the 
Ginzburg-Landau theory of superconductivity which is also 
the prototype of spontaneous symmetry-breaking mechanisms 
used in particle physics. An order of magnitude estimate of 
the critical field H’. in this theory is provided by considering the 
free energy: 


X(T) 


F=F,-+a(T)\igl?+ = lel*+ Lee q) 


where n denotes normal. 
For temperature T < T., F has a minimum when 
—a/A 


l<@>|* = (2) 


The ‘thermodynamic’ critical field close to 7, is then given by®: 


HAT) = Fi—F; 
8r 
=a! 
24 
= 5Alc@>lt ©) 


where s denotes superconducting. 


Now in superconductivity theory the (Cooper-pair) field is 
itself charged and the magnetic field interacts directly with it. 
For K° fields (which we wish to investigate here) this is not the 
case. In an SU(3)-symmetric theory, however, the magnetic 
field does interact in higher order loop graphs. To see the 
qualitative emergence of a formula like equation (3), we later 
consider (for T = 0) an O(3)-symmetric gauge model, where the 
electromagnetic field is part of a gauge-triplet. Even though we 
are not dealing with a thermodynamic system, a critical field 
#f, seems to exist in a one-loop approximation above which the 
expectation value of the neutral field <@,> vanishes—the 
relationship between H, and <@> having the general form of eq- 
uation (3). Here we shall use this formula for order of magnitude 
estimates, Clearly H. will be small for those situations where 
<> and A are small. 


Now for strong interaction symmetries like SU(2) or SU(3), 
values of <p> are typically ~ BeV (or somewhat less), with 
2. = 1. But for weak interaction symmetries—and these provide 
the more spectacular physical situations—with universal gauge 
coupling of order unity (g? ~ 47/137, g ~ 1/3), <@> values 
are typically tens or hundreds of BeV in magnitude, except for 
‘off-diagonal’ situations. By way of illustration we consider 
the <> associated with real rotations of the n-A system 
(Cabibbo angle) and <@> associated with complex rotations 
which signal CP violation in a milli-weak manner. 

To estimate the magnitude of H, for these cases, assuming 
that it exists we consider the ideas of Lee*, Pais and Primack’® 
or Mohapatra and Pati (ref. 11 and University of Maryland 
Technical Report No. 74-085). In their milli-weak theory, 
the latter authors write the mass matrix for the n, A quark system 


in the form: 
_ m, O n 
S(,A)LUL [ | yao | | (4) 
Mp. A R 
where U, and Vp are matrices of the type: 
cos8y.x —sinOc.n exp(id. x) 
(5) 
sin®..n exp(ibi.rn) cosO. x 


with 6 and 6 real. The real part of the off-diagonal elements of 
the expectation-value matrix 


UL 


O om, 
(assuming for simplicity 6, = 0,) is given by: 


$m, — my) sin20,, cos(e/2) (6) 
where 5, = €/2, 5, = —e/2. Now from CP violation, ¢ in this 
model can be as small as 2 x 10-*. With m, — m, ~ 175 MeV, 
8. ~ 15° and assuming f in equation (4) to be typically ~~ 1, 
we obtain: 

Re} ott_aiagonat = 45 MeV (7) 


Using equation (3) and making the ad hoc assumption that the 
numerical constant (4) appearing there is of order unity, we 
obtain 

H,™3 x 10'* gauss (8) 


(using the conversion <@> (MeV) = 0.3H (kgauss) cm). 

If fields of this magnitude are applied, the real part of the 
‘off-diagonal’ expectation value may vanish and, with it, the 
Cabibbo angle, suppressing certain hyperon and strange-particle 
decays. 

Also, the imaginary part of the off-diagonal matrix element of 
the mass matrix is 


(412K, + my) sin28, sine 


This expectation value may make a transition to a zero 
value for fields H, ~ 10'* gauss—and with it the milli-weak) 
CP asymmetry—for a heavy quark model (m, ~ 5 BeV); 
for a light quark model (m, ~ 300 MeV), on the other hand, 


-H, may reduce to 8 x 10° gauss. 


(A preliminary and perhaps unrealistic model for spontaneous 
superweak CP breaking seems to give a value of around 
3 x 10* gauss for the critical field strength. This is likely to be 
a very gross—though morale-building—underestimate, from 
the experimental point of view.) 


Since in these estimates we have assumed, for simplicity, 
that all model-dependent constants like fand ) are ~ unity and, 
further, since equation (3) itself is a very crude estimate, it is 
clear that H, may change by orders of magnitude, and also not 
one but a hierarchy of critical fields may be discovered when a 
detailed investigation is carried through. This situation is not 
unfamiliar in superconductivity theory, where, depending on the 
ratio of the parameters 4 and g (the gauge coupling), super- 
conductors are divided into Type I and Type. II, with Type I 
displaying a variety of critical fields!* H., He), Heo, Hc3 anda 
corresponding variety of physical (vorticity) characteristics 
(For V;Ga, for example, there are three widely differing critical 
fields, He, (T = 0) = 200 gauss, H. (T = 0) ~ 6,000 gauss, 
and H., (T = 0) which is as large as 300,000 gauss.) 

Detailed models, in which we shall investigate the analogues of 
fields H.,, He,,-.. for particle physics, will be considered 
elsewhere. 

Fields of strength ~ 10° gauss are possibly technically feasible 
for use in conjunction with K-beam experiments. Clearly, in 
order to test the ideas expressed here, stronger fields will be 
needed. There is no doubt, however, that if the basic ideas of 
spontaneous symmetry breaking are correct and if we believe 
in the validity of extrapolating from the one-loop calculation 
presented later, then there would exist critical fields for which the 
broken symmetries are likely to be restored. The future task of 
the theory is to explore such situations where the field strength 
required is not excessively intense and within reach of the 
forseeable technology. Since it is commonly assumed that the 
mean magnetic fields in pulsars are ~~ 10'* ~ 10% gauss, it 
would seem—for what it is worth—that CP-violating pheno- 
mena do not take place in pulsars, though the Cabibbo angie is 
still non-zero. 

To illustrate the effect of a uniform magnetic field on 
symmetry breaking, we give a simple model calculation. A 
Lagrangian which exhibits local O(3) symmetry is given by: 


2 
L= iF? +40¥ oy io ZO 22 


where the scalar and vector fields, @ and A,, are triplets with 
respect to the O(3) symmetry and the covariant derivatives 
which appear are 


Vu 9= G.0+-eAyx @ 
Fu, = 9,Av—GcAut 2eAyX Ay 


The parameters yu? and A are both positive: this implies a 
symmetry breakdown, O(3)—-O(2), in the tree approximation. 
The vacuum expectation value of @ is non-vanishing, and 
indeed, may be used to define a direction in iso-space 


<o'> = V(H7/A)S". 


The corresponding component of the gauge potential, A,’, 
does not acquire a mass and so may be identified with the 
electromagnetic potential. In the tree approximation the 
presence of an external background electromagnetic field, 
<A,*> # 0, has no influence on the expected value of the 
neutral component <*> of the matter triplet. 

When quantum corrections are taken into account this is no 
longer true. Already, the one-loop corrections to the effective 
action, given formally by: 


Tay (9,4) = G/2i) InDetG (o,(9,A) 


(where Go, denotes the set of classical propagation function 
for small disturbances on a given background) imply a coupling 
between gy? and A,° even when the charged components 9? 
and A,**? are set equal to zero in the modified ground state. 
In the uniform magnetic background, where all fields vanish 


except for 


Ox) =W, Al) =4Hx,, Ax) = -4Hx 
with y and H constant, the one-loop contribution to the effective 


potential, Vi(w,), is determined approximately by the 


differential formula 
EVay _ i (* ds eH 
sinh(seH) 


exp| ~s(y*— u)]— 


2ns 


ow? 8x Jo 5 
—s(.M2—p? 
= ae (1am) 
ae {eet—acry—w — exp[—s(3AM*—p*)} x 


x ( 1-aaiye—) 


(This expression is renormalised at H = 0, y = M, that is, 
EViylew? and 6?V,,,/c(y?)? both vanish at this point.) The 
formula is approximate because we have not included the 
contributions due to intermediate vectors. The term with the 
H-dependent factor here is the contribution to Va) of the 
intermediate charge pair @+*, whereas the H-independent 
factor is due to the neutral 9°. 

To determine the critical field, we should set y = 0 and 
require that 2¢V.,/Ay*|y—o should compensate the tree 
contribution 26V (9) /éw?ly..o = —*. Unfortunately, the neut- 
ral particle contribution to GV/ay? is complex if y? < 2/3 
This means that our approximation is inadequate. The source of 
this complexity is easily traced. 

In restricting ourselves to one-loop effects we are not allowing 
the magnetic field to act on the neutral intermediate particles. 
Hence when y = 0 these appear to carry imaginary mass, ip. 
The very object of the computation ¢V/éy? = 0, is however, 
the setting to zero of the neutral particle mass. Clearly, we 
should be setting up a self-consistent (Dyson) equation: which 
means bringing in the contributions of higher loops. (For a 
similar pathology in a calculation of critical temperature see 
the paper of Dolan and Jackiw®.) Short of this, we can obtain 
an order of magnitude idea of the critical field by setting both 
p and w to zero specifically in the above expression for 

eH, exp(—sAM?*) 


EV /dy*. That is, we solve the restricted problem 
xh (* ds| 
=—ye- — — pee ee ae, 2 
: ise 8x 05 he Ss (este | 


Pat —exp(—3s\M*) (1 sae} 


or 
nw? aH ~ dul eHAM*? 
M*~ 8x Jy uw | sinh(weH JAM?) aed Orcs 
341 1, 
; Ee exp(—3u) (; 1 ») | 
_ Ma au pte 
Bn] AMI’ 
where 
9 avd fv 
a=1+ a5 and b = {.S5(z) 
=2.5 =~-1 
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On choosing the reference mass equal to ») we obtain 


_1f 8x Ap? 
Hao a je 


1/8" | \At@? | 
BNA e 


Since 5 is negative, we must have 134> 8x/a. 

This estimate of H, should not be taken as anything more 
than a rough indication. The form of this expression for H, 
is basically similar to equation (3), apart from the numerical 
factor multiplying <@>*. It is factors of this type which in a 
realistic calculation may drastically alter the order of magnitude 
estimates given earlier. Also, for a situation involving a number 
of non-zero <@>s, one may conjecture that H, would be 
an expression involving a sum of terms like <Z/,@,>? with 
sequences of opposing signs among the coefficients f;. This, 
in turn, may lead to the desired diminution of the absolute 
magnitudes of the critical field strengths. 

It is perhaps worth remarking that the calculation presented 
above for the critical field does not constitute a general proof 
that such fields always exist. This problem clearly needs further 
study. 

We thank Professor D. J. Bradley for pointing out that 
fields of 10° gauss in a small volume ~ 10-* cm? lasting more 
than 10~*s may conceivably be produced by laser compression 
techniques (though improvements in laser technology could 
permit the extension of both volume and duration) and to 
Dr Delbourgo for the remark that laser compression would 


also be accompanied by a high temperature which may help 
to produce the critical magnetic field at the same time. There 
is the further possibility that the electromagnetic energy pump- 
ing by the laser beam may by itself achieve the same purposes 
as are described in this communication. Such laser beams would 
have to have enormous powers of ~ 10!* Wcm"?. 
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We analyse the effects of the intensity-dependent mass shift predicted for electrons 
in an electromagnetic plane wave on bound states. It is shown that the nuil result of the 
experiment of Mowat et al. on the !33Cs ground-state hyperfine splitting was to be ex- 
pected, although their hypothetical explanation of it is incorrect. The recent suggestion 
that an intense laser beam might effect the restoration of a spontaneously broken sym- 
metry is examined in more detail, and it is demonstrated that although a pure plane will 
not suffice, a superposition of plane waves, for example a standing wave, would do so. 
At present, however, the effect is unobservable small. 


1. Introduction 


Some years ago a mass shift of free electrons in an intense plane-wave electro- 
magnetic field was predicted [1-3] and became the subject of lengthy controversy 
(summarized with full references in ref. [4]). Later it was suggested [5] that a 
similar effect might exist for bound electrons, leading to intensity-dependent shifts 
in the frequencies of spectral lines. However, an experimental search for such a 
shift in the hyperfine splitting of the !33Cs ground state yielded negative results 
[6]. On a naive classical argument, this negative conclusion was to be expected, 
because the mass shift of a free electron can be understood [7] as a mean kinetic 
energy of the large amplitude oscillation induced by the field, which is precluded 
for bound electrons. The quantum-mechanical explanation, on the other hand, is 
less clear. Mowat et al. [6] suggested that the e2A2 term which is responsible 
should be regarded as a contribution to the energy rather than the mass, so yielding 
an unobservable uniform shift of all levels. However, this seems a rather unnatural! 
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interpretation in view of the fact that in the Klein-Gordon (or second-order Dirac) 
equation the e2A? term is clearly an addition to m2. Tryon [8] in a treatment of 
quantum electrodynamics in a coherent photon background finds lowest-order 
energy level shifts independent of the mass shift, but neither the underlying reasons 
nor the extent of validity of this result are wholly clear. 

In this paper we re-examine the status of the electron mass shift and show that, 
while the e2A2 term alone would yield level shifts corresponding to a change in 
mass rather than a uniform addition, the effect is almost exactly cancelled in the 
long wavelenth limit by the second-order shift arising from the ep-A term. 

Recently [9] two of us suggested a different role for the mass shift, as a possible 
mechanism for the restoration of spontaneously broken symmetries, as we showed 
in the case of intense magnetic fields. Here we examine this possibility in more 
detail. 

The mass shift directly affects only charged particles, whereas what is relevant in 
deciding whether a symmetry is broken is the effective potential evaluated as a 
function of the vacuum expectation value of some neutral field. An effect can be 
produced by virtual charged-particle loops but since the neutral particle is thus to 
be treated as a bound state, one might anticipate that the effect would be suppressed 
as in the case of an electron bound in an atom. 

There is a simple invariance argument which shows that in a true plane wave the 
suppression is in fact complete. By gauge invariance, the effective potential V(¢, A,,) 
must depend on the plane-wave vector potential A, only through the field tensor 
F.,,- But it must also be a scalar, and for a plane wave no scalar can be formed from 
Fup» so that V must be a function of the vacuum expectation value ¢ alone. This 
conclusion will be verified by more explicit examination of the effective potential. 
It follows that a spontaneously broken symmetry cannot be restored by a simple 
plane-wave laser beam, as has also been pointed out by Becker [10]. However the 
argument clearly fails for other configurations. In particular, a contribution to the 
effective potential can be expected from a superposition of two plane waves in 
different directions, for example from a standing wave produced by reflecting a 
Taser beam from a mirror, since the invariant F’ ee is non-zero in that case. 

It may also be worth remarking that, even in a pure plane-wave beam, symme- 
tries might be broken (not restored) by a different mechanism, in. which a symme- 
tric tensor field acquires a vacuum expectation value proportional to F OF pv: OF 
equivalently Ark, k,. 

It has been pointed out by Neville and Rohrlich [11] that a null-plane forma- 
lism is particularly well suited to the treatment of processes in a plane-wave field. 
In sect. 2 we introduce a version of this formalism closely based on the work of 
Bjorken, Kogut and Soper [12], in which the relativistic treatment closely parallels 
the non-relativistic. However we use a modified (non-orthogonal) co-ordinate sys- 
tem recently employed by Bell and Ruegg [13] in a treatment of the hydrogen 
atom. This method is interesting in its own right and may well have other applica- 
tions. 
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In sect. 3 we show that the electron Green function in a plane-wave field has a 
particularly simple form in these coordinates, and use it to examine the contribu- 
tion to an effective potential function. The conclusions are summarized and dis- 
cussed in sect. 4. 


2. Dirac equation in null-time coordinates 


We use the system of coordinates 

T=f-Z, ¢=z, x= (x,y), (1) 
comprising a null-time coordinate together with the three cartesian spatial coordin- 
ates. The distinction between ¢ and z is required when we come to the contragre- 
dient transformations exemplified by the partial derivatives 

0.=9 d,=0, +4,, d=(0,,4,). 


T t’ 


(In using the two-vector notation we regard all vectors other than 9 as contravariant. 


Thus p,, = id, but p = —id.) The metric tensor and its inverse in the coordinate 
system (1) are: 


LT! as ee ol 


Since 7’ is singular, two of the four components of the Dirac equation take the 
form of constraints so that it can be reduced [12] to a two-component form which 
in our coordinates reads 


2m, W(x) = [my + (en — forme (rm + io~m)] VOX). 2) 
Here 
t= P= eA (x) = 0, = eA, (x), (3) 


and a is the integral operator defined by 
i 
Sees 1 / , . a id u 
wy a) = 3 fa! eb — ¥) exp |e far aioe. 2) fe. 8,9). 


Let us first suppose that the external field is time-independent, A, = A,,(¢,). 
Then eq. (2) has stationary solutions of the form 


VOx) =u, (6,2) en, 
The u,, are eigenfunctions of the Hamiltonian 


= +e -1 ra 
H=eA_+ aM, +3(m — io n)m, (m + iorn), 
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and are obtainable from the familiar Dirac wave functions by multiplying by e~ iEns 


and applying the projector P, = Lys y'. The bound-state wave functions may be 
normalized so that 


fag Px ub x) uy 2) = bq" (4) 


The scattering states are labelled by the three-momentum p and z component of 
spin s. We use 7 to denote p,, so that p = (n, p). The covariant normalization of 
these states is 


Sas Bul, Gx), 8) = nl Qn) 5(n! — 0) 890 - ) by (5) 
For a free saci 

Uyg(S,x) = [2nl2 efP-*~ 28) We, 
where w, is a two-component spinor, (i) or (?). The corresponding energy eigen- 
value is 

E, = 41+ (mn? + p?)/2n. (6) 


For n <0, u,, is of course a negative-energy eigenfunction. 

Now let us consider in addition to the time-independent field A,, a plane wave 
field a, (7). Using standard perturbation methods, we look for a solution to the 
Dirac equation of the form: 


vx) = x c(t) u, (x). 


Choosing a gauge in which only the transverse components a of a,, are non-zero, we 
find the equation 


kent 
dr 


which coincides in form with its non-relativistic counterpart, save for the definitions 
of V and W. These are 


iL c(t) + ea(r) + u Voc Arte a(n) 24 Wn! Sq) (7) 


anion 


Want =H fab Px ul G, x) my! 6,2), (8) 


V,, waz Sa ax ul (f, x) (im, x} + ieo, Int, *n))u, 6, ), (9) 


where 71, is still defined by (3) and *x denotes the dual two-vector, tak = Ml a! 
For a free particle both V and W are diagonal in the momentum representation. 
In fact, 


=—p/n, Wn. 


Hence we recover the solutions found earlier [14, 1,3, 15] but in a simpler two- 
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component form, 


Cyg(T) = Cys(0) exp (-i f dr’ é,¢)) ; 
0 


with 
2 2 2 2 
Bye k PO ee O21, , pea] +m 
E,@)=£, aT nt an ; (10) 


The absence of any explicit spin-dependent factor, similar to the one that appears in 
the four-component solution, is particularly interesting. 

There is one crucial difference between (7) and the corresponding non-relativistic 
formula, namely that W as given by (8) is no longer a constant (1/2m) but the matrix 
element of an operator (1 /2n). Thus it yields an energy shift which is not constant 
but given approximately by 

DE, = Xa), Woy © CG), E,/2m”, (11) 


avn 


just the shift one would expect from a change in the electron mass. 

If the frequency w of the plane wave is small compared with a characteristic 
atomic frequency wp, then one may expect higher-order terms in the perturbation 
series to be negligible because of their large energy denominators. However, (11) 
cannot represent the true level shift, since for a wave of fixed intensity it tends to 
infinity in the long-wavelength limit. In fact, the matrix elements of V are of order 
(wo/m)2, so that the second-order term in V is of the same order of magnitude 
(e2a2/m) as the first-order term in W. That they actually cancel is seen most easily 
by making a gauge transformation of the type sometimes used to introduce the 
dipole approximation. This reduces a to zero while generating a new component 


a’ (1, x) = — x-(da/dr). 


In this gauge the coefficients ce satisfy the equation 


de, (7) 
jE = B, 640) — 05 * LX gy Cop (12) 
with 
X ni = fos Px ul (t,x) xu, (5,2). (13) 


This is an interesting formula because, although (12) looks like the familiar non- 
relativistic expression in the dipole approximation, it is in fact exact. [Recall that 
as compared with the usual integral, the integrand of (13) contains an extra factor 
of efEn- En)’, This is just the standard exponential evaluated for an “energy-con- 
serving” wave vector of magnitude £,, — E,, in the z direction.] 

Since the matrix elements of X are of order (mw) 2 and the diagonal matrix 
elements vanish, it is clear from (12) that the leading term in the energy-level shift 
is of order (w/w)? (e2a2/m), showing that the terms of order (e2a2/m) must can- 
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cel exactly. As w > 0 we obtain precisely the usual second-order Stark shift, as we 
must. 


3. Electron Green function and effective potentials 


The electron Green function in a plane wave has been calculated by numerous 
authors [4]. Here we want to put in a particularly convenient form. In the two- 
component formalism, and using the notation (10), it may be written as 


Gx, x')= +, fan ap [0(n) (¢ ~ +’) — 0-0) OF’ — 29] 
(2n) 


X exp (-in (f - $') + ip-(x — x')) exp (~i f dr” E,(0")) : (14) 


Note that in common with the wave functions, it has no explicit spin dependence. 
One can extract the gauge dependence as a line‘integral factor [16], 


Gx, x’) = eg HAGHX) Gey, x’), (15) 

with 
x 
Atx, x)= f dxt a, (x) = (x — x')(a), 
x’ 
where the angular brackets denote a time average between 7’ and 7, 
ek Pewee 

(a) "=r J dr a(r ). 

The gauge-invariant factor G may be written 


e~ ip &-x’) 2n (16) 


4 
Dal las br ramen oa 
(2n)" M*(7,7) — p* — ie 
where M? denotes the mass operator 
M"(r, 1) = m? + e? (a?) — e? (a)? 


The non-Lorentz-invariant factor 27 in the integrand of (16) is required by the 
Lorentz transformation properties of y(x). (Under longitudinal boosts, n~ 2 is in- 
variant.) 

Because of the plane-wave character of the field, three components of energy 
momentum are conserved. In fact, the Fourier transform of (16) is 


GQp.p’) = 2n(27)3 8(n — n') 5, (Pp —P’) 


x i far elE-E)r f da exp (—ia[M?(r + 20m, t) — p*]). (17) 
0 
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A particularly simple and interesting case is that of a circularly polarized mono- 
chromatic wave 


a(r) = Re (ae~'“7), a’ =0. (18) 


For this case a simple-calculation shows that mM depends only on the difference of 
its arguments, 


_ sin? [Jw(r — 1')] 


M(x, 7’) =m? + Am? f 
[Retr — 7')]? 


| = M?(r —1'), (19) 


where 
Am =} e a-a* 


is the intensity-dependent mass shift. In this special case, G conserves all four com- 
ponents of energy momentum and can be written in a particularly compact form, 


Gp, p')= 2m 2n)* 84(p — p')i_f darexp (—ie[M? (2am) — p”)). (20) 
0 


Physically, this means that the absorption and emission of photons form a circularly 
polarized plane wave is completely described by the time-integral factor in (15). 

It is clear from (19) that while M2 approaches the shifted mass m? + Am? as 
7 —7' +, for short time intervals it is approximaltely equal to the unshifted mass 
m2. In particular G(x, x) is independent of ay. 

Now let us consider the possible effect of a plane-wave field a, on the effective 
potential function V(y) for some neutral scalar field y. There is only one way to 
couple zero-momentum y lines to a charged-fermion line, which amounts to replac- 
ing the fermion mass m by m + gy. In particular, the one-loop contribution to V(y) 
is obtained from the single vacuum loop by this replacement. Since the vacuum 
loop involves G(x, x), the one-loop potential is independent of a. 

As we noted in the introduction, this conclusion holds more generally, to all 
orders in the loop expansion, as a consequence of gauge and Lorentz invariance. 
However, it is true only for a plane-wave field, and only for vanishing external mo- 
menta. In other situations we may expect an effect. 

Consider for example the one-loop contribution to the scalar field self-energy 
function 7,, (fig. 1), assuming the simplest invariant coupling of y to the charged 
fermions. For the case of circular polarization (18), 7, is translationally invariant 
and its Fourier transform is 


Fig. 1. One-loop contribution to scalar-field self-energy. 
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i ' ' 
n= fete Jet 5(p + p' -q) 
n 


X f daexp (—ice{M?(20n) — p?])_f 46 exp (—iB[M?(26n') — p}). 
0 0 


Using dimensional regularization to handle the quadratic divergence, the momentum 
integrals can be readily evaluated to give 


n(q)=~¢ fda f dB [4ni(a + p)] 2” 
0 0 


x exp [i make 2 — i(a + 8) M? (2-4, 4)|. (21) 


This formula exhibits 7, as a function of the invariants q”, q°k = = Gy and a2 
Clearly, the coefficient of a? vanishes when q or k tend to zero like (q°k)?, as it 
should since the combination (q°k)* a? is the gauge-invariant quantity (F, nn q’y. 
For a neutral particle at rest, the energy shift induced by the plane wave is there- 
fore smaller than the electron mass shift by a factor w/m2. Nevertheless, in suit- 
able circumstances it might be observable. 

Another case in which the external field could have an effect is that of a non- 
plane-wave field. The effective potential function V(y) must be a scalar function of 
F,,,, and can therefore have a non-trivial dependence in the external field when 
F,,,F¥” # 0. The contribution of a single plane wave vanishes essentially because 
there i is only one wave vector K# involved, but when two or more such vectors ap- 
pear this is no longer the case. In particular we may consider a superposition of 
plane waves travelling in opposite directions, described (in cartesian coordinates) 


by 

k* = (w, 0, 0, w), k’# = (w, 0, 0, —w). 
Physically, such a wave is readily produced by reflecting a laser beam from a mirror. 
Unfortunately, diagrams such as fig. 2 with only two external photon lines, and any 
number of zero-momentum y lines, will give no contribution because of the delta 


function restricting the photons to have equal and opposite energy-momentum 
vectors. However, diagrams with four external photon lines will give a contribution 


Fig. 2. Photon self-energy modified by any number of zero-momentum » lines. 


T.W.B. Kibble et al. / Mass shift and symmetry breaking 263 


of order e2 wat to V(¢). In the present circumstances this contribution is far too 
small to have observable consequences, but this may not always be true. 


4. Conclusions 


We have shown that the null result of the experimental search [6] for intensity- 
dependent level shifts in an atom in a plane-wave field was to be expected, despite 
the fact that the e2A? interaction term is more properly regarded as generating a 
mass shift rather than a uniform energy shift. Indeed the shift is not uniform but is 
cancelled by second-order effects of the ep-A term. 

Similarly we have shown that a pure plane-wave field will not induce restoration 
of spontaneously broken symmetries, because its contribution to the effective po- 
tential function vanishes for reasons of invariance. In principle, at least, a non-plane- 
wave field can have the desired effect. The simplest practical example is the standing 
wave produced by reflection from a mirror. However, at the present time the effect 
is far too small to be seen. 
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“The idealism which permeated his character led him 
to... (being) as much concerned with helping science 
as a whole, as individual scientists. ... The Swedish 
people under the leadership of the Royal Family and 
through the medium of the Royal Academy of Sciences 
have made Nobel Prizes one of the chief causes of the 
growth of the prestige of science in the eyes of the 
world... Asa recipient of Nobel’s generosity, I owe 
sincerest thanks to them as well as to him.” 

I am sure I am echoing my colleagues’ feelings as 
well as my own, in reinforcing what Sir George Thom- 
son said—in respect to Nobel’s generosity and its in- 
fluence on the growth of the prestige of science. No- 
where is this more true than in the developing world. 
And it is in this context that I have been encouraged by 
the Permanent Secretary of the Academy— Professor 
Carl Gustaf Bernhard—to say a few words before I 
turn to the scientific part of my lecture. 

Scientific thought and its creation is the common and 
shared heritage of mankind. In this respect, the history 
of science, like the history of all civilization, has gone 
through cycles. Perhaps I can illustrate this with an 
actual example. ‘ 

Seven hundred and sixty years ago, a young Scotsman 
left his native glens to travel south to Toledo in Spain. 
His name was Michael, his goal to live and work at the 
Arab Universities of Toledo and Cordova, where the 


*This lecture was delivered December 8, 1979, on the occa- 
sion of the presentation of the 1979 Nobel Prizes in Physics. 
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greatest of Jewish scholars, Moses bin Maimoun, had 
taught a generation before. 

Michael reached Toledo in 1217 AD. Once in Toledo, 
Michael formed the ambitious project of introducing 
Aristotle to Latin Europe, translating not from the 
original Greek, which he knew not, but from the Arabic 
translation then taught in Spain. From Toledo, Michael 
traveled to Sicily, to the Court of Emperor Frederick 
I. 

Visiting the medical school at Salerno, chartered by 
Frederick in 1231, Michael met the Danish physician, 
Henrik Harpestraeng—later to become Court Physician 
of Eric IV Waldemarss6n. Henrick had come to 
Salerno to compose his treatise on blood-letting and 
surgery. Henrik’s sources were the medical canons of 
the great clinicians of Islam, Al-Razi and Avicenna, 
which only Michael the Scot could translate for him. 

Toledo’s and Salerno’s schools, representing as they 
did the finest synthesis of Arabic, Greek, Latin, and 
Hebrew scholarship, were some of the most memorable 
of international assays in scientific collaboration. To 
Toledo and Salerno came scholars not only from the rich 
countries of the East, like Syria, Egypt, Iran and 
Afghanistan, but also from developing lands of the West 
like Scotland and Scandinavia. Then, as now, there 
were obstacles to this international scientific concourse, 
with an economic and intellectual disparity between dif- 
ferent parts of the world. Men like Michael the Scot or 
Henrik Harpestraeng were singularities. They did not 
represent any flourishing schools of research in their 
own countries. With all the best will in the world their 
teachers at Toledo and Salerno doubted the wisdom and 
value of training them for advanced scientific research. 
At least one of his masters counseled young Michael 
the Scot to go back to clipping sheep and to the weaving 
of woolen cloth. 

In respect of this cycle of scientific disparity, per- 
haps I can be more quantitative. George Sarton, in his 
monumental five-volume A History of Science, chose 
to divide his story of achievement in sciences into ages, 
each age lasting half a century. With each half century 
he associated one central figure. Thus 450 BC-400 BC 
Sarton calls the Age of Plato; this is followed by half 
centuries of Aristotle, of Euclid, of Archimedes, and 
soon. From 600 AD to 650 AD is the Chinese half 
century of Hsiian Tsang, from 650 to 700 AD that of 
I-Ching, and then from 750 AD to 1100 AD—350 years 
continuously —it is the unbroken succession of the Ages 
of Jabir, Khwarizmi, Razi, Masudi, Wafa, Biruni, 
and Avicenna, and then Omar Khayam—Arabs, Turks, 
Afghans, and Persians. After 1100 appear the first 
Western names: Gerard of Cremona, Roger Bacon— 
but the honors are still shared with the names of Ibn- 
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Rushd (Averroes), Moses Bin Maimoun, Tusi, and 
Ibn-Nafis—the man who anticipated Harvey’s theory of 
circulation of blood. No Sarton has yet chronicled the 
history of scientific creativity among the pre-Spanish 
Mayas and Aztecs, with their re-invention of the zero, 
of the calendars of the moon and Venus and of their 
diverse pharmacological discoveries, including qui- 
nine, but the outline of the story is the same—one of 
undoubted superiority to the Western contemporary 
correlates. 

After 1350, however, the developing world loses out 
except for the occasional flash of scientific work, like 
that of Ulugh Beg—the grandson of Timurlane, in 
Samarkand in 1400 AD; or of Maharaja Jai Singh of 
Jaipur in 1720—who corrected the serious errors of 
the then Western tables of eclipses of the sun and the 
moon by as much as six minutes of arc. As it was, Jai 
Singh’s techniques were surpassed soon after with the 
development of the telescope in Europe. As a con- 
temporary Indian chronicler wrote: “With him on the 
funeral pyre, expired also all science in the East.” 
And this brings us to this century when the cycle begun 
by Michael the Scot turns full circle, and it is we in 
the developing world who turn westward for science. 
As Al-Kindi wrote 1100 years ago: “It is fitting then 
for us not to be ashamed to acknowledge truth and to 
assimilate it from whatever source it comes to us. For 
him who scales the truth there is nothing of higher value 
than truth itself; it never cheapens nor abases him.” 

Ladies and Gentlemen, it is in the spirit of Al-Kindi 
that I start my lecture with a sincere expression of 
gratitude tothe modern equivalents of the Universities 
of Toledo and Cordova, which I have been privileged 
to be associated with—Cambridge, Imperial College, 
and the Centre at Trieste. 


t. FUNDAMENTAL PARTICLES, FUNDAMENTAL 
FORCES, AND GAUGE UNIFICATION 


The Nobel lectures this year are concerned with a 
set of ideas relevant to the gauge unification of the 
electromagnetic force with the weak nuclear force. 
These lectures coincide nearly with the 100th annivers- 
ary of the death of Maxwell, with whom the first uni- 
fication of forces (electric with the magnetic) matured 
and with whom gauge theories originated. They also 
nearly coincide with the 100th anniversary of the birth 
of Einstein—the man who gave us the vision of an ulti- 
mate unification of all forces. 

The ideas of today started more than twenty years 
ago, as gleams in several theoretical eyes. They were 
brought to predictive maturity over a decade back. And 
they started to receive experimental confirmation some 
six years ago. 

In some senses then, our story has a fairly long back- 
ground in the past. In this lecture I wish to examine 
some of the theoretical gleams of today andask the ques- 
tion if these may be the ideas to watch for maturity 
twenty years from now. 

From time immemorial, man has desired to compre- 
hend the complexity of nature in terms of as few ele- 
mentary concepts as possible. Among his quests—in 
Feynman’s words—has been the one for “wheels within 
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wheels” —the task of natural philosophy being to dis- 
cover the innermost wheels if any such exist. A second 
quest has concerned itself with the fundamental forces 
which make the wheels go round and enmesh with one 
another. The greatness of gauge ideas—of gauge field 
theories—is that they reduce these two quests to just 
one; elementary particles (described by relativistic 
quantum fields) are representations of certain charge 
operators, corresponding to gravitational mass, spin, 
flavor, color, electric charge, and the like, while the 
fundamental forces are the forces of attraction or re- 
pulsion between these same charges. A third quest 
seeks for a unification between the charges (and thus of 
the forces) by searching for a single entity, of which 
the various charges are components in the sense that 
they can be transformed one into the other. 

But are all fundamental forces gauge forces? Can 
they be understood as such, in terms of charges—and 
their corresponding currents—only? And if they are, 
how many charges? What unified entity are the charges 
components of? What is the nature of charge? Just as 
Einstein comprehended the nature of gravitational charge 
in terms of space-time curvature, can we comprehend 
the nature of the other charges—the nature of the entire 
unified set, as a set, in terms of something equally 
profound? This briefly is the dream, much reinforced 
by the verification of gauge theory predictions. But 
before I examine the new theoretical ideas on offer for 
the future in this particular context, I would like your 
indulgence to range over a one-man, purely subjective, 
perspective in respect of the developments of the last 
twenty years themselves. The point I wish to emphasize 
during this part of my talk was well made by G. P. 
Thomson in his 1937 Nobel Lecture. G. P. said 
“... The goddess of learning is fabled to have sprung 
full grown from the brain of Zeus, but it is seldom that 
a scientific conception is born in its final form, or 
owns a Single parent. More often it is the product of 
a series of minds, each in turn modifying the ideas of 
those that came before, and providing material for 
those that come after.” 


Il. THE EMERGENCE OF SPONTANEOUSLY BROKEN 
SU(2) X U(1) GAUGE THEORY 


I started physics research thirty years ago as an 
experimental physicist in the Cavendish, experimenting 
with tritium—deuterium scattering. Soon I knew the 
craft of experimental physics was.beyond me—it was 
the sublime quality of patience—patience in accumulat- 
ing data, patience with recalcitrant equipment—which 
I sadly lacked. Reluctantly I turned my papers in, and 
started instead on quantum field theory with Nicholas 
Kemmer in the exciting department of P.A.M. Dirac. 

The year 1949 was the culminating year of the 
Tomonaga—Schwinger~—Dyson reformulation of re- 
normalized Maxwell—Dirac gauge theory, and its tri- 
umphant experimental vindication. A field theory must 
be renormalizable and be capable of being made free of 
infinities—first discussed by Waller—if perturbative 
calculations with it are to make any sense. More—a 
renormalizable theory, with no dimensional parameter 
in its interaction term, connotes somehow that the 
fields represent “structureless” elementary entities. 
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With Paul Matthews, we started on an exploration of 
renormalizability of meson theories. Finding that re- 
normalizability held only for spin-zero mesons and that 
these were the only mesons that empirically existed 
then, (pseudoscalar pions, invented by Kemmer, fol- 
lowing Yukawa) one felt thrillingly euphoric that with 
the triplet of pions (considered as the carriers of the 
strong nuclear force between the proton—neutron doub- 
let) one might resolve the dilemma of the origin of this 
particular force. By the same token, the so-called 
weak nuclear forcé—the force responsible for 8 radio- 
activity (and described then by Fermi’s nonrenorma- 
lizable theory) had to be mediated by some unknown 
spin-zero mesons if it was to be renormalizable. If 
massive charged spin-one mesons were to mediate this 
interaction, the theory would be nonrenormalizable, 
according to the ideas then. 

Now this agreeably renormalizable spin-zero theory 
for the pion was a field theory, but not a gauge field 
theory. There was no conserved charge which deter- 
mined the pionic interaction. As is well known, shortly 
after the theory was elaborated, it was found wanting. 
The (3,3) resonance A effectively killed it off as a 
fundamental theory; we were dealing with a complex 
dynamical system, not “structureless” in the field- 
theoretic sense. 

For me, personally, the trek to gauge theories as 
candidates for fundamental physical theories started in 
earnest in September 1956—the year I heard at the 
Seattle Conference, Professor Yang expound his and 
Professor Lee’s ideas (Lee and Yang, 1956) on the 
possibility of the hitherto sacred principle of left-right 
symmetry, being violated in the realm of the weak 
nuclear force. Lee and Yang had been led to consider 
abandoning left-right symmetry for weak nuclear in- 
teractions as a possible resolution of the (7, 6) puzzle. 
I remember traveling back to London on an American 
Air Force (MATS) transport flight. Although I had been 
granted, for that night, the status of a Brigadier or a 
Field Marshal—I don’t quite remember which—the 
plane was very uncomfortable, full of crying service- 
men’s children—that is, the children were crying, not 
the servicemen. I could not sleep. I kept reflecting on 
why Nature should violate left-right symmetry in weak 
interactions. Now the hallmark of most weak inter- 
actions was the involvement in radioactivity phenomena 
of Pauli’s neutrino. While crossing over the Atlantic, 
came back to me a deeply perceptive question about the 
neutrino which Professor Rudolf Peierls had asked when 
he was examining me for a Ph.D. a few years before. 
Peierls’ question was: “The photon mass is zero be- 
cause of Maxwell’s principle of a gauge symmetry for 
electromagnetism; tell me, why is the neutrino mass 
zero?” I had then felt somewhat uncomfortable at 
Peierls, asking for a Ph.D. viva, a question of which 
he himself said he did not know the answer. But during 
that comfortless night the answer came. The analog 
for the neutrino of the gauge symmetry for the photon 
existed: it had to do with the masslessness of the neu- 
trino, with symmetry under the y, transformation 
(Salam, 1957a) (later christened “chiral symmetry”). 
The existence of this symmetry for the massless neu- 
trino must imply a combination (1+y,) or (1—y,) for 
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the neutrino interactions. Nature had the choice of an 
aesthetically satisfying but a left-right symmetry vio- 
lating theory, with a neutrino which travels exactly 

with the velocity of light; or alternatively a theory 
where left-right symmetry is preserved, but the neu- 
trino has a tiny mass—some ten thousand times smaller 
than the mass of the electron. 

It appeared at that time clear to me what choice Nat- 
ure must have made. Surely, left-right symmetry must 
be sacrificed in all neutrino interactions. I got off the 
plane the next morning, naturally very elated. I rushed 
to the Cavendish, worked out the Michel parameter and 
a few other consequences of y, symmetry, rushed out 
again, got onto a train to Birmingham where Peierls 
lived. To Peierls I presented myidea: he had asked the 
original question; could he approve of the answer? 
Peierls’ reply was kind but firm. He said “I do not be- 
lieve left-right symmetry is violated in weak nuclear 
forces atall.” Thus rebuffed in Birmingham, like Zu- 
leika Dobson, I wondered where I could go next and the ob- 
vious place was CERN in Geneva, with Pauli—the father 
of the neutrino—nearby in Zurich. At that time CERN 
lived in a wooden hut just outside Geneva airport. Be- 
sides my friends, Prentki and d’Espagnat, the hut 
contained a gas ring on which was cooked the staple 
diet of CERN—Entrecéte 4 la creme. The hut also 
contained Professor Villars of MIT, who was visiting 
Pauli the same day in Zurich. I gave him my paper. 
He returned the next day with a message from the 
Oracle: “Give my regards to my friend Salam and tell 
him to think of something better.” This was dis- 
couraging, but I was compensated by Pauli’s excessive 
kindness a few months later, when Mrs. Wu’s (Wu 
et al., 1957), Lederman’s (Garwin et al., 1957) and 
Telegdi’s (Friedman and Telegdi, 1957) experiments 
were announced showing that left-right symmetry was 
indeed violated and ideas similar to mine about chiral 
symmetry were expressed independently by Landau 
(1957) and Lee and Yang (1957). I received Pauli’s 
first, somewhat apologetic letter on 24 January 1957. 
Thinking that Pauli’s spirit should by now be suitably 
crushed, I sent him two short notes (Salam, 1957b)! I 
had written in the meantime. These contained sug- 
gestions to extend chiral symmetry to electrons and 
muons, assuming that their masses were a consequence 
of what has come to be known as dynamical spon- 
taneous symmetry breaking. With chiral symmetry for 
electrons, muons, and neutrinos, the only mesons that 
could mediate weak decays of the muons would have to 
carry spin one. Reviving thus the notion of charged 
intermediate spin-one bosons, one could then postulate 
for these a type of gauge invariance which J called the 
“neutrino gauge.” Pauli’s reaction was swift and 
terrible. He wrote on 30th January 1957, then on 
18 February and later on 11, 12, and 13 March: “I am 
reading (along the shores of Lake Zurich) in bright 
sunshine quietly your paper...” “I am very much 
startled on the title of your paper ‘Universal Fermi 
Interaction’... For quite a while I have for myself the 
rule if a theoretician says universal it just means pure 
nonsense. This holds particularly in connection with 


1For reference, see Footnote 7, p. 89, of Marshak, Riazud- 
din, and Ryan (1969), and W. Pauli’s letters (CERN Archives). 
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the Fermi interaction, but otherwise too, and now you 
too, Brutus, my son, come with this word....” Ear- 
lier, on 30 January, he had written “There is a simi- 
larity between this type of gauge invariance and that 
which was published by Yang and Mills... In the latter, 
of course, no y, was used in the exponent.” and he 
gave me the full reference of Yang and Mills’ paper, 
[Phys. Rev. 96, 191 (1954)). I quote from his letter: 
“However, there are dark points in your paper regard- 
ing the vector field B,. If the rest mass is infinite (or 
very large), how can this be compatible with the gauge 
transformation B, ~B, -8,A?” and he concludes his 
letter with the remark: “Every reader will realize that 
you deliberately conceal here something and will ask 
you the same questions.” Although he signed himself 
“With friendly regards,” Pauli had forgotten his earlier 
penitence. He was clearly and rightly on the warpath. 

Now the fact that 1 was using gauge ideas similar to 
the Yang-Milla (non-Abelian SU(2)-invariant] gauge 
theory was no news to me. This was because the Yang—- 
Mills theory (Yang and Mills, 1954) (which married 
gauge ideas of Maxwell with the internal symmetry 
SU(2) of which the proton—neutron system constituted a 
doublet) had been independently invented by a Ph.D. 
pupil of mine, Ronald Shaw (1955), at Cambridge at the 
same time aa Yang and Mills had written. Shaw’s work 
is relatively unknown; it remains buried in his Cam- 
bridge thesis. I must admit I was takenabackby Pauli’s 
fierce prejudice against universalism—against what we 
Would today call unification of basic forces—but I did 
not take this too seriously. I felt this was a legacy of 
the exasperation which Pauli had always felt at Ein- 
atein’s somewhat farmalistic attempts at unifying 
gravity with electromagnetism—forces which in Pauli’ 
Phrase “cannot be jolned—for God hath rent them asun- 
der.” But Pauli was absolutely right in accusing me of 
darkness about the problem of the masses of the Yang- 
Mills fields; one could not obtain a mass without wan- 
tonly destroying the gauge eymmetry one had started 
with. And thie was particularly serious in this context, 
because Yang and Mills had conjectured the desirable 
renormalizability of their theory with a proof which 
relied heavily and exceptionally on the maaslessness of 
their spin-one intermediate mesons. The problem was 
to be solved only seven years later with the understand- 
ing of what is now known as the Higgs mechanism, but 
I will come back to this later. 

Be that as it may, the point I wish to make from this 
exchange with Pauli is that already in early 1957, just 
after the first set of parity experiments, many ideas 
coming to fruition now, had started to become clear. 
These are: 


(1) First was the idea of chiral symmetry leading to 
aV-A theory. In those early days my humble Bug- 
gestion (Salam, 1957a,b) of this was limited to neu- 
trinos, electrons, and muons only, while shortly after, 
that year, Marshak and Sudarshan (Marshak and 
Sudarshan, 1957 and 1958)? Feyaman and Gell-Mann 


“The idea of a universal Fermi interaction for P,N), (vy@), 
and (v,, #) doublets goes back to Tiomno and Wheeler (19492, b) 
and Yang and Tiomno (1950). Tiomno (1956) considered % 
transformations of Fermi fields linked with mass reversal. 
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(Feynman and Gell-Mann, 1958), and Sakurai (1958) 
had the courage to postulate 7, symmetry for baryons 
as well as leptons, making this into a universal princi- 
ple of physics.° 

Concomitant with the (V —A) theory was the result that 
if weak interactions are meditated by intermediate mes- 
ons, these mesons must carry spin one. 


(2) Second was the idea of spontaneous breaking of 
chiral symmetry to generate electron and muon masses, 
though the price which those latter-day Snylocks, 
Nambu and Jona-Lasinio (Nambu and Jona-Lasinio, 
1961) and Goldstone (Nambu (1960) and Goldstone (196 1)] 
exacted for this (i.e., the appearance of massless sca- 
lars), was not yet appreciated. 


(3) And finally, though the use of a Yang-Mills—Shaw 
(non-Abelian) gauge theory for describing spin-one 
intermediate charged mesons was suggested already 
in 1957, the giving of masses to the intermediate bosons 
through spontaneous symmetry breaking, in such a 
manner as to preserve the renormalizability of the 
theory, was to be accomplished only during a long 
period of theoretical development between 1963 and 
1971. 


Once the Yang-Mtlls—Shaw ideas were accepted as 

relevant to the charged weak currents—to which the 
charged intermediate mesons were coupled in this 
theory —during 1957 and 1958 was raised the question 
of what was the third component of the SU(2) triplet, 
of which the charged weak currents were the two mem- 
bers. There were the two alternatives: the electro- 
weak unification suggestion, where the electromagnetic 
current was assumed to be this third component; and 
the rival suggestion that the third component was a neu- 
tral current unconnected with electroweak unification. 
With hindsight, I shall call these the Klein (1938) (see 
Klein, 1939) and the Kemmer (1937) alternatives. The 
Klein suggestion, made in the context of a Kaluza- 
Klein five-dimensional space-time, was a real tour- 
de-force; it combined two hypothetical spin-one charged 
mesons with the photon in one multiplet, deducing from 
the compactification of the fifth dimension, a theory 
which looks like Yang—Mills—Shaw’s. Klein intended 
his charged mesons for strong interactions, but if we 
read charged weak mesons for Klein’s Strong ones, one 
obtains the theory independently suggested by Schwinger 
(1957), though Schwinger, unlike Klein, did not build in 
any non-Abelian gauge aspects. With just these non- 
Abelian Yang-Mills gauge aspects very much to the 
fore, the idea of uniting weak interactions with electro- 
magnetism was developed by Glashow (1959) and Ward 
and myself (Salam and Ward, 1959) in late 1958. 
The rival Kemmer suggestion of a global SU(2)-invari- 
ant triplet of weak charged and neutral currents was 
independently suggested by Bludman (1958) in a gauge 
context and this is how matters stood till 1960. 

To give you the flavor of, for example, the year 1960, 


‘Today we believe protona and neutrons are composites of 
quarks, ao that 7, symmetry is now postulated for the elemen- 
tary entities of today—the quarks. If the neutrino aleo turns 
out to be massive, ¥-symmetry is spontaneously broken for 
it, ae it is for electrons, muons, and quarks, 
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there was a paper written that year by Ward and my- 
self (Salam and Ward, 1961) with the statement “Our 
basic postulate is that it should be possible to generate 
strong, weak and electromagnetic interaction terms 
with all their correct symmetry properties (as well as 
with clues regarding their relative strengths) by making 
local gauge transformations on the kinetic energy terms 
in the free Lagrangian for all particles. This is the 
statement of an ideal which, in this paper at least, is 
only very partially realized.” I am not laying a claim 
that we were the only ones who were saying this, but I 
just wish to convey to you the temper of the physics of 
twenty years ago—qualitatively no different today from 
then. But what a quantitative difference the next twenty 
years made, first with new and far-reaching develop- 
ments in theory—and then, thanks to CERN, Fermilab, 
Brookhaven, Argonne, Serpukhov, and SLAC, in testing 
it! 

So far as theory itself is concerned, it was the next 
seven years between 1961-67 which were the crucial 
years of quantitative comprehension of the phenomenon 
of spontaneous symmetry breaking and the emergence 
of the SU(2)x U(1) theory in a form capable of being 
tested. The story is well known and Steve Weinberg 
has already spoken about it. SoI will give the barest 
outline. First there was the realization that the two 
alternatives mentioned above, a pure electromagnetic 
current versus a pure neutral current—Klein—Schwinger 
versus Kemmer—Bludman—were not alternatives; 
they were complementary. As was noted by Glashow 
(1961) and independently by Ward and myself (Salam 
and Ward, 1964), both types of currents and the 
corresponding gauge particles (W*, Z°, and y) were 
needed in order to build a theory that could simul- 
taneously accommodate parity violation for weak and 
parity conservation for the electromagnetic phenomena. 
Second, there was the influential paper of Goldstone 
in 1961 which, utilizing a nongauge self-interaction be- 
tween scalar particles, showed that the price of spon- 
taneous breaking of a continuous internal symmetry 
was the appearance of zero mass scalars—a result 
foreshadowed earlier by Nambu. In giving a proof of 
this theorem (Goldstone ef al., 1962) with Goldstone, I 
collaborated with Steve Weinberg, who spent a year at 
Imperial College in London. I would like to pay here a 
most sincerely felt tribute to him and to Sheldon 
Glashow for their warm and personal friendship. 

I shall not dwell on the now well-known contributions 
of Anderson (1963), Higgs (1964a, 1964b, 1966), Brout 
and Englert (Englert and Brout, 1964; Englert et al., 
1966), Guralnik, Hagen, and Kibble (1964; Kibble, 
1967) starting from 1963, which showed how spon- 
taneous symmetry breaking using spin-zero fields could 
generate vector-meson masses, defeating Goldstone at 
the same time. This is the so-called Higgs mechanism. 

The final steps towards the electroweak theory 
were taken by Weinberg (1967) and by myself 
(Salam, 1968) (with Kibble at Imperial College tutoring 
me about the Higgs phenomena). We were able to com- 
plete the present formulation of the spontaneously 
broken SU(2)x U(1) theory so far as leptonic weak inter- 
actions were concerned—with one parameter sin?@ de- 
scribing all weak and electromagnetic phenomena and 
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with one isodoublet Higgs multiplet. An account of this 
development was given during the contribution (Salam, 
1968) to the Nobel Symposium (organized by Nils 
Svartholm and chaired by Lamek Hulthén held at Goth- 
enburg after some postponements, in early 1968). As 
is well known, we did not have then, and still do not 
have, a prediction for the scalar Higgs mass. 

Both Weinberg and I suspected that this theory was 
likely to be renormalizable.* Regarding spontaneously 
broken Yang—Mills—Shaw theories in general this had 
earlier been suggested by Englert, Brout, and Thiry 
(1966). Butthis subject was not pursued seriously except 
at Veltman’s school at Utrecht, where the proof of re- 
normalizability was given by ’t Hooft (1971a, b) in 1971. 
This was elaborated further by that remarkable physicist, 
the late Benjamin Lee (Lee, 1972; Lee and Zinn-Justin, 
1972, 1973), working with Zinn-Justin, and by ’t Hooft 
and Veltman (1972a, 1972b).° This followed on the 
earlier basic advances in Yang-Mills calculational 
technology by Feynman (1963), DeWitt (1967a,b), Fad~ 
deev and Popov (1967), Mandelstam (1968a, b), Fradkin 
and Tyutin (1970), Boulware (1970), Taylor (1971), 
Slavnov (1972), Strathdee and Salam (Salam and Strath- 
dee, 1970). In Coleman’s eloquent phrase “’t Hooft’s 
work turned the Weinberg—Salam frog into an enchanted 
prince.” Just before had come the GIM (Glashow, 
Hliopoulos, and Maiani) mechanism (Glashow e? al., 
1970), emphasizing that the existence of the fourth 
charmed quark (postulated earlier by several authors) 
was. essential to the natural resolution of the dilemma 
posed by the absence of strangeness-violating currents. 
This tied in naturally with the understanding of the 
Steinberger—Schwinger-Rosenberg—Bell—Jackiw—Adler 
anomaly (see Jackiw, 1972) and its removal for SU(2) 
X U(1) by the parallelism of four quarks and four lep- 
tons, pointed out by Bouchiat, Iliopoulos, and Meyer 
(1972) and independently by Gross and Jackiw (1972). 

If one has kept a count, I have so far mentioned 
around fifty theoreticians. As a failed experimenter, 

I have always felt envious of the ambience of large ex- 
perimental teams and it gives me the greatest pleasure 
to acknowledge the direct or the indirect contributions 
of the “series of minds” to the spontaneously broken 
SU(2)x U(1) gauge theory. My profoundest personal 
appreciation goes to my collaborators at Imperial 
College, and Cambridge and the Trieste Centre, John 
Ward, Paul Matthews, Jogesh Pati, John Strathdee, 
Tom Kibble, and to Nicholas Kemmer. 

In retrospect, what strikes. me most about the early 
part of this story is how uninformed all of us were, not 


‘When I was discussing the final version of the SU(2)xU(1) 
theory and its possible renormalizability in Autumn 1967 dur- 
ing a postdoctoral course of lectures at Imperial College, 
Nino Zichichi from CERN happened to be present. I was de- 
lighted because Zichichi had been badgering me since 1958 
with persistent questioning as to of what theoretical avail his 
precise measurements on (g-2) for the muon as well as those 
of the muon lifetime were, when not only the magnitude of the 
electromagnetic corrections to weak decays was uncertain, 
but also conversely the effect of nonrenormalizable weak inter- 
actions on “renormalized” electromagnetism was so unclear. 

5An important development in this context was the invention 
of the dimensional regularization technique by Bollini and 
Giambiagi (1972), Ashmore (1972), and *t Hooft and Veltman. 
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only of each other’s work, but also of work done ear- 
lier. For example, only in 1972 didI learn of Kemmer’s 
paper written at Imperial College in 1937. Kemmer’s 
argument essentially was that Fermi’s weak theory was 
not globally SU(2) invariant and should be made 
so—though not for its own sake but as a prototype for 
strong interactions. Then this year I learnt that earlier, 
in 1936, Kemmer’s Ph.D. supervisor, Gregor Wentzel 
(1937), had introduced (the yet undiscovered) analogs 
of lepto-quarks, whose mediation could give rise to 
neutral currents after a Fierz reshuffle. And only this 
summer, Cecilia Jariskog at Bergen rescued Oscar 
Klein’s paper from the anonymity of the Proceedings 

of the International Institute of Intellectual Cooperation 
of Paris, and we learnt of his anticipation of a theory 
similar to Yang—Mills—Shaw long before these authors. 
As I indicated before, the interesting point is that Klein 
was using his triplet, of two charged mesons plus the 
photon, not to describe weak interaction but for strong 
nuclear force unification with the electromagnetic— 
something our generation started on only in 1972—and 
not yet experimentally verified. Even in this recitation 
I am sure I have inadvertently left off some names of 
those who have in some way contributed to SU(2) x U(1). 
Perhaps the moral is that not unless there is the pros- 
pect of quantitative verification, does a qualitative idea 
make its impress in physics. 

And this brings me to experiment, and the year of the 
Gargamelle (Hasert ef al., 1973). I still remember 
Paul Matthews and I getting off the train at Aix-en- 
Provence for the 1973 European Conference and fool- 
ishly deciding to walk with our rather heavy luggage to 
the student hostel where we were billeted. A car drove 
from behind us, stopped, and the driver leaned out. 
This was Musset whom I did not know well personally 
then. He peered out of the window and said: “Are you 
Salam?’ I said “Yes.” He said: “Get into the car. I 
have news for you. We have found neutral currents.” 

I will not say whether I was more relieved for being 
given a lift because of our heavy luggage or for the dis- 
covery of neutral currents. At the Aix-en-Provence 
meeting that great and modest man, Lagarrigue, was 
also present and the atmosphere was that of a carni- 
val—at least this is how it appeared to me. Steve Wein- 
berg gave the rapporteur’s talk with T. D. Lee as the 
chairman. T. D. was kind enough to ask me to comment 
after Weinberg finished. That summer Jogesh Pati and 
I had predicted proton decay within the context of what 
is now called grand unification, and in the flush of this 
excitement I am afraid I ignored weak neutral currents 
as a subject which had already come to a successful 
conclusion, and concentrated on speaking of the possible 
decays of the proton. I understand now that proton de- 
cay experiments are being planned in the United States 
by the Brookhaven, Irvine and Michigan and the Wis- 
consin—Harvard groups and also by a European col- 
laboration to be mounted in the Mont Blanc Tunnel 
Garage No. 17. The later quantitative work on neutral 
currents at CERN, Fermilab, Brookhaven, Argonne 
and Serpukhov is, of course, history, but a special 
tribute is warranted to the beautiful SLAC-—Yale-~CERN 
experiment (Taylor, 1979) of 1978 which exhibited the 
effective Z°-photon interference in accordance with the 
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predictions of the theory. This was foreshadowed by 
Barkov e¢ al.’s experiments (Barkov, 1979) at Novosi- 
birsk in the USSR in their exploration of parity~violation 
in the atomic potential for bismuth. There is the 
apocryphal story about Einstein, who was asked what he 
would have thought if experiment had not confirmed the 
light deflection predicted by him. Einstein is supposed 
to have said, “Madam, I would have thought the Lord 
has missed a most marvelous opportunity.” I believe, 
however, that the following quote from Einstein’s 
Herbert Spencer lecture of 1933 expresses his, my 
colleagues’, and my own views more accurately. “Pure 
logical thinking cannot yield us any knowledge of the 
empirical world; all knowledge of reality starts from 
experience and ends in it.” This is exactly how I feel 
about the Gargamelle~SLAC experience. 


Hl. THE PRESENT AND ITS PROBLEMS 


Thus far we have reviewed the last twenty years and 
the emergence of SU(2)x U(1), with the twin develop- 
ments of a gauge theory of basic interactions, linked 
with internal symmetries, and of the spontaneous 
breaking of these symmetries. I shall first summarize 
the situation as we believe it to exist now and the im- 
mediate problems. Then we turn to the future. 


(1) To the level of energies explored, we believe that 
the following sets of particles are “structureless” (in 
a field-theoretic sense) and, at least to the level of 
energies explored hitherto, constitute the elementary 
entities of which all other objects are made. 


SU,(3) triplets 


Ug, Uy, Us Ve 
Family I quarks leptons SU(2)doublets 
dp, dy, d, e 


CrCy,Cp y, B 
Family I. quarks leptons SU(2)doublets 
Sg, Sy,Sp u 


testy, ts v; 
Family 01 quarks’ leptons SU(2)doublets 
bp > b Yy bs T 


Together with their antiparticles each family consists 
of 15 or 16 two-component fermions (15 or 16 depending on 
whether the neutrino is four-componentor not). The third 
family is still conjectural, since the top quark (tg, ty, ta) 
has not yet been discovered. Does this family really 
follow the pattern of the other two? Are there more 
families? Does the fact that the families are replicas 
of each other imply that Nature has discovered a dy- 
namical stability about a system of 15 (or 16) objects, 
and. that by this token there is a more basic layer of 
structure underneath? (See Pati and Salam, 1975a; 
Pati et al., 1975a; Harari, 1979; Schupe, 1979; Curt- 
wright and Fruend, 1979). 

(2) Note that quarks come in three colors: Red (R), 
Yellow (Y), and Blue (B). Parallel with the electro- 
weak SU(2)x U(1), a gauge field® theory (SU,(3)) of 
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strong (quark) interactions (quantum chromodynamics, 
QCD’ has emerged which gauges the three colors. The 
indirect discovery of the (eight) gauge bosons as- 
sociated with QCD (gluons), has already been surmised 
- by the groups at DESY.® 

(3) All known baryons and mesons are singlets of 
color SU,(3). This has led to a hypothesis that color is 
always confined. One of the major unsolved problems 
of field theory is to determine if QCD—treated non- 
perturbatively—is capable of confining quarks and 
gluons. 

(4) In respect of the electroweak SU(2)x U(1), all 
known experiments on weak and electromagnetic phe- 
nomena below 100 GeV carried out to date agree with 
‘the theory which contains one theoretically undeter- 
mined parameter sin’é@ = 0.2304 0.009 (Winter, 1979). 
The predicted values of the associated gauge boson 
(W* and Z°) masses are: my= 77-84 GeV, mz 89-95 
GeV, for 0.252 sin*6 > 0.21. 

(5) Perhaps the most remarkable measurement in 
electroweak physics is that of the parameter 
P=(n,/m, cos6)*. Currently this has been determined 
from the ratio of neutral to charged current cross sec- 
tions. The predicted value p= 1 for weak iso-doublet 
Higgs is to be compared with the experimental? p= 1.00 
+ 0.02. 

(8) Why does Nature favor the simplest suggestion 
in SU(2)x U(1) theory of the Higgs scalars being iso- 
doublet?!° Is there just one physical Higgs? Of what 


“To my mind the most striking feature of theoretical physics 
in the last thirty-six years is the fact that not a single new 
theoretical idea of a fundamental nature has been successful. 
The notions of relativistic quantum theory....have in every 
instance proved stronger than the revolutionary ideas....of a 
great number of talented physicists. We live in a dilapidated 
house and we seem to be unable to move out. The difference 
between this house and a prison is hardly noticeable’—Res 
Jost (1963), “In Praise of Quantum Field Theory” (Siena 
European Conference). 

"Pati and Salam. See the review by Bjorken (1972). See also 
Fritzsch and Gell-Mann (1972), Fritzsch, Gell-Mann, and 
Leutwyler (1973), Weinberg (1973a,b), and Gross and Wilezek 
(1973). For a review see Marciano and Pagels (1978). 

"See the Tasso Collaboration (Brandelik et al., 1979) and the 
Mark-J Collaboration (Barber et al., 1979). See also the re- 
ports of the Jade, Mark-J, Pluto, and Tasso Collaborations 
to the International Symposium on Lepton and Photon Interac- 
tions at High Energies, Fermilab, August 1979. 

he one-loop radiative corrections to p suggest that the 
maximum mass of leptons contributing to pis less than 100 
GeV (Ellis, 1979). 

{Po reduce the arbitrariness of the Higgs couplings and to 
motivate their iso-doublet character, one suggestion is to use 
supersymmetry. Supersymmetry is a Fermi-Bose symmetry, 
so that iso-doublet leptons like (v,,¢) or (v,, 4) in a supersym- 
metric theory must be accompanied in the same multiplet by 
iao-doublet Higgs. Alternatively, one may identify the Higgs 
as composite fields associated with bound states of a yet new 
level of elementary particles and new (so-called techni-color) 
forces (Dimopoulos and Susskind, 1979; Weinberg, 1979a; and 
*t Hooft) of which, at present low energy, we have no cogni- 
zance, and which may manifest themselves in the 1-100 TeV 
range. Unfortunately, both these ideas at first sight appear to 
introduce complexities, though in the context of a wider theory, 
which spans energy scales up to much higher masses, a satis- 
factory theory of the Higgs phenomena, incorporating these, 
may well emerge. 
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mass? At present the Higgs interactions with leptons 
and quarks as well as their self-interactions are non- 
gauge interactions. For a three-family (six-quark) 
model, 21 out of the 26 parameters needed are at- 
tributable to the Higgs interactions. Is there a basic 
principle, as compelling and as economical as the 
gauge principle, which embraces the Higgs sector? Al- 
ternatively, could the Higgs phenomenon itself be a 
manifestation of a dynamical breakdown of the gauge 
symmetry?!° 

(7) Finally there is the problem of the families; is 
there a distinct SU(2) for the first, another for the 
second, as well as a third SU(2), with spontaneous 
symmetry breaking such that the SU(2) apprehended by 
present experiment is a diagonal sum of these “family” 
SU(2)’s? To state this in another way, how far in en- 
ergy does the e ~/ universality (for example) extend? 
Are there more" Zs than just one, effectively dif- 
ferentially coupled to the e and the systems? (If 
there are, this will constitute minimodifications of 
the theory, but not a drastic revolution of its basic 
ideas.) 


In the next section I turn to a direct extrapolation of 
the ideas which went into the electroweak unification, 
so as to include strong interactions as well. Later I 
shall consider the more drastic alternatives which may 
be needed for the unification of all forces (including 
gravity)—ideas which have the promise of providing a 
deeper understanding of thé charge concept. Regret- 
fully, by the same token, I must also become more 
technical and obscure for the nonspecialist. I apologize 
for this. The nonspecialist may sample the flavor of 
the arguments in the next section (Sec. IV), ignore 
the Appendices, and then go on to Sec. V, which is per- 
haps less technical. 


IV. DIRECT EXTRAPOLATION FROM THE 
ELECTROWEAK TO THE ELECTRONUCLEAR 


A. The three ideas 


The three main ideas which have gone into the elec- 
tronuclear—also called grand—unification of the elec~ 
troweak with the s¢vong nuclear force (and which date 
back to the period 1972-1974), are the following: 

(1) First: the psychological break (for us) of group- 
ing quarks and leptons in the same multiplet of a uni- 
fying group G, suggested by Pati and myself in 1972 
(see Bjorken, 1972; Pati and Salam, 1973a). The group 
G must contain SU(2)x U(1) x SU,(3), and must be non- 
Abelian, if all quantum numbers (flavor, color, lepton, 
quark, and family numbers) are to be automatically 
quantized and the resulting gauge theory asymptotically 
free. 

(2) Second: an extension, proposed by Georgi and 
Glashow (1974) which places nof only (left-handed) 
quarks and leptons but also their antiparticles in the 
same multiplet of the unifying group. 

Appendix I displays some examples of the unifying 
groups presently considered. 

——av 
‘lgee Pati and Salam (1974); Mohapatra and Pati (1975a,b); 
Elias, Pati, and Salam (1978a); and Pati and Rajpoot (1978). 
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Now a gauge theory based on a “simple” (or with dis- 
crete symmetries, a “semisimple”) group G contains 
one basic gauge constant. This constant would manifest 
itself physically above the “grand unification mass” M, 
exceeding all particle masses in the theory—these 
themselves being generated (if possible) hierarchially 
through a suitable spontaneous symmetry-breaking 
mechanism. 

(3) The third crucial development was by Georgi, 
Quinn, and Weinberg (1974) who showed how, using 
renormalization group ideas, one could relate the ob- 
served low-energy couplings @(u) and a,(u)(u ~ 100 GeV) 
to the magnitude of the grand unifying mass M and the 
observed value of sin?0(4); (tan@ is the ratio of the U(1) 
to the SU(2) couplings). 

(4) If one extrapolates with Jowett,” that nothing es- 
sentially new can possibly be discovered—i.e., if one 
assumes that there are no new features, no new forces, 
or no new “types” of particles to be discovered, till 
we go beyond the grand unifying energy M-then the 
Georgi, Quinn, Weinberg method leads to a startling 
result: this featureless “plateau” with no ‘new physics” 
heights to be scaled stretches to fantastically high en- 
ergies. More precisely, if sin?6(4) is as large as 0.23, 
then the grand unifying mass M cannot be smaller than 
1.3x 101% GeV (Marciano, 1979). (Compare with Planck 
mass m p= 1.2x 10" GeV related to Newton’s constant 
where gravity must come in.)** The result follows from 
the formula (Marciano, 1979; Salam, 1979). 


lla in” _ sin?@(M) - sin’6(u) 
3a bu cos76(M) 
if it is assumed that sin?0(M@)—the magnitude of sin®@ 
for energies of the order of the unifying mass M—equals 
3/8 (see Appendix B). 
This startling result will be examined more closely 
in Appendix B. I show there that it is very much a con- 
sequence of the assumption that the SU(2)x U(1) sym- 
metry survives intact from the low regime energies 
right upto the grand unifying mass M. I will also show 
that there already is some experimental indication that 
this assumption is too strong, and that there may be 
likely peaks of new physics at energies of 10 TeV up- 
wards. 


’ (1) 


8. Tests of electronuclear grand unification 


The most characteristic prediction from the exis- 
tence of the electronuclear force is proton decay, first 


{27he universal urge to extrapolate from what we know today 
and to belfeve that nothing new can possibly be discovered is 
well expressed in the following: 

“I come first, My name is Jowett 
I-am the Master of this College, 
Everything that is, I know it 
If I don’t, it isn’t knowledge” 
— The Balliol Masque. 
430n account of the relative proximity of Ms 108 Gev to mp 
(and the hope of eventual unification with gravity), Planck 
mass mp is now the accepted “natural” mass scale in particle 
physics. With this large mass as the input, the great unsolved 
problem of grand unification is the “natural” emergence of 
mass hierarchies (mp, amp, mp, ...) or mpexp(—c,/@), 
where c,’s are constants. bm,/mp~ 10°.] 
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discussed in the context of grand unification at the 
Aix-en-Provence Conference (1973) (Pati and Salam, 
1973b). For “semisimple” unifying groups with multi- 
plets containing quarks and leptons only (but no anti- 
quarks nor antileptons) the lepto-quark composites have 
masses (determined by renormalization group argu- 
ments) of the order of ~10°-10° GeV (Elias e/ al., 
1978b; Rajpoot and Elias, 1978). For such theories 
the characteristic proton decays (proceeding through 
exchanges of three lepto—quarks) conserve quark 
number + lepton number, i.e., P=qqq-— lll, Tp~ 10°= 

10° years. On the contrary, for the “simple” unifying 
family groups like SU(5) (Georgi and Glashow, 1974) 

or SQ(10) (Fritzsch and Minkowski, 1975, 1976; Georgi, 
1975; Georgi and Nanopoulos, 1979) (with multiplets 
containing antiquarks and antileptons) proton decay pro- 
ceeds through an exchange of one lepto-quark into an 
antilepton (plus pions, etc.) (P~f). 

An intriguing possibility in this context is that investi- 
gated recently for the maximal unifying group SU(16)— 
the largest group to contain a sixteenfold fermionic 
family (q,1,9,1). This can permit four types of decay 
modes: P-~ 31 as well as P=1,P=1 (e.g., P~l-+a* 
+a°), and P~3i (e.g., N~ 30+0°, P~ 20+e* +1°), the 
relative magnitudes of these alternative decays being 
model-dependent on how precisely SU(16) breaks down 
to SU(3) x SU(2)x U(1). Quite clearly, it is the central 
fact of the existence of the proton decay for which the 
present generation of experiments must be designed, 
rather than for any specific type of decay modes. 

Finally, grand unifying theories predict mass rela- 
tions like (Buras et al., 1978): 


Me Ms _ Mog 
mM, m, mM, 


for six (or at most eight) flavors below the unification 
mass. The important remark for proton decay and for 
mass relations of the above type as well as for an un- 
derstanding of baryon excess“ in the universe,’ is that 
for the present these are essentially characteristic of 
the fact of grand unification—rather than of specific 
models, 

“Yet each man kills the thing he loves” sang Oscar 
Wilde anguishedly in his famous Ballad of the Reading 


“See Yoshimura (1978), Dimopoulos and Susskind (1978), 
Toussiant et al. (1979), Ellis et al. (1979), Weinberg (1979b), 
and Nanopoulos and Weinberg (1979). 

‘She calculation of baryon excess in the universe—arising 
from a combination of CP and baryon number violations——has 
recently been claimed to provide teleological arguments for 
grand unification. For example, Nanopoulos (1979) has sug- 
gested that the “existence of human beings to. measure the 
ratio ng/n, (where ng is the number of baryone and n, the 
number of photons in the universe) necessarily imposes severe 
bounds on this quantity: i.e., 10°'!~ (m,/mp)'/? <ag/n, < 10" 
(0(a?)).”” Of importance in deriving these constraints are the 
upper (and lower) bounds on the numbers of flavors (*6) de- 
duced (1) from mass relations above, (2) from cosmological 
arguments which seek to limit the numbers of massless neu- 
trinos, (3) from asymptotic freedom, and 4) from numerous 
(one-loop) radiative calculations. It is clear that lack of ac- 
celerators as we move up in energy scale will force particle 
physics to reliance on teleology and cosmology (which, in Lan- 
dau’s famous phrase, is “often wrong, but never in doubt”). 
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Gaol. Like generations of physicists before us, some 
in our generation also (through a direct extrapolation 
of the electroweak gauge methodology to the electro- 
nuclear)—and with faith in the assumption of no “new 
physics,” which leads to a grand unifying mass ~10'° 
GeV—are beginning to believe that the end of the prob- 
lems of elementarity as well as of fundamental forces 
is nigh. They may be right, but before we are carried 
away by this prospect, it is worth stressing that 
even for the simplest grand unifying model [Georgi 
and Glashow’s SU(5) with just two Higgs (a 5 and a 24), 
the number of presently ad hoc parameters needed by 
the model is still unwholesomely large—22, compared 
with 26 for the six-quark model based on the humble 
SU(2) x U(1) xSU, (3). We cannot feel proud. 


V. ELEMENTARITY: UNIFICATION WITH GRAVITY 
AND NATURE OF CHARGE 


In some of the remaining parts of this lecture I shall 
be questioning two of the notions which have gone into 
the direct extrapolation of Sec. IV—first, do quarks 
and leptons represent the correct elementary” fields, 
which should appear in the matter Lagrangian, and 
which are structureless for renormalizability; second, 
could some of the presently considered gauge fields 
themselves be composite? This part of the lecture 
relies heavily on an address I was privileged to give 
at the European Physical Society meeting in Geneva in 
July this year (Salam, 1979). 


A. The quest for elementarity, prequarks (preons and 
pre-preons) 


If quarks and leptons are elementary, we are dealing 
with 3 X15=45 elementary entities. The “natural” 
group of which these constitute the fundamental repre- 
sentation is SU(45) with 2024 elementary gauge bosons. 
It is possible to reduce the size of this group to SU(11) 
for example (see Appendix A) with only 120 gauge 
bosons, but then the aumber of fermions increases to 
501 (of which presumably 3 X 15=45 objects are of low 
and the rest of Planckian mass). Is there any basic 
reason for one’s instinctive revulsion when faced with 
these vast numbers of elementary fields? 

The numbers by themselves would perhaps not matter 
so much. After all, Einstein, in his description of 
gravity (Einstein, 1916), chose to work with 10 fields 
(g,(«)] rather than with just one (scalar field) as 
Nordstrom [(1912; 1913a,b;1914a,b); see also 
Einstein (1912a, b)] before him. Einstein was not per- 
turbed by the multiplicity he chose to introduce, since 
he relied on the sheet-anchor of a fundamental princi- 
ple (the equivalence principle) which permitted him to 
relate the ten fields for gravity g,, with the ten com- 
ponents of the physically relevant quantity, the tensor 


1 would like to quote Feynman in a recent interview in Omni 
magazine: “As long as it looks like the way things are built 
Hs) with wheels within wheels, then you are looking for the 
innermost wheel—but it might not be that way, in which case 
you are looking for whatever the hell it is you find!” In the 
same interview he remarks “a few years ago I was very skep- 
tical about the gauge theories....I was expecting mist, and 
now it looks like ridges and valleys after all.” 
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T yy of energy and momentum. Einstein knew that nature 
was not economical of structures: only of principles 
of fundamental applicability. The question we must ask 
ourselves is this: Have we yet discovered such princi- 
ples in our quest for elementarity, to justify having 
fields with such large numbers of components as ele- 
mentary? 

Recall that quarks carry at least three charges (color, 
flavor, anda family number). Should one not, by now, 
entertain the notions of quarks (and possibly of leptons) 
as being composites of some more basic entities!” 
(prequarks or preons), which each carry but one basic 
charge? (Pati and Salam, 1975a; Pati ef al., 1975a; 
Harari, 1979; Schupe, 1979; Curtright and Freund, 
1979) These ideas have been expressed before but they 
have become more compulsive now, with the growing 
multiplicity of quarks and leptons. Recall that it was 
similar ideas which led from the eightfold of baryons 
to a triplet of (Sakatons and) quarks in the first place. 

The preon notion is now new. In 1975, among others, 
Pati, Salam, and Strathdee (1975a) introduced 4 chro- 
mons (the fourth color corresponding to the lepton num- 
ber) and 4 flavons, the basic group being SU(8)—of 
which the family group SU; (4) SU, (4) was but a sub- 
group. As an extension of these ideas, we now believe 
these preons carry magnetic charges and are bound to- 
gether by very strong short-range forces, with quarks 
and leptons as their magnetically neutral composites 
(Pati and Salam, 1980). The important remark in this 
context is that in a theory containing both electric and 
magnetic generalized charges, the analogs of the well- 
known Dirac quantization condition (Dirac, 1931) give 
relations like eg/4n =n/2 for the strength of the two 
types of charges. Clearly, magnetic monopoles” of 
strength g and mass mw/o * 10* — 10° GeV of opposite 
polarity, are likely to bind much more tightly than 
electric charges, yielding composites whose nonele- 
mentary nature will reveal itself only for very high 
energies. This appears to be the situation at least for 
leptons if they are composites. 

In another form the preon idea has been revived this 
year by Curtright and Freund (1979), who, motivated 
by ideas of extended supergravity (to be discussed in 
the next subsection), reintroduce an SU(8) of 3 chromons 
(R, Y,B), 2 flavons, and 3 familons (horrible names). 
The family group SU(5) could be a subgroup of this 
Su(8). In the Curtright-Freund scheme, the 3x 15=45 
fermions of SU(5) (Georgi and Glashaw, 1974) can be 
found among the 8+ 28+ 56 of SU(8) [or alternatively the 
3x £6=48 of SQ(10) among the vectorial 56 fermions of 
SU(8)]. (The next succession after the preon level may 
be the pre-preon level. It was suggested at the Geneva 


One must emphasize, however, that zero mass neutrinos 
are the hardest objects to conceive of as composites. 

According to ’t Hooft’s theorem, a monopole corresponding 
to the SU,(2) gauge symmetry is expected to possess a masa 
with the lower mit my/a (’t Hooft, 1974; Polyakov, 1974). 
Even if such monopoles are confined, their indirect effects 
must manifest themselves, if they exist. (Note that my/a is 
very much a lower limit for a grand unified theory like 8U(5), 
for which the monopole mass is a7! times the heavy lepto- 
quark mass.) The monopole force may be the techni-force of 
Footnote 10. 
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a se___._________s ssl 


1970-1980 1980 


a LE ew 


Decade 1950-1960 1960-1970 
Discovery in early part The strange particles The 8-fold way, 2° 
of the decade 
Expectation for the rest SU(3) 
of the decade resonances 


Actual discovery 


Hit the next level of 
elementarity with quarks 


Confirmation of W,Z, 
neutral currents Proton decay 


Grand Unification, 
Tribal Groups 


May hit the preon level, and 
composite structure of quarks 


CL. 


Conference (see Salam, 1979) that with certain develop- 
ments in field theory of composite fields it could be that 
just two pre-preons may suffice. But at this stage this 
is pure speculation.) 

Before I conclude this section, I would like to make 
a prediction regarding the course of physics in the next 
decade, extrapolating from our past experience of the 
decades gone by (See Table I). 


B. Post-Planck physics, supergravity, and Einstein’s 
dreams 


I now turn to the problem of a deeper comprehension 
of the charge concept (the basis of gauging)—which, in 
my humble view, is the real quest of particle physics. 
Einstein, in the last 35 years of his life, lived with two 
dreams: one was to unite gravity with matter (the 
photon) he wished to see the “base wood” (as he put it) 
which makes up the stress tensor T',, on the right-hand 
side of his equation R,, -3g,,R=-T,, transmuted 
through this union, into the “marble” of gravity on the 
left-hand side. The second (and the complementary) 
dream was to use this unification to comprehend the 
nature of electric charge in terms of space-time geom- 
etry in the same manner as he had successfully com- 
prehended the nature of gravitational charge in terms 
of space-time curvature. 

In case someone imagines”® that such deeper com- 
prehension is irrelevant to quantitative physics, let me 
adduce the tests of Einstein’s theory versus the pro- 
posed modifications to it [Brans—Dicke (Brans and 
Dicke, 1961) for example]. Recently (1976), the strong 
equivalence principle (i.e., the proposition that gravi- 
tational forces contribute equally to the inertial and the 
gravitational masses) was tested” to one part in 107 
[i.e., to the same accuracy as achieved in particle 
physics for (g-2),| through lunar-laser ranging mea~ ~ 
surements [Williams e¢ al. (1976), Shapiro et al. (1976). 
For a discussion see Salam (1977)]. These measure- 
ments determined departures from Kepler equilibrium 
distances of the moon, the earth, and the sun to better 


‘Phe following quotation from Einstein is relevant here. 
“We now realize, with special clarity, how much in error are 
those theorists who believe theory comes inductively from ex- 
perience. Even the great Newton could not free himself from 
this error (Hypotheses non fingo).” This quote is complemen- 
t to the quotation from Einstein at the end of Sec. Il. 

2°The weak equivalence principle (the proposition that all but 
the gravitational force contribute equally to the inertial and 
the gravitational masses) waa verified by EdtvSs to 1:10° and 
by Dicke and Braginsky and Panov to 1:10". 
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than +30 cm and triumphantly vindicated Einstein. 
There have been four major developments in realizing 
Einstein’s dreams: 


(1) The Kaluza-Klein (Kaluza, 1921; Klein, 1926) 
miracle: An Einstein Lagrangian (scalar curvature) 
in five-dimensional space-time (where the fifth dimen- 
sion is compactified in the sense of all fields being ex- 
plicitly independent of the fifth coordinate) precisely 
reproduces the Einstein-Maxwell theory in four di- 
mensions, the g,,(4=0, 1, 2,3) components of the metric 
in five dimensions being identified with the Maxwell 
field A,. From this point of view, Maxwell’s field is 
associated with the extra components of curvature im- 
plied by the (conceptual) existence of the fifth dimen- 
sion. 

(2) The second development is the recent realization 
by Cremmer, Scherk, Englert, Brout, Minkowski, and 
others that the compactification of the extra dimensions 
(Cremmer and Scherk, 1976a,b,c; Minkowski, 1977)— 
(their curling up to sizes perhaps smaller than Planck 
length + 107** cm and the very high curvature associated 
with them)—might arise through a spontaneous sym- 
metry breaking (in the first 10°** sec) which reduced 
the higher-dimensional space-time effectively to the 
four-dimensional that we apprehend directly. 

(3) So far we have considered Einstein’s second 
dream, i.e., the unification of electromagnetism (and 
presumably of other gauge forces) with gravity, giving 
a space-time significance to gauge charges as corres- 
ponding to extended curvature in extra bosonic dimen- 
sions. A full realization of the first dream (unification 
of spinor matter with gravity and with other gauge fields) 
had to await the development of supergravity?*—and an 
extension to extra fermionic dimensions of superspace 
(Salam and Strathdee, 1974a) (with extended torsion 
being brought into play in addition to curvattire). I 
discuss this development later. 

(4) And finally there was the alternative suggestion 
by Wheeler (Fuller and Wheeler, 1962; Wheeler, 1964) 
and Schemberg that electric charge may be associated 
with space-time topology—-with worm-holes, with 
space-time Gruyére-cheesiness. This idea has re- 


"gee Freedman, van Nieuwenhuizen, and Ferrara (1976) and 
Deser and Zumino (1976). For a review and comprehensive 
list of references, see Freedman (1979). See also Arnowitt, 
Nath, and Zumino (1975), Zumino (1975), Wess and Zumino 
(1977), Akulov, Volkov, and Soroka (1975), and Brink e¢ al. 
(1978). 
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cently been developed by Hawking” andhis collaborators 
(Hawking, 1978, 1979a,b; Gibbons e¢ al., 1978). 


C. Extended supergravity, SU(8) preons, and composite 
gauge fields 


Now so far Ihave reviewed the developments in respect 
of Einstein’s dreams as reported at the Stockholm Con- 
ference held in 1978 in this hall and organized by the 
Swedish Academy of Sciences. 

A remarkable new development was reported during 
1979 by Julia and Cremmer (Cremmer e¢ al. (1978); 
Cremmer and Julia (1978, 1979); see also Julia (1979)| 
which started with an attempt to use the ideas of Kaluza 
and Klein to formulate extended supergravity theory in 
a higher (compactified) space-time—more precisely, 
in eleven dimensions. This development links up, as 
we shall see, with preons and composite Fermi 
fields—and even more important—possibly with the 
notion of composite gauge fields. 

Recall that simple supergravity” is the gauge theory 
of supersymmetry**—the gauge particles being the 
(helicity +2) gravitons and (helicity +2) gravitinos.?5 
Extended supergravity gauges supersymmetry combined 
with SO(N) internal symmetry. For N=8, the (tribal) 
supergravity multiplet consists of the following SO(8) 
families.* 


Helicity +2 1 
+3 8 
+I 28 

4 56 

0 70 

As is well known, SO(8) is too small to contain SU(2) 

x U(1)< SU, (3). Thus this tribe has no place for W* 

(though Z° and y are contained) and no places for % or 7 


or the ¢ quark. 
This was the situation last year. This year, Cremmer 


rhe Einstein Lagrangian allows large fluctuations of metric 
and topology on Planck-length scale. Hawking has surmised 
that the dominant contributions to the path integral of quantum 
gravity come from metrica which carry one unit of topology 
per Planck volume. On account of the intimate connection de 
Rham, Atiyah-Singer) (Atiyah and Singer, 1963) of curvature 
with the measures of space-time topology (Euler number, 
Pontryagin number) the extended Kaluza-Klein and Wheeler- 
Hawking points of view may find consonance after all. 

3see Freedman, van Nieuwenhuizen, and Ferrara (1976), 
and Deser and Zumino (1976). For a review and comprehen- 
sive list of references, see Freedman (1979). 

See Gol’fand and Likhtman (1971), Volkov and Akulov 
(1972), Wess and Zumino (1974), Salam and Strathdee 
(1974a,b,c). For a review, see Salam and Strathdee (1978). 

Supersymmetry algebra extends Poincaré group algebra by 
adjoining to it supersymmetric charges Q, Which transform 
bosons to fermions. {Q,,Q,}= (%Py)og- The currents which 
correspond to these charges (Q, and P,) are J, and T,,— 
these are essentially the currents which in gauged supersym- 
metry (.e., supergravity) couple to the gravitino and the grav- 
iton, respectively. 

See Footnote 23 and Cremmer, Julia, and Scherk (1978) 
and Cremmer and Julia (1978,1979). See also Julia (1979). 
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and Julia (see Footnote 26) attempted to write down the 
N=8 supergravity Lagrangian explicitly, using an ex~- 
tension of the Kaluza-Klein ansatz which states that 
extended supergravity [with SO(8) internal symmetry] 
has the same Lagrangian in four space-time dimensions 
as simple supergravity in (compactified) eleven dimen- 
sions. This formal—and rather formidable—ansatz, 
when carried through, yielded a most agreeable bonus. 
The supergravity Lagrangian possesses an unsuspected 
SU(8) “local” internal symmetry although one started 
with an internal SO(8) only. 

The tantalizing questions which now arise are the 
following. 


(1) Could this internal SU(8) be the symmetry group 
of the 8 preons (3 chromons, 2 flavons, 3 familons) 
introduced earlier? 

(2) When SU(8) is gauged, there should be 63 spin- 
one fields. The supergravity tribe contains only 28 
spin-one fundamental objects which are not minimally 
coupled. Are the 63 fields of SU(8) to be identified with 
composite gauge fields made up of the 70 spin-zero 
objects of the form V~'8,V? Do these composites 
propagate, in analogy with the well-known recent re- 
sult in CP"~' theories (D’ Adda et al., 1978), where a 
composite gauge field of this form propagates as a 
consequence of quantum effects (quantum completion)? 


The entire development I have described—the unsus- 
pected extension of SO(8) to SU(8) when extra compacti- 
fied space-time dimensions are used, and the possible 
existence and quantum propagation of composite gauge 
fields—is of such crucial importance for the future 
prospects of gauge theories that one begins to wonder 
how much of the extrapolation which took SU(2)x U(1) 

X SU,(3) into the electronuclear grand unified theories 
is likely to remain unaffected by these new ideas now 
unfolding. 

But where in all this is the possibility to appeal di- 
rectly to experiment? For grand unified theories, it 
was the proton decay. What is the analog for super- 
gravity? Perhaps the spin-3 massive gravitino, picking 
its mass from a super-Higgs effect [Cremmer e¢ al. 
(1979); see also Ferrara (1979) and references there- 
in] provides the answer. Fayet (1977, 1979) has shown 
that for a spontaneously broken globally supersym- 
metric weak theory the introduction of a local gravita- 
tional interaction leads to a super-Higgs effect. As- 
suming that supersymmetry breakdown is at mass scale 
my, the gravitino acquires a mass and an effective in- 
teraction, but of conventional weak rather than of the 
gravitational strength—an enhancement by a factor of 
10°. One may thus search for the gravitino among the 
neutral decay modes of J/j—the predicted rate being 
10-°-107* times smaller than the observed rate for 
J/~~e*e-. This will surely tax all the ingenuity of the 
great men (and women) at SLAC and DESY. Another 
effect suggested by Scherk (1979) is antigravity—a 
cancellation of the attractive gravitational force with 
the force produced by spin-one gravi-photons which 
exist in all extended supergravity theories. Scherk 
shows that the Compton wavelength of the gravi-photon 
is either smaller than 5 cm or is between 10 and 850 
meters in order that there will be no conflict with what 
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aE 


Semisimple groups”" Multiplet Exotic gauge particles Proton decay 
(with left-right symmetry) q qa Lepto-quarks — (@7) Lepto-quarks — W 
Gy » Ga- + (Higgs) or 
Uj Ur 

Example [SU(6) px SU(6),]z+z G=G,XGR Unifying mass ~10° GeV Proton =qqq lll 

a Diquarks ~> (qq) qa--G i.e. 

1 Dileptons ~ (/2) Proton P=qqq —t 
Examples cs - 
Family groups ~\SU(5) or \SO(10) q Lepto-quarks — (71), (qi) Also possible, P--1,P--3, PX 

‘ ‘ T 18_ 1915 
Unifying mass ~10"— 10 

Tribal groups — (su(i1) (s0(22) tye ie ng 


——— Eee Eee 


is presently known about the strength. of the gravita- 
tional force. 

Let me summarize: it is conceivable of course, that 
there is indeed a grand plateau—extending even to 
Planck energies. If so, the only eventual laboratory for 
particle physics will be the early universe, where we 
shall have to seek for the answers to the questions on 
the nature of charge. There may, however, be indica- 
tions of a next level of structure around 10 TeV; there 
are also beautiful ideas (like, for example, those of 
electric and magnetic monopole duality) which may 
manifest at energies of the order of a~4m,(=10 TeV). 
Whether even this level of structure will give us the 
final clues to the nature of charge, one cannot predict. 
All I can say is that I am forever and continually being 
amazed at the depth revealed at each successive level 
we explore. I would like to conclude, as I did at the 
1978 Stockholm Conference, with a prediction which 
J. R. Oppenheimer made more than twenty-five years 
ago and which has been fulfilled today in a manner he 
did not live to see. More than anything else, it ex- 
presses the faith for the future with which this greatest 
of decades in particle physics ends: “Physics will 
change even more... . If it is radical and unfamiliar... 
we think that the future will be only more radical and 
not less, only more strange and not more familiar, 
and that it will have its own new insights for the in- 
quiring human spirit’ (J. R. Oppenheimer, Reith 
Lectures, BBC, 1953). 


APPENDIX A: EXAMPLES OF GRAND UNIFYING 
GROUPS 


Appendix A is contained in Table A.1: Examples of 
grand unifying groups. 


APPENDIX B: DOES THE GRAND PLATEAU REALLY 
EXIST 


The following assumptions went into the derivation 
of the formula (7) in the text. 


(a) SU,(2)x U, 2(1) survives intact as the electroweak 
symmetry group from energies =} right up toM. This 
intact survival implies that one eschews, for example, 
all suggestions that (i) low-energy SU,(2) may be the 
diagonal sum of SU/(2), SUZ (2), SUM#(2), where I, II, I, 
refer to the (three?) known families; (ii) or that the 
U_ x (1) is a sum of pieces, where U,(1) may have dif- 
ferentially descended from a (V+A)-symmetric SU,(2) 
contained in G, or (iii) that U(1) contains a piece from 
a four-color symmetry SU,(4) (with lepton number as the 
fourth color) and with SU,(4) breaking at an intermediate 
mass scale to SU,(3)x U,(1). 

(b) The second assumption which goes into the de- 
rivation of the formula above is that there are no un- 
expected heavy fundamental fermions, which might make 
sin*6(M) differ from 3—its value for the low mass 
fermions presently known to exist.” 

(c) If these assumptions are relaxed, for example, 
for the three family group G = [SU,; (6) x SU,(6)],+2, 
where sin?6(M)= %, we find the grand unifying mass 
M tumbles down to 10° GeV. 

(a) The introduction of intermediate mass scales 
[for example, those connoting the breakdown of family 
universality, or of left-right symmetry, or of a break- 
down of 4-color SU,(4) down to SU, (3) X U,(1)] willasa 
rule push the magnitude of the grand unifying mass M 
upwards [see Salam (1979) and Shafi and Wetterich 
(1979)]. In order to secure a proton decay life, con- 
sonant with present empirical lower limits (~10° years) 
(Learned e¢ al., 1979) this is desirable anyway. 

(Troon fOr M~ 10" GeV is unacceptably low ~6x 10° 


Grouping quarks (g) and leptons (1) together implies treating lepton number as the fourth color, i.e., SU,(3) extends to SU,(4) 
(Pati and Salam, 1974). A tribal group, by definition, contains all known families in its basic representation. Favored repre- 
sentations of tribal SU(11) (Georgi, 1979) and tribal SO(22) [Gell-Mann (1979) e¢ al.] contain 561 and 2048 fermions! 

2% one does not know G, one way to infer the parameter sin*6(M) is from the formula: 


_ETi, _[9N,+3N 
ein! @(M)= SOF ‘lat oat 


Here N, and N, are the numbers of the fundamental quark and lepton SU(2) doublets (assuming these are the only multiplets that 
exiat). If we make the further assumption that N,=N, (from the requirement of anomaly cancellation between quarks and leptons) 
we obtain sin’é(M)=%. This assumption, however, is not compulsive; for example, anomalies cancel also if (heavy) mirror fer- 
mions exist (Pati ef al., 1975b; Pati and Salam, 1975b,c; Pati, 1975). This is the case for [SU(6)]* for which sin’@(M)=9/28. 
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years unless there are 15 Higgs.) There is, from this 
point of view, an indication of there being in particle 
physics one or several intermediate mass scales which 
possibly start from around 10* GeV upwards. This is 
the end result which I wished this Appendix to lead up to. 
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3. Lepton-Hadron Unification 


The Standard Model of the electroweak and strong interactions is a product 
of three groups, Gsy = SU(3)c x SU(2); x U(1)y, and hence it is characterized 
by three independent coupling constants gg = g3,g2 and g,. Also, since there 
is a U(1) group involved, there is no charge quantization in Gsm. In addition, 
the Standard Model has a large number of free (ad hoc) parameters — at least 
seventeen — thirteen of which are related to the Yukawa sector involving fermions. 
It was therefore natural to ask if this situation could be improved. For example, 
embedding the Standard Model group Gsm in a larger underlying group G the 
additional symmetries may restrict some of the arbitrary features and relate the 
otherwise independent parameters. 

Jogesh Pati and Abdus Salam were the first to notice in 1973 that since quarks 
and leptons have very similar SU(2) x U(1) representation content, they may after 
all be very similar entities. They provided the simplest realization of the idea of 
quark-lepton universality by postulating that ‘lepton number is the fourth colour’. 
This meant enlarging the SU(3)c colour group to SU(4)L4r. The Pati-Salam local 
symmetry group is: 


Gps = SU(2)L x SU(2)r x SU(4)4R , (30) 


where the SU(2)L,R group transformations act on the flavour indices. For a single 
family of (u, d) flavours, the corresponding multiplet is: 


_ [Ur Uy Up v% 
(F.)L,R = G dy ds == ). zs ry (31) 


where the subscripts denote the Pati-Salam SU(4) quantum numbers. The mul- 
tiplets FR belong to (1/2,0,4) and (0,1/2,4) representations of the Pati-Salam 
group Gpg. Later, it was realized that it may be more appropriate to take the 
(B — L) quantum number as the fourth colour. To incorporate the quark-lepton 
families, the group [SU(4)]* was suggested as the simplest extension. So, apart from 
the known three families it stipulated a fourth one. This group is one of the simplest 
partial unification models containing the Standard Model symmetry group Gsm and 
realizing at the same time quark-lepton unification. Gauging the SU(4) symmetry, 
which is then broken spontaneously, involves massive gauge bosons (leptoquarks) 
inducing the transition g > I. Hence, baryon- and lepton-number conservation 
cannot be exact. This line of argument had led Pati and Salam in 1973 to the 
proposition that the lightest of the baryons — the proton — must ultimately decay 
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into leptons. So, the idea of baryon-number violation in the context of gauge theo- 
ries emerged. The idea of baryon instability itself predates the Pati-Salam model. 
In particular, Andrei Sakharov had enumerated it in his famous 1967 paper as one 
of the three ingredients to explain the observed baryonic asymmetry of the universe, 
with CP violation and statistical non-equilibrium being the other two. 

It should be emphasized here that the ideas of Pati and Salam provided theo- 
retical motivations for the experiments searching for proton decay and related phe- 
nomena such as n-f oscillation. Describing the simplest of baryon number violating 
interactions by the effective Lagrangian 


Lon = Fa (M) + he. (32) 


where Gg is an effective coupling constant, they predicted proton decays in the 
mode p — 31+. This effective Lagrangian was then derived in their quark-lepton 
unified model discussed above. It became clear, however, that the details of the 
proton decay modes depend on the quark-lepton unification group and the choice of 
the Higgs representation needed to break the gauge symmetries. Assuming definite 
representations for this purpose, they emphasized a number of proton decay modes 
and estimated the ensuing lifetimes. Their paper and subsequent work led to a well 
defined experimental search programme in this field. 

The minimal Pati-Salam model [Eq. (30)] is regarded as a partial unification 
scheme since it still has two coupling constants. This line of research subsequently 
led to more realistic and truly unified models for the electroweak and strong inter- 
actions — the so-called Grand Unified (GUT) Models — involving only one gauge 
coupling constant. Likewise, the concept of quark-lepton universality has found a 
more robust — perhaps also more attractive — framework provided by the GUT 
models, SU(5),SO0(10), Es, and others involving extensions of them to include su- 
persymmetry. In the most popular of GUT models, namely the Georgi-Glashow 
SU(5), the symmetry breaking G — Gsy, takes place directly and the Pati-Salam 
SU(4) representation does not emerge. However, in some others, for example the 
S$O(10) model, the Pati-Salam SU(4)L+r group emerges at an intermediate step of 
symmetry breaking. While the Pati-Salam models are not candidates for a truly 

- unified theory, it is entirely possible that their SU(4) group may emerge in the 
breaking of a larger symmetry. As discussed below, the jury is still out on the final 
verdict about the most viable of the GUT models. 

A brief discussion of the GUT theories and their experimental implications is 
probably in place here. If the group G having the standard model symmetry group 
Gsm as a subgroup is simple, or if it is a direct product of identical simple groups 
related by discrete symmetries, then G has only one gauge coupling constant. The 
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first example of the embedding of the group Gsm in an underlying simple group — 
hence a truly unified model — was provided by Georgi and Glashow in 1974. The 
SU(5) model advocated by them puts each family of fermion fields in a reducible 
(5*+10)-dimensional representation. Thus, quarks, leptons, antiquarks and antilep- 
tons appear together in these representations. There were no right-handed neutrinos 
in the simplest forms of the SU(5) model, and quark-lepton family replication was 
implemented by simply repeating the SU(5)-fermion structure for the three families. 
The fermion representation content of the Georgi-Glashow model is such that the 
gauge bosons, after spontaneous symmetry breaking, induce antiquark — lepton 
transitions, as opposed to the Pati-Salam gauge bosons inducing quark — lepton 
transitions. So, in SU(5) one expects decays of the type p — e+ gq and n — etid, 
leading to the decays p > etw® and n — e+n~ etc. The proton decay could then 
be expressed (in close analogy with the classical neutron f-decay n > pe~%,) by 
an effective four-Fermi interaction of strength as/m%, where as = g?/47, involv- 
ing the SU(5) coupling constant and the generic heavy boson mass, mx, which is 
O(mgut). This would then give the following proton lifetime: 


Tp = a (33) 


Taking as ~ @ and requiring t, > 10*° years (an experimental limit in vogue then) 
implies mx > 10'4 GeV — some twelve orders of magnitude larger than my,mz. 
This mass scale could also be predicted by the measured values of the thrée gauge 
coupling constants g3,g2 and g;. The point is that in a group such as SU(5) the 
generators are all part of the simple group and hence these coupling constants are 
all related to each other, unifying at the scale Q? > me 

The unification of the coupling constants and the prediction of the weak angle 
sin? Ow at low energies are some of the testable features of the Georgi-Glashow 
model (and variations on this theme) from low-energy precision experiments. These 
features deserve a brief discussion. At asymptotic energies Q? > m%, one has the 
following relation for the weak angle in SU(5): 


args = Ey 2 8s (34) 
9% Diag)? Tr(Q?) 8 

where T* and Q are, respectively, the generators corresponding to the third com- 
ponent of the weak isospin and electric charge. However, because of the renormal- 
ization group (RG) equations, the corresponding angle measured at low energies 
is smaller due to the different Q?-dependence of the coupling constants appearing 
in the numerator and denominator in the above expression. Using a3(mz)gg and 
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a(mz xz (where the subscript MS denotes the renormalization scheme adopted for 
the definition of the coupling constants) as inputs, one can predict both mx and 
sin? 6w(mz)gs in GUT models such as SU(5) with no extra scales between the 
electroweak scale (for example, m;) and the GUT scale mx. Typical. predictions 
are: 

mx ~ 2t7 x 10'* GeV 


ay (35) 
sin” Ow(mz)xqq = 0.215 + 0.003. 


This value for sin? 6w(mz)xg differs from the presently determined value of the 
same quantity, 
sin? 6w(mz)qg = 0.2328 + 0.0007, (36) 


discussed in the section on electroweak unification, by six standard deviations. Like- 
wise, the partial lifetime for the proton decay mode in SU(5) is predicted to be: 

(p> etn) ~4 x 102940-7412 yy (37) 
which is well below the experimental bound from the IMB collaboration, r(p — 
etx°) > 5.5 x 10%? yr. Though these analyses are done for the SU(5) case, they are 
fairly representative of the general GUT models, involving a single breaking to the 
Standard Model. 

The same mismatch between theory (single-breaking GUT models) and low- 
energy measurements is observed if one uses the renormalization group (RG) equa- 
tions and evolves the three effective coupling constants from their measured values 
to the GUT scale and above. This is shown in Fig. 1. The figure labelled as the 
Standard Model shows that the three couplings evolved to the GUT scale do not 
meet at a point. This observation and the others discussed earlier very probably 
point to the presence of new physics between the electroweak scale O(my) and the 
GUT scale O(mx). One such candidate is supersymmetry (SUSY), with a SUSY 
breaking scale somewhere between the electroweak scale and O(1) TeV. The RG 
running of the coupling constants in the minimal supersymmetric extension of the 
Standard Model leads to solutions such that the couplings do meet at a point, with 
the generic superpartner mass in the range mz to 1 TeV, or somewhat higher. The 
unification scale in such extensions is higher than the value of mx discussed above 
in the context of the SU(5) model. This would imply a longer lifetime for the pro- 
ton, evading the present experimental bound. The details of the decay modes in 
such extensions are also different. 

These and related issues will come under more precise experimental and theo- 
retical scrutiny in not too distant a future. Improved experiments are on their way 
which would pin down the mechanism responsible for the apparent solar neutrino 
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Figure 1: Running of the three gauge couplings, assuming the Standard Model and its minimal 
supersymmetric extension. (Source: Paul Langacker, in Proceedings of the Neutrino Telescope, 
Venice, 1992.) 


deficit. Along the same lines, laboratory oscillation experiments to measure neu- 
trino masses and mixings that are of interest for the solar neutrino problem are 
being set up. These experiments will establish the existence of, or put a firm limit 
on, lepton number violation. Likewise, improved sensitivity to the proton lifetime 
is anticipated in future experiments, from which one expects to learn about the 
scale and texture of baryon number violating processes. These experimental devel- 
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opments are expected to disentangle the physics between the electroweak and GUT 
scales. It looks almost certain that the Standard Model will have to be extended. 
A good candidate for the extension is supersymmetry, and the search for supersym- 
metric particles at present and planned accelerators is one of the foremost research 
goals. At present, both the SUSY extension of the Standard Model and its eventual 
embeddings in GUT scenarios are far from being obvious. While the quest for the 
final theory of elementary particles continues, the idea that quarks and leptons can 
be treated on an equal footing, and that both lepton and baryon number violations 
indeed take place in such unified theories, which Salam and Pati proposed in 1973, 
is now an integral part of GUT models. 
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An attempt is made to unify the fundamental hadrons and leptons inte a common irreduc- 
ible representation F of the same symmetry group G and to generate a gauge theory of 
strong, electromagnetic, and weak interactions. Based on certain constraints from the 
hadronic side, it is proposed that the group G is SU(4’) xSU(4’’), which contains a Han~ 
Nambu~type SU(3’) xSU(3”) group for the hadronic symmetry, and that the representation 
F is 4,4"). There exist four possible choices for the lepton number L and accordingly 
four possible assignments of the hadrons and leptons within the (4,4*). Two of these require 
nine Han-Nambu-type quarks, three “charmed” quarks, and the observed quartet of leptons. 
The other two also require the nine Han-Nambu quarks, plus heavy leptons in addition to 
observed leptons and only one or no “charmed” quark. One of the above four assignments is 
found to be suitable to generate a gauge theory of the weak, electromagnetic, and SU(3’’) 
gluonlike strong interactions from a selection of the gauges permitted by the model. The 
resulting gauge symmetry is SU(2’), x U(1) xSU(3"’)z,2- The scheme of all three interactions 
is found to be free from Adler-Bell-Jackiw anomalies. The normal strong interactions arise 
effectively as a consequence of the strong gauges SU(3’’),.2. Masses for the gauge bosons 
and fermions are generated suitably by a set of 14 complex Higgs fields. The neutral neu- 
trino and AS=0 hadron currents have essentially the same strength in the present model as 
in other SU(2), xU(1) theories. The mixing of strong- and weak-gauge bosons (a necessary 
feature of the model) leads to parity-violating nonleptonic amplitudes, which may be ob- 
servable depending upon the strength of SU(3’’) symmetry breaking. The familiar hadron 
symmetries such as SU(3’) and chiral SU(3’), XSU(3’)p are broken only by quark mass terms 
and by the electromagnetic and weak interactions, not by the strong interactions. The 
difficulties associated with generating gauge interactions in the remaining three assignments 
are discussed in Appendix A. Certain remarks are made on the question of proton and quark 


stability in these three schemes. 


I. INTRODUCTION 


Several past attempts’ including some of the re- 
cently proposed schemes of unification*’® of the 
weak and electromagnetic interactions have em- 
phasized the parallelism between the hadrons and 
leptons in the sense that both types of matter be- 
long to similar (but distinct) multiplets of the 
same group structure!’* [e.g., SU(2)xU(1) or 
Su(4), etc.]. As a further step toward a unified 
theory of matter, one may inquire whether the 
fundamental hadrons and the leptons could be con- 
sidered as belonging to the same irreducible rep- 
resentation of a common symmetry group for all 
matter. It of course goes without saying that such 
a supersymmetry group has to be badly broken to 
correspond to the huge mass gap between the had- 
rons and the leptons and to their asymmetric re- 
sponse toward the strong interactions. 

Nevertheless, if we postulate that such a sym~ 
metry group is the basis for the existence of had- 
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rons and leptons, it may in the first place lead to 
a tighter classification scheme for the leptons not 
available at present. This could provide a ratio- 
nale for the existence of known leptons and also 
throw some light on further leptons to be expected. 
The existence of the lepton number L (or baryon 
number B) would derive an interpretation similar 
to that of J, and Y, being part of a hierarchy of 
higher symmetry rather than due to an adhoc U(1) 
symmetry. Such a combined symmetry is also ex- 
pected to provide a well-defined basis for hadron- 
lepton universality in the weak and electromagnet- 
ic currents. 

In the second place, ‘the full dynamical content 
of such a supersymmetry group may provide new 
insights. For example, a full gauge theory of in- 
teractions based on such a symmetry group may 
lead to a unified treatment of the strong as well 
as weak electromagnetic interactions in the sense 
that a single coupling constant may govern the 
non-Abelian part of the interactions. The empir- 


1240 


327 


328 


8 UNIFIED LEPTON-HADRON SYMMETRY AND A GAUGE... 1241 


ical difference between the value of the electro- 
magnetic charge and the strong interaction cou- 
pling constant may, in such a scheme, be expected 
to arise from differing charge renormalizations 
produced by the spontaneous symmetry breaking 
mechanisms, which are a necessary feature of 
such theories. A related consequence is the pos- 
sibility of a whole new class of interactions involv- 
ing gauge mesons which carry baryon and lepton 
number. The absence of such interactions in the 
present energy domain may be attributable to 
superheavy masses of such gauge mesons, con- 
sistent with current ideas of spontaneous symme- 
try breaking. 

With these to serve as motivation, we attempt 
to make a beginning toward a unified treatment of 
the hadrons and leptons. In Sec. I we discuss the 
question of the choice of the symmetry group G 
and the representation F for fundamental hadronic 
and leptonic matter. Based on certain constraints 
from the hadron’s side, it is proposed that the rel- 
evant group for the classification of fundamental 
hadrons and leptons is SU(4’) xSU(4”), which con- 
tains a Han-Nambu-type® SU(3’) xSU(3”) group for 
the hadronic symmetry, and that the representa- 
tion F is (4, 4*). It is then pointed out that there 
exist four distinct possibilities for the assignment 
of the leptons within the (4, 4*). Two of these re- 
quire nine Han-Nambu-type “norma!” quarks, 
three “charmed” quarks, and just the observed 
quartet of leptons (but no heavy leptons). The oth- 
er two also require nine Han~Nambu quarks, but 
they require extra leptons and correspondingly 
one or no charmed quark. 

In Sec. II, we construct a gauge theory of weak, 
electromagnetic, and SU(3”) gluonlike strong in- 
teractions for one of the four assignments men- 
tioned above. We restrict ourselves in this note, 
however, to only a selected set of gauges so as to 
reproduce primarily the conventional phenomena 
of interactions for this assignment. (The other 
three assignments seem to be unsuitable for a va- 
riety of reasons discussed in Appendix A.) The 
symmetry group for the gauge interactions thus 
obtained is SU(2’), xU(1) xSU(3”),,.2. The scheme, 
including the strong interactions, is found to be 
Free from Adler-Bell-Jackiw anomalies, The ex- 
istence of the two SU(4) degrees of freedom for the 
(4, 4*) is found to be essential in realizing this 
scheme. 

The model thus generated is conservative in the 
sense that it does not exploit all the gauge sym- 
metries permitted by the model. By the same to- 
ken, no attempt is made to build in universality of 
the strong, weak, and electromagnetic interactions 
in the sense mentioned before. We hope to return 
to these considerations in subsequent work. 


The question of generating masses for the gauge 
mesons and the (4, 4*) fermions via spontaneous 
symmetry breaking is briefly discussed in Sec. IV. 
A mass matrix with desired properties is con- 
structed with 14 complex Higgs fields. It is point- 
ed out that the mass matrix must necessarily mix 
some of the strong-gauge mesons with the weak 
ones in order to generate the photon. This may 
lead to observable effects in parity-violating nu- 
clear transitions depending upon a few factors. 
The neutral neutrino and AS =0 hadron currents 
are found to have essentially the same strength 
in the present model as in other SU(2), x U(1) the- 
ories*** of weak and electromagnetic interactions. 
Remarks on the nature of various symmetries in 
the model are made in Sec. IV. Section V contains 
a summary of a few peculiar features of the 
scheme. The difficulties associated with gener- 
ating gauge interactions in three out of the four 
lepton assignments are discussed in Appendix A. 
The possibility of baryon- and lepton-number-—vio- 
lating transitions in these cases and their implica- 
tions on quark and proton stability are briefly 
mentioned. In Appendix B we consider the conse- 
quences of assuming that the idea of Cabibbo rota- 
tion applies to the (e, ;.) leptons as it does to the 
(%, A) hadrons. It is remarked that the two-neu- 
trino experiment (rather than absence of u~e+y 
decay) would provide a test of whether the univer- 
sality of hadrons and leptons should be carried 
this far. 


II. CHOICE OF THE SYMMETRY GROUP AND 
THE BASIC REPRESENTATION 


We shall start with the basic assumption that the 
representation F of the fundamental entities con- 
sists of quarks and at least the known leptons. 
This excludes the hypothesis that the observed 
leptons may be composites of something even 
more fundamental.® So far as quarks are con- 
cerned, it appears that there are several consid- 
erations, which favor nine degrees of freedom for 
the quarks rather than three. Apart from integral 
charges, these are (a) the experimental value 
for the magnitude of the 7°— 2y amplitude’; (b) the 
desirability of having Fermi statistics for the 56- 
plet of observed baryons, with quarks in relative 
s states; and (c) the question of the AT =} rule® 
for the nonleptonic decays. To be more specific, 
we will assume® that the basic hadrons are the 
Han-Nambu® quarks transforming as (3, 3*) under 
the SU(3’)xSU(3”) group; for our discussion the 
familiar SU(3) group may be identified with SU(3’). 
The quarks will carry integral charges if we as- 
sume 
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Q=(5+3¥') +7 +3Y"). (1) 2 Ps OF OF 
The low-lying baryons and mesons are assumed to Kl RI Ke RT 
be singlets under SU(3”), thus they have [7 =Y” W= AD 822 (7) 
‘b 


=0. 

Clearly the supergroup G we are seeking must 
contain the hadronic SU(3’) xSU(3”) group as a 
subgroup while the lepton number must be a diag- 
onal generator within G outside of SU(3’) xSU(3”). 
The basic representation F of the supergroup G 
must contain at least the Han-Nambu nonet of had- 
rons and the observed quartet of leptons. It is 
easy to convince oneself that the simplest group 
structure” meeting these constraints is provided 
by 

G =SU(4’) xSU(4”), (2) 


with the fundamental fermion (hadron and lepton) 
representation being given by 


F =(4, 4*). (3) 


Denote the components of F by ¢(,1)3 the group 
SU(4’) acts on the index a =@,X, A, x, and the group 
SU(4”) acts on the index i=a,b,c,d. The traceless 
matrices Jj, Y’, and C’ for the diagonal genera- 
tors of SU(4’) with respect to the indices a may 
then be defined by 


e Xx x A xX 
1 1 
I3=2 i 0 » ¥'s3 : -2 ’ 
0 0 
C9 Rr xX (4) 
1 
1 
C'=4 1 , 
-3 


where C’ is the charm quantum number of SU(4’). 
The matrices [¥, Y”, and C” for the diagonal gen- 
erators of SU(4”) (with respect to the indices i) 
may be defined similarly. They are negatives of 
Ti, Y‘', and C’, since they correspond to the 4* 
representation. Thus, 


Ughe-Upa, ("=e 
and 
(C”),=-(Cq- 


(5) 


A suitable extension of the charge formula (1), 
which gives integer charges to all constituent par- 
ticles, is given by 


Q=(5+4¥’- 30’) +7 +4¥" -5C"). (6) 


One may exhibit » by a (44) array, the super- 
script on each component designating the charge: 


xo XS Xe Xe 


The 3x3 top left array denotes the Han-Nambu 
nonet of hadronic quarks, which we denote subse- 
quently by 3¢, 

There appear, in general, four distinct possibil- 
ities"’ for the choice of the lepton number L: 


L=(C” +4) (A) 
=(C’-4) (B) 
=(C”+4)+(C’-4) €) 
=(C"+4)-(C’-4). @) (8) 


Accordingly there are four possible assignments 
of the hadrons and leptons in the (4, 4*). These 
are 


ue 
aK e 
w=} 27 en], 
no h* h’* v 
(L=0) 
H°® 
x 
shapso. oem 
Wye H’- » 
Cn ar a 
(L=-1) 
(9) 
an 
x - = 
Bh) ae Co 
Wo M- ? 
B, e* ET R® 
(L=-1) (L=0) 
Vu 
x = = 
Vp M- 
D, et Et 8? 
(L=-1)  (L=2) 


In each case K stands for the 3x3 array of the 
Han-Nambu quarks. Note that: 
(1) All four schemes accommodate at least the 
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known quartet of leptons and allow for the distinc- 


tion between v, and v,, and e and » via SU(4’) and/ 


or SU(4”) quantum numbers. 

(2) Schemes (A) and (B) contain just the observed 
quartet of leptons and no further leptons, while 
(C) and (D) contain new leptons in addition. 

(3) Schemes (A) and (B) look so similar that one 
may not regard them as distinct. However, once 
we choose the convention that the low-lying had- 
rons are singlets with respect to SU(3”) and non- 
singlet in general with respect to SU(3’), then (A) 
and (B) lead to physically distinct schemes of 
gauge interactions (compare Sec. II and Appendix 
A). 

(4) In addition to the basic Han-Nambu nonet, 
schemes (A) and (B) consist of three charmed had- 
rons, called (h°,h*,h’*) and (H°,H~,H’~), re- 
spectively, while scheme (C) contains one such 
charmed hadron, the R°. These objects are pre- 
sumably much heavier than their uncharmed part- 
ners and do not play any role in the formation of 
the low-lying hadrons. 

(5) In each of these four schemes, one may in- 
troduce a U(1) symmetry to extend the SU(4’) or 
the SU(4”) to a U(4’) or U(4”) group, respectively. 
The corresponding U(1) symmetry may be identi- 
fied with fermion-number conservation. One may 
assign the fermion number of the basic 16-plet 
$(a,4) to be +1 and their antiparticles to be —1. 
The theory permits separate conservation of the 
fermion number F and the lepton number L. All 
the traditional selection rules usually following 
from baryon-number and lepton-number conserva- 
tions are now given by the conservations of the 
fermion number and the lepton number. Baryon 
number may, of course, be defined in these 
schemes in terms” of F and L. 

In Sec. II we present a gauge theory of strong, 
electromagnetic, and weak interactions in scheme 
(A) only. The difficulties encountered in gener- 
ating such interactions in the other three schemes 
are discussed in Appendix A. 


Ill. GAUGE INTERACTIONS IN SCHEME (A) 
A. The Weak Gauges 


Since the hadrons and leptons in scheme (A) have 
SU(4’) quartet structures separately, we can ob- 
tain the Cabibbo suppression for the |AS|=1 
charged currents and avoid the |AS|=1 neutral 
currents by following the scheme of Glashow, 
Hiopoulos, and Maiani.‘ Thus, to start with, we 
assume that the hadronic quarks %, and A, (with 
i=a,b,c), which enter directly into the currents, 
are not physical, in the sense that the mass ma- 
trix is not diagonal with respect to them; they are 
related to the physical objects %; and \, (i=a, b,c) 


by a Cabibbo rotation of angle 9: 
%,\ _ / cosé@ sing Pa 7 
ee 7 (ae aoe (é=a,b,c). 
(10) 


Following Ref. 4, the weak interactions may be 
generated by a SU(2’), -gauge group with gener- 
ators given by the sum of the SU(2’) generators 
acting on the left-handed (pb, n) and (A, x) indices, 
respectively. These are’ 


Ki=(FitFish » 


Kz=(F2-Fighk » (11) 
K3=(Fj+2¥’-3C'),, 

where 
¥'=($)? Fy 

and (12) 


C'=(h)* Fis. 


Using the representation of K* with respect to 
the left-handed basis a! =(@;,9U, A, xz), 28 


i 
aQr- 
rae i ieee ee ds j=1 
[x7 =e 0 7; (=a, b,c, 2 JF +2, 3), 


(13) 


where 7; are the Pauli matrices and 7,=7,, 72,, 
=-T,,5, the corresponding fermion—gauge-boson 
interaction is given by 


3 
£,=8 2 » @; R; Xi YAKF] yl a(1 +75)] 
j 


=1 f=a,b,c,d 
e; 
x wi. (14) 


Note that the right-handed fields (¥,), are being 
treated as singlets under the SU(2’), gauge group. 
As in Ref. 4, the interaction (14) suppresses |AS| 
=1 neutral currents and has Cabibbo form for 
charged currents. 


B. The Strong Interactions 


The strong interactions (by definition) do not in- 
volve the leptons. We shall assume that they re- 
spect at least the SU(3’)xSU(3”) symmetry, that 
they are generated via pure vector and/or axial- 
vector gauges in order to conserve parity, and 
that they do not introduce anomalies by themselves 
or in the presence of other interactions. 

All these requirements are met easily [in 
scheme (A)] if we use an SU(3”) octet of vector 
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gauges to generate the basic (gluonlike) strong in- 
teractions. Denoting the corresponding gauge me- 
sons by Vi (m=1,...,8), their interactions with 
fermions are given by 


re D> 


ae 
| (a, ay arm) Yp (=) Va % 
m=1 a2 O,%, A,X Qe 


(15) 


The gauge mesons transform as (1, 8) under the 
Su(4’)xSU(3") group. The A,’s are the appropriate 
Gell-Mann matrices for the 3* representation. The 
interactions as introduced above are, of course, 
anomaly-free by themselves, since they are vec- 
torial in nature. Remarkably enough, they are 
found to be anomaly-free also in the presence of 
the weak SU(2’), gauge interactions and the U(1) 
gauge interaction [see Eq. (18)] yet to be intro- 
duced to generate electromagnetism. Instead of 
the SU(3”) octet gauge mesons, however, if we 
had used a singlet gluon gauge vector meson, * 
coupled symmetrically to the twelve hadrons [in 
scheme (A)] to generate the strong interactions, 
the resulting scheme together with the U(1)-gauge 
interaction needed to generate electromagnetism 
would have anomalies. In this sense then, the ex- 
istence of the two (see Ref. 14) SU(4) degrees of 
freedom in our model seems to play an essential 
role in generating an anomaly-free gauge theory 


Bee'UG\b ED 


ixa,d c,d 


where the subscripts R and (ZL +R) on the currents 
are defined by the conventional notation 


a, Yul a(1- ¥s)] ¥a= Wade 
and (19) 
a, Yubs? Pidaber- 


The total weak, electromagnetic, and strong inter- 
action of the theory (not including the Higgs bosons 
to be introduced) is 


£'=£, 42,42, (20) 
and the corresponding gauge group is given by 

G’ =8U(2’), x U(1) xSU(3"),, z- (21) 
The total number of neutral gauge fields in the the- 
ory is four: W°, Vv’, v°, and U°. The mass ma- 
trix arising through spontaneous breaking will in 


general induce mixing between these fields, which 
in turn will lead to certain orthogonal combinations 


(OO, - Hi Nat Kixse— My Ardal +t u : 


of the strong, weak, and electromagnetic interac- 
tions. 


C. Electromagnetism: A New U(1) Gauge 


Note that the electric charge operator given by 
Eq. (6) can be written [with usual notations: 
=(13), +U3)2=Uahew etc.] as 


Q=[r+h¥' 30], +112 +4Y"diie 
+{($+3¥’-3C)e-3CL.e}- (16) 


We have so far introduced SU(2’), and SU(3”), .2 
gauges, which generate currents corresponding to 
the expressions in the square brackets in Eq. (16). 
No such gauge has been introduced to generate the 
current corresponding to the piece of the electric 
charge in the curly bracket in (16). This consists 
of a part (13 +4Y’ -3C’), belonging to the SU(2’), 
group [compare with generators of the SU(2’), 
group as in Eq. (11)] and a part (-3C/,, 2) belong- 
ing to the SU(4”) group. The corresponding gener- 
ators commute with the gauge generators already 
introduced, so that the simplest (though perhaps 
not the most elegant) possibility to build electro- 
magnetism is to introduce a new U(1) gauge inter- 
action defined by the generator 


¥=(15+3Y' ~3C’)p-3Cf,e- (17) 


The corresponding gauge meson U° interacts with 
the fermions in the following manner: 


(2,0, +00, +0,0,— Seda, 
(18) 
re ee 


of these fields to correspond to the physical parti- 
cles. One such combination is the massless pho- 
ton (coupled to the conserved electric-charge 
gauge). The complexion of the others will depend 
upon the nature of the mass matrix, which is dis- 
cussed briefly in Sec. IV. 


IV. PARTICLES AND MASSES 


Below we demonstrate a possible scheme“ of 
spontaneous symmetry breaking for generating 
masses of the particles. We sketch the main ideas 
only briefly, since these are simple extensions of 
standard ideas in the subject. 

All the gauge mesons and the fermions can be 
given masses appropriately by introducing two 
sets of scalar fields, i.e., 

(a) a set of 12 complex fields o! transforming as 
(2+2, 1,3*) under the gauge group G’, where i 
=a,b,c corresponds to SU(3”) index and a=1, 2,3,4 
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corresponds to SU(2’), indices, plus 

(b) a second set of two complex fields ¢ = ($0) 
transforming as (2, 1,1) under G’. 

We assume that the self-interactions among the 
scalar fields may be arranged®® such that their 
vacuum expectation values are given by 


o 0 0 
0 a 0 

CH do= 0 0 Cc (22) 
0 0 0 


ee | 


D [ayaa ef (aX 
Gi. 


and 


(Po2A(9); (23) 


where o and A are real. The three nonzero ele- 
ments in (o/,) are taken to be the same in order to 
obtain (approximately) equal masses for the SU(3”) 
octet of gauge mesons. 

The masses of the gauge mesons are found by 
substituting the vacuum expectation values for the 
corresponding fields in the expressions 


@)-¥, 0%, = ig(t(c)-W,) a7 3 ig(t°() Uy Mia. BA? 


+ DB Pudt -1BEO)-W den" ig" ECOT n9"1?, (24) 


where X(¢) ar the Gell-Mann matrices for the 3* representation and 


(tx(0)) ag = (G te Aero T2,3=-Te,3)> 


(EON i.) 4,8) = $5155.08 » 
Co) &n = (37) tn» 


and 


(tO) en = 25eq. 


(25) 


This scheme leads to the following eigenstates and masses after necessary diagonalization of the mixed 


fields: 
V5=V5cosh+W*sind, 
V gx =(3)/%(V4eiV"),  m(Viex)=(3)/2f0; 
(View, Vex) = (2) (VesiV’), 
W *=W*cosé — V isind, 


f(g'W,+ gU)+¢e'[V+(4)/?V,] nine 
Ae Tate eg aye 405 


Vyo= 2(V, V3 V,),  m(Vxo) =(4)" 20 ; 


m(V 2) =(3)"*f0 + O(0/d); 


m(V%x) = (3)*/3fo ; 
m(W)=(3)/ 2g + O(0/r); 


(26) 


0) 2 1/2 
Vro EE EO ee ar Oe) <r i et ee Yal+ e/a) , m(Vyo) =(3)/ 2 fo + OG/d) ; 


2ea SAFE Olo/r), m(Z%=(g 24a" XEN)+ 10/2); 


g*rg' 


where 


tan26 = -2V2 ( a\(£) [.- ( 4\(5 )] “. (20) 


We could have exhibited the exact expressions 
for the diagonal fields. These, however, are com- 
plicated and add nothing to the understanding. 
Thus, in the above equations we have consistently 
assumed o/d to be a small number of order 107? 
to 107° and neglected corrections to this order. 
This is consistent with the assumption of a large 
W mass my~ (3)"/?gr2 50 BeV together with the 


ee ee 
strong-gauge-meson masses m(V)~ (4) fo of 
around 3 to 5 BeV."” Taking g/f to be nearly equal 
to the ratio of the electromagnetic charge to 
typical strong interaction coupling constants (i.e., 
&/f lying between 4 and 4), we obtain’ 


(x)=Lean (7) 
= (10- to 10°). (28) 


The following points may be noted: 
(1) The exchange of V3 leads to a |AS|=0,1 
parity~violating amplitude for processes involving 
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hadrons, which is of order (sin8)( z/f)~ (07/2?) 
relative to the parity-conserving amplitude. Such 
an amplitude however involves a pure SU(3”) non- 
singlet transition operator, and therefore vanishes 
by SU(3”) symmetry for processes involving low- 
lying hadrons, which are supposed to be SU(3”) 
singlets. If SU(3”) is not a very strict symmetry 
(see remark at the end of this section), then for 
o?/x?~ 1075, the above contribution may still be 
comparable to the normal weak -interaction con- 
tribution and could serve as a distinguishing fea- 
ture’ of the model. It should be noted that the 
additional parity-violating amplitude for hadrons 
(mentioned above) is a necessary feature of our 
model, since the strong- and weak-gauge mesons 
must be mixed through the mass matrix in order to 
generate the photon. 

(2) The strong interactions are mediated by the 
following octet of gauge mesons: V3, Vix, Vit, 
Vix, Veo, and Vyo, all with nearly equal mass 
G aya 2fg, which is necessary to preserve SU(3”) 
symmetry. It should be stressed that these me- 


i rt ca 


£Y,9)= 


t=a,b,¢.4 


where”? 
(> #-(5) (30) 
Ga, =Go, = Ga, = G’ (a=0,KH,rA ory), (31) 
Gaara Gayry = Gagne Aer) (32) 
and 
Gaara Gandy = Gere = Amd - (33) 


The coupling constants are chosen to be real.* 
We also choose 


Gain; = Gang (34) 
to avoid parity -violating mass terms, and as usual 
Gy = Gy, 20 (35) 


to eliminate the appearance of right-handed neutri- 
nos. This ensures masslessness of the neutrinos. 
Note that: 

(1) We have allowed (%i@)-coupling™ in Eq. (29) 
to realize Cabibbo rotation of ® and A quarks in 
the manner suggested in Sec. II. One may have 
introduced an analogous (-¢) rotation in the lep- 
tonic column. This, however, does not lead to 
any observable consequence (see Ref. 24) if m,, 
= my, =05 so we choose 


Gu grg= Gaarg= O- (36) 


sons are primarily singlets in the conventional 
SU(3’), but octet under SU(3”); thus they cannot 
be identified with any of the known vector mesons. 
We have chosen the subscripts p,K*,..., etc., 
for notational simplicity. 

(3) The Vyo interaction, despite the relatively 
large component of W, and U ° is parity conserv- 
ing at least to order o7/,? since the combination 
(g’W,+gU°) is coupled to pure vector current. 

Z° interaction is, of course, parity violating. 

(4) The strengths of neutral current processes” 
such a8 U,+fi~ Vat pL, Wyte, +e, and v+p—V+p, 
etc., are the same (to order o/)) in the present 
model as in other SU(2), x U(1) theories*®’* without 
the strong gauge mesons. The presence of strong 
interactions in our model and the mass mixing 
does not alter the situation. 

The Masses of the Fermions. The fermion 
masses can be generated appropriately by intro- 
ducing the following gauge-invariant interaction 
of the @ field" with the fermions: 


a ae - -—f/P = 
[‘@ Pind + Gu, Rind +Gajr, Air 2 (G3,r,Rinb +Gy Riz ht Gy RiaB)(%*) | +H.c., 


(29) 

oo, 

(2) Subject to Eqs. (31)-(36), there are, in all, 
seven coupling constants to describe the masses 
of the fourteen fermions. {not counting the neutri- 
nos). It is easy to see that, leaving aside the 
hadronic R and A quarks, the masses of the others 
are given by 


me, =me, ~ Me, = AG#, 


My, =My,=My,=rGy» (37) 
m,=)Gy,, 
my=AG), . 


To find the masses of the physical %, and X, had- 
ronic quarks and the Cabibbo angle @ [see Eq. (10) 
for definition], one must diagonalize the sub- 
mass-matrix involving the (Jt,,A,) components. 
This gives 


2A5, 
tan20=>=7—"r , 38 
Gt -ck (38) 
mg, =2MGa +Gh + 24%, c8e29), (39) 
my,> ‘sich +G* — 24%, csce28). (40) 


Note that one must choose G*#G4, otherwise 6 
= 45°, 

(3) The observed approximate SU(2) symmetry 
of hadrons can be satisfied by choosing G}=Gi 
>>ak,. The intrinsic mass differences between 
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the ® and & hadronic quarks, which may arise 
as above, provides a source of nonelectromagnetic 
isospin breaking. 

(4) The familiar “medium strong” SU(3) break- 
ing may be attributed simply to a %,-A, quark 
mass difference arising due to spontaneous sym- 
metry breaking. It is tempting to correlate the 
hadronic X ~A mass splitting to the observed e-y 
mass difference, which is on parallel footing and 
of similar magnitude. However, the analogy is 
partly spoiled by the masslessness of neutrinos, 
which apparently have no analogs in the hadronic 
columns of 7,. 

(5) The familiar SU(3’) and chiral SU(3’), 
xSU(3’), symmetries are broken in the present 
model by quark mass terms (arising through spon- 
taneous symmetry breaking) and by electromag- 
netic and weak interactions, but ot by the strong 
interactions. In fact, it is remarkable that even 
after spontaneous symmetry breaking, the strong 
interactions in our model are invariant under the 
full U(4’), x U(4')p group (neglecting the weak mix- 
ing terms of strong and weak gauge mesons). This 
appears to be essentially a consequence of gener- 
ating strong interactions together with weak and 
electromagnetic interactions by a renormalizable 
gauge principle. We believe this provides at least 
a partial answer to the often asked question: “Why 
do weak currents generate the symmetries of the 
strong interactions?” One, however, does not 
yet know what, if any, should set the scale for the 
breaking of various symmetries (i.e., SU(4’), 
SU(3’), SU(2’), chiralU(4),xU(4’)p, U(2’), XU(2’)p, 
etc.), which, at present, may be introduced with 
arbitrary strengths through quark mass terms. 

(6) Regarding SU(3”) symmetry, we have been 
able to arrange (because of the choice of the 
representations of the Higgs scalars, in particu- 
‘lar of, and the associated vacuum expectation 
values) to give symmetric masses to the quarks 
and almost symmetric masses to the strong gauge 
mesons (ignoring higher-order loop corrections 
involving the o’s. Furthermore, the quarks do 
not couple” directly to the o’s. Thus, after the 
normal Higgs shifting, global SU(3”) symmetry 
is still well preserved in the Lagrangian except 
in the Higgs boson sector, in which it is lost be- 
cause of the incompleteness of the leftover Higgs 
multiplet of, (in the unitary gauge). In this case, 
even though the Higgs bosons are coupled strongly 
to the strong gauge mesons, the SU(3”) breaking, 
which arises due to the emission and absorption 
of such Higgs bosons in a hadronic amplitude, is 
found to be only of order a compared to the sym- 
metric amplitude (for S-matrix elements with no 
external Higgs bosons). This could then account 
for SU(3”) being an approximate observable sym- 


metry as desired, despite the fact that the gauge 
symmetry is broken spontaneously. This question 
will be considered in more detail in a subsequent 
note. 


Vv. SUMMARY 


We summarize some of the peculiar features of 
scheme (A): 

(1) The scheme generates strong interactions 
through an SU(3”) octet of gauge mesons, which 
are singlets under the familiar SU(3’) symmetry.” 
This is nonconventional in the sense that the basic 
strong interactions seem to owe their “existence” 
in such a scheme to the unfamiliar hidden SU(3”) 
symmetry of hadrons and zoé to the manifest 
SU(3’) symmetry of the low-lying world. Of 
course, the strong interactions thus generated 
respect the full U(4’), x U(4z X SU(3”),,.2 sym- 
metry automatically (see Sec. IV). At the pres- 
ent stage, it is an assumption that the observed 
(strong) interactions among the known hadrons are 
effective interactions arising due to the exchange 
of the SU(3”) octet of gauge mesons [which we will 
refer to as the SU(3”) gluons]. If these gluons are 
not very heavy (m <5 BeV, say), it should be 
feasible to search for their production in pairs!” 
through collisions of energetic low-lying hadrons. 
The discovery of such gluons [which incidentally 
carry electric charge, even though they are SU(3’) 
singlets] would of course provide an interesting 
test of the present ideas. We should emphasize 
that the introduction of an SU(3”) octet of gluons 
to generate strong interactions instead of a singlet 
vector gluon (coupled to the baryonic current) is 
dictated by our insistence on an anomaly-free 
theory. 

(2) The scheme leads to parity-violating am- 
plitudes in hadronic processes on account of mix- 
ing of strong and weak gauge mesons, With further 
calculations and accumulation of experimental 
data, it might be possible to disentangle these 
contributions from that of the normal weak inter- 
actions, especially if SU(3”) is not a very strict 
symmetry. 

(3) The main virtue of the supersymmetry group 
G, as presented here, has been to provide a clas- 
sification scheme for the basic hadrons and leptons 
and thereby a possible rationale for the choice of 
the fundamental fermions. A special choice of G 
and representation F has also led to an anomaly- 
free gauge description of their presently known 
interactions (leaving out gravity and CP violation). 
On the other hand, as remarked in Sec. I, we have 
hardly made use of the full dynamical content of 
the supersymmetry group G in the sense that a 
whole class of gauge interactions permitted by the 
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model has not been considered. Most notably, the 
gauges which transform hadrons into leptons have 
been left out. Likewise, the left and right SU(4’) 
gauges have been treated in the most asymmetric 
manner. It may be of some interest to consider 
the implications of such gauge degrees of freedom 
in the model. Furthermore, by gauging the par- 
ticular subgroup SU(3”) for generating strong inter- 
actions, we have built in the basic distinction be- 
tween the hadrons and the leptons. A part of the 
future program should be to have this distinction 
emerge in a more natural manner from the theory. 
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APPENDIX: GAUGE INTERACTIONS 
IN SCHEMES (B), (C), AND (D) 


In attempting to generate a gauge theory of inter- 
actions in these three schemes [ as opposed to 
scheme (A)], we encounter two main problems: 

(1) There appear, in general, baryon- and lepton- 
number-violating transitions, and (2) it seems 
difficult, if not impossible, to realize a satis- 
factory gauge theory of weak, electromagnetic, 
and strong interactions. 

In general, (1) leads to an weak amplitude for 
the decay of quarks into leptons in order Gy and 
of the proton into leptons plus mesons in order 
G,*. In schemes (C) and (D) [but not in (B)], de- 
pending on further details, this may still be com- 
patible with the observed lower limit on lifetime 
of the proton. However, in none of these schemes 
does there seem to be an easy solution to (2). 

To illustrate these remarks, consider the gen- 
eration of weak interactions in scheme (B) by 
assuming that the weak gauge group is SU(2). For 
scheme (B), the assignments are [see Eq. (9)] 


©° ef et 


¥a=) az ag ad Ht 


The multiplets for the SU(2) gauge group must be 
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chosen in accordauce with the following con- 
straints: 

(1) The semileptonic decays of the known had- 
rons [which are SU(3“) singlets] can arise only 
through currents of the type (6; %,)'**"'* involv- 
ing particles in the same column of ¥,. Further- 
more, to incorporate the known hadron-lepton 
universality in a natural manner, we ought to 
choose multiplets of SU(2) such that the weak cur- 
rent is pure SU(3”) singlet. This suggests that we 
introduce the multiplets 


0 aa + 
r-{($2), + (%),» am ($3), f 
as doublets of the SU(2) gauge group. 

(2) To account for the observed |A4S|=1 semi- 
leptonic decays involving charged currents, we 
must assume‘ that the (X,, dj);-2,9,c quarks are 
related to the physical (,, Aicep ec quarks by 
Cabibbo rotation. In this case, in order to cancel 
the [|AS|=1 neutral currents, we must also intro- 
duce the multiplets 


o-4(%),+(3),(4), 


as doublets of the SU(2) group. (It is this®* that 
leads to difficulties; see later.) 

(3) One must of course introduce the leptonic 
multiplets 


{6} 


as doublets of the SU(2) group to have leptonic 
decays. 

(4) The combination ([+J +) is the minimal set 
needed to reproduce the known weak interactions 
without |AS|=1 neutral currents. The left and 
right components of fields not included in this set 
may be regarded as singlets” of the SU(2) group. 
One can introduce an additional U(1) gauge inter- 
action to generate electromagnetism without anom- 
alies. 

It is clear that the above scheme leads to baryon- 
and lepton-number-violating transitions since the 
same gauge bosons (W*, W~, W*) are exchanged 
between the sets Jand J or J and K. Thus physical 
SX, and 4, quarks can decay to leptons in order g? 
as follows: 


Amplitude 


\7-0,+W -0,+(e7+,) (g?cos6/my’) aay 
Nzi-v,+W--v,+(e7+0,) (-g? sind/m,?) « 
So there would be no stable quarks in this scheme. 
For possible decays of the observed hadrons to 
leptons, it is sufficient to examine the possibility 
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of such decays of the proton only. Assuming that 
the low-lying hadrons are primarily SU(3”) sin- 
glets, the proton consists of one each of (a, b, c) 
quarks. Consider any one.of its components; for 
example (@°e} R2), Assuming that the quarks and 
diquarks are heavier than the proton, one can 
easily verify that the lowest order®® in which the 
proton can have a real decay is g*°; the amplitude 
for such a decay is proportional to (g°/my’) sin®9. 
A possible chain of virtual transitions leading to 
proton decay is indicated below”*: 


O82 +Rigaree 9*+(7,+W~) 
—ro °+(0,+e7+F,) , 
pod Chan + Ro see 1° 4+ (e*+ W7) (A2) 
—zo> at(e*+e7+7,), 


Ro spear t+ Wo am ut +(e7+D,) . 

A crude estimate of the lifetime of proton asso- 
ciated with the above decay is found to be between 
10° and 10'* sec. Even though this is of the order 
of or greater than the age of the universe, it is 
still ridiculously low compared to the experimental 
lower limit®® 7, >10° sec. 

Similar considerations apply also to scheme (C); 
however, there is an essential difference due to 
the appearance of the unknown lepton E* in the 
place of y*, which may help remove the conflict 
with proton lifetime. To see this, note that if we 
choose the SU(2) multiplets for ¥, [given by Eq. 
(9)] analogous to the minimal set (I+J+X) for 
W,, the doublet 


for scheme (B) is replaced by the doublet 


(x2), 


for scheme (C), the other multiplets remaining 
the same. On account of this, the heavy lepton 

E* would appear as an end product (instead of p*) 
in the conversion of K° [see Eq. (A2)]. If Mg+>m,, 
the decay of proton involving real E* is forbidden. 
It is then easy to see that the decay of proton must 
at least involve the conversion of a “c” quark 
(say, %°) to an appropriate “b” or “a” quark, 


which in turn can decay to light leptons. As the 
above conversion would take place only via strong 
interactions and therefore would be accompanied 
by the emission of an appropriate strongly inter- 
acting SU(3”) octet meson, it can be shown, in 
this case, that the proton lifetime would be higher 
than the estimate given above depending upon the 
nature of SU(3”) symmetry." For example, if 
SU(3") were broken only weakly, the proton decay 
amplitude would involve fourth or higher powers 
of Gy; its lifetime may thus become long enough 
so as not to conflict with the experimental lower 
limit on t,. The quarks could still decay in order 
Gy. These remarks apply to scheme (D) as well 
as to scheme (C). 

We may now illustrate remark (2), mentioned in 
the beginning of this section. Note that the degree 
of freedom, which has been used to generate the 
known weak interactions in the above schemes, 
does not permit us to build strong interactions with 
desired symmetry and still preserve the goal of 
renormalizability. This is apparent simply by 
noting that the SU(2) gauge symmetry which treats 


as a doublet must be violated by strong interac- 
tions, which affect the hadron ); but not the lepton 
v,. In such a case renormalizability is lost. This 
argument can be further extended. In principle, a 
different choice of the weak gauge group [such as 
O(3)] and a cleverer choice of the multiplets may 
alter the situation presented here. We have not 
explored this possibility in detail; however, it 
appears difficult to change the situation substan- 
tially. 

In summary, even though schemes (C) and (D) 
offer some intriguing possibilities which are worth 
noting, none of the schemes (B), (C), and (D) 
seems to be appropriate for realizing the goal we 
have sought to achieve in this paper, i.e., to gen- 
erate the weak, electromagnetic, and strong inter- 
actions by a renormalizable gauge principle. The 
latter seems to be feasible only for scheme (A). 
We should also remind* the reader that the exotic 
possibilities pointed out in this appendix apply 
exclusively to schemes (B), (C), and (D) and not 
to (A), which is discussed in the text. 


*This paper is an extended version of a preliminary 
draft, circulated at the Sixteenth International Confer- 
ence on High Energy Physics, Batavia, Ill., 1972 
(see J. D. Bjorken’s review talk at the conference). 


tWork supported in part by the National Science Foun- 
dation under Grant No. NSF GP 8748. 

‘See, for example, Z. Maki and T. Maskawa, Prog. 
Theor. Phys. 49, 1007 (1973) (earlier references 


1250 


may be found in this paper). Also see A. Gamba, 

R. E. Marshak, and S. Okubo, Proc. Natl. Acad. Sci. 
USA 45, 881 (1959); 8. L. Glashow, J. Tliopoulos, and 
L.. Maiani, Phys. Rev. D2, 1285 (1970). 

23, Schwinger, Ann. Phys. (N.Y.) 2,407 (1957); S. L. 
Glashow, Nucl. Phys. 22, 579 (1961); A. Salam and 
J. C. Ward, Nuovo Cimento 11, 568 (1959); A. Salam 
and J. C. Ward, Phys. Lett. 13, 168 (1964). 

5g, Weinberg, Phys. Rev. Lett. 19, 1264 (1967); 

Abdus Salam, in Elementary Particle Theory, edited 
by N. Svartholm (Almaqvist, Stockholm, 1968), p. 367. 
4g. L. Glashow, J. Ufopoulos, and L. Maiani, Phys. Rev. 

D2, 1285 (1970); S. Weinberg, iid. 5, 1412 (1972); 
C. Bouchiat, J. Tliopoulos, and Ph. Meyer, Phys. Lett. 
38B, 519 (1972); D. Gross and R. Jackiw, Phys. Rev. 
D Dé, 477 (1972). 

5M. Y. Han and Y. Nambu, Phys. Rev. 139, B1006 
(1965); A. N. Tavkhelidze et al., High En Energy Physics 
and Elementary Particles (international Atomic Energy 
Agency, ICTP, Trieste, 1965), p. 763; N. Cabibbo, 


L. Maiani, and G. Preparata, Phys. Lett. 25B, 132 (1967). 


®The possibility of observed leptons being composites of 
fractionally charged leptonic quarks is suggested by 
A. Salam and J. C. Pati, Phys. Lett. (to be published). 

1g, Adler, Phys. Rev. 177, 2426 (1969); S. Okubo, ibid. 
179, 1629 (1969). 

85" C, Pati and C. H. Woo, Phys. Rev. D 3, 2920 (1971). 

*Certain variations of the Han-Nambu model suit our 
purpose equally well. See, for example, the version 
due to Cabibbo, Mafani, and Preparata (Ref. 9) and 
also the discussion in J. C. Pati and C. H. Woo, Phys. 
Rev. D 3, 1173 (1971). 

‘Note, if we do not insist on Han-Nambu structure for 
the hadrons, we may choose the group G to be given 
by SU(4) rather than SU(4’) xSU(4’), since SU(4) can 
accommodate three quantum numbers, which may be 
identified with I;, Y, and. In this case, if we wished 
to maintain a quark structure for the observed hadrons 
and leptons, we might consider building them “compos- 
itely” out of a single quartet of fermions f=(@,%,A,1). 
However, one may verify that the 4x4x4 representation 
will not contain the known leptons without bringing in 
a host of other, too-exotic subjects. The most suitable 
choice with G =SU(4) for the basic representation F 
seems to be 15. This case looks very similar to 
scheme (C) [see Eq. (9)], except that the baryons in the 
15-plet of SU(4) would be more naturally identified 
with the observed (octet and singlet) baryons than with 
quarks. 

‘This follows by requiring that the Han-Nambu nonet of 
hadronic quarks carry zero lepton number. Note that 
other linear combinations L =a(c’ —1.4) + b(c’’ +4) not 
included in (A)—(D) of Eq. (8) could also be considered 
as separate possibilities. These are, however, not 
distinct physically from (A)—(D). Note also that we 
may drop the terms +4 in Eq. (8) without altering any 
of the physical consequences in the present paper. 
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the leptons. In schemes (C) and (D), some of the 
particles must carry both baryon and lepton numbers 
no matter how one chooses to define B in terms of 


JOGESH C. PATI AND ADBUS SALAM 


337 


{eo 


FandL. 

‘Swe follow the notation for SU(4) generators as given 
by D. Amati, H. Bacry, J. Nuyts, and J. Prentki, 
Nuovo Cimento 34, 1732 (1964). 

‘Note that in a scheme with only one SU(4) degree of 
freedom, a singlet gluon gauge is the only available 
gauge for generating strong interactions once weak 
interactions have made use of SU(2), gauges. 

‘swe are indebted to Dr. R. Mohapatra for a major 
contribution and most helpful discussions on this 
section. 

'8For the present, we have not investigated whether 
W of-like terms may be written down to yield the 
pattern of nonzero vacuum expectation values assumed 
in Eq. (22). 

{tNote that the strong gauge bosons, being primarily 
in the SU(3’’) octet (apart from weak mixing), cannot 
be produced singly through collisions of normal had- 
rons; they have to be produced in pairs. In this case, 
masses around 3—5 BeV for these mesons are con- 
sistent with their absence in production experiments 
so far. For some discussion on production, decays, 
and observability of SU(3’’) nonsinglet objects, see 
Pati and Woo (Ref. 9) and G. A. Snow, University of 
Paris report, 1972 (unpublished). 

18Qne may also estimate o/A without assuming values of 
m(V) and f separately as follows: The ratio of typical 
weak to strong interaction amplitude is expected to be 
of order 


2 shy? 

Fim “Fr ’ 
which on the other hand is known to be of order 1075 
to 1078, consistent with Eq. (28). 

‘8put for the SU(3’’) suppression, one might be tempted 
to consider the possible relevance of such an amplitude 
in understanding the seemingly large discrepancy 
between certain recent calculations of the parity-viola- 
ting amplitude in nuclear transitions and their observed 
values. See, for example, M. Gari, D. Dumitrescu, 

J. G. Zabotlisky, and H. Kummel, Phys. Lett. 35B, 
19 (1971); B. Desplanques and N. Vinh Mau, ibid. 35B, 
28 (1971). 

2°For a review of theoretical and experimental status 
on neutral currents see B. W. Lee, in Proceedings 
of the XVI International Conference on High Energy 
Physics, Chicago-Batavia, Iil., 1972, edited by J. D. 
Jackson and A. Roberts (NAL, Batavia, ™! 1973), 
Vol. 4, p. 249. 

1g! do not have Yukawa coupling to fermions on account 
of SU(3’’ ) gauge invariance. 

2Note that Eqs. (31)-(33) between the coupling constants 
are required to satisfy SU(3’’) gauge invariance. This 
leads to SU(3’’)-symmetric quark mass terms. 

31f one allows them to be complex, one will obtain 
parity- and CP-violating mass terms. Such possibili- 
ties could be relevant for inducing CP violation. 

Note that in general a @ x) coupling is also allowed, 
which would lead to a rotation of the @ ,x) fields. The 
net effect of simultaneous rotations of the (91,4) and the 
@,x) quarks by angles 9, and 6,, respectively, is that 
(for processes of interest) the Cabibbo angle is (0; —9). 
We do not introduce (, x) rotation, Note added in proof. 
A related remark is that if m, = my, and there is no 
nondiagonal mass term connecting v, -~ »,, one can 


8 UNIFIED LEPTON-HADRON SYMMETRY AND A GAUGE... 1251 


always rotate the two neutrinos so as to counteract the 
effect of (u-e) rotation. The u--e+-y- decay experiment 
and the famous two neutrino experiments are, therefore, 
insensitive to such rotations. We thank Dr. W. Alles 

for this last remark. 

5Note the distinction in this case from the models of 
A. Salam and J. Strathdee [Nuovo Cimento 11A, 397 
(1972) (in particular p. 426)) and I. Bars, M. B. Hal- 
pern, and M. Yoshimura [Phys. Rev. Lett. 29, 969 
(1972), who also propose a gauge theory of the strong, 
electromagnetic, and weak interactions. In these 
models, hadrons are not coupled directly to the weak 
gauge bosons, and their strong interactions are 
mediated by a nonet of vector and a nonet of axial- 
vector gauge mesons, which transform as (8 +1) under 
familiar SU(3). Note that, for low-lying hadrons, in 
our scheme, SU(3’) and SU(3) are synonymous. 

26Note that the leptons in set J cannot be replaced by the 
hadrons (H°, H~, H’~) because of their charges. 

*TOn the other hand, for the sake of symmetry, one 
might have introduced an extended set by treating the 
four columns of ¥, in an identical manner and likewise 
the four rows. This extended set will be 


(+d+k) -| (7), Ge), (eC). 
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For scheme (B), the consequences (discussed in the 
text) are the same for the extended set as it is for the 
minimal set. [This is not so for schemes (C) and (D).]} 

*8Note that the loop diagram of order g‘ cannot contribute 
in this case, since it cannot get rid of quarks entirely. 

*®Note that the emission of two r* mesons is essential, 
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particle Data Group, Phys. Lett. 39B, 1 (1972) and 
specific references therein. 

3tIf SU(3’') were an exact symmetry [in Scheme (C)], one 
could realize the intriguing possibility that the proton 
is absolutely stable, even if the quarks are not. In 
this case, at least one other particle (in addition to the 
proton) must also be absolutely stable. This may be 
the E* or a SU(3’’) nonsinglet hadron (distinct from 
quarks). 

as a further side remark, it is worth noting that in 
each of these schemes ((A) through (D)] one may 
introduce a singlet gauge particle coupled to the 
fermion number, which could be absolutely conserved. 
By demanding that the corresponding interaction be 
long-range (and very very weak), one could, for 
example, avoid the transcendence of fermion number 
in black-hole physics, though baryon and lepton num- 
bers may still be transcended individually. 


VoLuME 31, NuMBzR 10 


PHYSICAL REVIEW LETTERS 


339 


3 SEPTEMBER 1973 


Is Baryon Number Conserved? 


Jogesh C. Pati* 
International Centre for Theoretical Physics, Trieste, Raly, and Department of Physics and Astronomy, 
University of Maryland, College Park, Maryland 20742 


and 


Abdus Salam 
Internattonal Centre for Theoretical Physics, Trieste, Ealy, and Imperial College, London, England 
(Received 3 August 1973) 


We suggest that baryon-number conservation may not be absolute and that an integral- 
ly charged quark may disintegrate into two leptons and an antilepton with a coupling 
strength Ggm,’S 107%. On the other hand, if quarks are much heavier than low-lying 
hadrons, the decay of a three~quark system like the proton is highly forbidden (proton 
lifetime 2 1078 y), Motivation for these ideas appears to arise within a unified theory of 
hadrons and leptons and their gauge interactions. We emphasize the consequences of 


such a possibility for real quark searches. 


It is part of general belief in particle physics 
that conservation of baryon number is an absolute 
law of nature. Such a notion is but natural when 
one considers the extraordinary stability of the 
lightest known baryon, the proton, with a life- 
time in excess of 10° sec. In this note we wish 
to question whether this apparent proton stability 
truly reflects the conservation of baryon number 
to a similar degree. 

Specifically, we have in mind the following pos- 
sibility. Assume that the proton is made up in 
some sense of three quarks, each quark (q) 
carrying baryon number B= 1 and an integral 
electric charge. Assume that quarks and di- 
quarks (if the latter exist) are heavier than the 
low-lying hadrons. Assume further that a quark 
can decay into two of the known leptons (J=,,¢", 
v,, ”) and an antilepton, the decay being de- 
scribed by an effective Lagrangian 


£ orp= (Gy /V2 GK) +H.c. (1) 


This decay violates conservation of baryon and 
lepton (L) numbers, but conserves fermion num- 
ber F where F=B+L. 

Our point is this: If states with quark and di- 
quark quantum numbers are heavier than the low- 


lying hadrons, a proton (B=3, F=3) can have a 
real decay only to three leptons plus mesons, or 
four leptons plus an antilepton, ete. Since this 
involves a violation of baryon number by three 
units, the lowest-order amplitude in G, in which 
a proton can decay! is therefore G,*. Assume 
that G,m,>= 107°. (We give later our theoretical 
reasons for G, being less than the decay constant 
for |AS|#0 neutral semileptonic transitions, 
which is of order Go” empirically.) We then 
find that the decay q ~1+1+T may be associated 
with a lifetime as short as 10°" sec, say (de- 
pending on quark mass), whereas the proton’s 
lifetime could still be far in excess of 10° sec 
because of the high degree of forbiddenness of its 
decay. Such a model would therefore show that 
(i) quarks (if they exist) may exhibit unexpected 
decay properties involving violation of baryon 
number as well as lepton number without con- 
flicting with the observed degree of stability of 
the proton, and (ii) there is the possibility that 
there is no stable quark, contrary to present be- 
lief. This may be one reason why conventional 
searches for quarks have been unsuccessful 
(especially if 7,3 10° sec). (Note that if quarks 
were fractionally charged, electric-charge con- 
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servation would imply that a stable quark must 
exist unless there were lighter fractionally 
charged leptons? into which the quarks could de- 
cay.) 

Before giving the motivation which led us to 
consider an effective interaction of the type (1) 
—and we stress that the general considerations 
above hold irrespective of any specific model 
—we give some order-of-magnitude estimates 
for typical quark and proton decay widths (see 
Table I). The quark decay width follows directly 
from Eq. (1): 


T(q ~l+1+T)=G,'m 3 /24(20)° 
m, \ 
= (3 x10" sec “!) ts) » (2) 


where we have put G,=AG ,0” (we estimate <1; 
see below). Two typical proton decay amplitudes 
(M) and corresponding rates (T'=|M|?p, where p 
is the phase-space factor) are listed in Table I. 
The quantities m, and m, are quark’ and proton 
masses; A, and A, are numerical factors arising 
out of four- and five-particle phase-space inte- 
grations, which depend somewhat on precise ma- 
trix elements [usually they are >>1; for example 
A,=12, see Eq. (2)]; Ais a cutoff, which may 
be of the order of a few GeV (as in the K,-K, 
mass-difference calculation). Using Table I, we 
obtain for a typical proton decay‘ 


I(p ~ 381+ 2) =210°51°/A, sec” (3) 


for m,=10 GeV and A=2m,. Thus forA<1, T, 
%&2x10°* sec™', Although one may not take the 
precise estimates given above too seriously, the 
main point we wish to emphasize is that the high 
degree of forbiddenness of the proton decay rela- 
tive to the quark decay appears to be sufficient to 
lay open the possibility that the proton may be 
comfortably stable (7,> 107° yr) and yet the quarks 
decaying into leptons sufficiently short lived. 
Since Gm,” 10° implies a characteristic en- 
ergy (or intermediate meson mass) of the order 


of 3x10‘ GeV, one may expect that at (cosmic- 
ray) energies of this order, reaction rates for 
the processes e+p or p+ p ~ leptons + antileptons, 
etc., would attain unitarity limit and effectively 
become strong. Thus a study of multilepton-in- 
duced showers at high cosmic-ray energies may 
be one way of testing the ideas presented above. 
A clearer test could hopefully be provided by ex- 
tending the search for real integrally charged 
quarks at the CERN intersecting storage rings 
and the National Accelerator Laboratory to de- 
tect possible disintegration of quarks into ener- 
getic leptons (q~1+1+T, q-l+4, qrity, .., 
etc.). One should allow for 7,2 10°" sec on the 
one hand and perhaps’ as short as 10~ to 10°" 
sec on the other. 

Our basic motivation for B nonconservation 
comes from a recent attempt'* at a gauge theory 
of strong, weak, and electromagnetic interac- 
tions. To construct a unified, anomaly-free, re- 
normalizable gauge model we suggested that a 
system of twelve integrally charged quarks (nine 
of Han-Nambu variety, and three charmed quarks) 
plus the four known leptons (v,,e°, u™, v,) be com- 
bined in a (4, 4*) representation F of an SU(4),,.’ 
@SU(4),.2” group structure, 


gS e,* 6," Ve 


bo x,° x° é 


F= AS AY A,® Be (4) 


Xa’ Xe Xe My 


The strong interactions were introduced by gaug- 
ing an SU(3),,2” subgroup of SU(4),.,”, the 
conventional weak interactions by gauging an 
[SU,(2)’] subgroup of SU(4),’, while the electro- 
magnetic gauges spanned over generators of both 
S$U(4)' and SU(4)”, i.e., 


Q=(1'+3Y' = FC 4p 
+(1,"+3Y"-8C% (5) 


TABLE I. Estimates of typical proton decay modes. We have not exhibited factors of (2m) (n>0) in the matrix 
element M, which usually arise from virtual loops. These suppress proton decay rate still further. 
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The theory at this stage had no exotic conse- 
quences except for the unusual unification of ha- 
dronic matter (B=1, L=0) with leptonic matter 
(B=0, L=1) within the same multiplet of a com- 
mon symmetry structure SU(4)’ @SU(4)”. 

But in order that such a unification be dynam- 
ically compelling, one must gauge sufficient de- 
grees of freedom (consistent with established” 
selection rules) to ensure transformability of lep- 
tons into baryons. This still does not imply non- 
conservation of baryon-lepton numbers because 
appropriate gauge bosons could carry these num- 
bers. What we want to show is that if in addition 
to the subgroups mentioned above we had also 
gauged the remaining degrees of freedom of 
SU(4)’ and SU(4)", or even a non-Abelian subset 
(stated below) such that the electric current is 
expressed as a sum of non-Abelian currents from 
both groups SU(4)’ and SU(4)”, the requirement 
of electric-charge conservation —expressed in 
terms of masslessness of the photon—together 
with the twin requirements of renormalizability 
and appropriate’ massiveness of all other gauge 
bosons, necessarily appears to lead to lepton- 
baryon—number nonconservation. 

To demonstrate this, consider the local gauge 
structure” SU(4),’@SU(4),’ @SU(4) 42” al- 
though the essential ingredients of the argument 
become manifest already at the stage of the 
smaller gauge symmetry [SU(2),']® [SU(2),’] 
@SU(4),,.2", preferable for reasons connected 
with anomalies}. Let W,,2-* and V,, (4,j=1, 2, 3, 
4) represent the fifteen-plet of gauge mesons as- 
sociated with the groups SU(4), ,’ and SU(4),.2” 

_with J,,’""* and J,,” denoting the associated cur- 
rents. Note that the quantum numbers B, L asso- 
ciated with these currents are as follows: 


J,j'"* (all iand j), B=L=0; 

J4;" (4,921, 2,3; i=j=4), B=L=0; 
Jj” (#1, 2, 3; f= 4), Bal, L=-1; 
Ji” (4=4; j=1, 2,3), B=-1, L=+1; 


the last two groups being exotic. The point to be 
emphasized is that unless the theory forces a 
mixing of the nonexotic currents (B = L=0) with 


the exotic ones (with B #0, 1 #0), the mere exis- 


tence of such currents and the corresponding 
gauge mesons would not violate B-L conserva- 
tion. Such a mixing, however, appears neces- 
sary if one attempts to give masses to all gauge 
mesons (with the sole exception of the photon) 
through a Higgs-Kibble mechanism. This is be- 


cause with the electric charge expressed as a 
sum of non-Abelian generators [as given by 

Eq. (5)J, appropriate massiveness of all gauge 
bosons other than the photon can be secured 
only! by postulating, among other representa - 
tions, the existence of a mixed representation of 
Higgs-Kibble o particles—typically a (1, 4, 4*) 
representation of SU(4),’ @SU(4),’ @SU(4),,7” 
—with expectation values in the sequence indi- 
cated: 


{o),,=0,6,, (4,7=1, 2, 3, 4). (6) 


Quite clearly, the gauge term in the Lagrangian 
IggW*(o)+f(o) VI? fwhere g, and f are the cou- 
pling constants associated with weak SU(4),’ and 
strong SU(4),,,’ gauge groups, respectively] in- 
duces not only the appropriate mixing of neutral 
V’s and the W’s which go to make up the photon 
but also a mixing of the exotic V’s with W*’s, 
coupled to B=0=L currents. It is this mixing 
which is responsible for B-L nonconservation. 

A typical term in the effective current-current 
Lagrangian induced by the above mixing is of the 
form 


£,=GfF,°v,+ Ke +577 +x°v,) 
X(C°+D,y,)p+H.c., (7) 


where C°=(6,°, ,.°+8,x,*+.x, Vz is the charm 
current and £, is part of the structure 


0 Dg Igy P+ OO ag "Iy™ 
+O, O)54"J,5'*+H.c. (8) 


To obtain an estimate of G,, first note that ex- 
changes of the exotic V mesons [as well as ex- 
changes of W,,*(i=1, 2)] induce neutral semilep- 
tonic |ASI#0 transitions with effective strength 
=f?/m?, where m, is an exotic meson mass. In 
order that this be consistent with observed lim- 
its, f*/m,? must be <G,a?. Thus” m,2/(3 x10* 
GeV). Since G,=«( f?/m,”), where «x is a mixing 
parameter (whose detailed value depends on the 
mass matrix), we infer that empirically G, 

<G we. 

It is amusing to note that, depending on the de- 
tails of the model chosen for the Higgs-Kibble 
scalars (and whether 4” or e” is the “strange” 
lepton), one will encounter varying selection 
rules for quark and proton decays. The precise 
structure of the B-L—nonconserving interaction 
obtained above leads to quark decays of the fol- 
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lowing variety: 

(A) (4°, Re, Ag Vm (%, 27, B+ (y+ B,). 

(B) (P,*, H,°, As) —(v,, 7, Ho) + (vate *). 

(C) (Oo*, He, ALY =( Ye, Y+(Y,+ BD. 

These would lead to a proton’s decay to seven 
or nine leptons (including antileptons), but not to 
31+ or 41+7. One may note that within the 
smaller gauge structure {[SU(2),']@ [SU(2) ,’] 
@SU(4) ial 8-L nonconservation proceeds only 
through the term J,,"(J4,'"+d,,/"). This will al- 
low decays of the type (C), but not of (A) and (B). 
In this case, since the proton is made up of 
(a, 6, c) quarks, one can show that its decay is 
further suppressed" at least by additional factors 
of a@. 

Since the characteristic energies (* 10*—105 
GeV) discussed above (which, we stress, repre- 
sent a new scale in particle physics) are not the 
energies encountered in normal star interiors, 
one does not expect significant astrophysical im- 
plications of B-L nonconservation except in the 
early stages of the universe (when baryons may 
have been produced from energetic lepton-lepton 
collisions or vice versa) and possibly in black- 
holes and quasars. 

To conclude, while arguments based on a par- 
ticular set of theoretical ideas are never com- 
pelling, the general considerations on forbid- 
denness of proton decay in a heavy quark model 
remain and need experimental verification. If 
the gauge ideas are correct, we find it amusing 
that the only known massless gauge particle is 
the photon. Could it be that the electric charge 
is the only non-Abelian‘ conserved charge in 
nature? 
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‘This remark orginates from Appendix A of J. C. Patt 
and A, Salam, Phys. Rev. D 8, 1240 (1973). The mo- 
tivation for baryon-lepton~number nonconservation in 
the present paper is very different from that presented 
in this Appendix. 


664 


?a, Salam and J.C, Pati, Phys. Lett. 43B, 311 (1973) 

“The characteristic appearance of (Gg/m,)' in the pro- 
ton-decay matrix elements is due to the fact that the 
unitarity sum for ImM necessarily contains a product 
of the three physical-quark—decay matrix elements and 
hence the real part is proportional to 2)2Gs*(m,—E)"*, 

‘Note that of the value given in Eq. (3), 610735 sec”! 
comes from a characteristic three-body decay width 
alone (if such a decay were allowed) i.e., T'(p— 32) 
= (96n°)"1(273G 5m, 8)2m,, with G,m,”=Gy0”, 

*Because of the uncertainty in the estimate of the pro- 
ton-decay matrix element, it is possible that the quark 
lifetime could even be of order 107! to 10°" sec with- 
out conflicting with the proton lifetime, especially if ad- 
ditional selection rules are involved in proton decay 
(see also remarks below). 

°C. Itoh, T. Miamikawa, K. Miura, and T. Watanabe, 
“Unified Gauge Theory of Weak Electromagnetic and 
Strong Interactions” (to be published). This model is 
similar to that of Ref. 1, except that quarks are frac- 
tionally charged while leptons are integrally charged 
and the gauge bosons are massless. There would be 
no possibility of quarks decaying into leptons in this 
scheme, 

'The whole purpose of the introductory section was to 
question whether baryon conservation is indeed all that 
well established. 

®Consistent with approximate global SU(3)’ symmetry 
and effectively weak lepton interactions [so that a, ~a, 
“a, #0 and a, = 0 and large in Eq. (6)). 

*The desirability of gauging an extended group struc- 
ture was suggested in Ref. 1. The bigger group struc- 
ture SU(4),’ @ SU(4)7’ @ SU(4),4""’ leads to anomalies. 
On the other hand a simple and elegant scheme is ob- 
tained within the smaller gauge symmetry SU(2),’ 

@ SU(2),' @ SU(4),,2'", which we consider in some de- 
tail in a forthcoming note. 

1%, Ross, to be published, has independently con- 
sidered the consequences of gauging SU(4)’ x SU(4)’’ 
within the unified model of Ref. 1. His work confirms 
the conclusion regarding B-L nonconservation in such 
a scheme, 

‘ithe necessity for such a representation involves a 
longer discussion and will be given elsewhere. 

tt is well known that suppression due to large mas- 
ses is not retained in general by loop diagrams (see 
for example, S. Weinberg, Phys. Rev., to be published. 
Preliminary studies reveal that in the model presented 
here B and L nonconservations are suppressed by heavy 
masses even in loop diagrams. This is to be considered 
in detail elsewhere. 

‘Sg 18 even possible that the proton could be made ab- 
solutely stable in this model, provided there exists an 
additional particle (meson) in the theory, which is also 
absolutely stable and heavier than the proton (see Ap- 
pendix A of Ref. 1 for details of this mechanism). 

“There is, of course, still the possibility of gauging 
the U(1) Abelian generator, corresponding to fermion- 
number conservation in the theory. 
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Universal strong, weak, and electromagnetic interactions of leptons and hadrons are gen- 
erated by gauging a non-Abelian renormalizable anomaly-free subgroup of the fundamental 
symmetry structure SU(4), x SU(4)p x SU(4’), which unites three quartets of “colored” baryonic 
quarks and the quartet of known leptons into 16-folds of chiral fermionic multiplets, with 
lepton number treated as the fourth “color” quantum number. Experimental consequences of 
this scheme are discussed. These include (1) the emergence and effects of exotic gauge me- 
sons carrying both baryonic as well as leptonic quantum numbers, particularly in semileptonic 
processes, (2) the manifestation of anomalous strong interactions among leptonic and semi- 
leptonic processes at high energies, (3) the independent possibility of baryon-lepton number 
violation in quark and proton decays, and (4) the occurrence of (V+A) weak-current effects. 


I. INTRODUCTION 


In two recent notes':? we proposed grouping 
baryonic quarks (B =1) and leptons (ZL =1) together 
as members of the same fermionic multiplet 
(F=B+L=1) and generating weak and electromag- 
netic as well as strong interactions through a 
gauging of the symmetry group of this multiplet. 
In the first place, this postulate of a common 
fermionic multiplet for all fundamental matter 
guarantees that in any model of weak interactions, 
the same? [3 (1 +y,)] helicity projection manifests 
itself for leptons (as contrasted to antileptons) as 
is manifested for baryonic quarks. In the second 
place, the gauging of the symmetry group of mat- 
ter ensures that all interactions, weak and elec- 
tromagnetic as well as strong, are universal with 
respect to baryons and leptons. While the detailed 
dynamical model of gauge interactions clearly de- 
pends on the precise symmetry group one may 
choose for the fermions (quarks +leptons), it must 
be emphasized that all such models share the fol- 
lowing three characteristics: 

(1) Among the gauge particles, there must exist 
exotic particles (X particles) carrying both bary- 
onic as well as leptonic quantum numbers. In the 
lowest orders of perturbation theory such particles 
would mediate semileptonic interactions only. 

(2) If all allowed gauge degrees of freedom are 
realized through appropriate gauge bosons, the 
universality of gauge interactions implies that 
leptonic and semileptonic interactions must even- 
tually become strong. The asymmetric response 
of leptons and baryons to strong interactions at 
presently attained energies would then be inter- 
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preted as a “low”’-energy phenomenon.* 

(3) If appropriate spontaneous symmetry-break- 
ing is postulated, there is the (logically indepen- 
dent) possibility of baryonic quarks transforming 
into leptons, with a violation of baryon and lepton 
number conservation (though the fermion number 
F=B+L is still conserved). 

In this paper, we wish to concentrate on one 
class of fermionic models for quarks and leptons. 
This class was briefly motivated in II; here we 
shall be concerned with the experimental conse- 
quences. However, we wish to emphasize once 
again that the notion that all fundamental matter is 
of one variety and that this lepton-baryon unifica- 
tion leads to the three general consequences 
enumerated above is something which lies at a 
level much deeper than the particular models dis- 
cussed in this paper, which may or may not need 
modifications as new experimental facts emerge, 
and it is this unification which we principally wish 
to stress. 


IL. THE “BASIC” MODEL AND ITS VARIANTS 


The central assumption of the “basic” model we 
propose is that quarks carry four “colors:” 
Three of these (a, b, and c in our notation; red, 
blue, and white in the more familiar terminology) 
represent baryonic matter (B=1), and the fourth 
(d or lilac) represents lepton number L.° The 
unification of baryonic and leptonic matter arises 
by extending the gauge symmetry SU(3’) of the 
three colors! (a, b, c) to SU(4’) of the four colors 
(a, b, c,d). We shall assume that the fifteen (17) 
gauge mesons corresponding to SU(4’) generate 
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strong interactions with f?/41 ~ 1-10. 

Accepting that (Gpin-}) quarks form quartets 
with four valency quantum numbers (I, =+4, 
strangeness S, and charm C), with an underlying 
group structure SU(4), xSU(4),, the full global 
structure we are postulating [and one which con- 
tains the classification symmetry * SU(3)xSU(3’) 
of hadrons] corresponds to 


G =SU(4), XSU(4),xSU(4’) . (1) 


This symmetry is mathematically realized by a 
composite structure, ” 


YiR= ® (a, b, c,d), 


<x<~~ee 


where the (spin-3) column @,%, A, x) indicates 
valency and the (spin-zero) row (@, b, c,d) indicates 
color degrees of freedom. A physical realization 
of this structure is provided by the following two 
16-fold fermions. 


A. Fermions 


0, P, ©, O,=v 

Upp =| Oe He Me Me Hem 
: Ag Ay Ale AQ=HO 
Xa Xp Xe Xe =v’ 


=[We k »R* 


Their transformation properties are 
¥,=(4,1, 4), 
Hp= 0,4, 4), 
i=, RAY, 
a=a,b,c,d. 


These multiplets contain twelve baryonic quarks, 
together with a lepton quartet which we have iden- 
tified with the known leptons .® 


B. Gauge mesons in the “basic” model 


The maximal *® anomaly-free (renormalizable) 
subgroup of the valency group SU(4), xSU(4), is 
Sp(4), xSp(4),, for which each quark (or lepton) 
quartet transforms as a 4-component internal- 
symmetry spinor. Likewise (without a doubling of 
quarks and leptons), the maximal anomaly-free 
strong gauge group, which contains the strong 
SU(3’) as a subgroup, is SU(4’),,,. Accepting the 
principle that a symmetry group is manifested 
only through the dynamical interactions of the 
theory, we should gauge 


Sp (4), xSp (4), SU(4z+R5 


yielding a total of 10+10+15=35 gauge fields. 
However, most of the essential features of the 
model are retained, insofar as its physical pre- 
dictions are concerned, if we simplify our consid- 
erations and choose to work with the smaller local 


subgroup 


§ =[SU)e" ]x[SU2)R" ])<SU@’) 2, (2) 


for which ¥, and ¥, transform as (2 +2, 1, 4) and 
(1,2+2,4), respectively. In the sequel we shall 
do this. The groups SU(2)! and SU(2)! act on the 
@,%), and (,x), indices, respectively (or rather, 
on the corresponding Cabibbo-rotated fields; see 
Sec. IV), while SU(2)!*"_ is their diagonal sum. 

Before we discuss the structure of the local 
gauges, let us list some of the general features of 
the proposed gauge scheme: 

(t) In contrast to the scheme proposed in I 
[where only the subgroup SU(3’)x U(1") of SU(4’) 
was gauged], the present scheme treats leptons 
and baryons universally even so far as strong 
gauge couplings are concerned. As will be seen 
in Sec. Ill, the presently observed differences be- 
tween leptons and baryons in this regard will be 
attributed (through a mechanism of spontaneous 
symmetry breaking) to a heavy mass of those 
strong gauge mesons, which interact with the lep- 
tons. The advantages '° of the restricted gauge 
scheme proposed in I, in respect of effective 
strong interactions generated through the media- 
tion of a relatively light SU(3’) octet, are of course 
preserved in the present scheme. 

(2) If the bare coupling constants gi? and gi” 
are equal, the Lagrangian would exhibit complete 
symmetry between left and right helicities insofar 
as fermion—gauge-meson interactions are con- 
cerned. The observed left-right asymmetry (i.e., 
parity violation) at low and medium energies may 
thus be ascribed to heavier masses of the “right- 
hand” weak gauge mesons compared to the “left- 
hand” ones, introduced via spontaneous symmetry 
breaking. 

(8) An advantage of gauging the full SU(4’) and 
the right-hand gauges *' (in contrast to the re- 
stricted scheme of I) is that it is possible to gen- 
erate electromagnetism without ever introducing 
an Abelian U(1)-gauge group for this purpose. The 
elimination of an Abelian quantum-number con- 
tribution to electric charge is most desirable in 
understanding why electric charge is so quantized. 
Furthermore, the absence of U(1) may have im- 
portance in securing “asymptotic freedom” for the 
complete theory, including electromagnetism. 

Below we list the set of 21 (=3+3+15) gauge 
particles corresponding to the “basic” model with 
the local gauge group §. These are 
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TW, . 
W,=(3,1,1) = , coupling 7i- = a 
0 7,¢°W,)r, 3 
T*Wr 2 
W,=(1,3,1) = coupling 48° = @ 
7,0 ° War, (3) 
x1 
v(8) -—— x 
1 vi2 f? 
V=(1,1,15) =— : coupling =-~1~10. 
v2 XxX (3)}/28° 4a 


V(8) in the 3x3 matrix block for V denotes the SU(3’) color octet of gauge mesons consisting of V,, V,*, 
and V,. X is an exotic (B=+1, L=~1) SU(3’) triplet’? with members (X°, X-,X~), and S° is.an SU(3’) sin- 


glet. 


Defining V,.% =8,% +igW¥,,-if¥V,, the Fermi Lagrangian is given by 


-Tr[¥, (y,V,).¥, + (LR). 
Thus 
By 
Lint = £r >} (OMe AaXade Wray (2(1 ne 


aa e,d,0,¢ 
= 


: 

+f u CT a SA Vp ¥ 

$2 ONAL Ye 
Wi foo 


The complete Lagrangian (after Cabibbo rotations) 
is exhibited in (16a) and (16c) of Secs. IV B and 
IVC. 


C. The photon 


To identify the photon field we must fix on a 
charge formula for the fermionic multiplet. It is 
easy to show that the postulate that the known 
baryons are three baryonic quark composites and 
have F, =F; =0 leaves us with just the following 
choice for the charge operator '* Q: 


Q= Hts 1B + [ars + Fj -@)"F | - © 


Here i"), , denote the diagonal generators of 
SU(@)FS,, while F{, F/, and Fj, are the diagonal 
generators of SU(4'),,,. The coefficients a and 
8 of Fj and F; are arbitrary. This results in the 
following charge assignments for the fermionic 
multiplets ¥, »: 


(4) 
Ou 
tan De (OMe Ta XaXale Wey %yL2 (l - 5)] ie 
Xe 


6) 


f-la-i9 $+la-be g+ie 0 
Seago 
balo-38 -bHla-te -$+48 -1 
-la-lg $+ja-tp f+ie 0 


(7) 


Note that the baryonic quarks (in the first three 
columns) may be assigned a wide variety of 
charges, but leptons associated with the fourth 
color possess the unique assignment of charges * 
(0, -1, ~1, 0). In the sequel we shall consider two 
special choices for a and B: 


the integer-charge model: a=f=+1, (8) 
the fractional-charge model: a=f=0, Q) 


which serve to bring out the main contrasting fea- 
tures of different submodels within our scheme. 
Corresponding to the charge formula (6), the pho- 
ton field will be made up of appropriate pieces 
from W,,, Wap, V(8), and S° (see Sec. IV). [Note 
that SU(4) and SU(4’) contribute symmetrically to 
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Q for the integer-charge model, which we con- 
centrate on, in the main, unless otherwise stated.] 


D. Variants to the “basic” model 


If electron number L, and muon number L, cor- 
respond to distinct colors, the following simple 
variants may be considered: 

(a) The“economical” model. Take as basic 
fermions the four 8-folds: 


OO, Ov 
ee So ’ 
KX, Ry Ry e7/t.K 


Ne Ay Ae HO 
Oz .2= , 
Xe Xn Xo Y’/zye 


with the symmetry group 
SU(2), xSU(2), xSU(4’), xSU4’), . 


The number of fermions is the same as in the 
“basic” model; however, the number of gauge 
bosons has increased to 3+3+15+15=36. The 
physical SU(8’) may now be identified with the 
diagonal sum of SU(3’), and SU(3’ ),, Whose emer- 
gence will require a more elaborate Higgs-Kibble 
set of scalars than are needed for the “basic” 
model (see Sec. IV). 

(0) The “prodigal” model. A model similar in 
structure to the “basic” model, although more 
prodigal in quarks and leptons needed, could be 
constructed with the following basic fermions: 


?, 0, 0, E 


Ne 
@.n= he he eer | 
Xe 


, eL ef M° 
a ae 
Wiee la a as 


Ke Xb Xe oY" ze 


Here E°, E~, M°, M™ are new heavy leptons and 
the primed particles are new quarks.'* Notice that 
for this model both neutrinos (/’ as well as v) can 
be “charmed” so that they may be coupled to 
charmed quarks x and x’ through X. (This will 
have implications for the limits on masses of X 
particles; see Sec. II.) 

(c) The five-color model. One may take as 
the basic set of fermions a 20-fold ¥ with the sym- 
metry group, SU(4), xSU(4),xSU(5’), where 


C, ©, ©, E° M° 
He N, N, E~ Mm 
Fir Ng Ap Ae 27 OMT 
Xe X» Xe YY Jar 


ce 


Once again, we can assign “charm” both to v and 
vy’, [As will be seen in Sec. II, what chiefly dis- 
tinguishes all these variants from the “basic” 
model is the forbiddenness of the transition 
K°~e-+u*. This transition is allowed in the 
“basic” model through the mediation of the exotic 
X’s. Asa consequence of this, while for the 
“basic” model the X’s must be superheavy 
(m,> 10*-10° GeV), they need not be much more 
massive than 10?—10° GeV for the variants.] 
From a pure theoretical point of view, none of 
these “variants” is as attractive as the “basic 
model.” However, at this state of experimental 
uncertainty, we do not wish to prejudice the issue 
of a final choice. 


IH. LIMITS ON GAUGE-MESON MASSES 


All models discussed above give rise to exotic 
strong interactions. In order to account for their 
absence in the present energy domain, some of the 
gauge mesons must be heavy or superheavy. Such 
interactions are generated by three sets of gauge 
bosons in the scheme: 

(1) the exotic vector X triplet (X°, X7, X~’), 
whose interactions in the “basic” model read [see 
(5) and (16a)] 


- S[X°(0O, +FN, + TA, +"X,) 


+X7 (DO, +N, + HA, +0'x,) 
+X~' (DO, +EN, + FA, +¥"x,) +H.c.] ; (10) 


(2) the exotic S° meson, whose coupling is given 


[ 2 (PP +H Te +Xare +XaX a) 


axa.b.e 


—3(Dv +e +p +0'v')|8°; (11) 


(3) the right-hand gauge mesons W,, which lead 
to weak (V +A) interactions. 

The following sequences of masses will suppress 
reactions arising from sources (1), (2), and (3) to 
the presently observed extent, both in tree and 
(one can show) also for the loop diagrams (see 
Sec. IVD for an example of the operation of the 
suppression mechanism for loop diagrams '*). 

(i) The X couplings contribute to n°, 1°~e*e", 
p* 7, and (in the “basic” model only) to 
K°~e7+u*, K°~e*+u-. Since the observed am- 
plitude for K, ~ u*+" is of the order of Gpa@” and 


no events of the variety K, ~- u* +e* have yet been 
observed, there is a lower limit on the mass of X 
in the “basic” model given by f?/m,?<G,a*. For 
f*/4n=1, this implies that X must be superheavy 
(m,>3X10* GeV). For variants to the “basic” 
model, where K~e~ + * is forbidden, X need not 
be much more massive than m,?*G,"'f?, the 
severest lower limit on m, coming from nuclear 
B decay and the v, hadronic interaction in the 
“economical” model. (Note that the v,, hadronic 
interactions through the mediation of X particles 
are suppressed in the “economical” model since 
known hadrons are basically charmless and v, 
carries charm. In the “prodigal” model, both v, 
and v, are charmed so that the lower limit restric- 
tions on m, are even less severe.) 

In the following section, we exhibit the scheme 
for generating masses of the gauge bosons for the 
“basic” model only. It is worth remarking, how- 
ever, that a nonsuperheavy X (m,~ 100 GeV in the 
“prodigal” mode) will influence e-e* ~ hadrons at 
present center-of-mass energies ~5 GeV and may 
provide an explanation '® of the recently observed 
near constancy of the annihilation cross section 
over a wide range of energies. 

(ii) The S° coupling leads to order f? interac- 
tions of neutrinos with hadrons and leptons. In 
order that the effective strength of such interac- 
tions is less than or of order Gr,._; at low ener- 
gies, we expect (f?/m,o") = G,. 

(iii) From the presently observed helicities and 
other weak-interaction experiments it appears that 
the V +A amplitudes are at most of order 10% 
of V -A amplitudes, from which we may conclude 
(if g,~ gp) that My = 3mys « 

In addition to the restrictions on the masses of 
the exotic gauge bosons, there are constraints on 
the masses of W} and the color octet V(8), due to 
the fact that they should mediate the known V -—A 
interactions and effective strong interactions (be- 
tween baryonic quarks), respectively. From this 
Wwe expect that 


(my:)? 2 Gp-ta, 


(12) 
m(V (8)) = 3-10 GeV. 


We present a summary of expected masses for 
®auge particles in Table I. 


IV. SPONTANEOUS-SYMMETRY-BREAKING 
MECHANISM 


A. Higgs-Kibble particles 


Jn order to generate the postulated sequences of 
Gauge masses (as well as Fermi masses)—and 
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even more important, in order to motivate the 
broken symmetries observed in nature [i.e., | 
global SU(3), or rather SU,(2)x U,(1) when g= 0, 
and the Cabibbo rotation when g#0]—one is obliged, 
until a new renormalizable mechanism is invented, 
to implement spontaneous symmetry breaking 
through the expectation-value mechanism of Higgs- 
Kibble scalar multiplets. (We expect the situation 
will change with the advent of new ingredients, 
which may eliminate the need for such scalars, 
except as a means for bookkeeping in the orderly 
emergence of the symmetry-breaking pattern.) 

At the present state of the art, there is a con- 
siderable degree of flexibility in the choice of 
basic Higgs-Kibble multiplets. However, it is 
good to reemphasize that once these multiplets 
are chosen and their general invariant renormal- 
izable (cubic or quartic) interaction potential writ- 
ten down, the pattern of (lowest-order) symmetry 
breaking which emerges on minimizing this poten- 
tial is @s a rule) fairly restrictive. This pattern 
may, of course, get drastically modified through 
the (radiatively generated) higher-order terms in 
the effective potential, as shown by Coleman and 
Weinberg.’” However, as a first orientation the 
demand that this particular lowest-order pattern 
correspond fairly to the physically observed pat- 
tern of broken symmetries, or at least to a set of 
natural symmetries, radiative deviations from 
which are in principle calculable, may make some 
choices of basic Higgs-Kibble multiplets more 
desirable than others. 

Be that as it may, a simple choice, capable of 
satisfying the restrictions on the gauge meson 
masses for the “basic” model discussed in Sec. 

Il, is provided by a set of three 16-fold complex 
multiplets, with the cyclic transformation prop- 
erties: 


TABLE I. Summary of expected masses for gauge 
particles. 


————— SS 


Particle Coupling Expected (mass)? 
2 
v8) a 1-10 ao’Ge! 
2 
W $e gat z4naGg"! 
L an 137 
2 
We wand: > (Sey 2)? 
2 
s! =1-10 >f?*Gy"! 
fr? 
x reted oe superheavy > a~G,7! “basic” model 


heavy >f7G,7! “economical” model 
heavy =f*aGp7! “prodigal” model 
————— ee 
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A=(4,4,1)¢-U, AUR”, 
B=(1,4,4)g-U,BV™, (13) 
C= (4,1, 4),-VCU,", 


where U,,U,, V refer to the three global groups 
U(4),, U(4),, and U(4’),,,, respectively. 

The most general renormalizable quadratic and 
quartic potential ’* for the three multiplets 
V4, B, C) invariant under U(¢), x U(4), x U(4’) con- 
tains twelve parameters [fifteen if the global group 
is specialized to SU(4), XSU (4), XSU(4’), 42] be- 
sides the three mass parameters for A, B, and C, 
provided we impose on the theory the discrete 
symmetry A> =-A, B=—-B, C+-C, and p—~ yz). 
One can now show that this 12-parameter potential 
possesses a minimum,'® provided that (A), (8), 
(C) are of the form 


(A) =R (0,)R ( Ap) R7*Og)R-' (bp) ’ 
(B) =R (6,IR (XB p) , (14) 
(C)=(Cp)R™*0,)R-(e,)- 


Here R (6) and R(¢) are “Cabibbo rotations” of 
angles @ and ¢ in the (3, A) and @, x) spaces, re- 
spectively, i.e., 


1 0 0 Oo 

0 cosé sing 0 
RO@6)= 0 -sin@ cos@ 0|’ 
0 0 0 1 


etc. 


while (Ap), (Bp), and (C,) are diagonal and of the 
form 


a, 
2 a, 
Ap)= a, ? 
a, 
0 
0 
@)-|°, |, as) 
by 
Cy 
2 Cy 
co] 
C4 


The four angles 6, , and $, » are arbitrary at 

this stage, but the five parameters @,, @,, 54, C,, C4 
are fully determined in terms of the fifteen param- 
eters of V(4, B,C). Note the remarkable emer- 
gence of a global U(@) as the residual symmetry at 
this stage. [For the 15-parameter potential in- 
variant for SU(4), xSU (4), x SU (4’), an extremum 
exists with 


where a, #a,, so that there is a possibility of 
residual symmetry being in fact SU(2)x U(1).] 


B. The Lagrangian of the model 


Consider now the Lagrangian for the “basic” 
model 


-2=T7[ 20 Gyv)+ > jvat+ DD lvve 
LR A,B,C 


VW, WR 
+V(A, B, C)+ PAV, +ue.| » (16a) 


where 
WH, =, 0,8 +1gW,¥ -ifEV ites 
VA =8A +ig, WA ~igpAWe , 
VB =8B +ig,W,B -ifBV, 
VC =8C +ifVC ~ig, CW, . 


Barring the W-containing terms (g, = gp =0), this 
Lagrangian is invariant for the full symmetry 
G =SU(4), XSU(4), XSU(4)428- 

For g, #0, g,#0, invariance holds for the local 
subgroup 9 =SU(2)!*" x SU(2)R"™xSU(4’),..x, with 
Y,, ¥z, A, B, and C transforming”® as 
(2+2,1,4), (1,24+2,4), @@+2,2+2,1), (1,242, 4), 
and (2+2,1, 4) representations of §. The only new 
feature, so far as invariance for § is concerned, 
is that in addition to the terms included in 
VG, B, C) and up Tr[¥,A¥,], one could now write 
a host of new renormalizable couplings among 
these fields: 


-6£ =X (4, B, C) 
+h uy TET AT Sg) +H.c., (16b) 


where the I’,’s are numerical matrices. Such 
terms are invariant for the subgroup § but not for 
G, and act as a perturbation 5£ to £. 

If the local subgroup § we are dealing with were 
Sp(4), x Sp (4), SU(4’) [or even (SU)! x SU(2)"), 
x(SU(2)'x SU (2)"), x SU (4’)], one may prove an im- 
portant result about the minimization of V +A6V. 
This states that the minimization of V +A5V leads 
to solutions for (A), (B), (C), which in the limit 
A~0 reduce to the unperturbed solutions given 
for example) by (15). We have verified the result 
by examining the detailed structure of the “per- 
turbation” term ASV (A, B,C). We conjecture that 
the same result holds for the local subgroup of in- 
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terest here, viz. SU(2)P"xsU(2)h"xSU(4’). If 
true, this would imply that the (Cabibbo) angles 6, 
@, etc., as well as departures from the residual 
global symmetry SU(3), are noncatastrophic func - 
tions of A (and of the radiative corrections to A, 

of order g’, g*f?, Af”, etc.). This has the conse- 
quence that by ignoring 6£ in the first instance 
{for small or zero renormalized A, and with the 
neglect of O(g*) radiative corrections], we are 
not running the risk of losing out in unexpected 
physics so far as the pattern of symmetry breaking 
is concerned. In view of this we shall henceforth 
drop the 6£& terms and work with £. This implies 
that we expect all further breakdown of symme- 
tries to be radiative in origin. 


C. The mass matrix 


Returning to the Lagrangian £, let us study the 
mass terms, obtained by replacing A, B,C by (A), 
(B), (C). It is convenient to define the physical 
Fermi fields which diagonalize the Fermi mass 
matrix through the relation 


&=ROROM,. 


In terms of ¥,, and the fields A,, By, C, [defined 
through relations similar to (14)], we can aprite £ 


Lass 4 27a? +c7)[2WEWz + WS)?] +4997 (@? +02) 2W EW 5 + 
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in the form 


-& -Tr| (¥ pVp¥ >) + ey IVpApl’ 
LR A,B,C 


+ D> lwvi?+Vy, By, Cp) 


VieWp Wp 


+u(, Ady) +H.]. (16c) 


Here 


Vol p =o, +igW (6, op -if¥ pV ; 
VpAp =8Ap+ig,W, 6, b)Ay —iggA Wel, >), 
etc. 
with 
W(6,>)=R“@)R-“'()WREOR(O). 


We wish now to consider the gauge-meson sector 
of the mass matrix, including the mixing terms, 
in more detail. For a first orientation, take 
6, =, =¢,=6,=0. This leads [with the usual re- 
placement of A by (A +(A)) in the |v, A|’ term, and 
similarly for the B and C fields] to the following 
expression for the gauge-meson mass terms: 


We)? 


3} £82 (@?)(WLW?) +3 2,82 (G," +4,4,) WLW, +WrWs) +3 f20,2(V_2 + V 42 +2 ViV 5 t2V eu Vewt2V ye Ve.) 


+E F7(C,7 +802 +3bZ)(SF +3 £7 (C,? +042 +2) (KX 4 X7X* 4 XIX fg WE [es (14+ 4 


ate -=) S| 


+ fae > = 3 45°) + fe, (c,)WiV 5 +WiV 3) + £81 (c,c,)WiX ~' +W,X*’), (17) 


where 
= 2 2 
@ =3a,?+a/, 
and 
ce? =3¢,7 +¢,7. 


These give rise to the following masses for the 
gauge bosons (note that for this purpose one may 
safely ignore the mixing terms such as W;, Ve 

W,X~’, and even WiW;, a fact which is better 
justified a posteriori; of course, we do not neglect 
the important physical consequences of the mixing 
terms): 


My 3g, (a +c7)/?, 
My 28_ (a? +b 2), 


m(V ())x 5 


ceo CO 


7 - ‘c 2 +e 2 +0 2\1/2 
m(X®, X~, X~!)ow Lerseg thay” : 
mMgo™ ie (c,2 +32 +3b6,2)'/?, 

m,o=0, 

mzo™ 3 (8,7 + SR 
Here A° denotes the photon and Z° a neutral eigen- 
state, whose complexion is exhibited later. From 
these expressions one may infer that the restric- 
tions on the gauge-meson masses for the “basic” 
model outlined in Sec. MI are satisfied if we assume 
that there are basically three essentially different 
scales of masses (vacuum expectation values), 
characterized by 


c™ (c,,c,)5 1 Gev, 
az (a, ,a,)= 300 Gev, (19) 
b =b,* 10*-10° Gev . 


2yl/2q : 
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The above pattern of vacuum expectation values 
has the consequence that members of the SU(3’) 
octet of gauge mesons V (8) possess nearly equal 
masses of few GeV; Wi and Z° have masses of 
order 100 GeV; while all®! the exotic gauge mesons 
(x°, X-, X~', S°, and Wi) acquire (heavy or) super- 
heavy masses because of the single parameter b, 
being large. Looked upon from this point of view, 
baryon-lepton asymmetry and left-right asymme- 
try in the low-energy domain is due to this new 
scale of mass b,. [Note that a priovi the roles of 
b, and c, are interchangeable for most purposes 


4.(% ' Wa) a V/V - GN") 20 


@ \8r &r I 


zo nf (g2Wp =i (ie gps +0(g*/f", c?/a?) 
FP (gx° + 81") +4 ER") , 
G04 (2 ple 3 2 


ai = 
m= 3(g,"+ Zp 


except for baryon-lepton number violation. One 
may remark that for the “prodigal” model (which 
we have not treated in any detail here) b, could be 
as small as 10?-10° GeV, while'® c,*c,a’.] 

It is straightforward to diagonalize the vector- 
meson mass matrix. For the sake of facilitating 
further discussions, we show below the composi- 
tion of only the neutral “diagonal” fields. These 
are obtained by consistently neglecting terms of 
order (c?/a’), (c?/b?), and (g, ,°/f*), whenever 
such terms are of no physical significance *: 


2yilaq 


(20) 


yo = Bai, +8, (1 +A)W3 — V3 fU°~ @)*(g, ga/fllsarscr/ogi” 1 Se 
8x +8 +3f°+3 (8, or/f)| » ™Ge v2 


and 


, 


v°=4(V,-V3Y,), myo =F 


where *® 


11 1,2 
og ee fT’ 


u°=tW3V,+V,), 
& =2(f?/g?)(c,?/a*), 
Fe Leal + es") 

2 grb 


(21) 


D. Color-valency mixing 


Note the important circumstance that as a conse- 
quence of gauging the B and C multiplets, color and 
and valency mix,” and in particular the exotic X’s 
mix with the W’s, leading to a nonconservation of 
baryon (and lepton) numbers. This mixing term in 
the mass matrix equals fg,c,c,W{X~’+H.c.). Note 
the following features of this term: 

fa) The strength of baryon-lepton number (B-L) 
violating interaction is directly proportional to c,, 
with exact conservation”® obtaining for c,=0. 

(b) The W-X mixing term responsible for baryon 
violation gives rise to the effective propagator 


eG 
WX) = BET amg Vet + my?) 


in momentum space. This propagator is highly 
convergent so that no infinities are ever encount- 


—_—_—_—___ 


ered in closed-loop calculations involving W-X 
mixing. [Using standard arguments, i.e., diag- 
onalization of the W-X mass matrix, it is easy to 
see that the effective coupling strength for the 
baryon-lepton number violation is = (f*g?c,c,)/m,’ 
so far as closed-loop contributions are concerned.] 


E. Gauge-meson masses for the fractional-charge model 


In this case, it is worth noting that simple rep- 
resentations of Higgs-Kibble multiplets (for exam- 
ple, B and C) cannot be utilized to give masses *° 
to the V (8) octet of gauge mesons, though they can 
furnish masses for the X’s and S°. This is be- 
cause the appropriate entries in the multiplet, 
capable of giving masses to V (8), carry electric 
charge (if a =f =0) and therefore must possess 
zero vacuum expectation values. One can, how- 
ever, introduce higher reducible multiplets such 
as (1,1, 4x44) if one wishes to give masses to 
the octet SU(3’) gauge mesons. [Note that these 
restrictions do not apply if (unlike the case for the 
present scheme) the electric charge contain con- 
tributions from an Abelian U(1) gauge.] Note also 
that the X’s in this scheme are fractionally charged 
so that the X’s and W’s can never mix. In other 
words, in a model of the type described above, 
baryon-lepton number conservation is a conse- 
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quence of the twin postulates of fermion number 
and electric charge conservation. 


V. FERMION MASSES 
A. The fermion mass term 


The fermion mass term 
wu Tr[(¥ KA ,)p+H.c.], 
with 


(Ap) = 


cannot provide a distinction between fermions of 
different colors. Thus baryonic quarks and leptons 
in the same row of ¥ possess the same mass (in 
particular e—-Q, 4-+A). The situation is not 
remedied by the possibility [see (16b)] of adding 
Yukawa couplings of the type 


uy, Tr(@,T AP, ¥p) . 


Such couplings [which in effect treat A as con- 
stituted of four independent submultiplets”° (2, 2, 1) 
of SU(2), x SU(2), x SU(4’)] may assign different 
masses to ®, XN, A, and x within the same column. 
However, the SU(4’)-singlet character of the sub- 
multiplets means that there still would be no color 
distinction. 

Such a color distinction could arise if we were 
willing to introduce an SU(4’)-nonsinglet scalar 
multiplet such as A’=(4, 4, 15), [or a smaller 
multiplet (2, 2, 15),], which is capable of having 
gauge-invariant Yukawa coupling with fermions. 
This would have the consequence of assigning one 
mass (call it a’) to the three baryonic quarks in a 
given row and —3qa’ to the lepton in the same row 
of ©. Thus the multiplets 4 and A’ could collabo- 
rate” to make the baryonic quarks consistently 
heavy and the leptons light. We have, however, 
avoided?’ introducing a multiplet such as A’. Apart 
from the undesirability of proliferating Higgs- 
Kibble multiplets, we wish to retain the SU(4’) 
color group as a “natural” symmetry in the sense 
that deviations from it (including baryon-lepton 
humber violation) should eventually be computable. 

Even without an A’, there exists a definite mech- 
anism in the scheme which could boost the masses 
of the baryonic quarks without boosting the masses 
of the leptons. In the strong-interaction sector 
the baryonic quarks are coupled to the light gauge 
Mesons (8) as well as to the superheavy ones, 

reas the leptons are coupled only to the super- 


heavy or heavy gauge mesons (X’s and S°), Thus, 
the former may get most of their mass through 
self-energy contributions involving the light V(8) 
exchanges —something not available to the leptons. 
Note that the mass difference (m,-m,) is com- 
putable in the scheme, with SU(4’) as a natural 
symmetry.”® Of course, second-order perturba- 
tion in f is not reliable; it is amusing, however, 
that one gets** the right sign and roughly the cor- 
rect order of magnitude: 


man “(FE wo ) (22) 
m 4 \4n, ™ ys) ; 
which, using renormalization-group ideas, may 
possibly be an approximation to 
(my? /m yg)? (4? 1, Here m is the zeroth- 
order common mass of quarks and leptons which 
may be =m,. The baryon-lepton mass difference 
may quite possibly have its origin in the large 
magnitude for my. 


B. The massless neutrinos 


In the theory developed so far, the neutrinos v 
and v’ are 4-component objects, and even if one 
could arrange zero bare masses for them (by in- 
troducing the multiplet A’, for example), nothing 
can stop their acquiring mass through radiative 
corrections (e.g., through the y,-noninvariant 
vector interaction” Dy, @X,). If the physical neu- 
trinos (v,), and (v,), are indeed (2-component) 
massless objects, the model is presented with a 
dilemma of massive neutrinos. 

Below we suggest a mechanism to resolve this 
dilemma. The idea is this: A physical spin-} 
particle is massless only if it can be described by 
a 2-component spinor. To implement the 2-com- 
ponent nature of the physical neutrino, postulate 
in the model two additional 2-component fermions, 
tf and ¢/', which are singlets (1, 1, 1) of the local 
group 9, and thus possess no gauge interaction. 
The only renormalizable invariant interaction they 
can possess is of the Yukawa type: 


htPTr[BW,]+h’GiTr[BT¥,+H.c.] , (23) 


where the matrix 


= 6," 


commutes with the generators of §. 

Consider now the mass matrix for the complex 
ti,vi,vpg. Assuming 6, p=$,,270, for simplicity 
of discussion and diagonalizing the relevant terms: 


ho give +pagivertk.ec. , 


we immediately see that among the 6-component 
complex (v;, v2, and ¢2) there is one massless 
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2-component left-handed particle which we identify 
with the physical v®: 


th —hdyv} 


4 
agt+b hy? ’ (24) 


Vphysicel = 
plus a massive 4-component fermion. Likewise 
for the complex (v,, vg, tf). (The restrictions im- 
posed on the parameters h, kh’ and the angles 6, ¢ 
by the demands of the j:-e universality can easily 
be worked out and will not be exhibited here.) 

Since the entire set of couplings of ¢” and ¢* are 
contained in (23), these fields may be integrated 
out for processes not involving them as incoming 
or outgoing particles, leaving us with an effective 
interaction 


Ler ~H?Tr(BY,) F) Tr(¥%B) 
+(h rr(BTY,) Tr(¥,TB). (25) 


It is amusing that £4 does not contribute to pro- 
cesses involving the physical (left-handed) mass- 
less neutrinos, although it would contribute (with 
strength sh”) to semileptonic processes like e* 
+e” hadrons, its characteristic feature being its 
long-range character (on account of the factor 1/9) 
and the appearance of right-polarized particles 
Vp 

Before closing, we remark that if radiative cor- 
rections to (B) are taken into account, such that 
after including these (8B) has the most general form 
(consistent with conservation of charge) 


(B)=| oa fe : (26) 


fa b, 
then the interaction term (23) will read 
HEP (B,C +O aR tO Ato dp 
+terms containing ¢f and f’s . (27) 


Clearly, (27) will contribute further to a mixing 

of different colors and valencies, this mixing being 
proportional to the (small) parameter hk, Con- 
versely, the masslessness of the physical neu- 
trinos [which led to the introduction of the inter- 
action (23) in the first place and the necessity for 
(B) #0] may possibly rank as the deeper primary 
reason behind the mixing of colors and valencies 
and thus for the violation of ixternal symmetries 
observed in nature. 


VI. EXPERIMENTAL CONSEQUENCES 


In this section we list some of the experimental 
consequences of our scheme. 


A. The color octet of vector gluons V(8) 


For energies sufficiently above threshold, one 
may expect to produce these particles (expected 
masses ~3-10 GeV) in pairs in norma] hadronic 
collisions with reasonable cross sections. De- 
pending on the nature of conservation of color 
quantum numbers, one or more of these particles 
may be semistable. The whole octet is electrically 
neutral for the fractionally charged quark model 
(a=f=0), while some of its members carry unit 
charge for the integer-charge quark model. 


B. The color components of the photon (U°) 


If the photon contains a color octet component 
U® (i.e., quarks carry integer charges), the ob- 
ject “U°” can be produced singly in photon-induced 
reactions such as 

ytp~p+“u™’ ’ 

e*+e7=“U", 
We expect that the production cross sections for 
“yy in either reaction should be comparable to 
that of p° at appropriate energies. The production 
of “U®” in (e~e*) annihilation should exhibit a reso- 
nant structure similar to that of p° except that its 
expected total width is uncertain. If there exist 
color octet states™ C’ lighter than “U°,” this ob- 
ject would decay strongly to (C’+hadron) or 
(C’+C’); otherwise its primary decay mode would 
be (2°+y), with secondary decays to (e*e~) and 
(u*y7). A reasonable expectation would be Ty ,0,) : 
Trepton par * 1:(10-$-10~), To summarize, @ search 
for U° using (1) missing-mass measurements, (2) 
(u*7) production in (y +p) reactions, and (3) 
(e*e~)-annihilation experiments, may offer a di- 
rect means of establishing whether the photon con- 
tains “color” pieces. If it does, this would favor 
the integer-charge quark model in contrast to the 
model with fractional charges. In (e~e*) annihila- 
tion, apart from single production of “U”’’s, one 
should also expect pair production™ of the charged 
members of the spin-1 color octet mesons (in the 
integer-charge quark model) above the necessary 
threshold. It is worth emphasizing that in ac- 
cordance with the light-cone or parton-model 
ideas, one may expect the ratio R=o(e"e™ 
~hadrons)/o(e*e~ = *~) to settle to a value 
Q@,?=6 (plus possible contributions from the 
charged spin-1 gluons) for the integer-charge model 
and to a value 'f for the fractional-charge model. 
Also for the integer-charge case, due to the 
charged spin-1 gluon contributions in a parton 
model, one should expect Oiongiutinal/Otranwerse tO 
remain nonvanishing in inelastic electron-nucleon 
scattering. 


(28) 
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C. Neutral neutrino-current processes 


Vyte~Vyte, 


ve tev, +e, etc. (leptonic), 
and i) 
v+p—-(v+hadrons), etc. (semileptonic) . 


(a) Z° exchange. Our Z° is almost identical to 
the “Z°” of the simple SU(2), x U(1) gauge theo- 
ries*’ insofar as leptonic currents are concerned. 
One may in fact make the correspondence™ 
(21) ZR) ~~ (g, 2’), Where g and g’ denote the cou- 
pling constants associated with the gauge groups 
SU(2), and U(1) respectively. The “Z°”’’s in the 
two schemes differ in their coupling to hadronic 
currents since the U° term in our photon does not 
have a counterpart in our Z°. The differences be- 
come significant when one starts producing SU(3’) 
nonsinglet hadrons. This is because the U° cur- 
rent is SU(3’) octet. 

(6) U° exchange. It is important to note that 0° 
contains (W?, W3, and S°) essentially in the combi- 
nation 


[eeWi+e.W3-(3)"(erer/fS'] - 


This same combination also enters into the photon 
and is exactly decoupled from (Py) current. Thus 
0° contributes to leptonic processes only through 
correction terms of order A [see Eq. (20)], whose 
net effect towards leptonic amplitudes can be seen 
to be of order®® (g*/f?)*(A/C?) ~ (10-*) x (strong 
amplitude), 

For semileptonic processes there is an additional 
contribution due to interference of U* and S° cur- 
rents which leads to an amplitude of order (g?/f?) 
x(4?/C?), Because the U° current is a color octet 
this will become significant once we are above 
threshold for production of color nonsinglet states. 

(c) S° exchange. This directly contributes to both 
leptonic and semileptonic processes. If it is not 
superheavy,” but instead has a mass =(f/g)M wp 
its contribution would be of order Grem. There is 
thus a distinct possibility in our scheme of a new 
variety of contribution, which does not exist in the 
simple SU(2), x U(1) theory. Since the hadronic 
current, which is coupled to S’, is a singlet under 
both SU(3) and SU(3’) its contribution to semilep- 
tonic processes involving low-lying hadrons is not 
suppressed by SU(3’) selection rules. 

To summarize, a study.of the cross sections of 
neutral neutrino-current leptonic as well as semi- 
leptonic processes can in the first place determine 
whether departures from the simple SU(2), x U(1)- 
theory" predictions are warranted; secondly 
(since S° current is pure isoscalar), a study of the 
tsospin structure of the hadronic current for semi- 


THE FOURTH “COLOR” 


285 


leptonic processes would help determine whether 
S° contribution is significantly present. We should 
stress that the introduction of S° is a consequence 
of our gauging of the full SU(4’) group. 


D. Right-handed currents 


The scheme explicitly uses V-A as wellasV+A 
currents. If the W, are not superheavy (i.e, M,+ 
~3M,,), one may expect (V +A) amplitudes 
at around 10% level of the (V-A) amplitudes. Ob- 
servable parameters involving helicity and corre- 
lation measurements in leptonic and semileptonic 
weak decays, however, depend upon squares of 
(V -A) and (V +A) amplitudes without an inter- 
ference term to the extent that one may neglect 
the masses of the neutrinos (if they are light-mass 
4-component objects). 


E. Anomalous interactions of e and u 


Regarding contributions from gauge mesons to 
such anomalous interactions, the only relevant ex- 
change in the “basic” model is 0°, since all other 
gauge mesons coupled to e and yp (i.e., Z°, S°, and 
the X’s) are much too heavy. One may verify [us- 
ing Eq. (20)] that the &°-exchange contribution to 
(ee) and (uy) scattering is of order (g?/f?) 

x (k*/m,*), compared to the one-photon-exchange 
contribution to the same process, where #* de- 
notes (momentum transfer)*; this is too small to 
be observable at present. By the same token, the 
contributions of these additional interactions to 
anomalous magnetic moments of the electron and 
the muon appear to be too small to be relevant for 
a present comparison of theory versus experiment. 
0° exchange would, however, contribute signifi- 
cantly in inelastic ep scattering once we are above 
the threshold for production of SU(3’) nonsinglet 
states, Also, so far as the variants to the “basic” 
model are concerned, the effects of nonsuperheavy 
X’s could be significant for semileptonic pro- 
cesses'* and particularly for e* + e~ ~hadrons. 


F. Parity violation 


Parity and strangeness violations in hadronic 
processes arising from radiative corrections with 
W, loops are computable and of order Grem (sim- 
ilar to the situation for the gauge model of paper I 
and for exactly the same reasons)**; the contribu- 
tions of W, loops are suppressed by the heavier 
W, mass. Furthermore, it is easy to show that no 
large parity and strangeness violations occur in 
tree diagrams involving the “diagonalized” gauge- 
meson fields. The one field which might have 
caused concern is 0°, since it is “light.” How- 
ever, U° contains W? and W3 essentially in the 


353 


354 


286 


combination (g,Wi+g,W 3), which is coupled to 
pure vector strangeness-conserving current. Thus 
parity violation due to 0° exchange can arise only 
through a term of order A in the coefficient of 

W3. Such a term interfering with the U° term in 
O° leads to nonleptonic amplitudes of order 
(g?/f7)as 10 (compared to normal hadronic 
amplitudes) and, when interfering with the S° term, 
leads to amplitudes ~ (g?/f?)a?< 1075. The fact 
that for the U° case we are dealing with an SU(3’)- 
octet transition operator means that there is a 
further suppression factor for processes involving 
low-lying hadrons. 


G. Violation of baryon and lepton numbers 


The present gauge scheme can lead—through a 
spontaneous-symmetry-breaking mechanism —to 
a violation of baryon and lepton numbers in the in- 
teger-charge quark model. This would lead to 
quarks disintegrating into leptons. Even witha 
reasonably large strength for g~1+1+1 decays 
(G,~10-°m,7), there is, however, no conflict? 
with the extraordinary stability of the proton, 
since the latter is a three-quark composite (B=3) 
and its triple B decay (|AB|=3) can occur only in 
order G? or higher (depending on additional selec- 
tion rules). This is assuming that both the quark 
and the diquark systems are more massive than 
the proton, or even, alternatively, that there is 
some field-theoretic mechanism of quark im- 
prisonment, which does not permit hadronic quarks 
to materialize as physical particles. [In Amati’s 
graphic phrase, in this model, “for a quark im- 
prisoned within a nucleon, the price of liberty is 
death” (Aix-En-Provence Conference, 1973).] 

If G, is deduced from the proton’s lifetime, there 
are uncertainties in the determination of its pre- 
cise value. These arise from the fact that the 
proton decay may be subject to additional selection 
rules due to SU(3’) quantum numbers (see Ref. 2) 
and also from the details of the wave function of 
the proton considered as a three-quark composite. 
Thus from a purely phenomenological point of 
view, one may search for (integer-charge) quark 
decays (for example, in process g~/l+7 or q=l 
+1+1) with lifetimes ranging from 107° to 107° 
sec on the one hand and very much shorter than 
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107!° sec on the other. In any case, the highly en- 
ergetic lepton (or leptons) in the decay products 
should provide a characteristic signature for quark 
decay. Furthermore, in the decay g~l+l +T, one 
pair of leptons (IZ) coming from virtual W decay 
would carry longitudinal polarization exhibiting 
parity violation. 

As far as proton decay is concerned, one must 
emphasize that it is essential to search for multi- 
particle decays of the proton. This is because the 
minimum number of particles—with fermion num- 
ber conservation—into which the proton (as a 
three-quark composite) can decay is three neu- 
trinos plus a pion. Thus we may expect the follow- 
ing decay modes: 


pbw~3v+n" 
~4v+e* or 4v+u* 
(30) 


The crucial point is that no two- or three-body de- 
cays are allowed.” 

To conclude, the model provides a number of 
intriguing experimental possibilities. In particu- 
lar, we urge a search for (1) color (either gauge- 
vector bosons or color nonsinglet states) in 
photon-induced reactions, (2) large isoscalar com- 
ponent in neutrino-induced neutral-current pro- 
cesses, (3) possible anomalous interactions of ¢ 
and yp, specially at energies above the threshold 
for color production (for example in e reactions), 
(4) right-handed (V+.A) weak interactions, (5) 
muon-electron number -violating transitions such 
as K~u+e decays—this is relevant for the “basic” 
model only, (6) “nonsuperheavy” exotic X-meson 
effects in semileptonic processes in general, and 
for e* +e” hadrons in particular (relevant for 
models other than the “basic”), and finally (7) 
baryon-lepton number nonconservation in quark 
and proton decays. 


—4vip*+et+e, etc. 
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“if baryons and leptons belong to distinct representations 
of some underlying symmetry group, there is no 


reason why weak interactions might not have picked 
V—A for baryons and antileptons (V, ,e* ,u* ,V,). Since 
charges of leptons within the same fermionic multiplet 
as the quarks get fixed due to our assumption that they 
are members of a common fermionic multiplet (see Sec. 
Il), the statement that the same $(1 +7,) projection oc- 
curs for the two types of matter is not a matter of mere 
terminology of what one may have chosen to call leptons. 
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“The situation here is qualitatively the same as the one 
encountered in the unification of weak and electro- 
magnetic interactions, with v, and uw”, for example, 
sharing universal gauge interactions. The fact that Va 
exhibits only weak interactions (and no interaction of 
electromagnetic strength) at presently available ener- 
gies is attributed to the massiveness of W and Z°. 

‘By L we mean (L, +L,), where L, and L, are addi- 
tive electron and muon numbers. It is conceivable that 
£, and L,, need to be further distinguished and corre- 
S8pond to distinct colors. Thia would give variants of the 
“basic” model which are briefly considered in Sec. ID. 

‘Whether the observed SU(3) is the diagonal sum of 
SU(3) x SU(3’) or the SU(3) within our SU(4) may be left 
open until one begins to observe SU(3’) nonsinglet states. 


Either possibility can be accommodated into our scheme. 


Note that the notation of SU(4’) x SU(4’’) of I is replaced 
by SU(4) x SU(4’) in this paper. 

‘In many ways it is attractive to consider the mathemati- 
cal objects F =@,9, A, x) and B =(a2,b, c,d) as fun- 
damental fields and the 16-fold ¥’s to be composite. 
[For the “five-color” model of Sec. It D (a,b, c, d) are 
replaced by five colors (a,b,c, d,, d@,,).1 This may 
provide an answer to why the relevant global symmetry 
group underlying our scheme is SU(4), x SU(4)z 
x SU(4)r4z, and not SU(16) or SU(16), x SU(16)p. It may 
also provide a reason for the circumstance that one set 
of interactions (the weak) is chiral in nature, while the 
other (the strong) is vector; the difference may lie in 
the spins (4 and zero) of F and B. In this picture, a 
binding between F and B {which need not be strong and 
may be *a@ {see H. Fritzsch and P. Minkowski, 

Caltech Report No. 68-421 (unpublished)]} would 
have to arise through some additional mechanism. We 
propose to pursue the consistency of this idea elsewhere 
(in particular, the consequences of treating the known 
leptons as composites). J. D. Bjorken and, independent- 
ly, O. W. Greenberg (private communications) have 
been interested in related ideas (specially with regard 
to the 3-triplet model) from different motivations. 

ere » and / are 4-component objects. Later we shall 
introduce two left-handed singlets ¢% and ¢¢ to ensure 
the emergence of 2-component massless neutrinos 

vi and vt, The “basic” model, in its final form, thus 
may contain a total of 16 +16 +2 =34 2-component 

fields, if neutrinos are massless. 

*We are indebted to Professor S. Glashow for pointing 

; this out to us. 
°We have in mind questions such as (i) calculability and 
strength of parity and strangeness violations [see 
8s. Weinberg, Phys. Rev. Lett. 31, 494 (1973); R. N. 
Mohapatra, J. C. Pati, and P. Vinciarelli, Phys. Rev. 
D 8, 3652 (1973)], (ii) classification symmetry of 
hadrons being mited to SU(3) x SU(3’) and no higher 

J. C. Pati and Adbus Salam, ICTP, Trieste, 
Report.No. IC/73/81 (unpublished)], (iii) 
b properties of hadrons treated as bound states 
of ggg and ¢% [aee M. Han and Y. Nambu, Phys. Rev. 
339, B1o0e (1965); 0. W. Greenberg and D. Zwanziger, 
- Rev, 150, 1177 (1966); and H. Lipkin, SLAC 
Pai 1973 (unpublished)], and (iv) asymptotic freedom 
Fah red interactions [D. Gross and F. Wilezek, Phys. 
- Lett, 30, 1343 (1973); and D. Politzer, itd. 30, 
(1973)]. {Whether asymptotic freedom is lost by 
on of Higgs-Kibble scalars in a model like 


ours based on a semisimple group like SU(4), xSU(4), 

x SU(4’) is discussed in a forthcoming paper by 

R. Delbourgo and Abdus Salam [Imperial College report 
(unpublished)}. At any rate this loss is unlikely to be 
serious if Higgs-Kibble scalars are composites.} 

“note that if we did not insist on the full SU(4’) gauging, 
we could still obtain an elegant left-right symmetric 
anomaly-free gauge scheme given by Su(2)} +! 

x su2yh* x SUB’) :.2* U)r.r, Where U(1) is given 
by the charm generator @)'"(F%,),,2 of SU(4‘). This 
scheme will have all the consequences of the present 
extended scheme except for the interactions mediated 
by the X particles. [The U(1)-gauge particle will 
correspond to S® of the present scheme, though its 
coupling strength would not be related to that of the 
SU(3’) octet.| In this restricted scheme, it may be 
possible to preserve masslessness of neutrinos without 
invoking £’s (footnote 8). This is because vf" and 
vé>4 tnteractions (mediated through W,, We and S® 
gauge mesons) are Y,;-invariant. (One must still ex- 
amine whether the leftover Higgs-Kibble meson inter- 
actions can be arranged to preserve the said y, invari- 
ance. We thank Dr. R. N. Mohapatra for pointing this 
out to us.) 

rhe charges of the X triplet (0,-1,-—1) correspond to 
the integer-charge model. For the fractional-charge 
model these would be (-3, —%, —4). 

13Note that (11t% +118") equals (Fy +F gN3—- @)""Fishers 
where F;, Fs, and F,, are the diagonal generators of 
SU (4) defined explicitly in I. 

‘dyhe symmetry group is SU(4), x SU(4)p x SU(4’). It 
could also be SU(4); x SU(4)p x SU(4), x SU(4);,, in which 
case the n-e distinction is emphasized even more. 

She problems of calculability (and renormalizability) 
of the relevant radiative corrections in the present 
model have been considered by Dr. D. Ross [Imperial 
College report (unpublished)]. 

‘éphis suggestion (first made at the Irvine Conference 
on Weak Interactions, 1973) is the subject of a separate 
paper (J. C. Pati and Abdus Salam, Phys. Rev. Lett. 
32, 1083 (1974)]. Note added in proof. However, it 
should be stressed that in the gauge-theory context, we 
find it difficult to find a suitable Higgs-Kibble system, 
which in zeroth order can assign light mass of order 
100 BeV to x’s and yet appropriately heavy mass to s. 

11g, Coleman and E. Weinberg, Phys. Rev.D7, 1888 (1973). 

18rhe general 15-parameter potential V(A,B,C) contains 
mass terms like Tr[ AA‘) and terms of the type 
(Tri4a*) Trias’), TricsAtct), ete., and is invariant 
for U(4), x U(4)p x U(4’). When one specializes to SU(4), 
x SU(4)p x SU(4’), three additional terms appear. These 
are proportional to detA, det B, det C. 

owe are indebted to Dr. Ling-Fong Li and Dr. M. A. 
Rashid for kindly showing that the solution (15) is not 
just an extremum of the (12 +3)-parameter potential 
V(A, B, C) (with three mass and twelve interaction 
terms) but represents a possible minimum for a 
specified sequence of signs of these parameters. A 
simple illustrative example for the sequence of signs 
[see Ling-~Fong Li, Phys. Rev. D9, 1723 (1973)] is 
provided by the (6 +3 parameter) potential. Take 


ViA,B,C)= D> {a,TriAAt) +a,Tr{(aat)’) 
A. BC,a.8.y 
+ayTriAAtaa']}, 
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where (besides a,,8;,7) Bs is negative, while all other 
parameters are positive. Arrange ¥,:0,: 6, (the mass 
parameters for C,A, and B) to be in the ratios 
1:a7?: a@4, while all other parameters are of magni- 
tude f?/4n%1. One finds that (c;,c), @1,¢,), and (b) 
are in the ratios 1:07!:a7? (a = qr). If V(A,B, C) 
contains|terms proportional to det A, det B, and det C 
{corresponding to the symmetry SU(4), x SU(4), x SU(4’) 
rather than U (4), x U (4), xU (4’)], an extremum exists 
with 


a 


‘ ay, 
An) = » 
(Ap) as 
a% 


i.e., the solution exhibits a residual symmetry SU(2) 
x U(1). We have not examined whether this solution 
represents a true minimum. 

20One might have been tempted to replace the multiplet 
A=(4,4, 1) of G by a more economical submultiplet 
A=(2, 2, 1) of § with the (apparently allowed) pattern 


7 ao 
aft]. 
00 


together with (B) and (C) as in (15). So far as W,, 
Wr, and V masses are concerned, one might then have 
the desired sequence of masses (except that WZWR 
mixing would be absent). However, we have preferred 
to use the larger multiplet A, since the global SU(3) 
then has a chance to emerge more naturally. 

By adding a new multiplet D=(1, 1, 15), it should be 
possible to make the X’s superheavy without affecting 
the mass of S°, Likewise, a multiplet E=(1, 3, 1) 
would affect only the mass of W}. With both these 
multiplets present, b, need be no larger than @,, and 
S° may have a mags as light as ($)"?fa = (f/g)my? . 
The introduction of such multiplets does not distur 
the pattern of solutions (Ap), (@p), (Cp) shown in the 
text. 

2We have retained seemingly insignificant terms of or- 
der A(g?/f*) and (c*/b?) in U° partly because the A terms 
may have observable consequences in parity violation 
in nuclear transitions and partly because without these 
terms {/° will not appear to be anywhere near an eigen- 
state of the mass matrix. 

Note that the physical particles [with broken SU(3’)] may 
not beU° and V°, but rather their linear combinations. 
This will be the case if the mass matrix assigned un- 
equal to V; and V, before diagonalization. 

“If we had not set the @’s and $’s equal to zero, all color 
and valency components would have mixed, and not just 
the strange exotic X” with W,. An attractive choice 
which breaks all color symmetries is |6, —@p|=90°. 

*5In the present scheme (with both B and C present), c, 
can be as small as we wish since the X’s can be super- 
heavy through },. (This is in contrast to the limited 
multiplet scheme exhibited in II, where only either B 
or C was introduced.) 

*¢This contrasts with the view of D. J. Gross and F. Wile- 
zek, Phys. Rev. D 8, 3633 (1973), and S, Weinberg, Phys. 
Rev. Lett. 31, 494 (1973), who have suggested from in- 
dependent considerations that the V(8) octet consists of 


massless particles and the SU(3’) color symmetry is 
exact; the consequent infrared infinities have been wel- 
comed by these authors with the hope that they may 
prevent emission of quarks and the V(8) gluons. 

"Such a collaboration may perhaps receive a “natural” 
interpretation within a U(4’) structure if A and A’ 
correspond to (#?) composites. In this case A’ may 
play its legitimate role without spoiling SU(4') natural 
symmetry and the postulate of (}))# 0 (with A and A’ 
coliaborating) would provide perhaps a more attractive 
way of building in fermion masses. 

28wWe use the words “natural symmetry” in the sense of 
S. Weinberg, Phys. Rev. Lett. 29, 338 (1972), and 
H. Georgi and S, L. Glashow, Phys. Rev. D 6, 2977 
(1972). The problems of calculability (and renormal- 
izability) of radiative corrections as well as of possible 
pseudo-Goldstone bosons in the present model have 
been considered in detail by Dr. D. Ross (see Ref. 15). 

240f course, if one could leave f,,,,¢ quarks massless 
[a possibility which is attractive for chiral SU(2), 

x SU(2)z symmetry], the Vy,0X, interaction would be 
Y,;-invariant. This, however, may not apply to v’ in- 
teractions, since the companion x quarks are presum- 
ably massive. We should remark that light quark 
masses (analogous to light lepton masses) would be an 
interesting possibility, if the idea of “hiding” quarks 
becomes feasible. 

By “yo” we mean {/* or linear combinations of U° and 
V°® depending upon the complexion of the physical parti- 
cles (see footnote 20). 

3The possible occurrence of such states has been pointed 
out by M. Y. Han and Y. Nambu, Phys. Rev. 139, 
B1006 (1965), and has been considered subsequently 
by many authors. 

The contribution of these spin-1 gluons (which should 
possess an intrinsic magnetic moment) to the electro- 
Magnetic current may play a role either directly 
(corresponding to the production of these gluons in 
pairs) or indirectly (via the light-cone picture) in pro- 
viding an explanation for the recently observed near 
“constancy” of (e*e” —- hadrons) over a large range of 
s =center-of-mass (energy)*. The gluon pair could 
contribute a term growing with s in the region of inter- 
est, which might compensate for the expected (1/s) fall- 
off of other contributions. 

Spy simple SU(2); x U(1) theory, we mean the gauge 
theory of the type suggested by Abdus Salam and J. C. 
Ward, Phys. Lett. 13, 168 (1964); S. Weinberg, Phys. 
Rev. Lett. 19, 1264 (1967), and Abdus Salam, in 
Elementary Particle Physics, edited by N. Svartholm 
(Almqvist and Wiksells, Stockholm, 1968), p. 367, 
together with extension to hadrons as given by S. L. 
Glashow, J. IHopoulos, and L. Maiani, Phys. Rev. 
D2, 1285 (1970). 

34with this correspondence, the predictions of the two 
schemes coincide for leptonic processes provided the 
contributions from other exchanges (in particular 5% 
are negligible. In this case, one may describe the 
neutral-current processes by one gauge angle é (see 
Ref, 33) given by sin’t =gp"/(g;,” + gg”). If 8,~ 8x, 
we expect sin*£ to be nearly 0.5. In line with our sug- 
gestion in Sec. II that the starting Fermi Lagrangian 
may be completely left-right symmetric with equality 
of bare coupling constants gf and ge? , the ratio of 
the renormalized coupling constants (g,/gp) would 


differ from unity by calculable finite radiative cor- 
rections of order a In(@my,”/my,”) to the extent that 
spontaneous symmetry breaking introduces different 
masses for W, and W, (for example). Thus a study of 
neutral-current processes and (V +A) interactions 
could help determine whether there is a complete 
left-right symmetry (L -—-R) in the basic Fermi 
Lagrangian. 

SNote that strong-interaction quark-quark scattering 
amplitudes arising due to V(8) exchange are of order 
(f/f 2e%) & (1/c%, 

365, Weinberg, Phys. Rev. Lett. 31, 494 (1973); R. N. 
Mohapatra, J. C. Pati, and P. Vinciarelli, Phys. Rev. 
D 8, 3652 (1973). 

In the classic experiments of H. S. Gurr, W. R. Kropp, 
F. Reines, and B. 8. Meyer [Phys. Rev. 158, 1321 
(1967)], attention was concentrated on relatively high- 
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energy charged secondaries, so that possibly the two- 
body decays of the proton were the ones which received 
more emphasis. Such decays are forbidden in the 
model presented in this paper. One may wonder 
whether some of the unidentified low-energy charged 
secondaries could have come from four- (or more-} 
particle decays of the proton. In a recent paper, 

F. Reines and M. F. Crouch [Phys. Rev. Lett. 32, 493 
(1974)] report five 4 events which may possibly have re- 
sulted from proton decays in their detectors. In the 
authors’ view, so far as this experiment is concerned, 
‘4t seems prudent to interpret the signal so as to yield 
a lower limit on nucleon lifetime” of 2x 10° years. 

We are indebted to Professor F. Reines, Professor 

H. 8S. Gurr, and Professor Z: Zichichi for numerous 
kind discussions. 
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The neutral-current weak-interaction sector of the left-right-symmetric unified theory. of 
quarks and leptons based on the symmetry structure SU(2); x SU(2)g* SU(4), +p and its sub- 
group SU(2), x SU(2)_% SU(3Y,6n% U(1)z+z (suggested in earlier papers) is studied in detail 
here. The theory admits in general of two weak neutral gauge bosons N, and N; [and two sets 
of left and right charged W’s (W{%, W%)I]. As pointed out earlier, there are two distinct pos- 
sibilities for the pattern of spontaneous symmetry breaking which lead to the masse relations 


G) my,2~ mag ?<my,?, (1) my? ~ my? ~ my 


. Case (i) is identical to the familiar SU(2) 


xU(1) theory for all predictiond . Case (ii), on the other hand, leads to departures from 
su(2)x U(1). One ofthecrucial theorems following from our investigation is that suchdepartures 
occur only for the electron-induced atomic parity experiments and not for neutrino-induced 
weak processes in the chiral y,-invariant limit, in which W,-W,p mixing as well as fermion 
masses vanish. In this manner (for the chiral limit defined above), SU(2) x U(1) becomes an 
integral and stable ingredient of the left-right-symmetric theory for both cases (i) and (ii) 
insofar as their predictions for neutrino-induced reactions are concerned; the differences 
between the two cases (in this chiral limit) lie solely in their predictions regarding atomic 
parity violation and, of course, the masses of the two neutral particles N,; and N,. We study 
the chiral aswell as the nonchiral cases and compare their predictions with experiments, 
observing that approximate or exact global chiral symmetry of the left-right~symmetric 
theory is a point of good agreement between theory and all the present neutral-current ex- 
periments. We exhibit the dependence of the atomic parity-violation parameter Qy on the 
masses of the two neutral particles N, and N, and remark in particular that (depending upon 
the sign and magnitude of Q,), there is the exciting experimental possibility within the left- 
right-symmetric theory that the mass of one of the neutral gauge particles is sensibly 
smaller than that of the charged Wt. This particular possibility does not materialize, if 


one insists on exact atomic parity conservation. 


L INTRODUCTION 


The null or near-null result of the present atom- 
ic parity -violation experiments? (taken at its face 
value’) together with manifest v-7 distinction in 
neutral-current scattering experiments’ suggests 
that quite possibly a radical departure from the 
simple SU(2)x U(1) group structure is called for 
even at low energies. Neither the simple SU(2) 

x U(1) theory‘ nor the standard vectorlike theory° 
based on the SU(2)x U(1) group can, it seems, 
account for the present set of experimental data. 

The purpose of this note is to stress that such 
departures from the simple SU(2) x U(1) theory 
are in general well expected to occur within the 
left-right-symmetric unified theory of quarks 
and leptons proposed some time ago.® The gauge 
structure is either $ =SU(2), xSU(2),_ XSU(4)i,.2, 
or its left-right-symmetric subgroup’ § =SU(2), 
XSU(2),_ x U(1),,”¢ *SU(3),,2; both are proposed in 


17 


Ref. 6. There are two key features of this theory 
relevant for the present discussion. 

(a) To begin with, the gauge structure SU(2), 
xSU(2), is left-right-symmetric with left- and 
right-handed fermions transforming in a parallel 
fashion under two distinct SU(2)’s [SU(2), and 
SU(2),]. [This is unlike both the simple SU(2), 
XU(1) theory, which treats the left- and right- 
handed fermions asymmetrically from the start, 
as well as the vectorlike SU(2) x U(1) theory for 
which the left- and right-handed fermions trans- 
form in a parallel manner, but under the same 
SU(2) group.] In contrast, for the symmetry 
structure §, for every left-handed (V ~A) current 
coupled to the gauge particles (W? or Wi), there 
exists a parallel right-handed (V+A) current 
coupled to a distinct set of gauge particies (Wi 
or W}). The commuting group SU(4);,, [as well 
as its subgroup SU(3); ,.x U(1), ,.] acting on the 
four color indices generate just vector currents 
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and thus also preserve the left-right symmetry. 

As a result [subject to® the condition that the 
bare gauge coupling constants g‘ and g © as- 
sociated with the gauge groups SU(2), and SU(2), 
are equal], the gauge Lagrangian? of the theory 
prior to spontaneous symmetry breaking) is 
parity-conserving. Parity violation is introduced 
into such a theory in the charged and independently 
in the neutral-current sectors if, for example,” 
spontaneous symmetry breaking assigned asym - 
metric masses toW,’s and W,’s. The major moti- 
vation® for the introduction of a left-right-symme- 
tric gauge structure was the fulfillment of the 
esthetic desire that parity violation may be gen- 
erated spontaneously within such a theory. Addi- 
tional motivations for the introduction of such a 
gauge structure are the elimination® of Abelian 
contributions to electric charge and the genera- 
tion of a desirable milliweak theory of CP viola- 
tion.” 

(b) Second and equally important is the fact 
that this theory permits® (depending upon the pat- 
tern and parameters of spontaneous symmetry 
breaking) the emergence of two relatively “light” 
neutral gauge particles” (rather than just one) in 
addition to the photon and the color gluons. Each 
of these two can induce neutral-current interac- 
tions of order Gram. Likewise the theory permits 
two positively charged gauge particles to remain 
rather light (instead of the single Wj); one of 
them induces the familiar charged-current inter- 
actions of strength G, (by choice) and the other 
of strength <G,/10 (this last restriction can be 
relaxed if we assume more than four quark fla- 
vors**), It may be noted that the availability of 
this novel feature involving two relatively light 
neutral and likewise two rather light charged 
gauge particles (rather than one of each variety) 
is a very special property of the gauge structure 
$ =SU(2), xSU(2), xSU(4), ,, (as well as of its left- 
right~symmetric subgroup’ $ andall ifs extensions 
to superunifying groups G); it is not available, by 
contrast within unification hypotheses such as the 
ones based on the group structures“ SU(5) and E,. 
The avaftlability of this new feature within the 
group Structure $ was noted in Ref. 6, where the 
appropriate choice of Higgs-Kibble multiplets per- 
mitting the emergence of the said solution was also 
given, 

To be specific, it was pointed out in Ref. 6 that 
depending upon the choice of Higgs-Kibble multi- 
plets and the pattern and magnitudes of their 
vacuum-expectation values, there are basically 
two extreme alternative modes® by which the sym- 
metry § (or its superunifying extensions G) could 
descend spontaneously into the level of the sym- 
metry (S,y.) of the known interactions. These are 
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schematically presented in Fig. 1. Here U(1), 
denotes the Abelian symmetry generated by the 
color-singlet part of the electromagnetic charge 
(which is the entire electromagnetic charge if 
quarks are fractionally charged). For the case of 
integer-charge quarks, the symmetry U(1), 
xSU(3);,,. breaks down further® by a mass scale 

of order 1 GeV to the local symmetry generated by 
electric charge (which in this case becomes a 

sum of the color-singlet piece {u(1),] and an appro- 
priate combination of color-octet pieces). For the 
present discussions it is immaterial, however, 
whether we choose fractional or integer-charges 
for the quarks (see later). 

In Ref. 6, only the first case (case I) was ex- 
hibited in some detail for the sake of simplicity, al- 
though the basic ingredients needed to generate 
the second alternative as well as its general 
significance for neutral-current interactions due 
to the presence of two light neutral gauge par- 
ticles [as opposed to one for the SU(2)xU(1) 
gauge structure] were spelled out. In this paper, 
we examine this second alternative in some de- 
tail and present the variety of new and experi- 
mentally interesting complexions, which could 
arise within this alternative by permitting the 
full generality of symmetry breaking, proposed 
in Ref. 6. We remark that atomic parity violation 
can be arbitrarily small within a class of solutions 
within the second alternative, while the distinction 
between neutrinos and antineutrinos even in neu- 
tral-current scattering experiments can be large. 
This last feature arises simply from the fact that 
the available neutrinos are produced only via 
parity-violating charged-current interactions and 
carry definite handedness (see later). 

Before proceeding further, it needs to be noted 
that two sets of authors (Mohapatra and Sidhu,"* 
and De Rujula, Georgi, and Glashow"”) have re- 
cently carried out investigations in this area. Our 
work and results partly overlap with the work of 
these authors to the extent that they are examining 
the consequences of the same group structure $ 
=SU(2), xSU(2), x U(1)xSU(3)i,2, which was pro- 
posed in Ref. 6. [De Rujula et al. differ from Ref. 
6 in their choice of fermion representation and 
somewhat also in the scheme of spontaneous sym- 
metry breaking. On the other hand, the fermion 
representation with four flavors considered by 
Mohapatra and Sidhu (MS) is the one suggested in 
Ref. 6; also, the scheme of spontaneous sym- 
metry breaking considered by MS is happily in 
one -lo-one -correspondence™® with the one pro- 
posed in Ref, 6 (see later).| We, however, ex- 
amine the problem in this note from the standpoint 
of the breaking of the bigger symmetry via the 


chain §$—¢— Sons. 
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4 
G= [suc] or SUce)x SUB), etc....... 


(one coupling constant) 


Heavy Associated Masses 


' 
G= SU), x SUl2), x SUM, | 


(2 effective constants:g,f) 


mass > 10°Gev 


fo 


Case I Case I 


' = ' 
GomSUl2), XUMXSUG) |, G=SUC) xSUL2), x UM) .p*SUG) 2 


t 
(9,9,f,) (9. fys.fs) 
mass > 200 GeV 
Ul 
mass ~100 GeV SUQ) x ua » xu 1 p™SUG), ‘ 
mass Y ~ 100 GeV 
' ‘ 
Gone = UM), xSUG) ,, Gops= UM), *SU(3) Lp 


Cone “light” Neutral gauge particle:Z,.) (two"light"”Neutral gauge particles:N and N,) 

FIG. 1. Hierarchical breakdown of the left-right-symmetric unifying symmetry G. The parameters (g,g’ ,f ,) and 
(g:fis»f ,) denote effective coupling constants for the gauge groups $, and $, respectively, their low-energy values 
depending upon the choice of the symmetry G as well as on the pattern and parameters of its spontaneous breakdown. 
Alternative patterns of symmetry breakdown other than those exhibited above are permissible (Ref. 15). The general 
considerations of neutral-current phenomena for all these alternatives are however the same as those for case I and 


case II. 


Thus, we remark that the solutions of vanishing’® 
or small” atomic parity violation presented in 
the abové references are only special cases within 
a general class of solutions proposed in Ref. 6 for 
the breakdown of the symmetry structure $. All 
Solutions belonging to this class share the common 
feature of vanishing or small atomic parity viola- 
tion, but they differ from each other notably in 
the predictions of the masses of the neutral par- 
ticles N, and N,. As we shall show, within this 
class of solutions there exists the distinct pos- 
Sibility that one of the neutral masses can be sen- 
Sibly lighter than the charged W*. This particular 
feature is not obtainable either for the case of 


exact atomic parity conservation considered by 
MS or for the special type of spontaneous sym- 
metry breaking considered by De Rujula et al.'” 
One of the most interesting (and somewhat un- 
expected) theorems that we prove is that neutral- 
current processes initiated by left-handed 
neutrinos (or right-handed antineutrinos) are 
independent of the expectation values of those 
scalar multiplets which do not couple to the W,’s, 
provided W, and ", mixing or equivalently quark- 
mass terms are ignored. This has the remark- 
able consequence that the theory (subject to the 
neglect of Wy -Wpr mixing) agrees in all its pre- 
dictions at zero momention transfer with those 
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of the familiar SU(2) x U(1) theory for neutral-cur- 
rent neutrino processes, while it differs from the 
latter in its predictions for atomic parity violation 
and the masses of N, and Np. 

The class of solutions permitting two relatively 
light neutral gauge particles is described in gen- 
eral in terms of three parameters (essentially 
two for most purposes; see Sec. III), which rep- 
resent the masses of the two relatively light neu- 
tral particles and one coupling constant to be con- 
trasted with two parameters (in general) for the 
SU(2)xU(1) theory. 

We obtain a good description of the data involv- 
ing at least eight independent neutral-current para- 
meters: R,,R;, Cue» Cones Cigar Qu (atomic), and 
two parameters describing elastic vp and Dp 
scatterings. The left-right-symmetric gauge 
structure® can thus be well tested once the body of 
neutral-current parameters settles experimentally. 


IL SALIENT FEATURES OF THE BASIC MODEL; 
SPONTANEOUS SYMMETRY BREAKING 
AND GAUGE MASSES 


For the sake of completeness we wish to recall 
the following salient features of the basic model*: 

(a) The model introduces a sixteen fold of basic 
four-component fermions with four flavors (°, 2%, 
A, c) and four colors (red, yellow, blue, and 
lilac), the fourth color being identified with lepton 
number L=1L,+L,: 


€, ©, C, =», 
TN, Ty Ry 2, =e" 


r, Ay »» a) 


Fy r* ers 


Cc, Cy Cy Cy= vy L,R 
Note the necessity for the left-right-symmetric 
right-handed partners (v,, and v,,) of the left- 
handed neutrinos (v,, and v,,). 

(b) To implement left-right discrete symmetry 
as well as quark-lepton unification, the model 
assumes a minimal local symmetry 


$ =SU(2), XSU(2),xSU(4)E an » (2) 


where ($)z,2 and (5)z.2 for each of the four colors 
(this includes the leptons) are treated as SU(2), » 
doublets, while (¢,,49,, 495 9ikex for each of the 
four flavors are treated as SU(4)’ antiquartets 
(4’s) (this puts quarks and leptons into one multi- 
plet). 

Following the suggestions in Ref. 6 and 8, we 
impose a discrete left-right symmetry on the 
theory; thus the renormalized gauge-coupling 
constants g, and gp associated with the gauge 
groups SU(2), and SU(2), are equal up to finite 
order-a@ corrections [(g,/gz)=1+O(a)]. We will 


set throughout g, =gp* g. 
The gauge particles of the theory are convenient- 
ly represented by the matrices: 


Wir= (7 ME ) , (3) 
0 7,7-W)ty/ or 
ai ~ V2 
Vr 5 x 2 1/2 ‘ ’ (4) 


where V(8) denotes the SU(3)’ octet of color gluons, 
X is an exotic SU(3)’ triplet (B=-L=1), and S° is 
an SU(3)’ singlet associated with the 15th genera- 
tor of SU(4)’. 

Defining V,F=8,F' +igW, F-ifFV,, where f 
denotes the gauge coupling constant associated 
with the SU(4)’ group,”® the Fermi Lagrangian of 
the theory is given by 


cae ==Tr Fy(y.¥y nF 1 +(L—R), (5) 


where F, ,=3(l1y,)F. Note the manifest com- 
pletely left-right-symmetric parity conserving 
nature of the gauge interactions. 

(c) The next feature of the model is spontaneous 
symmetry breaking. The model® introduces the 
following sets of Higgs-Kibble multiplets to induce 
a general patiern of spontaneous symmetry break- 
ing (see Ref. 6, Sec. IV and footnote 21): 


A=(2+2,2+2,1) B=(1,2+2,4), 
C=(2+2, 1,4), D=(1, 1, 15). 


Note that the choice of the multiplets A, B,C,D is 
in accordance with the requirements of left-right 
symmetry with B balancing C. If one wishes to 
assign a heavy mass to the charged W § without 
at the same time making the charged Wi and the 
neutral components W} » and S¢ heavy likewise, 
one must introduce® an additional multiplet E, 
=(1,3,1) and therefore, following left-right sym- 
metry, one must introduce a parallel multiplet’ 
E,=(3,1,1). (The introduction of E, would be 
inconsequential operationally in the sense that we 
will assume for simplicity® that (E,) is zero or 
small [perhaps O(@)] compared to (A) and/or 
{C).) Additional scalar multiplets may also be 
present to permit the emergence of fermion 
masses appropriately”); however, we assume (as 
in Ref. 6) that such multiplets have small vacuum 
expectation values and are inconsequential insofar 
as gauge masses are concerned. 

Following Ref. 6 one may choose the parameters 
of the Higgs potential (lying in a specified range) 
so as to obtain the following sets of vacuum ex- 
pectation values consistent with minimization of 
the potential. 


(6) 
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, 


, 


(7); 


a, 
a, 
(A) = a 
a, 
0 
0 
(B)= 0 ’ 
b, 
C; 
1 
(C)= c 
2 
12) 
; ; 
d 
{D) = d 
-3d 
0 


(Epd= 1 €n| , 
0 
0 
z)=| €, | 0. 
0 


We have not exhibited the Cabibbo-rotated forms 
for the vacuum expectation matrices, since once 
again these are inconsequential for gauge masses 
(see Ref. 6 for detatls). The above pattern can be 


my Yah f (0? +07 +47), 
Wr We 
met wh)? c (a? +c? +e€,') 2(a,7 +4,a,) ) ; 
2(a,? +4,a,) (a? +0? +€,°) 
Wi We s° 
gi(a’+c*) =~ 7a" 
Morr? = + —g?a? g7(a? +07) 


V¥372f ,8¢7 
¥3872f 80? 


preserved,** consistent with the demands of nat- 
ural left-right symmetry [i.e., maintenance of 
the choice® g{° = g{], 

Integer versus fractional quark charges. Before 
proceeding further, it should be emphasized that 
the unification hypothesis based on the symmetry 
structure $ permits® quark charges to be either 
integral (c, #0) ov fractional (c,=0). 


c,=finite~ 1 GeV (8a) 


(quarks acquire integer charges; only photon re- 
mains massless; the octet of color gluons acquire 
finite mags), 


c,=0 (8b) 


(quarks acquire fractional charges; photon and the 
octet of color gluons remain massless). 


Whether c, is finite or zero thus makes a world 
of difference, in general. However, as we are 
interested in this work in studying neutral-current 
phenomena below threshold for color production 
and also because the parameter c, (even when it 
is nonvanishing) is still negligible compared to 
the other relevant mass scales in the problem, 
which are of order 100 GeV, it is fortunately 
immaterial for our present considerations whether 
we set™ c,=0 or c,=finite~1 GeV. Thus for sim- 
plicity of writing we henceforth set c,;=0 bearing 
in mind, however, that all our considerations in 
the present work regarding neutral- and charged- 
current interactions below threshold for color 
production are equally valid for the cases of in- 
teger and fractionally charged quarks. (A full 
analysis involving c,#0 and its implications on 
leptoproduction of color above color threshold in 
light of the present work will be presented else- 
where.) 

Setting c,=0, we may now simply read off the 
gauge mass matrices from Eq. (17) and footnote 
21 of Ref. 6. These are given below. 


(9a) 


(9b) 


(9c) 


V8/2S pec? V372F p90? (3/2)f 707 +7) 
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where a” = 3a,’ +a,?, 6? = 6, and c*=c. We have 
inserted f,, and f, (rather than /f) in the entries 
corresponding to the gauge particles S, = V,, and 
X, respectively, to denote the fact that the effec- 
tive renormalized coupling constants associated 
with these gauge particles are in general expected 
to be quite different from that associated with the 
octet of color gluons.owing to differing finite re- 
normalization effects, a feature which was sug- 
gested in general terms by two of us.* This has 
recently most strongly been emphasized by Elias 
and Shafi,™* who show that f 2 > /,,”, where /, de- 
notes the effective quark-gluon coupling constant. 
We shall incorporate these results within our 
analysis in this note. 

Note the important feature that the multiplet 
D=(1, 1,15) provides mass only to the exotic gauge 
particles X and X, which are coupled to ?y,/ and 
Ty,@ currents, respectively, but not to V(8) and 
S°, Thus D splits SU(4)’ naturally to SU(3)1,.2 
Xx U(1)z.", where the U(1) corresponds tothe 15th 
generator of the SU(4)’ group; this generator is asso- 
ciated with the gauge particle S°= V,,. Likewise the 
multiplets Ez =(1, 3, 1)and E, =(3, 1, 1) provide 
masses only to the charged gauge particles Wj 
and Wi, respectively, but zo? to the neutral ones. 

Thus note the interesting feature of the model*: 
it is possible to destroy the left-right symmetry 
altogether in the mass matrix of the charged gauge 
bosons and thereby in charged-current interactions 
(by choosing, €.g., p> €,, 4, 5, c) and yet pre- 
serve it approximately or exactly in the mass ma- 
trix of the neutral-gauge bosons and thereby in the 
neutral-current interactions by choosing 5=c or 6 
=¢ [see Eqs. (9b) and (9c)]. Vice versa is however 
not possible. The full implications of this remark 
for neutral-current experiments will be apparent 
in a moment. 

Phenomenologically, from the known degree of 
forbiddenness of K,— He, one may deduce that 


my> 10* GeV (10) 


for the basic model. Likewise from the known 
suppression of (V +A) interactions in B decay, one 
may deduce® (within the four-flavor model”*) that 


6, 1/2 
mye > 3 (SERN mys 11 
wh ear vis (11) 


where 6; and 6, denote the Cabibbo angles for the 
left- and right-handed fermions.” 

We are now ready to point out how, in accord- 
ance with the above phenomenological constraints, 
cases I and Il, representing the two extreme al- 
ternative modes for the breakdown of $ to Sob, 
arise (these two alternative cases are described 
in Sec. 1). 


Case I: This case arises if in the first place we 
choose the vacuum expectation value of the “right” 
multiplet B=(1,2+2,4) to be much larger than 
those of the “left” multiplet C=(2 +2, 1,4), and 
the multiplet A =(2+2,2+2,1), i.e, 


b> canda. 


Such a choice, we note, destroys left-right sym- 
metry in the charged- as well as in the neutral- 
current sectors, since with this choice all three 
right-handed gauge particles (W}, Wg) acquire 
heavier masses than the corresponding left-handed 
ones (Wt, W3) [see Eqs. (9b) and (9c)]. 

As an extreme possibility, if we furthermore 
choose 6 to be the major contributor to the X-mass 
(i.e., &> 10* GeV), then left-right symmetry as 
well as quark-lepton unification are lost in one 
stroke through (8); the symmetry § thereby re- 
duces” to 8, =SU(2), x U(1) x SU(3)z,"- In turn, 

§, breaks through (C) and (A) #0 down to Gon. gen- 
erating just one light neutral gauge particle, the 
Z°. (Note that for this case the presence of the 
multiplets D, E,, and E, is inessential for a gross 
view, since both X and W; become heavy or super- 
heavy through (B).) 

Case IJ. This case arises® provided we intro- 
duce the multiplets like D=(1, 1,15), Eg, =(1, 3, 1), 
and E,=(3, 1, 1) in addition to (A), (B), and (C) 
with the choice of d> 10* GeV > €g,1,4,0,¢. In 
this case, the theory loses quark-lepton unification 
first [i.e., SU(4)h.27U(1)i+2 * SU(3)i."] since 
(D) is large, but it still retains its intrinsic left- 
right-symmetric nature; the symmetry $ reduces 
to the left-right-symmetric structure 


F=SU(2), x SU(2)2% U1) 2," SU(3) ie R- 


The manner in which § reduces farther down to 
Sobs = U(1), x SU(3)2..2 depends very much on the 
relative magnitude of the parameters €,,, and 
a, 6, c (for the neutral-current sector only the 
three parameters a, b, c are relevant). 

If one allows €, > €,,4, 5, c (so that myt> 3my:), 
one loses left-right symmetry in the charged-cur- 
vent sector, leading to predominance of V-A 
over V +A in this sector. One may still retain 
left-right symmetry in the neutral-current sector, 
however, as long as 6=c, which ensures that the 
mass parameters associated with W3, and Wi are 
equal [see Eq. (9c)]. Thus departures from the 
left-right symmetry in the neutral-curreni sector 
for the left-right-symmetric theory® are strictly 
proportional to (b? — c?)/(b? +c). 

Atomic parity violation would clearly be small 
if b~c,. vanishing” in the limit b=c. In either 
case (6~c or b=Cc), one expects® to see two rela- 
tively light neutral gauge particles N, and N,. 

The case b ~c (rather than 5 =c) allows the inter- 
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esting possibility that one of the neutral gauge 
particles can be sensibly lighter than the charged 
W+, with the magnitude of atomic parity violation 
still remaining small (by about a factor =2 to 4) 
compared to that of the SU(2) x U(1) theory. We 
discuss this case as well as the case 0 =c and 
their interrelationship in some detail in the next 
two sections. 


Ill. GENERAL COMPOSITIONS OF THE NEUTRAL GAUGE 
PARTICLES AND THEIR INTERACTIONS WITHIN THE | LEFT- 
RIGHT-SYMMETRIC GAUGE STRUCTURE § ORG 


First we note the composition of the massless 
photon. This, for the two alternative cases of 
fractional and integer charge quarks (c, =0 and 
¢, #0) is given by*® 


3 3 {97 
Ay ref Bowe “2S (12a) 
35 


(fractionally charged quarks; c, =0), 


3 3 i] Q 
Ay =e[ MEW _V2RBS?  (2/V3)U ] (12b) 
& tis ts 
(integer charged quarks; c, #0). Here U°= 3(v3 V, 

+V,); f,and f,, denote the effective renormalized 
gauge coupling constants associated with the color- 
gluon U° and the gauge particle V,, =S°, respective- 
ly; the electric charge forthe two cases is simply 
related to these gauge coupling constants as fol- 
lows: 


1 2 2 1 

Pian er a (f.c.q.), (13a) 
5 

1 2 2 1 41 

ergs Fe ‘SH (i.e.q.). (13b) 


The abbreviations f.c.q. and i.c.q. stand for frac- 
tionally charged and integer charged quarks, re- 
spectively. Since we expect f,’> f,,’~g” owing to 
differing finite renormalization effects,” ** we 
see that either of the above two equations [i.e., 


i a 
Y, 

ie 2.22, 2 

ag (Aa? +b’ + c*) 3 


2 
Mir,,¥_) = 


2\1/2 
pe) w ae 


(p82) ee 


3 (fal }orr er 


(13a) or (13b)] leads essentially to the same value 
of g? for a given ratio (/,,’/g7). This is yet an- 
other reason why there is no difference worth not- 
ing between the cases of fractional and integer 
charge quarks insofar as neutral-current inter- 
actions below threshold for color production are 
concerned. 

From here on, therefore, we substitute as men- 
tioned in Sec. II, c,=0 for simplicity bearing in 
mind that our considerations in this note, involv- 
ing neutral-current interactions below color thres- 
hold, hold equally for both cases: ¢, =0 (f.c.q.) 
and ¢, #0 (i.c.q.). 

The photon [Eq. (12a)] and the two other eigen- 
states (N, and N,) of the neutral mass matrix (9c) 
are then given by 


3 3 
Ay= eee cosa —S° sina , (14a) 
Vo 
N,=Y,cos8+Y, sing, (14b) 
N,=-Y,sin§+Y,cos8, (14c) 
where . 
wi _ws 
Y= Foto g, (15) 
3 3 
y,svatWe sina +S° cosa, (16) 
v2 
cosa= ae. sina= ase : (17) 
& fis 


Note that the normalization condition (i.e., cos’a 
+sin?a@=1) is the same as Eq. (13a) (correspond- 
ing to the case c,=0). The mixing angle 8, which 
determines the composition of the physical par- 
ticles N, and N, as well as their masses, may 
conveniently be obtained from (9c) by first trans- 
forming the same into the orthonormal basis (4,, 
Y,, and Y,). The photon, being an eigenstate, 
decouples from Y, and Y,; the mass matrix of the 
(Y,-¥,) complex, thus obtained, is given by 


Y, 


(18) 


Note in the special limit b=c, Y, and Y, are the eigenstates of the mass matrix, as in this limit they 
are decoupled from each other; their masses are given simply by the diagonal elements of the mass matrix 
(18). For the general situation, b#c, the physical particles are N, and N, [Eq. (14)]. Diagonalizing the 


matrix (18), we obtain 


my, = As +4g")(b? +07?) +4¢ "a? = {Le ws (0° +07) -497e’ Pf +He "(fis +49 ")(0? - ayy” , (19a) 
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tan28= V3g(f, cane y?/3)*/?(b? — c?) ; 


$his (b°+ 0°) -2¢ a 


(19b) 


where, in Eq. (19a), the upper (lower) sign refers to N, (N,). The neutral-current interaction induced by 


N, and N, is given by 


Exc = (Jj! cosB+J 5? sinB)N,, +(-J7! sing+d 7? cosf)N.,, (20) 


Ji} =e ln YuaYer —VerV avert Pur Yutus ~ Varun) — (EV y Veet hp Yet) 


+ Oy, 0+ Fr, 750 —-Ny pn ¥,% -—AV 75d], 


a 
2V2(37 + 1)'/? 


(21) 


[a -r)@v,0+Ty,c) - (1+ 7) Gy, N+ Xy,r) 


+ (87+ 1)(Der ¥uYer + Ver VuMert us YuYutt Pur VuYur)+ 37-1(Er,e+H7,H)], (22) 


r= (f,5'/g7). 


Note that J7: is a pure axial-vector current for 
all four-component fields (this applies to neutrinos 
as well, if neutrinos are light four-component ob- 
jects) and J 72 is a pure vector current. Thus in 
the limit b=c (tan2B=0), for which N, and N, re- 
duce to Y, and Y., respectively, the neutral-cur- 
rent interaction is entirely parity conserving (for 
electrons, quarks, and neutrinos as well) as men- 
tioned before. There would still be v-? distinc- 
tion in neutral-current scattering since the neu- 
trinos and antineutrinos are produced by parity- 
violating charged-current interactions, which yield 
v and V’s with definite handedness (i.e., neutrinos 
with left helicities and antineutrinos with right 
helicities). Such neutrinos and antineutrinos con- 
tribute to neutral-current scattering only through 
the term 0, 7,”z in the currents J 71.2, but not 
through the term Dp y,v,z to the extent that the 
mass of the neutrino may be neglected. The cur- 
rent 0, y,v, is V—A for neutrinos, but V+A for 
antineutrinos, hence the distinction between v and 
¥ in neutral-current scattering even for the intrin- 
sically parity-conserving Lagrangian (b=c). Note 
that unlike neutrinos, electrons and quarks appear 
with both helicities for processes of interest; thus 
in the limit b=c atomic interactions will not show 
any parity violation. 

Before plunging into phenomenology we must 
note the charged-current constraint, i.e., 


g?/8mys?=G p/VE. (24): 


For a given r=/,,"/g?, we thus obtain by using 
Eqs. (13a) and (24) 


mye= (i aioe = (1+ +) (53 Gev)?. 


(25) 
Furthermore, neglecting the small perturbation 


(23) 


of W,-W; mixing (compared to the mass of Wj) 
as well as” €, in (9b), we also have 


mys * a8 "(a +c"). (26) 
Combining Eqs. (24) and (25), we derive 


10°77 y? 
= —L. 27 
Thus, of the three parameters a’, b*, and c” only 
two are independent. 
Correspondingly, we define two parameters” 


7 c ' 2 
cea) Mog: ee) 
Thus, 
O<f<1, 0<7<%, (29) 


It is convenient to express the masses of N, and 
N,, the mixing angle 8, and the amplitudes for 
the various neutral-current processes in terms 
of r=f,,"/g", ¢ and 7; these we list below 


e2 4 
K 2 YL = 30a, 
my? P,-P,”’ (30a) 
| A 
5 my, P,+P,’ (30b) 


(37 +1)/?(n~£) 


tan2B= ay BE)’ (31) 


P,= (37+2)(¢+n)+4(1-£), (32) 
P,={[3rt +7) -4(L~£)F +4(874+ 1) -nyP/? : 
(33) 


The amplitudes. We define the relevant neutral- 
current amplitudes by the following effective La- 
grangian (here @ and M denote quark fields): 
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G = 
ome =a rate re ulOr (sheer + Rralerr etre, + MA yaJe+*e'] 


+E DDera(l+ ¥,)v JE y, (E4+E4 wer Seer, Ye CFF YC + CHR y R)+eee. (34) 


Defining two special combinations 
Gy [k, sin’p +K, cos" 
(K, -K,) sinB cosp | 
+ “Gri Sr +i) 5 (35) 
G, = (K, cos*6 +K, sin?p 


+(K,-K,) (37+1)/"(singcoss)], (36) 
which in terms of ¢ and 7 acquire the simple forms 


_  n+2—t 
Or BEE me 


2 n 
Oa" een By 


we now show that the amplitudes of all neutrino- 
induced processes as defined by (34) are simply 

given in terms of either G, or G,, though not the 
the electron-induced process. 


Process 
gF= (r-1)G, 


dares 
gi=Gy 


-- Re 
sa vv (r+ 1G, 
gC, 


¥ vyenvel MP* a a 


LM4=G 
a=Va (39) 
(Ey= -1-(37 -1¢, 


Vie~v,e 
Vege -14G, 


estes logs (ry ~1), —K,) sin28 
2 ad 2(3r+ Nik 


on (cm. _ re WK, -K,) sin2p 
eR = eR oe -ea 


Here @, X denote quarks. Note that.all neutrino- 
induced amplitudes are simply given by Gy or Gy. 
Using the coupling parameters Cf and C#, we 
may now obtain the effective charge Q,» charac- 
terizing atomic parity violation.” This is given 

by 


—_—_—_——_—_— 


Qw= -2[(2C$+ CH)Z + (2CF+ CPA - Z)] 


_ KK, -K,) (sin28)[2Z — (37+ 1)A] 
% 37r+1 


_ 22 (rs 1 | (n-t) | 
= (3r+ 1) t 3 


+t 
= @ (SU(2) x U(1)), (tb) (40¢) 


(40a) 


(40b) 


where 
Q ASU (2) x U(1)), = [22 — (37 + 1)AJ/(37 + 1) 


is the value of Q, obtained for the SU(2) x U(1) the- 
ory (Ref. 4) with sin?0, =37/(67+ 2) See Sec. IV). 


IV. THE TWO SPECIAL AND THE TWO AMUSING CASES 


Bt is first important to notice the properties of 
two special cases: 

Case A: The case of vanishing or small fermion 
masses and small W,-Wpz mixing a*/(c? +a") 0, 
or {=c?/(c?+a")~1. It turns out that one obtains 
good agreement with the entire body of present 
experimental values of neutral-current parameters 
for the case (*1 (i.e., a’?<c?). In order to under- 
stand the results for this case, which we discuss 
in detail later in this section, it is first helpful to 
note one (remarkable) general property of the spe- 
cial limit (¢=1, i.e., a@?=0), in which W.-W, mix- 
ing as well as fermion masses vanish.” [Appro- 
priately, this limit will be referred to as the global 
(y,-invariant) chiral-symmetry limit.] 

Theorem I: The chiral-symmetry theorem. In 
the limit of exact global chiral symmetry (a*~0 
or {~1), even though the masses of the two neu- 
tral eigenstates N, and N., the mixing angle 8, 
and the atomic parity-violation parameter Q, vary 
sensitively with d? [i.e., with 7=5?/(c?+a")], the 
amplitudes of all neutrino-induced processes in- 
itiated by left-handed neutrinos (or right-handed 
antineutrinos) are totally independent of the va- 
cuum expectation values of “right-handed” scalar 
fields such as B. In the present case they are in- 
dependent of b”, depending just on the single pa- 
rameter r=/,,7/g’. [By “right-handed scalar 
field,” we simply mean a field which couples to 
W,’s, but not to W,’s, as for example B= (1, 2 
+2, 4).] 

The exact value of a’ cannot, of course, be zero, 
since fermions do have finite mass. However, 
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TABLE I. Predictions of all neutral-current parameters for the nonchiral case (a? 0, i.e., #1), 7=0.44. 
Parameters £=0.9 ¢=0.8 
Q—p)/ney 0.5 0.16 0.10 0.05 0.03 0.5 0.16 0.10 0.05 0.03 
R, 0.22 0.25 0.26 0.26 0.27 0.22 0.24 0.25 0.26 0.27 
Rg 0.24 0.31 0.34 0.36 0.37 0.26 0.30 0.31 0.34 0.35 
R 0.37 0.42 0.44 0.46 0.46 0.40 0.38 0.41 0.43 0.45 
Cre 0.09 0.13 0.14 0.15 0.16 0.07 0.12 0.13 0.14 0.15 
Chie 0:05 0.09 0.10 0.11 0.12 0.03 0.07 0.09 0.10 0.11 
Cie /0.57 1:22 1.17 1.16 1.16 1.15 1.29 1.20 0.18 1.17 1.16 
Ro 0.08 0.10 0.11 0.11 0.12 0.07 0.09 0.10 0.11 0.11 
RP 0.08 0.14 0.15 0.17 0.18 0.07 0.11 0.13 0.15 0.17 
RY 0.35 0.45 0.48 0.50 0.51 0.30 0.39 0.43 0.47 0.50 
(my, +/my,? (Gev?) 2.39 1.12 0.45 0.77 0.74 1.80 0.94 0.79 0.74 0.73 
(my, +/my,)" (Gev?) 0.62 0.55 4.07 0.29 0.19 0.66 0.60 0.47 0.30 0.19 
Qy 360 0.60 13.0 65 ~94.0 230 36 24 —70 —96 
as long as a’<c? (i.e., ¢*1), the amplitudes of heavy depending upon the value of , all relevant 
neutrino-induced processes continue to remain neutral-current parameters are independent of 77 
insensitive to variations of 5’ (or 7), varying just as well. They depend once again (as in case A) 
with 7, on account of the result stated above. This on the single parameter r=/,,’/g". Using Eqs. 
is in fact borne out by our calculations (see Table (14)-(19), we obtain in the limit 7>>1 and nr> 1, 
I). S 
While the validity of the result stated above may my 2= my? ( sae. ) [1 +o(5)| (45) 
be deduced on general grounds, it may be verified is q 
simply by noting the values acquired by the rele- . - 1 2 
vant parameters Gy, G4, K,, Kz, and Qy at £=1. mg t= bing 28rs2ym[t+o(T)| myst, 48) 
These may be obtained from Eqs. (30), (37), (38), 3 ins 
and (40) and are listed below. tan2e=+$(Sr+1)'°/r, ale 
sa 3 0 
Gy(t= I= 1/(87r4 1), (41) A= Wi sind, + cos6,B , (48) 
G,(¢=1)=1, (42) N,— Wy coséy — sindyB°, (49) 
Sr)/2y + WS 
K (0 =1)=[my2?/my7)een 27 Gry ante ; (50) 
or+i1 
= 4{(37 + 2)(1+7) 
iy where 
¥ [977(1+ 7)? + 4(3741)(1 — 7)? ]/?P 
[ ( n) + ( oT ny 1] ? pu W.r- (3))/? V (51) 
(43) Cs +3) , 
_4y_ [24 - 87+ 1A] C4) Sr3 3r 
Q y(t = a 7 a 7 3 (44) sin’ ale rare 5 (52) 


[In Eq. (43), the upper (lower) sign refers to the 
case i=1 (i=2).] Note that Gy and G, and there-. 
fore the amplitudes of all neutrino-induced pro- 
cesses [see Eq. (39)] are independent of b? (or 7) 
at £=1; they depend on the single parameter 7 
= (f,,?/¢”). On the other hand, the masses of N, 
and N, (given by A, and K,) as well as the atomic 
parity -violation parameter** Q, depend on 7 as well 
as b? (i.e., 7) even at £=1 (the chiral limit a?=0). 
Case B: The case of SU(2)* U(1) limit [b? >> (c? 
+a’), or n> 1], We present the results for the 
case 7>> 1 by assuming 7#0 (i.e., nr>>1). As we 
will show, the results in this case are independent 
of ¢ (varying over its full range from 0 to 1). Ex- 
cept for the mass of N,, which becomes super- 


Note that the expression (48) for the photon field 
is the same as we had before [see Eq. (14a)]. Thus 
we see that the theory reduces in the limit > 1 
to the SU(2) x U(1) theory-with the correspondence: 
BS is the U(1)-gauge field, N, is the Z° with a 
mass comparable to that of Wz, while N, is super- 
heavy. The familiar angle sin’6, is given by Eq. 
(52) with 
Note in the bare limit of a unified theory, which 
incorporates 8 = SU(2), x SU(2)p x SU(4)t.2, one 
would obtain” (sin?0y).9:~7 37/(6r+2)=%, since 
vr=f,s°/g?=1 in this bare limit. 
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The point v= 4 is a point of good agreement between 
theory and experiments (as may be seen from Table 
IN). (Note, if in addition to r= 4%, one furthermore 
imposes a’= (b?+c7)/4, the diagonal elements of the 
(Y,, Y,) mass matrix become equal, so that the 
eigenstates N, and N, are given by the simple com- 
binations (Y,+Y,)/V2%. A second interesting fea- 
ture of this choice is that the vector coupling (M$) 
for the process v,e—v,e vanishes [see Eq. (39)]. 
This implies in turn that the two processes v,é 
—v,e and V,e-V,e, both proceeding only through 
axial-vector electron current, have equal cross 
sections for the case r= 4. 

Case D: The case of exact neutral-curreni par- 
ity conservation (b=c). If b=c, as noted in Secs. 
Il and Il, Y, and Y, are the eigenstates of the 
“neutral” mass matrix. In this case neutral-cur- 
rent interactions (of electrons, quarks, as well 
as of neutrinos) are exactly parity conserving, 
since Y, and Y, are coupled to axial-vector and 
vector currents, respectively. This is the case 
considered by MS (Ref. 16). In this case, as noted 
before, v-Y distinction arises not becasue of the 
intrinsic parity-violating nature of the neutral-cur- 
rent interactions, but because available neutrinos 
are only left-handed (and antineutrinos are only 
right-handed). Note this particular case can over- 
lap with case A (the chiral case), but it is exclusive 
of case B [the SU(2) x U(1) limit], for which b? 
>> (c?+a*). This particular case (b=c) of exact 
atomic parity conservation, it turns out, does not 
permit the possibility of a rather light neutral 
gauge particle (m nv, <™w,) (see discussions in 
Sec. V). 


Vv. PHENOMENOLOGY: DISCUSSION OF RESULTS 


With the amplitudes and K,, K,, and Q,y listed 
in Sec. III, it is straightforward to calculate the 
various neutral-current parameters” (R,, Rs, R, 
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Cone Cones Creer Ro, Re, and R*) using the quark- 
parton model for the semileptonic processes. For 
simplicity, we neglect the contributions of the anti- 
quark-partons®® in the sea. The results exhibited 
in Tables J, II, and III as well as in Figs. 1-8 
represent the principal features” of our analysis. 
We draw attention to the following features of our 
results: 

(1) We see first of all from Tables I and II that 
the point of exact or approximate chiral symmetry 
lie., 1-f£=a"/(c?+a’)=0], together with the cou- 
pling-constant ratio r being in the range *0.33 to 
0.66 (see below), is a point of good agreement be- 
tween theory and experiments involving all 
present neutral-current processes. One obtains 
in this case a fit*” simultaneously for the neutrino 
data as well as for the electron atomic parity ex- 
periments, which presently seem to indicate’? a 
small value for Qy. 

The question arises, how far from the chiral 
limit ({ = 1 corresponding to a*=0) may one de- 
part and yet be in accord with the experiments. 
The answer we find is interesting: one may choose 
£=c"/(c?+a) sensibly lower than unity (i.e., a’ 
~c*) if one wishes and yet be in accord with all 
the neutrino data provided, however, that the spe- 
cial combination 


y=(1-t)/n=a"/b? (60) 


is sufficiently small (<0.15). This may be in- 
ferred partly from Table I and Figs. 2, 3, and 4, 
which show that the values of R; and in particular 
R become lower** than those permitted by the pres- 
ent data, if y exceeds nearly 0.15 with { =either 

0.9 or 0.8. [It may be verified that the neutral- 
current cross-section ratio R is only a function 

of the coupling -constant ratio x and the parameter 
y, but it is independent of x= (n—¢)/t = (0? —c?)/ 

c® and thus is an especially useful quantity for 


TABLE Il. Predictions of the masses of N, and N» and the atomic parity-violation parameter in the chiral limit 


@* =0 or ¢=1) as a function of ( ~¢)/t. 


2 n-t Bec My 
ier a ae 
0.33 -0.5 1.64 
—0.375 1.36 
0.0 1.00 
1.0 0.82 
SU(2) x U(1) limit 99 0.75 
0.44 ~0.5 1.61 
0.375 1.34 
0.0 1.00 
1.0 0.81 
SU(2) x U(1) Limit 99 0.72 


K,= we Qy My; *53(1+ 1/3r)'/2 
My, 

0.61 126 75 GeV 
0.59 75 

0.50 0.0 

0.34 —63 

0.007 ~125 sin®6 y= 0.25 
0.53 138 70 GeV 
0.51 83 

0.43 0.0 

0.27 —69 

0.006 136.5 sin’ 0y=0.29 


—=[—=$[_—=—=—=—=@0n@n@n9WVv_VLVV<Dm[@[[@[=[RlN —ESEOEeESOOEOEOOOeeeeeEeEeEeeeeEeEeEeEeEeEeEeEEEEEEE—e eel 
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ra(ti,/9?) 20.44 


-1 0 5 10 5 20 25 30 35 40 


x= 


FIG. 2. Variation of R, as a function of x= (n— ¢)/t= (b?—e%)/c? for y = (1 — t)/n=a"/b?=0.0, 0.1, and 0.18 with the 
coupling-constant ratio 7 fixed at 0.44. 


FIG. 3. Variation of R5 as a function of x for y=0.0, 0.1, and 0.18 with r fixed at 0.44. 
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0.80 


0.70 


° 1 02 03. +04 OS o8 OF 
yet-O0in eat ib' = 
FIG. 4. Variation of R= EN /oX o yf) as a function of 


y with r=0.44 and 0.66. pa > that R is. independent of 
x=(n— 0/t= (b?-%)/e?, 


comparison of theory with experiment.] The con- 
dition that y be small (<}) can no doubt be satis- 

fied even with arbitrarily small { —0 by choosing 

7 to be sufficiently large, i.e., 


n>6(1—£). (61) 


For example, if ¢ is as small as 0.5, one would 
need 7>3; this is simply to explain the neutrino 
data. The price one must pay in this case, how- 
ever (if it is a price”), is that the atomic parity- 
violation parameter @,y would rapidly approach its 
SU(2), x U(1) value for 7>> 1 [see Eq. (40c) and our 
discussions in Sec. IV] in apparent contradiction 
with the present data; simultaneously the mass of 
N, would become progressively heavier (>my}3) 
with N, remaining relatively light but still heavier 
than Wz. 

The precise constraint which may be obtained 
on the chiral-symmetry-breaking parameter (1 - t) 
by the above considerations can only be laid down 
after one knows the value of Q, from experiments 
together with a reliable atomic-physics calcula~- 
tion? for the relevant atom. However, to demon- 
strate the point, let us assume for illustration 
only that the true value of Q, is at least a factor 
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of 3 lower in magnitude than its SU(2) x U(1) value. 
This would imply, using Eq. (40c), that the ratio 
Qy/Qy(SU(2) x U(L))= (n- t)/(¢+n—-£?) lies between 
-§ and+4, which in turn would imply (given either 
sign for Qy) that 7<(2¢ —3£"). Combining this with 
the constraint that the neutrino data seem to re- 
quire 6(1—£)<y, as stated above, we would de- 
duce 


(8¢ - £7/2)>6 


or 


1-teahy <0. 


We stress once again that this constraint should 
be taken at present as an illustration only, since 
the true value of @, is yet an unknown quantity. 
We draw the following important conclusion 
from the above discussion: If Q, indeed turns out 
to be rather small compared to its SU(2) x U(1) 
value, and if the neutrino parameters retain their 
present values, one can well account for both 
these features within the left-right-symmetric 


038 


0.25 


020 
0.33 0.35 040 0.45 A 


FIG. 5. R, versus R; for varying coupling Constant 
ratio r at the chiral-symmetric point ¢=¢?/(c?=a%)=1, 
where all neutrino amplitudes are functions of the single 
parameter 7 with sin?6, = (37)/(67+2). The allowed range 
of the coupling-constant ratio r (following from comparison 
of the predicted values with experiments) is not altered ap- 
prectably by departing from the chiral limit (¢= 1) and vary~- 
ing n=b?/(c? +a?) as well. 
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re fiig?=0.46  O=4 


af=t 
-~—-—b O=0.9 


x=(n —0)/8 


—1.00 


we as(n—Cd/g +@ 


FIG. 6. Variation of the atomic parity-violation parameter Qy with x= (n— t)/t=(b?—c*)/c? for the cases of exact 
or approximate chiral symmetry (i.e., 1— £=0 and 0.1) with fixed coupling-constant ratio r. 


rm tt, ig? = 0.44 


ct 


-0.8 05 t) 05 1 15 2 
xm —O0/t 
FIG. 7. Variation of the predicted masses of the two neutral-gauge particles N, and N, with x=(n— ¢)/t for the 


chiral-symmetric point (¢=1) with fixed coupling-constant ratio r. These predictions are insensitive to small depar- 
tures from the chiral-symmetric point (i.e., ¢ varying, say, between 0.8 to 1) even at relatively small x. 
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FIG. 8. Predicted masses of (N, and N,) as a function of the ratio of atomic parity-violation parameters Q_/Qy)o- 
Qy and (Q,)) are the values of the atomic parity-violation parameters for Bi for the left-right-symmetric model 
(Ref. 6) and the SU(2),; xU(1) model (Ref. 4), respectively. Expressions for these quantities are given in the text [see 


Eqs. (40) and (55)}. 


theory; however, in this case the solution of the 
theory must lie near the chiral-symmetric limit 
(a@’< c), where the limit a*=0 corresponds to the 
vanishing W,-W, mixing as well as the vanishing 
fermion masses. 

(2) We noted above that agreement between our 
predictions and the neutrino data is obtained pro- 
vided the coupling-constant ratio r=/,,?/g" lies 
in a limited range. Examining Table II and Fig. 4, 
one may deduce (this holds for ¢<1 as well) a 
guiding range: 

0.33 <r=f,,7/g*<0.66. (62) 


If the coupling-constant ratio 7 is lower than 0.30, 
the neutrino parameter R, becomes too high, ex- 
ceeding 0.30, which lies above the upper limits of 
Gargamelle (GGM) and Caltech-Fermilab (CITF)- 
values. If, on the other hand, the coupling-con- 
stant ratio r exceeds 0.66, R,,=0%/o% becomes 
too high, exceeding the upper limit ~0.6 of the 
present Harvard-Pennsylvania-Wisconsin-Fermt- 
lab (HPWF) result. [This last deduction should, 
however, be taken with caution, since the theo- 
retical prediction of elastic-scattering parameters 
depend*’ upon (v, ¥) spectra and the mass charac- 
terizing the axial-vector form factor.] 

It is remarkable that the range of the coupling- 
constant ratio, exhibited above, deduced phen- 


omenologically, lies well within the rather “lim- 
ited” range of the same, deduced on theoretical 
grounds™ based on renormalization-group con- 
siderations, which yield 


te?sf,,2 <fe?. (63) 
Together with Eq. (13a), this implies 
$8 r=f,7/g751. (64) 


The lower limit corresponds to f,/g— © and the 
upper to the bare value (/,=/,,=g)- 

(3) The variation of Q, as a function of x 
=(n-1£)/t =(b* -c*)/c? is exhibited in Fig. 6. As 
we see, it passes through zero at x=0, approach- 
ing its SU(2) x U(1) value in the limit x—- © with 
t~1 (i.e., 5?>>c*, with c?#0), while for negative 
x (b?<c?), it rises rapidly acquiring unbounded 
positive values. We find that large negative x 
(ie., x<-0.6, or 57<0.4c*) is probably excluded 
by the present atomic parity experiments, since 
such x implies Q,>+300. On the other hand, 
small negative values of x (-0.55 x =(n~¢)/t =0 
corresponding to 4 = b?/c?< 1) are fully allowed 
by the data on Q, (as well as by the neutrino data). 

(4) If x>0 (i.e., if 6?>c*), then both N, and N, 
temain heavier than W} (see Fig. 7), with the 
mass of N, coinciding with that of W; for b?=c* 
(at ¢=1, i.e., a*=0). On the other hand, if x<0 
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(i.e., if d?<c?), N, is mevitably lighter than W:. 
For example, if the true value of the atomic par- 
ity-violation parameter Q, is positive and as large 
as 100 (this is consistent with the present data, 
Refs. 1 and 2), then from Table II or Fig. 6 we 
may deduce*® that the parameter x=(n-¢)/¢ should 
be =-0.44, and correspondingly (from Fig..7) with 
r=0.44, we would obtain® 

my,*56 GeV, my, +=70 GeV. (65) 
By contrast, for the SU(2) x U(1) theory with 
r= 0.44 [i.e., sin?6, =37/(67+ 2)=0.29], we obtain 


m,0%83 GeV, my,+=70 GeV. (66) 


Theorem II. The left-right-symmetric theory 
offers the distinct advantage that one of the neu~ 
tral gauge particles is necessarily lighter than 
the Z° of the SU(2)xU(1) theory. If 6?<c?, it will 
be lighter than the charged W; as well. 

(5) In our analysis, we have neglected for sim- 
plicity the effect of W,-W, mixing on the compo- 
sition and masses of the charged eigenstates. 
[Compare the mass matrix (9b) with Eq. (26).] 
This is justifiable a posteriori within the four- 
flavor model®: First, because™ with only four 
flavors one must have m,s? = 10m, +? [following 
Eq. (11) and the remark in Ref. 26] ‘to account 
for the observed predominance of V—A over V+A 
[my #* and mys? here refer to the diagonal ele- 
ments of (9b): second, because, as noted above, 
we found a posteriori that the solution with ap- 
proximate chiral symmetry (a?< c”) may even be 
favored by the data. 

Extensions of the four-flavor model® to models 
containing more than four flavors and/or more 
than four colors, while still retaining the left- 
right-symmetric gauge structures® § or § (as 
subgroups) are straightforward (see, for example, 
the mirror model Ref. 25 for such an extension). 
What we wish to stress here is that such exten- 
sions do not alter any of our considerations re- 
garding neutral-current interactions. They would 
in general matter for charged-current interac- 
tions. We would enter into a more detailed study 
of this possibility elsewhere. 

To conclude, the left-right-symmetric theory® 
accounts for all the present experimental neutral- 


current parameters including the phenomena of 
possibly small atomic parity violation—in terms 
of three parameters in general [r=/,,?/g?, 1=b?/ 
(c?+a), and £=c?/(c?+a*)]. The allowed range 

for the coupling-constant ratio 7 (=0.33 to 0.66) 
deduced phenomenologically falls within the the- 
oretically deduced™ rather limited range for the 
same. In addition to 7, the combinations (1 - £)/ 
n= a/b? and (n -¢)/t = (b7 - c?)/c? also get con- 
strained severely by the present data in spite of 
their large errors. Thus the left-right~symmetric 
theory can be well tested experimentally once the 
body of independent neutral-current measurements 
settles experimentally. There are at least eight 
such measurements involving scattering-type ex- 
periments only. Including the masses of the two 
neutral particles, this number is ten. 

The intricacies of the left-right-symmetric 
theory are remarkable. Depending upon the pat- 
tern and magnitudes of the parameters of spon- 
taneous symmetry breaking,® it offers two inter- 
esting alternative limits; (i) the chiral-symmetry 
limit (a*<« c”) with 6? ~c? and (ii) the SU(2) x U(1) 
limit (5? >> c?+ a”). In either case, the neutrino 
processes are described in terms of the single 
parameter x. The predictions of the two cases 
for these processes in fact coincide (in the extreme 
limit of a? 0 for case (i)]; they differ from each other 
only in respect to electron atomic parity experi- 
ment and the masses of the two neutral gauge par- 
ticles N, and N,. The first case predicts the exis- 
tence of two relatively light neutral gauge par- 
ticles® N, and N,, and subject to b?<c?, it even 
offers the exciting possibility that one of the neu- 
tral gauge particles can be considerably lighter 
than the charged Wz. The second case generates 
the single relatively light familiar Z° (heavier than 
W;). Which of these two limits of the left-right- 
symmetric theory® is chosen by nature, if any, 
appears to depend crucially upon a knowledge of the 
atomic parity-violation parameter Qy. 


ACKNOWLEDGMENTS 


We are grateful to Vernon Barger and Victor 
Elias for most helpful discussions. We thank 
Sunanda Banerjee, Bahman Hafizi, Betty Moyni- 
han, and Kenneth Powell for their generous assis- 
tance in computations. 


*Work supported in part by the Science Research 
Council, United Kingdom and by NSF, Grant No. 
GP 43662X. On leave of absence (1976-77) from the 
University of Maryland, College Park, Maryland. 

'p, Baird, M. Brimicombe, G. Roberts, P. Sanders, 
D. Starey, E. Forston, L. Lewis, E. Lindahl, and 


D. Soreide, Nature (London) 264, 529 (1976). 

24s noted in Ref. 1, the uncertainty in the atomic-phy- 
sics calculations (on account of configuration mixing) 
for the amount of parity violation to be expected in 
Bi?** (Ref. 1) is at present so large that no firm con- 
clusions can be drawn from the present level of ex- 


375 


148 JOGESH C. PATI, SUBHASH RAJPOOT, AND ABDUS SALAM 17 


perimentation [see R. D. Cowan, S. Meshkov, and S. P. 
Rosen, report, 1977 (unpublished)]. Thus one must 
wait for more refined theory and experiments on the 
problem before judging whether departures from the 
SU(2) x U@) theory as regards atomic parity violation 
are indeed showing themselves at low energies. For 
earlier calculations on atomic parity-violation para- 
meters, see M. A. Bouchiat and C. C. Bouchtat, Phys. 
‘Lett. 48B, 111 (1974); J. Bernabeu, T. E. O. Ericson, 
and C. Jarlskog, Phys. Lett. 20, 315 (1974); I. B. 
Kriplovich, Zh. Eksp. Teor. Fiz. Pis’ma Red. 20, 

686 (1974) [JETP Lett. 20, 315 (1974)]; E. M. Henley 
and L. Wilets, Phys. Rev. A 19, 1911 (1976); 

M. W. S. M. Brimicombe, C. E. Loving, and P. G. H. 
Sandars, J. Phys. B 9, L237 (1976). 

Syor measurements of o(vd— vx) versus o (@d-- Dx) see 
A. Benvenutti ef al., Phys. Rev. Lett. 37, 1039 (1976); 
J. Blietschau et al., Nucl. Phys. B118, 218 (1977); 

B. C. Barish, Caltech. Report No. CALT-68-544 (un- 
published). For measurements of o Pp—-Pp) versus 
o (vp —vp) see D. Cline et al., Phys. Rev. Lett. 37, 
252 (1976); 37, 648 (1976); W. Lee et al., Phys. Rev. 
Lett. 37, 186 1976). 

4s, weinberg, Phys. Rev. Lett. 19, 1264 (1967); Abdus 
Salam,in Elementary Particle Theory: Relativistic 
Groups and Analyticity (Nobel Sympostum No. 8), edited 
by N. Svartholm (Almaqvist and Wiksell, Stockholm, 
1968), p 367, and references therein to the work with 
J.C. Ward and S. L. Glashow; S. L. Glashow, J. Dio- 
poulos, and L. Maiant, Phys. Rev. D2, 1285 (1970). 

5gee, for example, R. M. Barnett, in Particles and 
Fields '76, Proceedings of the Annual Meeting of the 
Division of Particles and Fields of the American 
Physical Society, Brookhaven National Laboratory, 
edited by H. Gordon and R. F. Peierls (BNL, Upton, 
New York, 1977), p. D 77, for a list of references on 
standard vectorlike theories based on SU(2)xU(Q) 
group. It should be noted that it is possible to build 
a notable class of vectorlike SU(2)x U(1) theories, as 
for example the one extracted from E, [F. Giirsey and 
P. Sikivie, Phys. Rev. Lett. 36, 775 (1976); P. Ramond, 
Nucl. Phys. B110, 214 (976); P. Sikivie and F. Giirsey, 
Phys. Rev. D16, 816 (2977)), in which atomic parity 
violation can be vanishingly small, and yet there can 
exist y-D distinction in neutral-current scattering ex- 
periments (this is unlike the standard vectorlike the- 
ories). This class of models, however, appears to 
suffer from one disadvantage: the strangeness-chang~ 
ing neutral-current processes are not “naturally” 
suppressed, at least within the SU(2)xU(1) extractions 
of these theories. [S. L. Glashow and S. Weinberg, 
Phys. Rev. D 15, 1958 (1977); see however remarks in 
P, Sikivie and F. Giirsey, ibid. 16, 816 (1977) J 

83, C. Pati and Abdus Salam, Phys. Rev. D10, 275 
(1974). 

"Phe Abelian factor U(1),.p within J =SU(2), x SU(2)p 
x U(L) xSU(3) 7.2 may be identified with the 15th gen- 
erator Fj, of SU(4) {Jp, as stressed in Ref. 6 (see 
footnote 11). 

This choice g { = g\” was proposed in Ref. 6, in or- 
der that the origin of parity violation should lie in 
spontaneous symmetry breaking only. See Ref. 6, 

p. 276 and footnote 34, where it was stated that, pro- 
vided g$ =g, the “ratio of the renormalized coupling 
constants g, /gp would differ from unity by calculable 


finite radiative corrections of order a in(ny ,"/my ,*) 
to the extent that spontaneous symmetry breaking in- 
troduces different masses for W , and W p (for exam- 
ple).” The acalar (spontaneously symmetry breaking) 
multiplets introduced in Ref. 6 (A,B,C) were left- 
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11R, N. Mohapatra and J. C. Pati, Phys. Rev. D11, 566 
(1975). 

1207 ieht” in the present context denotes a mass scale of 
order 50 to 100 GeV. 

3Barring the insistence that even the physical currents 
exhibit manifest and natural left-right symmetry, a 
feature which has guided all the phenomenological con- 
straints such as m y2 Z 3my 7 obtained in Ref. 6 [see 
recent paper of M. A. B. Bég etal., Phys. Rev. Lett. 
38, 1252 (1977), who obtain similar limits and point 


_ out that with such insistence left- and right-handed 


Cabibbo angles 6, and 6p (Ref. 6) are indeed equal up 
to finite radiative corrections strengthening the con- 
siderations of Ref. 6}. 

“4H, Georgi and S. L. Glashow, Phys. Rev. Lett. 32, 438 
(1974), For E,, see Ref. 5. 

15% should be understood that there are alternative per- 
missible modes by which the symmetry G can break 
down to $, other than those exhibited in Fig. 1. For 
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relative rate of emission is known to be <10%. This 
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tecting the right-handed neutrinos and left-handed 
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Ref. 13.) In this regard it is worth noting that the 
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“'The comparison of theory with experiments for lep- 
tonic processes is still premature due to large errors 
in the experimental values. As regards elastic ‘vp- 
and }p-scattering parameters, the comparison is 
somewhat premature, since the theoretical predic- 
tions depend upon the knowledge of », DJ spectra and 
the mass characterizing the axial-vector form factor. 
We have followed D. P. Sidhu, Phys. Rev. D14, 2235 
(1976); C. Albright, C. Quigg, J. Smith, and R. Schrock, 
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ibid. 14, 1780 (1976); R. M. Barnett, ibid. 14, 2980 
976); : and V. Barger and D. V. Nanqpoulos ( (Ref, 37) 
in taking these features tnto account. We thank Pro- 
fessor Vernon Barger for most helpful communica- 
tions in this regard. 

“m Figs..2, 3, and 4, we have exhibited the results for 
a fixed r= (f;5°/g’)=0.44. For a giveny=(Q- B/m 
the neutral-current cross-section ratio R= (0 74/0, 
increases with increasing r (see Table ID). hl 
as long as the coupling-constant ratio r stays within 
the range 0.33 to 0.66 (¢the reasons for this restriction 
are discussed later), the cross-section ratio R de- 
creases below the GGM range (0.59+ 0.14) once y ex- 
ceeds = 0.28 (see Fig..3). We should also remark 
that it is possible to obtain a fit for some of the para- 
meters (for example, R; ) with relatively large y 
=(1~¢)/f, but then either the leptonic parameter C, ,, 
(Ref. 37) becomes too small compared to the present 
experimental range, or R becomes too small, or else 
R, becomes too large. [Note that in the SU(2) x Ud) 
limit (4 >>1). y= @—t)/n vanishes; on the other hand, 
x= (n— 0/t= (b?—¢%)/c* can be large (by ¢ —0) with- 
out y vanishing. Thus «--« is not necessarily the 
SU(2) xU(@) limit; it is the SU(2) xU(Q) limit only pro- 
vided ¢=¢?/(c?+a?) is nonzero.) 

‘*The answer does not depend sensitively on { near £ 
esl, 

“While my: depends on, the ratio (ny,/my2) is not 
so sensitively dependent on r (see Table m. 

“allowing for (g*/4)@;?+a,a,) <tm ys? and mys? 
210m,:? , the lowering of W} mass due to W;, 
-W,m [see (9b)] is given by 


tat/a) SEeBsEN «(x ny (Spat) 
¥ Gy 57/160), 


which is a small effect. Likewise the W},—- 
angle is given by 


2(a,2+0,0,)/(a*+ b?+€ f—a?—c*—e,)) 


= (Sark, : sh 


which also is a small effect for most purposes. 
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The distinct advantage which a lunar detector would have over a terrestrial one in searching 
for proton decays corresponding to rather long nucleon lifetimes 2 6 x 10°? yrs is noted. 


Proton-decay searches at various laboratories of the world have so far led to results 
which are either negative or whose interpretations are subject to some ambiguity. The 
IMB group’ working with the largest detector, particularly well-designed for detecting 
the e* 7°-mode, have as yet reported no candidates for this mode, setting a lower limit 
[t,/B(p + e*x°)] 2 2 x 10°? yrs. On the other hand, several groups”~* have reported 
contained events which could arise from genuine proton decays (in the experimenters’ 
views) of the type p > »*K°, p > y*n, etc. Unfortunately the interpretations of these 
events appear to Be subject to ambiguity, especially if one demands near consistency 
between the observations of the different groups. The sole cause of this ambiguity is 
the expected background owing to atmospheric neutrino-induced reactions, whose 
rate in the relevant energy-range roughly appears to coincide with that of the observed 
events. 

Since proton decay bears on fundamental issues,® one would, of course, like to see 
that the efforts in its search be strengthened in all directions so that one may finally 
ascertain beyond a shadow of doubt whether or not it decays with observable lifetimes 
S105* yrs (say).* 

If the background-to-signal ratio in the search for proton decay continues to be a 
problem even aftér the present detectors have run for the next three to four years 
(whether or not this will happen largely depends, of course, upon the proton lifetime 
and the nature of its dominant decay modes), it seems to us that one must then consider 


t Permanent address: Tata Institute of Fundamenta! Research, Bombay, India 

* From a theoretical standpoint, within grand unified symmetries like SO(10) and SU(16) which unify 
members of one family in contrast to SU(5) and which permit a two-stage-descent into SU(2), x U(1) x 
SU(3)¢, proton lifetime is expected to be of order 10°-10°* yrs for such a two-step descent with sin? Oy ~ 
0,22-0.23. 
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seriously the possibility of using the moon as the searching ground for proton decay. 
The major advantage of the moon in this regard is the fact that it has no atmosphere 
and, therefore, no atmospheric neutrinos or atmospheric muons. The background of 
neutrinos, muons and neutrons arising from interactions of primary cosmic rays with 
the moon rock and/or the detector materials can be made sufficiently small by a 
suitable design and a choice of the location of the detector, as we discuss, so that even 
a few events of the type observed on the earth (e.g., the u* K°-type), if seen on the moon, 
should constitute evidence for proton decay. As we shall see, the galactic and extraga- 
lactic neutrino backgrounds do not pose a serious problem on the moon either. 

The purpose of this note is to stimulate thinking in this regard. Conscious of our 
lack of expertise in rocket technology and its limitations and also of our knowledge 
of detectors which may be available, say five to ten years from now, and the lack of 
detailed information about the surface and the underground structures of the moon, 
we still wish to make a start here by spelling out what appear to us to be some of the 
relevant issues. 

We are encouraged to entertain the idea of moon experiments in the first place 
because several space planners are now enthusiastic to revive trips to the moon and 
have suggested that few people may even live there, mining raw materials, growing 
their own food and using solar energy.” This could provide a very useful experience 
which is needed for exploration and possible colonization of space in the future. If such 
an exploration of the moon materializes, it would become much easier to entertain the 
idea of setting up the proton-decay experiment on the moon as a parasitic endeavor 
to the main program at a very small fraction of the total cost. We therefore proceed 
with the presumption that the moon exploration will resume in full force in the not 
too distant future. 

Since we wish to have a source which effectively provides at least (few) x (10°? to 10°) 
nucleons, which would need at least (few) x (10,000 tons) of matter,’ it is clear that we 
must utilize the moon rock (or dust) itself to provide the bulk of this. In other words, 
we should plan to carry from the earth only those components and systems which are 
needed to detect the decay products, and to record and transmit the information. 

Since the flux of primary cosmic rays unhindered by the atmosphere and magnetic 
field would be rather enormous at the surface of the moon (¢.g., the flux of 10 GeV 
protons is ~ 1 per cm? per sec ~ 10'* per 1000 m7 per year) we must reduce this and 
also the secondaries produced in these interactions, especially the neutrons, by at least 
15 to 16 orders of magnitude (say) to help isolate proton-decay signals which may be 
of the order of 10 to 5 per year for a 20 kiloton detector with t, ~ (1 to 2) x 1033 yrs 
(say). To reduce the flux by this extent, we must shield the detector by placing it, for 
example, in a tunnel with, say, 100 meters of rock above it (see Fig. 1). One may, for 


> For a descriptive report on this, see e.g. J. Bigger, Washington Post Magazine Section, p. 8, September 
1, 1985. 

© 10,000 tons of matter yields about 6 x 10? nucleons. 

4 By having at least 100 meters of rock above the detector, the flux of primary cosmic rays would be cut 
down by a factor of at least 107°. See discussions later about possible background due to secondary particles. 
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example, blast a tunnel on one side at the bottom of a crater which is fairly deep‘ 
(depth 2 100 meters, say) but not too wide at the top. 

While the exact details of the nucleon decay detector to be installed on the moon 
will naturally depend on the state-of-the-art of detector technology, the limitations on 
the size and weight of individual packages and the restrictions on the type of gases 
that can be carried to the moon, etc., we may for purposes of illustration envisage 
systems that are similar to the ones operating in the terrestrial underground labora- 
tories. Since there appear to be no water or any other transparent liquid readily 
available on the moon, we have to rule out water Cerenkov type of detectors and plan 
in terms of the fine grain calorimeters. In line with the currently operating systems the 
detector could be modular in construction, each module having the following features: 
overall dimensions ~ 5 m (height) x 5Sm(length) x 10m (width) (see Fig. 1), composed 
of 80 vertical layers of moon rock packed in suitable lightweight containers—each 
5m x 5m x 10cm, interspersed with 80 crossed layers of gaseous discharge counters 
made of lightweight plastic walls. Each counter in the layer may be 5 meters long with 
a cross-sectional area of 1 cm x 1 cm. The lunar rock (with a packing density‘ of about 
2 g/cm?) in such a module would weigh approximately 400 tons and the plastic 
containers nearly 2 tons. 

For a 10—20 kiloton nucleon detector, we require 25—50 such modules and the length 


* If the idea of mining raw materials on the moon materializes, then blasting a tunnel may not need new 
equipment. 

! The average density of the moon is ~3.39 g/cm?. That at the surface is +2.2-2.8 g/cm, corresponding 
to rocks like basalt. 
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of the tunnel for the detector system alone would be 125-250 m—the overall dimen- 
sions of the tunnel would have to be approximately 150-300 m long, 15 m wide and 
7m high. From the mouth side of the tunnel there would be a background of neutrons 
produced by the bombardment of the unhindered cosmic rays on the surface of the 
crater. To reduce this background, the assembling of detector modules should start 
sufficiently deep inside the tunnel—i.e. about 30—40 meters from the mouth—and this 
space could be utilized for all the electronic and other equipment. 

We see that for a 10-20 kiloton detector, the total earth-weight of the detector 
equipment which needs to be carried from the earth to the moon for the sake of the 
proton-decay experiment is around 25-50 modules x 2 tons = 50-100 tons. The 
recording and transmitting equipment may weigh at least half as much. Once the moon 
exploration project is established, the cost of carrying this weight from the earth to the 
moon might be manageable.* 


Expected Background 


On the moon one does not have to worry about atmospheric neutrinos or muons. 
But secondary hadrons like x* and kaons produced by interactions of the primary 
cosmic rays with the moon rock or dust can decay into muons and neutrinos. (Neu- 
trinos can also arise from the secondary muon decays.) These will provide a source of 
background for nucleon decays, provided E, ~ 1 GeV + 200 MeV. Fortunately, owing 
to the intervening moon rock or dust, which is much more dense (p 2 2 g/cm?) than 
the earth’s atmosphere, the secondary hadrons will most of the time interact strongly 
with the lunar rock, lose energy and be absorbed before having a chance to decay. For 
example, for a 2 GeV pion, the effective decay length is about 110 meters, whereas the 
interaction mean free path is less than 1/2 m. For this reason, the neutrino background 
(E, ~ 1 to 2 GeV) arising from secondary decays in the moon would be reduced by at 
least a factor of 200 compared to that on the earth. This is the major advantage of the 
moon experiment as stressed before. 

The production of energetic muons (E, 2 2 GeV) arising from 2+ (or K*) decays 
would also be considerably reduced compared to that in the earth’s atmosphere for 
the same reason as above—i.e., most of the correspondingly energetic x* (or K *) will 
not have a chance to decay. The higher the energy of pions (or kaons), the lower is the 
relative probability for their decays. Those muons which would still arise from pion 
(or kaon) decays with energies ~ 1 to 5 GeV (say) would rapidly lose energy in the 
rock due to ionization loss; the range of a 5 GeV muon in the moon rock with a 
density ~ 2.5 g/cm is about 10 meters, while the decay length is nearly 9 km. Thus 
the relevant muon flux arriving at the nucleon decay detector which is shielded by 
moon rock (2100 m) on all sides would be reduced by at least five to six orders of 
magnitudes compared to that on the earth. For this reason, there would be no 


* Any cost estimate would, of course, be significantly lowered beyond the initial stages of the exploration 
of the moon. 
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equilibrium neutron background, either. Furthermore, the component of the neutrino 
background arising from muon decays would be essentially eliminated. This would 
further reduce the net neutrino background on the moon relative to the earth. Con- 
servatively, we will still take the relative reduction factor to be 2 200. 

So far, we have not considered the contribution from galactic neutrinos which are 


predominantly produced in the interaction of cosmic rays with the interstellar gas and 


dust. Due to the lens shape of the galaxy and due to the fact that the solar system is 
located off the center, this flux is highly anisotropic as seen on the earth and on the 
moon. The maximum flux will naturally be from the direction of the galactic center 
and the minimum from a direction perpendicular to the galactic plane. Detailed 
calculations” ®:? show that (i) the neutrino flux from the direction of the galactic center 
(ie., from a band distributed along galactic longitudes of — 60 to +60° and latitudes 
of +6°) is lower by a factor of nearly one hundred compared to the terrestrial 
atmospheric neutrino flux; (ii) it is further reduced by a factor of 5-10 from other 
directions in the galactic plane and by a factor of about 100 in a direction perpendicular — 
to the galactic plane compared to that from the galactic center. Therefore it is clear 
that the galactic neutrino flux in the lunar underground laboratory would be compara- 
ble to the locally produced neutrino flux discussed above only in a restricted solid 
angle in the direction of the galactic center, or at the worst in all azimuths within the 
galactic belt of say +20°. However, if we restrict ourselves to events away from this 
solid angle, the galactic neutrinos are again down by at least three orders of magni- 
tudes" compared to the atmospheric neutrino background on the earth. 

To summarize, the backgrounds due to all sources—i.e., neutrinos, muons and 
neutrons—can be reduced by at least a factor of two hundred and perhaps even better 
on the moon compared to those on the earth. 

In Table 1, we present a comparative summary that exhibits the distinct advantage 
which a lunar detector would have over a terrestrial one. For example, if t, 2 10°? 
yrs, the expected v background event rate on the earth, even after the relevant reduction 
due to topological cuts, would be equal to or exceed the rate of proton decay events.' 
On the other hand, the background-to-signal ratio on the moon, with the same 
topological reduction factor as on the earth, is at best only 0.5% for nucleon lifetimes 
(tx) of nearly 1033 yrs and 5% for ty ~ 10°* yrs. 


» The galactic and extragalactic neutrino flux calculations depend on (i) the assumed distribution of matter 
and (ii) distribution of cosmic rays in the galaxy and outside. If these are radically different from what is 
assumed in the calculations, then the same experiment on the moon will serve to open up new vistas in our 
understanding of the structure of matter and radiation in the galaxy. 

i For this reason, 1033 yrs seems to be about the limit which proton-decay searches on the earth can 
optimistically hope to reach as regards proton lifetime, at least under the present state-of-the-art. Since the 
raw neutrino background cannot be reduced, the only way to reduce the effective background is to improve 
the reduction factor beyond that of 100 shown in Table 1. If detectors are designed so as to improve this 
factor significantly and such efforts should by all means be undertaken, it is clear that such improved detectors 
transplanted to the moon would, in principle, permit searches for proton-decays with lifetimes approaching 
even 10° yrs. 
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Table 1 
v-Induced Events for v-Induced Events for 
Earth Detector Moon Detector 
E, = 1000 + 200 MeV E, = 1000 + 200 MeV 
Nucleon 
Decays Without With Without With 
Expected topological topological topological topological 
TN in 20 KTY cut cut cut cut 
105? years 120 1000 10 <5 <0,05 
10°? years 12 1000 10 <5 <0.05 
10%* years 12 1000 10 <5 <0.05 


A comparative summary of earth-versus-moon nucleon decay detectors. The fourth and the sixth columns 
show the expected number of events due to neutrino interactions which would simulate nucleon-decay events 
in the earth and the moon detectors respectively for 20 KTY exposure in each case. Based on observations 
and theoretical calculations, we have assumed that for a detector on the earth, there will effectively be a 
total of nearly 50 neutrino induced events with E, ~ (1000 + 200) MeV per KTY-exposure and that this 
background can be further reduced by about a factor of a hundred for high resolution fine grain detectors 
by imposing topological cuts (see e.g., Ref. 10). The raw neutrino background on the moon is expected to 
be lower by at least a factor of 200 than that on the earth (see text). It is assumed that the background 
reduction factor due to topological cuts is the same for the moon as it is for the earth detector. 


Thus, if the technical and financial aspects involving transportation of detector 
materials weighing about 100 to 200 tons from the earth to the moon and setting up 
the detector on the moon can be managed, proton decays with lifetimes < 10°* yrs 
can be measured with confidence on the moon. This would be a significant improve- 
ment over terrestrial experiments. Needless to say, the proton-decay detector set up 
on the moon will also be most useful as a detector of neutrinos from astronomical 
sources because of the significant reduction of the background due to local sources 
(like the atmosphere)./ Furthermore, it would permit one to search for neutron- 
antineutron oscillations with far greater sensitivity than that available on the earth. 

We believe that many physicists must have already given thought to the idea of 
searching for proton decay on the moon.‘ We, therefore, hope that this note will help 
focus on the idea and generate further thinking leading to an optimum design of a 
proton-decay detector specially suited for the moon. 
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that F. Reines has also been considering this idea (private communication). 
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4. Gravity, Supersymmetry and Strings 


The main focus of Abdus Salam’s research work in theoretical physics has always 
been directed towards quantum field theory and the unification of the fundamental 
forces. Therefore, it is not surprising that at various times he has extended his 
activities to include the gravitational field. 

The problem of constructing a coherent and consistent theory of quantum gravity 
has proved remarkably intractable and, even today, a variety of views are held on 
the subject. From the perspective of an elementary particle physicist it is natural 
to start by reducing general relativity to something that resembles a standard, 
Poincaré-invariant theory. This can be done by writing the space-time metric tensor 
Jur(z) as Nuvthyr(z) where ny, is the usual Minkowskian metric on flat space-time, 
and then regarding h,,(2) as a field that is to be quantized in a standard way using 
(special-)relativistic quantum field theory. This works well at the linearized level 
and yields a theory of spin-two, massless gravitons propagating on the background 
Minkowski space-time. However, when substituted into the Einstein-Hilbert action, 
the expression ny» + hyv(x) gives a Lagrangian for the graviton field hy (z) that 
is non-polynomial and, by elementary power counting, the ensuing quantum field 
theory is highly non-renormalizable. Two traditional reactions to this situation have 
been to suggest that (i) non-perturbative quantization techniques are required; or 
(ii) one must look for a modification of general relativity in which the unwanted 
ultraviolet divergences somehow cancel each other. 

Salam’s interest in quantum gravity was kindled in the late 1960s by his work 
on the quantization of non-polynomial Lagrangians (see Sec. 1). He realised that 
it should be possible to apply these techniques to the case of quantum gravity 
and began a detailed research programme on the topic. The paper with Isham and 
Strathdee illustrates the type of result that was obtained when the methods were ap- 
plied to gravity-modified quantum electrodynamics: for example, the gravitational 
self mass 5m of the electron is calculated to be proportional to ma log(Mp/m) 
where Mp is the Planck mass. Another early paper on quantum gravity is the 
article with Delbourgo in which the gravitational correction to the PCAC rule is 
calculated. This seemed rather esoteric at the time but, in fact, it anticipated by 
many years the extensive later interest in gravitational contributions to anomalies 
in the context of superstring theories. 

Although interesting, these non-perturbative approaches had problems of their 
own and did not find wide acceptance. Thus, in the early 1970s, research in quantum 
gravity was divided mainly between a group of quantum field theorists — who 
were rather gloomily confirming in detail that the perturbative quantization of 
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general relativity really ts non-renormalizable — and a number of general relativists 
who were tackling the problem from a quite different, canonical approach, and 
concentrating on applications to quantum cosmology and the difficult conceptual 
problems this raises. It is worth noting that, prior to this era, there had been very 
little interaction between the particle physics and general relativity communities, 
and one of the first meetings where the two schools came together was organized in 
Trieste by Salam in 1970. Many of the contacts forged then have continued to be 
of value to the present day. 

The particle-physicists’ contribution to quantum gravity could well have be- 
come rather moribund at this time had it not been for the timely discovery of 
supersymmetry. In theories of this type, fermions and bosons are paired together 
in a fundamental way, which has the great attraction that, since fermion loops in 
quantum field theory have the opposite sign to bosonic loops, the possibility arises 
of ill-behaved bosonic theories (like quantum gravity) being ‘tamed’ by forcing them 
to become supersymmetric. 

Working with his long-term associate John Strathdee, Salam produced a number 
of papers in which techniques for handling theories of this type were developed. Of 
particular importance are those dealing with ‘superfields’ in which the many fields 
needed to constitute a supermultiplet that transforms covariantly under a super- 
group are combined in an elegant way to form a single mathematical entity (0, z). 
The variable @ is of Grassmann type, and hence expanding WV in @ leads to a formal 
power series that truncates at a finite order; the component fields in the expansion 
are then precisely the components of the supermultiplet. 

The importance of this technique can be illustrated by considering the early ways 
of constructing supersymmetric theories. Typically, this involved starting with a 
bosonic Lagrangian to which terms were carefully added by hand until a supersym- 
metric result is obtained — a procedure that is rather ad hoc and often complex and 
time consuming to implement. On the other hand, the use of superfields provides a 
simple way of constructing classical field systems that are manifestly invariant un- 
der supersymmetric transformations. Salam and Strathdee also showed that it was 
possible to quantize superfields directly to give Feynman rules for theories of this 
type which, if applied in the appropriate way, can be guaranteed to yield theories 
that are manifestly supersymmetric at the quantum level. 

Another significant paper from this era is the work on unitary representations 
of supersymmetry transformations in which the well-known induced-representation 
methods of Wigner and Mackey are applied to the supersymmetry group, thereby 
providing a powerful way of exploring the physical particle content of theories of 
this type. 
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The obvious implications of supersymmetry for quantum gravity were quickly 
realised and a number of supergravity theories were constructed in the mid and late 
1970s. The hope was that one or more of these theories would be completely free 
of ultraviolet divergences and would thus solve the problem of quantum gravity. In 
addition, since it would involve a precise mix of bosonic and fermionic fields, the 
ensuing framework might constitute a genuine ‘unified’ theory in which the graviton 
is combined in a natural way with the quanta of the other fundamental forces of 
nature. 


Broadly speaking, the more supersymmetry generators there are, the better are 
the chances of removing ultraviolet infinities, and hence there was great interest 
in studying the largest theory that is possible, i.e., N = 8 supergravity. However, 
this theory has the striking feature of being most naturally formulated in a space- 
time of dimension eleven and this reinforced the concurrent interest in studying 
Kaluza-Klein type theories in which the basic fields are defined on a fibre bundle 
that sits over standard four-dimensional space-time. A single field on the big space 
reduces to an infinite set of fields on the base space-time, and the calculations of the 
resulting particle spectra and Lagrangians are frequently extremely complex. The 
paper ‘On Kaluza-Klein Theory’ by Salam and Strathdee was a major contribution 
to understanding the full structure of such theories in the important case where the 
extra dimensions (i.e., the ‘fibre’ of the bundle) form a homogeneous space G/H 
where G and H are Lie groups. This study involved an extensive spectral analysis 
over this space and linked back nicely to their earlier work on the use of nonlinear 
group realizations in a variety of physical situations. 


One of the major challenges in all field theories defined on higher-dimensional 
space-times is to construct solutions to the classical field equations that can serve as 
ground states for the quantum theory in which some sort of spontaneous compacti- 
fication occurs to yield a stable theory on a physically acceptable four-dimensional 
space-time. Several papers in this collection are concerned with a particularly ele- 
gant example of this process in the context of a gauge theory on a six-dimensional 
space in which a stable compactification over the two-sphere fibre is achieved with 
the aid of a non-trivial configuration (a monopole) of the electromagnetic field on 
the two-sphere. This is a nice example of the use of topological ideas in quantum 
field theory. It also illustrates one way of producing the chiral fermions that are nec- 
essary for a physically-relevant theory of fundamental forces but which, as Witten 
first emphasized, can be rather elusive in theories of this type. 


A major international effort was devoted to the development of supergravity 
theories and it was shown that, as expected, some of the troublesome ultraviolet 
divergences of the conventional theory are indeed ameliorated. However, these 
theories were also shown to admit potential supersymmetric counterterms, and thus 
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higher-loop divergences could still appear. This has never been checked explicitly 
because of the great complexity of the necessary calculations, but it is now generally 
agreed that supergravity by itself does not solve the problem of quantum gravity. 

The response of general-relativists working in quantum gravity has mainly been 
to explore further the idea of non-perturbative quantization, of which the most 
developed scheme is the canonical approach based on the new variables of Abhay 
Ashtekar. However, the particle physics community has moved in a different di- 
rection and has concentrated its attention on the study of superstring theory in 
which the paradigmatic point particles of supergravity are replaced with tiny loops 
propagating in space-time. Supergravity still appears as the low-energy limit of the 
theory but the Planck-energy domain is radically different and leads to major new 
results. Salam himself was not directly involved in the discovery of these theories 
but it is a topic in which he has shown considerable interest and the one with which 
the final two papers in this selection are concerned. 

The great interest in superstring theory as a possible theory of gravity started 
with the construction by Green and Schwarz in the early 1980s of a version that is 
anomaly free and with a good chance of having no ultraviolet divergences. However, 
this particular theory worked only in a space-time of 10 dimensions, and a variety of 
methods have been explored for constructing theories directly in lower dimensions. 
The paper by Salam and Bergshoeff et al. is a nice example, being one of the first 
works in which the critical dimension is computed for a theory where the target space 
for the strings is a Lie group manifold. The paper on o-models and string theories is 
also of note for the way in which the requirement of quantum consistency (freedom 
from conformal anomalies) is related to global properties of the two-dimensional 
space traced out by the moving string: a topic that has generated considerable 
interest in recent years. 

It is noteworthy that almost all of Salam’s papers on gravitational matters were 
written with John Strathdee, a major theoretical physicist in his own right whose 
knowledge and skill in the application of mathematical techniques are formidable. 
The complementary technical abilities and creative skills of the two men produced 
an exceptionally productive long-term. collaboration whose fruits are particularly 
well illustrated by the papers in this section. 


Reprinted from THe Puysicat Review D, Vol. 3, No. 8, 1805-1817, 15 April 1971 


Infinity Suppression in Gravity-Modified Quantum Electrodynamics 


C. J. IsHam, Appus SALAM,* AND J. STRATHDEE 
International Centre for Theoretical Physics, Miramare-Trieste, Italy 
(Received 28 September 1970) 


Computations of gravity-modified quantum electrodynamics are performed using nonpolynominal 
Lagrangian field-theory techniques. The inverse of the gravitational constant appears as an effective cutoff 
mass, and, in particular, it is shown that to order ¢* the electron and photon self-energies are finite. The 
cutoff can be interpreted as if the electron had an intrinsic radius equal to its Schwarzschild radius. A cen- 
tral feature is the construction of the tensor gravity superpropagator. 


I, INTRODUCTION 


| has been conjectured in the past that the universal 

and nonlinear coupling of gravitation to matter may 
provide a natural mechanism for the damping of ultra- 
violet infinities in field theory. In a recent Letter? we 
revived this conjecture and pointed out that the newly 
developed techniques for computing with nonpoly- 
nomial Lagrangians would lend themselves to testing it. 
It is the purpose of this paper to show by actual com- 
putations to second order in the electromagnetic cou- 
pling that the conjectured damping indeed happens in 
gravity-modified electrodynamics. Our results are 
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where « (the square root of 16m times the Newtonian 
constant G) equals 0.5108 GeV—!. These results are 
of interest because in spite of the extreme smallness of 
the gravitational constant x, the values obtained for 
ém/m and de/e are a reasonable order of magnitude.*4 
It is amusing that the effective cutoff appears to come 
at a length which equals the Schwarzschild radius of 
the electron R,=2m.2G (measured in units of m.~”). 
As pointed out recently,‘ it seems not unreasonable to 
hope that when higher-order terms in the effective 
perturbation parameter a In(xm)? are included, one 
will find, for example, that nearly all of the electron’s 
mass can be explained as electromagnetic (6m/m= 1). 

This paper is in the nature of a report on how these 


* International Centre for Theoretical Physics, Trieste, Italy, 
and Imperial College, London, England. 

1 See, for example, S. Deser, in Proceedings of the Symposium 
on the Last Decade in Particle Theory, Center for Particle Theory, 
University of Texas, Austin, 1970 (unpublished). 

2R. Delbourgo, Abdus Salam, and J. Strathdee, Nuovo 
Cimento Letters 2, 354 (1969). 

3 Similar results have been obtained by F. Hoyle and V. Narlikar 
(Ann, Phys. (N. Y.) (to be published) ] using different techniques, 
and by I. B. Khriplovich {Yadern. Fiz. 3, 575 (1966) [Soviet J. 
Nucl. Phys. 3, 415 (1966) ]} using an integral equation for the 
mass operator. We are indebted to H. Pegis for bringing this work 
to our attention. See also B. S. DeWitt, Phys. Rev. Letters 13, 
114 (1964). 

‘Abdus Salam and J. Strathdee, Nuovo Cimento Letters 4, 
101 (1970). 


3 


results were arrived at and is planned as follows. In 
Sec. II we review Einstein’s gravity theory—particu- 
larly as applied to electrons—and state the Feynman 
rules for graviton Lagrangians. The infinity-suppression 
mechanism is presented in Sec. III, which is devoted to 
the construction of the graviton superpropagator, and 
in Sec. IV, where the superpropagator is used in the 
explicit computation of the leading parts of the above- 
mentioned quantities 5m/m and ée/e. In Sec. V we 
briefly discuss the question of gauge invariance and 
equivalence theorems. The details of the computations 
needed for Sec. IV are contained in the Appendix. Apart 
from the numerical results, the item of greatest interest 
in the paper may be the graviton superpropagator 
exhibited in Sec. ITT. 


II. GRAVITATIONAL LAGRANGIAN AND 
FREE PROPAGATOR 


Einstein’s theory of gravity is based upon the re- 
quirement that the equations of physics should be 
expressible in a form which is independent of the 
system of space-time coordinates to which they are 
referred. That is, these equations should be covariant 
under the group of general coordinate transformations; 
they should be derived by varying an action integral 
which is itself invariant under this group. To formulate 
the requirement one must first assign the variables of 
the problem to realizations of the transformation group. 
The following remarks are intended to sketch the main 
features of this program together with the steps neces 
sary for treating quantum gravity. 

The basic field upon which the group of general 
coordinate transformations are realized is the metric 
tensor g,, or, equivalently, the vierbein system Ly. On 
the one hand, the metric tensor transforms according 
to the usual prescription 

Ox ax8 
Bur(%) > Zar(Z) = —- —faa(*) , (2.1) 
O%* 02” 
where 0£4/dx" denotes the Jacobian matrix of the 
transformation x*— 4. The vierbein components, on 
the other hand, transform according to a hybrid 
prescription 


Ox” 
Lya(x) rats Lya(2) =. ——A,L, (2) , (2.2) 
ox 


1805 


389 


390 


1806 ISHAM, SALAM, AND STRATHDEE 3 
where A,* denotes a Lorentz matrix, ing to 
Ox’ 
AdA.*n bd = Nac 5 (2.3) Py ad du = —?¢, . 


with ya,=diag (+1, —1, —1, —1). The metric tensor 
field can be expressed in terms of the vierbein field by 
means of the formula 


Sur =Lyal,yn® . (2.4) 


Conversely, the vierbein field can be expressed in a 
(locally) unique fashion in terms of the metric if the 16 
components L,, are reduced to 10 independent ones by 
imposing the symmetry condition 


Lya=Lag. (2.5) 


(In a pseudo-Euclidean notation where 1a» is effectively 
replaced by the Kronecker symbol 8,3, the symmetric 
matrix L is given by a square root of the symmetric 
matrix g.) 

It is particularly important to realize that the sym- 
metry condition (2.5) not only fixes Z in terms of g, but 
in addition serves to determine the Lorentz matrix A of 
(2.2) as a function of 0%/dx and L itself. This results 
from the (local) uniqueness of the polar decomposition 
of the matrix F,..=0x’/d£4L,. into the product of a 
symmetric matrix L,, and a (pseudo) orthogonal 
matrix (A~),°. Thus, corresponding to each coordinate 
transformation x* — ##, one has an associated Lorentz 
transformation A of the vierbein system, 


Awd =A,)(08/0x,g). 


The function indicated here is generally nonlinear. One 
has constructed in this way a nonlinear realization of 
the group of general coordinate transformations.® 

Any local field which belongs to a representation of 
the Lorentz group can be made to carry a nonlinear 
realization of the general group. Thus 


D(A)¥(x) , (2.6) 


Oz 
V2) > ¥@)= act 


where A denotes the Lorentz transformation determined 
above and w denotes a new parameter, the weight, which 
must be assigned. (For the subgroup of Lorentz trans- 
formations on space-time we have A=0%/dx and 
|detd#/dx|==1, so that w becomes irrelevant.) Non- 
linear realizations based on Lorentz four-vectors and 
their products can be made over into linear representa- 
tions of the conventional sort with the help of the vier- 
bein. Thus, for example, if 


ga $a mAs , 
then the combination ¢,=Z,a7%» transforms accord- 


5 A fuller discussion of this point of view is contained in C. J. 
Isham, Abdus Salam, and J. Strathdee, Ann. Phys. (N. Y.) 
(to be published). See also B. S. and C. DeWitt, Phys. Rev. 87, 
116 (1952); V. I. Ogievetskii and I. V. Polubarinov, Zh. Eksperim. 
i Teor. Fiz 48, 1625 (1965) [Soviet Phys. JETP 21, 1093 (1965)'], 


Ox 
The spinorial nonlinear realizations cannot be linearized 
in this way. In order to treat the gravitational inter- 
actions of fermions it is essential to construct the 
vierbein components. 

The scheme adopted here for introducing gravity by 
means of a nonlinear realization technique, which is 
well known to differential geometers, is not the usual 
one adopted in the physics literature. In the latter it is 
assumed that the vierbein field has 16 independent 
components L,, which transform under the coordinate 
group according to 


Ox” 


Lue = ——Ly, 
iz" 


and under an independent “gauge group” according to 
Lua == AdLy, ’ 


where A,’ is not related to 0£/0x. In this view the field 
of, say, a Dirac particle would comprise a true Dirac 
spinor under the gauge group and a set of scalars under 
the coordinate group. This view is of course equivalent 
to the one we adopt. 

Tn order to obtain an invariant action integral, one 
must construct the Lagrangian function so that it 
transforms as a scalar density, 


dx Ly) =d £Y), 
that is, 


L(Y) > LY) = (2.7) 


Ox 
det— | L(y). 
OF 


When expressed in terms of fields which belong to non- 
linear realizations, £() clearly must take the form of a 
Lorentz scalar with w=—1. Such a Lagrangian can be 
generated from any Lorentz invariant one by introduc- 
ing Lya (or gy») and its derivative in accordance with two 
simple rules. 


(i) Adjust the total weight of each term in & to —1 
by adjoining a factor |detZ,|—-"=|detg,,|—°/? which 
transforms as a Lorentz scalar with weight w. 

(ii) Replace the ordinary derivative 0,y=y,, wher- 
ever it-occurs by the covariant form 


¥,07L* (OW HB, [roi PtwLl Ly), (2.8) 


where S*° denotes the Lorentz spin matrix appropriate 
to y and B,jcs;, the nonlinear Riemannian connection, 
denotes the combination 


B, {ab) = 4(L’,0,Lye —L’,0,L ya) = AL’ .0L as —L’10,L ya) 
ae 3D y(O.L,°— 0,L)°) LL", . (2.9) 


The matrix reciprocal to Lye is here denoted by L**. 
This notation is consistent with the convention that 
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Greek indices are to be raised with g” and lowered with 
x» While Latin indices are raised and lowered with the 
Minkowskian tensor 745=*. Thus we have 
Sad PON — 6y* , 
L“Lyp =6§,", 
DL, = 6,4 ’ 
Leeg,,=L,°=L,yn°, etc. 


(2.10) 


The connection B,fas; is related to the Riemannian 
connection 


Ly =42°( 04,2 +8 0.n— Sur, 0) (2.11) 
by the formula 
Bator) =T Lal —L’ aL yt,u- (2.12) 


To the Lagrangian generated by means of the rules 
(i) and (ii) it is of course necessary to add a purely 
gravitational term, viz., 


Larav = (1/x?)(—detgy,) /*@R= (1/x?)(—detLya)R, (2.13) 


where R denotes the scalar curvature which can be 
expressed in terms of either the metric tensor gy, or 
the vierbein components Ly. 

It is well known that the ten equations of motion 
which are obtained by varying g,, or the (symmetric) 
L ya are not all independent. They satisfy four identities 
as a consequence of general covariance. In other words, 
only six of the ten components of g,, can be determined 
by these equations. In order to pick out a unique solu- 
tion it is necessary to supplement the equations of 
motion with a set of four “coordinate conditions” 
(which are analogs of the gauge condition of electro- 
dynamics). For example, one could impose the Fock-de 
Donder conditions 


8,[(—detg)!/"g4"]=0 (2.14) 
on the metric tensor or, alternatively, 
o,[(—detL)!/2L#2]=0 (2.15) 


on the vierbein components. These classical coordinate 
conditions have a counterpart in the quantized theory 
which we shall now discuss. 

In setting up the quantized theory one can allow for 
the fact that the vacuum expectation value of the 
metric tensor coincides with the flat space form by 
writing 


gin tho (2.16) 


and treating 4” as the graviton field. This represents 
only one of various equivalent schemes. One could take 
instead of g” any second-rank object made out of the 
metric tensor, its square root Zyo, or its inverse g,, 
multiplied into some power of |detg”|. These different 
choices for the basic graviton field would yield different 
expressions for the Green’s functions but presumably 
identical results for the on-mass-shell S-matrix elements. 
On the other hand, the perturbation developments of 
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S-matrix elements may converge more rapidly for some 
choices than for others. 

To construct the perturbation series one must sepa- 
rate from Lgray the terms which are quadratic in A. 
These constitute the free Lagrangian Ly. Corresponding 
to the parametrization (2.16), one finds for Lo the 
expression 


Lo=3 (0,1 °0,h* — 20 dhe 


—A,kO\heP+20,h9,h0"), (2.17) 


where contractions relative to the Minkowski metric 
are tacitly implied, eg., h**=h%—h!'—h2—fA*¥, The 
remainder Lgrav—Lo is to be treated as an interaction 
Lagrangian. 

The free Lagrangian (2.17) is degenerate (in the sense 
that it yields an underdetermined set of field equations) 
owing to the general covariance of the system. In order 
to define a bare-graviton propagator it is necessary to 
take account of this general covariance by imposing a 
set of coordinate conditions. One way to achieve this is 
by means of a Lagrange multiplier method originated 
by Fradkin.* To Lgay one adds the noncovariant term 


Pee: ‘ 
—43B,B,+ —B,d,[(—g)"?g""]= —3B,B, 
K 


1 nhrbehe? 
+ -B.a| ———_ |, (2.18) 
K [—det(n+«h)]? 


where B, denotes the nonlocal expression 
Bylo) | dey Duley ABI), 


with a local field B,(x) to be varied independently of 
her, The kernel D,, is determined by requiring that the 
equation 


a°B,(x) =0 (2.19) 


emerge as one of the equations of motion. Since this 
artificial field B, is free, one can pick out the space of 
physical states by means of the condition 


B,(x)| )=0 (2.20) 


and be assured that the S matrix is unitary in this space. 

Having determined , one can proceed to de- 
couple the artificial field B(x) by means of a field 
transformation 


Bu By = Dy By— (1/x) nua Pel ( —g) 12pat] » (2.21) 


Since this transformation is a nonlocal one, it yields a 
Jacobian factor with a nonlocal structure which must 
be taken into account in computing S-matrix elements. 


*E. S. Fradkin and I. V. Tyutin, Phys. Rev. D 2, 2841 (1970); 
Abdus Salam and J. Strathdee, ibid. 2, 2869 (1970). 
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Thus 
aei( ila ) 
5B,’ (x’) 


which can be evaluated by perturbation methods. The 
perturbation development of this functional can be 
represented graphically by a set of diagrams in which 
external graviton lines are coupled to closed disjoint 
loops of a massless vector particle. We shall not go into 
the rather complicated details? here since in fact we 
shall have no occasion to include the fictitious particle 
loops in the processes to be considered in Sec. IV. This 
discussion was intended only to make plausible the 
effective gravitational action 


=exp[~—Tr In®,,(x,2’|4)], (2.22) 


1 
i: ds | Sper jit Oal(—2)" w\P—iTrinD}, (2.23) 


from which one can separate the bilinear terms which 
define a nondegenerate free-graviton Lagrangian, 


Lo=}(0,h9d,h?—4.3,)9,h?*) . (2.24) 


The bare-graviton propagator which corresponds to 
this Lagrangian is simply 


(T(h*(a)h"*(0))) 
= 3 (a get yon —pn"*) D(x), (2.25) 


where D denotes the zero-mass causal propagator 
(—4r2x?)-), 

Similar arguments can be applied when the graviton 
is interpolated by the vierbein field L#* rather than g*’. 
One must substitute 


LH a 90+ dnp (2.26) 


and collect the terms bilinear in # in order to define the 
bare-graviton propagator. Clearly these bilinear terms 
are the same as those obtained above, so that (2.25) 
remains the bare-graviton propagator. The interaction 
Lagrangian, which involves terms of the third and 
higher orders, will be different. 


Il. GRAVITON SUPERPROPAGATOR 
The Lagrangian of gravity-modified electrodynamics 
is given by 
L£= Leray t+ Lmatter ’ (3.1) 


where the purely gravitational part Lgrav is the usual 
Einstein one, 


R(L) 


grav = 


x? detL 
Leer 
x? detL 


(BuacBreb— BracB ued) 


+(four-divergence), (3.2) 


7R. P. Feynman, Acta Phys. Polon. 24, 697 (1963); B. S. 
DeWitt, Phys. Rev. 162, 1195 (1967); L. D. Faddeev and V. N. 
Popov, Phys. Letters 25B, 29 (1967); S. Mandelstam, Phys. Rev. 
175, 1604 (1968); E. S. Fradkin and I. V. Tyutin, Ref. 6. 
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where the scalar curvature R has been expressed as a 
function of the vierbein components. The vierbein 
connection Byas is given by (2.9) as a function of ZL and 
its first derivatives. The matter part of (3.1) is given by 


L matter = (1/detL) [eidrav, ue Vi wy ap) LHe —myy 
tenby.A wl —i LL LoL FF | 
+3784(0) In{detZ| , (3.3) 
where 
¥ n=O —47Braroa 
Fy=0,4,—0,A,y. 


The general covariance of (3.3) and (3.4) is assured if 
both the electron and photon fields are assigned the 
weight w=0 [see Eq. (2.6) ]. In the above expressions 
we are using the notational convention that repeated 
Latin indices are summed in the Minkowskian sense: 
A,Ba=7”A,Bs=A*B,, etc. The term proportional to 
5*(0) is due to the presence of a derivative of the electron 
field in the interaction. It can be justified by a canonical 
quantization procedure (Salam and Strathdee®). There 
could well be an analogous term in the purely gravita- 
tional Lagrangian but we have not been able to derive 
its form yet. 

In order to complete the system of equations it is 
necessary, as outlined in Sec. II, to add to (3.1) a term 
which breaks the electromagnetic and gravitational 
gauge symmetries. Such a term is given by 


(3.4) 


L£ age — Leely+4 5 2 
eaug er wir) 
2 Lys 2 
+—{2{——_]}. 
el “L(—detZ)"2 ¢ 


This choice of symmetry-breaking term leads to the 
following expressions for the bare propagators of the 
photon and graviton, respectively: 
(0| T(A, (x) A,(0))| 0) = — D(x) , 

(0| T(H*2(x)9”*(0)) | 0) 

=F (nn — 982g” +n”) D(x) , 
where D(x) denotes the zero-mass causal propagator 
[—4w?(x?—70)]}-'. The graviton field ¢#* is defined in 
terms of the vierbein components by 


Lie heb dag, 


(3.6) 


(3.7) 


With these definitions it is possible to proceed in the 
usual way to separate from £+Lgauge the interaction 
part and to construct a perturbation series. For our 
purposes, only one part of the interaction need be 
considered, viz., 

al 


Lem = lo ——hy A My 


(3.8) 
detL 


which will be used in Sec. IV to obtain a contribution 
of order é? to the electron and photon propagators. 


3 INFINITY SUPPRESSION 

There will of course be other contributions of this 
order due to gravitational couplings of the electron and 
photon fields. These, which are presumably of higher 
order in the gravitational constant x?, we shall disregard. 
From (3.8) one obtains for the electron self-energy part 


(1/i)Z(x) = eo? D*""(x)yaS(x)yeDuw(x) (3.9) 
and, for the photon self-energy part, 


(1/1) Tys(x) = — eo? D2" (x) 
XTrlyoS(x)y25(—2)] ’ (3.10) 


where S(x) and D,,(x) denote the electron and photon 
bare propagators, respectively. The graviton super- 
propagator D“**(x) which appears in these expressions 
is defined by 


L(x) LO 
ppeot(e) ato TL LO 


det L(x) detL(0) 


where L**(x) is given in terms of the bare-graviton field 
¢**(x) by (3.7). The propagator of $“* is given by (3.6). 
The construction of the superpropagator from the bare 
one is a complicated algebraic operation, the main steps 
of which are sketched in the remainder of this section. 

It is convenient to refer the graviton field to a 
Euclidean basis where the Minkowskian tensor 77° is 
replaced by the Kronecker symbol 44. At the end of the 
calculation one can transform back to the Minkowskian 
basis. 

The basic step (see Delbourgo and Hunt*) in the 
simplification of (3.11) is to introduce for (detZ)— the 
integral representation, 


1 


Yio), (3.11) 


where m, and 7, are integrated over Euclidean four- 
space. This representation is useful because the chrono- 
logical pairing of exponentials takes a simple form, viz., 


(0| T(exp[—caaL74(x)], exp[ —bysL7*(0) ])|0) 
=exp(—daa—bea) EXPL dap (5775 
4525587 — §8579)5 2D /4] 
= exp( —~Ghaa— Daa) exp[ (dapdas ar Peaiernn as 13) 


which can be verified by expanding the exponentials in 
powers of x@qg@*9(x) and xbasb%*(0), respectively, and 
applying (3.6). Differentiation of (3.13) with respect to 
@,, and b,, yields the formula 


(0| TIL*(x) exp —dapL*(x)], 
L»(0) exp[—b,3L°(0)})|0) 
= {368 +6904 —39.6"")PD/4 
+[6° = (b™ —4659°)x2D/4} 
Xo" — (a — 550a"?)x?D/4 ]} 
x0! T(exp[l—aasL7(x)], exp[ —b,3L7°(0)]) | 0) ) 
®E. S. Fradkin, Nucl. Phys. 49, 624 (1963); G. V. Efimov, 
Zh. Eksperim. i Teor. Fiz. 44, 2107 (1963) [Soviet Phys. JETP 
17, 1417 (1963)]; R. Delbourgo, Abdus Salam, and J. Strathdee, 


Phys, Rev. 187, 1999 (1969); R. Delbourgo and A. Hunt, Imperial 
College, London, Report No. ICTP/69/8 (unpublished). 
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from which one obtains—by substituting aag=mtams 
+nang and bag=m,'m,'+n,/ng and then integrating 
over all 16 components—an expression for the super- 
propagator. It is convenient to define a pair of scalar 
amplitudes D® and D“ by writing 


DA w = FrGHHO 4H (Haupt Foge—_5ergu) DY (3,14) 


The amplitudes D and D are now represented 
formally by 16-dimensional integrals: 


1 
OMe J d‘md‘nd4m'd'‘n'{1+4(m?+n?+m'?-+n'?) 
® 
«?D/4-+ (1/18) (me?) (m!?-+-n!?) («2D /4)? 
+(1/36)[(m- m')?-+ (m-n!)?+(n-m')? 


+(n-n’)*\(x2D/4)?}eF , 
a d‘md'nd*m' d'n'{x2D/4 


(3.15) 


1 
DY = — 
F ia 


— (1/36) (m?-++-1?)(m!?-En!®) (x2D/4)2 
+4 (m-!) + (m-n")*+ (nm!) 


+(n-n')?(ePD/4)*}e", (3.16) 


where 


F=—(m?-+n?+m'?+n'2) 
+L (mm!) (mn! + (n-m!)P+ (nn!) 
—$(m?-+-n®)(m!*-+-n'}2D/4. (3.17) 


As they stand, the Riemann integrals (3.15) and (3.16) 
are divergent. This divergence reflects the fact that one 
is attempting to sum divergent series [the terms of 
which can be recovered by expanding the integrands of 
(3.15) and (3.16) in powers of x?D and performing the 
resulting Gauss-type integrations ]. In earlier references® 
the method of Borel summation was used to obtain 
amplitudes for which the divergent series correspond to 
asymptotic representations. An equivalent method, 
which is more convenient in the present case, is to 
obtain these amplitudes by means of analytic continua- 
tion’ in a set of auxiliary parameters a, 8, y. To this end, 
consider the integral 


1 
D(@,8,y) = = i d'mnd'nd‘m'd'n! 
7 


Xexp{ —a(m?-+-n?+-m'?+n'?) 
+8[(m-m')?+(m-n')?+(n-m')?+(n-n’)*)eD/4 
—4y(m?+n?)(m!?+n'%)2D/4}, (3.18) 


which converges for real and positive values of x?D 


§ This technique for defining an integral is a central feature of 
the method of Gel’fand and Shilov, Generalised Functions (Aca- 
demic, New York, 1964), Vol. I. This method was ag irae par- 
ticularly by M. K. Volkov, Ann. Phys. (N. Y.) 49, 202 (1968); 
and also by J. J. Giambiagi and J. Tiomno, Nuovo Cimento 
Letters 2, 674 (1969); and by Abdus Salam and J. Strathdee, 
Phys. Rey. D 1, 3296 (1970). 
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provided that 
Re(8—4}y7)<0 and Rea>O. (3.19) 


The amplitudes D® and D“ are expressed in terms 
of D(a,8,7v) and its partial derivatives as follows: 


eD/ 10 10 108 
po =[1+ —(-- Engle Saya al ) ] 
4 36.88 9 dy 
Xx D(a,8,7) aanBunyonly (3.20) 


4 da 
wD 1a ts) 
DM = —(1+ 3a red 18 dy —\p (a,8,7) | a=Bteyats 


where the limit a=8=+y=1 is to be taken in a sense to 
be specified below. 

Many of the integrations in (3.18) are straight- 
forward. Thus, for example, since the exponent in the 
integrand is a bilinear form in the eight components 
(m' 7’), these integrations are Gaussian, yielding 


1 
D(@,8,7) = = if d‘md‘n{ exp[ —a(m?-+n’) ]} 
r 


¥ D4 «2D 
x[et “(m+n | [er+aer-A) (m?-+-n*)-— 
2 4 4 


es “7-2 (mtn) 
+6 mate) | 


Here the integrand depends only on the two com- 
binations 


t=m'n? 


mn? —(m-n)* 


(m*+-n?) 2 


and #4?= 


and the integral takes the form 


1 ) 
Desn)=— f dt BeLet ree DY 
Qo 


x i du u*{a?-+2a(y—B)E(be2D) 
0 


+L y(y—28) +670? ]e(Gx?D)?}-. 


It is useful to change the integration variables from &, 4 
to ¢, », which are defined by 


(3.21) 


v=1—y?, 
Ba-+(y—B)ie?D 
= aS 
=8a/BiD+o0, 


(3.22) 
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where 
o> (y —B)/ B. 


The parameter oo, which ultimately takes the value 
zero, must in the course of the integrations be kept in 
the half-plane 


Reay> 1 A 
The integral (3.21) now takes thé form 


0 (oy 1 
a,B,yy) = VN 8 B 


*° do  exp[ —(8a?/8)(x?D(a—oo))*] 
oo (i+e)? 


(a~a) 


1 7?) (1—p2e 
x i pr Smiles : 
2J¢ a 


oy 


(3.23) 


Of particular interest for the computations of Sec. IV 
is the Mellin transform of D(a,6,y) defined by the 
integral representation 


1 
Dash) = — J dz T(—2)D(a,Biy32)(2D)*, (3.24) 
AUS Co 


where the contour C, lies parallel to the imaginary axis 
with —1<Rez<0. The amplitude 9 is given by 


DG,8,7; z) 


1 I <] 
toe tes i d(«’D)(@D)- D(a,8,7) 


T(—2) 
10 —y2)u2 
-- af via CR GONNA RC 
xf d(x2D)(e2D)- ex -— = al 


-=~() (om i ‘w'(l py?) 
x iS : do 


(1+-0)%(o2—v2) 


To evaluate the o integral, one can first replace it by a 
contour integral 


fe (o—a)** 1 i (co—o)#¥# 
0 o——_—__——, 
a (1I+e)%o%—v?) isinwz/¢ (1+0)?(a?—v?) 


where the contour C is shown in Fig. 1. Since the inte- 
grand falls off for large || like [o|®e*—1, it is possible to 
distort the contour so that it encircles only the singu- 
larities at —1 and +», i.e., into the form C’ shown in 


(a—a0)*** 


(3.25) 


3 INFINITY SUPPRESSION 


Fig. = Rez<0. One finds 


(a—oy)**? 
T(—2z) fees *(1-+0)%(o?—v?) 


—— " (a9—0)*+8 
Qei Jor (A+e)?(o?—»?) 
1 (co-v) HF 1 (oo+s)*+? 
“(1-0)?- ~ Op (1—»)? 
2(aot+1)**? = ee] 
(1—v?)? 1-v? 


=—T(st1 IF 


which can be substituted into (3.25) to give 
D(@,8,7; 2) 


=1P(@+1)1(@+4)(48)*(1/0?)**7(Z,00), (3.26) 
where 
1 
Ie0)=— [ dv(1—v*)1/2 
[—— a Scie ———_—- +4 (oo+1)*t* 
(1+)? (i—)? (1—»?)? 


—2e+3)(o+y— |, (3.27) 
1—yv? 


which can be evaluated with the help of a table of 
integrals. However, for our purposes it will be sufficient 
to evaluate only the expression 


1 yrt8 
= i, dv(1 —vyif cosrz 
e (1-+e)? 
pets 4p a) 
(1—v)?  (1—-»?)? 1—y? 


=cosez B(§, 2+4)F (3, 2+4; 2+4¢; ~1) 
+B(—}, 2+4)F(—4, 2+4; 2+$; -1) 
—4B(—4,2) FG, 2; 3; —)) 
+2(2+3)BG,2)F G, 2; $; —1). 


This expression corresponds to a particular limiting 
procedure. Thus, holding a and 8 fixed at positive real 
values, the limit o)—-+70 can be interpreted as 
+ — B2:i0. Considered as a function of the complex 
variable y, the amplitude D has a branch point at y =28 
with the attached cut running to the left. We are taking 
the average of the values on the upper and lower sides 
of this cut in order to have a real amplitude. It may be 
remarked that the difference of the upper and lower 


(3.28) 
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Fic. 1. e-plane contours for the graviton superpropagator. 


limits will vanish at integer values of z and so must 
correspond to an entire function in momentum space.” 
In order to construct the Mellin amplitudes corre- 
sponding to D® and D, it is necessary to differenti- 
ate (3.26) with respect to the parameters a, 8, and 7, 

which are then set equal to unity. Using the identity 
81 (2,09) /do0= (2 +3)1(z—1, oo), (3.29) 


which can be deduced from the integral representation 
(3.27), one finds 


ts] 

5 = —2(2+4)D(z), 

0 

aa =2D(z) —2(2+3)*D(e—1), 


ts] 
—D(z) =2(z+3)*D(z—1), 
oy 


where 


D(z) = G4) TE+)TE+4)/@). 
Finally one arrives at the formula 


1 
Dre? (a2) = re dz T(—2)[9t29"*D(z) 


BUS Co 
Bg? gh g's — 29") D(z) (PD) *, 
where the amplitudes D(z) and D(z) are given, 
respectively, by 


D(z) = D(z) —(1/36)2(192-+53)D(z—1) 
+(5/36)3(2—1)(2+2)*D(z—2), 


(3.30) 


Di (2) = —4e(24+-8)D(2—1) (3:31) 
+(1/18)z(2—~-1)(¢+2)*D(z—2), 
with D(z) given by 
D(z) = (4) TE (e+ 1)T(2+4) 
X[coswz BG, 2+4)F (3, 2+4; +44; ~1) 
+B(—4, 2+4)F(—4, 2+4;2+4; —1) 
+2(2+3)B(Z,2)F(%, 2;$; -1)]. (3.32) 


10 The possibility of taking the limit a» — 0 in different ways isa 
reflection of the arbitrariness in defining T products. See, for 
example, the discussions by M. K. Volkov (Ref. 9) and B. W 
Lee and B. Zumino, Nucl. Phys. 13B, 671 (1969). 
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wy The momentum space amplitudes 2(p) and II,,(k) 
pe See CEE wee which correspond to (4.1) and (4.3) are given, according 

aS to the method of Ref. 9, by the respective contour 
() (b) integrals 


Fic. 2. (a) Electron self-energy Z; (b) photon self-energy I,,. 


Of particular importance for Sec. IV is the behavior 
near z=0, where 


Q(z) =14+7.52+0(2?) , (3.33) 
D(z) = —0.52+0(2?). , 
IV. SECOND-ORDER COMPUTATIONS OF 
SELF-CHARGE AND SELF-MASS 


We now apply the method outlined above to the 
computation of electromagnetic corrections to the 
electron and photon masses in the presence of a gravita- 
tional field. The graphs to be considered are of order e? 
and are shown in Figs. 2(a) and 2(b). In these figures 
the electron propagator is represented by the solid line, 
the photon propagator by the wavy line, and the multi- 
graviton propagator by the dotted line. Corresponding 
to Fig. 1(a), the configuration space amplitude for 
electron self-energy is given by [using the approxima- 
tion of Eq. (3.24)] 


(1/2)Z (x) iad eywS(x)y-Das(x) iE) 9) (x) Tyas 
+4 DY (x) (nwMast tpt va Nuattes) | 


e ep 400 


dz T(—2)[D(@)+2D(@)] 
XvS(@)ylePDa)}y, (41) 


where D(z) and D(z) are given by Eq. (3.31). 
Graphically, the pole '(—z) at z=0 corresponds to the 
no-graviton exchange contribution, the pole at z=1 
gives the one-graviton exchange contribution, and so on. 

Since, as will be seen in the following, the dominant 
contribution to 2 comes from the neighborhood of 
z=0, the important quantities are 


2x1 ¢—teo 


DO)=1, D0) =0, 
aD (0) 118 In2+31 
=— + —_——_-=755, 
dz 18 
ddDd“(0) 521n2—40 
dz 9 sais 


(4.2) 


where ¥(a) denotes the logarithmic derivative of the T 
function. 
Corresponding to Fig. 1(b), the configuration space 
amplitude for photon self-energy is given by 
e e-i00 


at 


1 
—I,,(x)= dz T(—2)[D(2) +49 (2)] 
4 eto 


XTr(yS(z)yS(—2))(7D)*, (4.3) 


where ¢<0. 


1 
(9) = — J dz P(—2)[D (2) +290 (2)] 


XZ(p,2), (4.4) 


1 
T1,,(t) = — - dz T(—2)[D()44D()] 
Qari 
XUp(bz), (45) 


where 2(p,2) and I1,,(k,z) are defined for sufficiently 
negative real values of z by the convergent integrals 


1 
ee) = i dx efP*e7 S (x) y-Dyur(x)[n?D (x)}* > (4.6) 


1 
“Ty (b,2) = J dx ee TeLy,S(2)yS(—a)] 
4 
x[eD(x)]}*. (4.7) 


The contour in (4.4) stands to the left of z=0 where, as 
will be seen below, 2(p,2) has a simple pole. The contour 
in (4.5) stands to the left of z= —1 where II,,(é,z) has 
a simple pole. 

Into the integrands of (4.6) and (4.7) one can sub- 
stitute for the propagators as follows: 


mK (mr/(—x?)) 
S(x) = (é7,0.-+-m)———_——— 
x) = (dy, m) as) 


Dy) = Myr/40?x? , = 


D(x)*=(—1/4x%x?)*, 


and express 2 and II,, as integrals over the Feynman 
parameters a, 8, andy. Alternatively, one could perform 
the integrals directly in configuration space. The results 
are as follows. Writing 


Tha(b,2)= np heb )C(E*) + meDORs), O°) 
one finds (the details are given in the Appendix) 
agen==(™) re-gr(—2 

4a \4er 
X2Fi(2—2, —2; 3; p?/m?), 
(4.10) 


sia _@ ay" 
(p?,2) = “(= Td—z)P'(—z) 


X2Fi(1—z, —2; 2; p?/m?), 
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es) Loe 
on . T(G—2) 
XsFo(4—z, 2-2, —23 4, $2; b?/4m?), (4.11) 


Dik) =—3 a =" 1 [i—z)Pr(2—-2) 
= — Jar —_— —_— 

; de) etl = T(z) 

Xk 2(2—2z, 1—z, —i-z; 3, 3-3; k?/4m?) , 


where a=e?/4x denotes the fine-structure constant. 
These results must be substituted into (4.4) and (4.5) 
to give the electron and photon self-energies. Since 
2(p,z) and I,,(k,z) contain the factor (xm), one can 
obtain series developments in powers of (xm)? by shifting 
the contour to the right. 

The leading singularity in the integrand of (4.4) is a 
dipole at s=0 which occurs in both of the scalar ampli- 
tudes A and B. The next singularity occurs at z=1: a 
dipole in A and a tripole in B. The remaining singu- 
larities at x=2, 3,..., are all tripoles. The contribution 
of the leading dipole takes the form 


A(p?) = — hid Se (zg) + 2p)" 
4x dz An. 


T(2—z) 
T(s+1)? 


—a 4dr 
Sue) 
ax Km. 2p? 


2 2 2 ae 
x(4¢ ine Pro |, 
P m 


oF \(2—2, —2; 3; p'/m) | 


m*— p? 


(4.12) 


a@d m\* T(1—3) 
2) we ——| (HO) wy — 
Be) “|e vem (=) T(¢+1)? 


XaF i(1—2, —2; 2; p/m | 
Qar /4e\ mp? 
xm 2p? 


xn") +01 , 


which clearly reproduces exactly the amplitudes of 
ordinary zero-gravity electrodynamics, except that here 
there remains a dependence on « in the form of an 
effective inbuilt cutoff: 


Aoututt® 1/x 2X 108 GeV. 


a0 


(4.13) 


In particular," for the mass correction Z{p)| pm one 


Similar formulas have been obtained for a “scalar gravity” 
a) by P. Budini and G. Calucci, Nuovo Cimento 70A, 419 
(1970). 
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obtains 
bm 3a 1\? 
— = = in(—) +O((iem)? In(xm)?). (4.14) 
m 4n Km 


Similar remarks apply to the photon self-energy.” 
That is, a dipole at z=0 in the transverse part C yields 
the usual electrodynamic result subject to the effective 
cutoff (4.13), 


fe] m 2s+2 
Co) bart) +400) —) 
dz v 


T(2—2)°T(4—z) 
T(e+1)TG—z) 
XaF2(4—z,2—2, —234, $2; a 4m| 


am 


a ar 24—4\ /1+A\ 12 
fm) 
3 Km 2d A 
1 1/2 
n( +A) ~) 


(1-+4A)2—V/d 


where \== —k?/4m*, Unfortunately, the longitudinal 
part D(k?), which should vanish in a gauge-invariant 
theory, also has a contribution from simple poles at 
z=—1 and z=0: 


: o(1 4.15 
++ a], (4.15) 


D(k*) = —a {25 aF'2(3,2,0; 3,8; &2/4m?) 


3m? 
oe 1; —1; 3, $; 24/41?) 


Tv 
= — (0/2) (Bx94/8—3m?-+ hh’), 


which reflects a gauge noninvariance of our procedure." 
This will be discussed in Sec. V. 

The charge renormalization may be computed from 
the transverse part C(&*) of the photon self-energy as 


er? 2a Qe 
— =Z,=1-— zs In— +O((xm)? In(«m)?). 


0? OKI: 


The contributions of the tripoles at z=1, 2, ..., to 
the electron self-energy will give terms like (Inx)*x%*, 
n> 1, and can of course be neglected. The important 
point about the results above is that the ultraviolet 
singularities of the conventional theory have disap- 
peared via the mechanism of the intrinsic cutoff 1/x. 
They still leave their mark, however, as singularities of 
self-energies in the x plane, ie., they reappear if the 
limit « —> 0 is taken. 


32 Because of the absence of a Ink? term, this non-gauge-invariant 
part can be removed by a Jocal counterterm in the Lagrangian. 
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Fic. 3. Electron loop including gravitons. 


V. GAUGE INVARIANCE AND 
EQUIVALENCE THEOREMS 


The Lagrangian of gravity-modified electrodynamics 
given in Sec. ITI is formally gauge independent. It must 
follow from this that the scattering amplitudes also are 
gauge independent provided the computational pro- 
cedure employs a gauge-invariant regularization. In- 
deed, if these amplitudes could be expanded in powers 
of ¢ and « then they would be gauge independent in each 
order. However, it is one of the main arguments of this 
paper that, owing to the appearance of logarithmic 
singularities at x =0, an expansion in powers of « cannot 
be made. The question therefore arises as to whether it 
is necessary to include ali graphs of order e! (and these 
on general grounds must show gauge independence) or 
whether this collection can be subdivided into sets 
[possibly of order e'(x?)™(Inx)*] which are themselves 
gauge independent. We are at present unable to decide 
this point and so must confine ourselves to some specu- 
lative remarks. 

First, the prescription outlined in Sec. III for evaluat- 
ing graphs with one superpropagator is not a gauge- 
independent one. This much can be seen from the fact 
that the vacuum polarization tensor II,,(e?) obtained in 
Sec. IV is not entirely transverse. Although the trans- 
verse part of x,, is satisfactory and defines a finite Z;, 
the existence of a finite longitudinal component gives a 
clear indication of the breakdown of gauge symmetry. 

If we follow the standard procedure of selecting a 
gauge-independent set of graphs in electrodynamics, 
the method is well known and has been formulated by 
Feynman and Ward. It consists of attaching photon 
lines in all possible ways to the basic graph of Fig. 3. 
This then leads to the set of four topologically distinct 
graphs of Fig. 4. Now, since some of the vertex pairs in 
these graphs [e.g., pairs 1-3 and 2-3 in Fig. 4(b)] 
are not connected by” superpropagators, we cannot 
apply the nonpolynomial methods of this paper for 
computing these contributions. We are in a dilemma 
now. If we do connect these vertices by graviton super- 
propagators we can carry through the computation, but 
the Feynman-Ward procedure for securing gauge in- 
variance would now demand that we include more 
complicated configurations with three or more super- 


co) 
Fic. 4. Gauge-invariant set of graphs to order e. 
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propagators. For example, graphs depicted in Fig. 5 
would have to be added to Fig. 4(b). The resulting 
graphs will themselves now need new superpropagators, 
and so on. This “leap-frogging” of the Feynman-Ward 
procedure for securing gauge invariance, and of joining 
vertices with superpropagators has only one limit—we 
must eventually reproduce the entire series S(e?). This 
complete series, as stated before, is definitely expected 
to be gauge invariant. The technical problem—which 
we have not yet been able to solve—is how to avoid this 
leap-frogging and to secure gauge invariance without 
having to sum the entire S-matrix series S(e*) to second 
order in e? but to all “orders” in x”. 

Another problem which we have not resolved in this 
paper is the problem associated with different formula- 
tions of gravity theory. We have taken g*” as the basic 
field in terms of which tensors like g,, are to be ex- 
pressed. One could equally well start with the tensor 
8x aS the basic interpolating field and then g” would be 
expressed as a ratio of two polynomials in g,,. If 
equivalence theorems hold for the type of theory we 
have been discussing (and these equivalence theorems 
state that on-mass-shell matrix elements are identical 
irrespective of which interpolating field we start from, 
provided that these fields possess the same one-particle 
asymptotic states and belong to the same locally com- 
mutative equivalence class) then the results obtained in 
this paper should stand, irrespective of which field g” 
or gy, we choose as basic. The only difference between 
working with one or the other system of coordinates g*” 
or g,,» would be the technical difference of ease in obtain- 
ing results more readily in one formulation of the theory 
relative to the other. The same remark applies to co- 
ordinate transformations considered by general rela- 
tivists by means of which one can incorporate the 
factor (detg)—'/4 into definitions of matter fields, e.g., 
vy’ =(detg)~/4y, and thus eliminate this factor from some 
of the terms in the full gravitational-matter Lagrangian. 
The on-mass-shell results we have obtained should be 
obtainable, if equivalence theorems hold, by using any 
set of suitable coordinates, provided that appropriate 
numbers of terms are added together to secure the 
equivalence. 


a eee 
; : 


Fic. 5. Superpropagator modifications of Fig. 4. 


3 INFINITY SUPPRESSION IN GRAVITY-MODIFIED:-:- 


In this connection it is worth remarking that rational 
nonpolynomial Lagrangians as a rule give rise to theories 
which are not strictly localizable (in the sense of Jaffe) 
when no derivatives appear in the interaction. The 
derivatives in the gravitational case could change this 
effect by introducing cancellations. It is, however, also 
perfectly possible to start with a strictly localizable 
formulation of gravity theory by parametrizing the 
vierbein with exponential coordinates, i.e., write, in- 
stead of (3.7), 


L*o=[exp(§xh) *, (S.1) 
where the symmetrical matrix / interpolates the 
graviton. The exponential parametrization should give 
a strictly localizable version of gravity ab initio. This 
scheme simplifies some of the computations, e.g., 


{T detL(x)— detL(0)—) =exp[4x2D(x)], 


while making others more difficult. The computations 
of Sec. IV would be unaffected by this change since the 
leading terms O(e? Inx) are governed by the normalizing 
conditions at z=0 [cf. Eq. (3.33)], 


DO)=1, DO)=0, 


which are unchanged. This equivalence of the two 
formulations of gravity theory in the lowest order in no 
way proves their general equivalence. So far as this 
paper is concerned, this problem is open. 

Also open are all problems connected with normal 
ordering of the gravity-modified Lagrangian. In this 
paper we have followed a naive ordering prescription 
although it is known that normal ordering can dras- 
tically alter the local-vs-nonlocal properties of field 
theories, as well as their gauge properties. 

Note added in proof. Since this paper was written two 
important developments have occurred. (1) H. Leh- 
mann and K. Pohlmeyer (private communication) have 
established analyticity and unitarity for localizable 
nonpolynomial (and nonderivative) interactions. In 
addition, they have formulated an asymptotic condi- 
tion which eliminates the usual distribution-theoretic 
ambiguities to all orders in the major coupling constant. 
(2) Assuming that equivalence theorems hold for 
localizable Lagrangian theories—such as gravity theory 
in an exponential parametrization Eq. (5.1)—we have 
succeeded in formulating the computational procedure 
in such a manner that gauge invariance is preserved to 
all orders. We have specifically checked that to the 
order a Ink?m?*, there is no change in the numbers given 
in this paper. 
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APPENDIX 


In this appendix the essential steps involved in the 
computation of the electron and photon self-energies 
will be outlined. From Eqs. (5.9) and (4.12) we have 


—2¢? 
Age — J ate "= D(x) **(ipea,)A(z), (AL) 
? . 


B(p's) =4e! | dts o> LD (x) F#1A(2) (A2) 


where the integrals are taken over the Euclidean region 
in x-space and are defined initially for p?<0. The 
angular integrations may be performed immediately 
using the polar variables 


dx=4rr? sin*6drd6, 
p-x= —(—p?)/¥r cos0, 
(—a2) Vimy, 


We encounter the following integrals: 


dn [ " we sin’s ssi i(—p?)""r cos0] 
eK, 

4x f : d6 sin*@ cosé exp[ —i(—p*)"/?r cosd] 

EL Gr hae 


(py, OY 


Simplifying the derivative in A(p?,z) by writing 
8A aa 
(ip*d,)d = 2ip*x,—— = 2i(—p*)'!2 —-r cos@, (A5) 
Ox? Or? 


we obtain the expressions 


—1 00 
A(pt2) = 16x% —) / dr YT((—p?)"7) 
rd 


dA(r) 
‘D)et1 
x(D—, 


(A6) 
r 


2 J(—p*)"7) 
B(p?,z) = 16x%e? i dr OT apie 
into which must be substituted the forms 
D(r) =(1/4e?)(1/r?) , 
A(r) = (m/4x")(Ki(mr)/r), 
m K3(mr) 
2r? 


(D)**1A(r), (A7) 
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The resulting integrals converge for Rez<O and using 
the standard relations" 


f du u-*-1K (4) J (ul — p?/m*) 1/2) 
0 . 


= (—p?/m?)-94-* 11 —2) TP (—2) 
XF(1—2, —2; 2; p/m’), 


f ” uw 3K ou) Io —p2/m")*) 


= (—p?/2m?)4-*1T(2—2)T'(—2) 
XF(2—z, —2; 3; p?/m’), 


we arrive at Eqs. (4.10). 

To evaluate the contribution of the double pole at 
z=0 in Eq. (4.4), it is necessary to evaluate the de- 
rivatives of these hypergeometric functions at z=0. 
This may be done by considering the power-series 
development 


1-—2z)(—z 
F(i-z, —z; yer, 
2—z)(1—z)(1—2)(—2z) x? 
eae vy [al<t 
2X3 2! 
from which 
OF (1—z, —2; 2; x) (= : 2XK1X2x? ) 
az wo (N22 2X3X2! 
= ——. (as) D 
= nmi n(n-+1)_ 


This latter sum may readily be shown to be 
—{(1+[((1—2)/2] In(i—z)} 


and, substituting this result (with x=p?/m?), plus a 
similar one for F(1—z, —2; 3; p?/m?), into the Sommer- 
feld-Watson integral, we arrive at the final expression 
for the electron self-mass given in Eq. (4.12). 

The computation of the photon self-energy is some- 
what lengthier. The electron calculation was performed 
directly in configuration space. By way of contrast and 
also to illustrate the different technique involved, we 
shall compute the photon self-energy in momentum 
space using the usual Feynman a-variables. In fact, as 
a consistency check we have computed the two self- 
energies both in configuration space and in momentum 
space. 

The a-parameter form of Eq. (4.7), written in terms 
of the function C(k?,z) and D(k?,z), defined in Eq. (4.9) is 


"W. Erdélyi ef aJ., Bateman Manuscript Project, Tables of 


plo Transforms (McGraw Hill, New York, 1954), Vols. I 
and IL 
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TI,,(k?2) = (tuk? —kyk,)C(k?,2) +1yD (#?,2) , 


e®A(z) ) 00 
Lae 
8 Jo 0 
ro) 3—£ 
xf da. 
9 


011012013 
Xexp| 2 ———_—__ —aym?—aem’ J, 
00022030103 


ea (z) 20 00 
ee 
16 Jo 0 


00 ay!-* 1 
x i fin Ree eae 
0 T'(2—z) (a1ae+ores+ares)? 


C(R?,2) = 


ag 


eS 
T'(2—z) @iee+arstozes)* 


a1a2 


D(k?,2) = 


as Gye20'3" 
>| —_ —2e—_______—— +n | 
wetetarastoyes = (aero arearst ayes)? 
aty012013 
x exo( # ayn? ~amn') F 
@0t2-F a0 boria3 


where A(z)=(4r)-*I'(2—z)/T'(z). These iterated inte- 
grals are defined initially for 8?<0 and a certain range 
of z values. The final answer may be analytically con- 
tinued to other values. 

We shall compute D(k?,z) first and start by defining 
new integration variables x?=1/a3, y?=1/as, 2?=1/a1 
and then converting to polar coordinates, +=r cos; 
y=rsin@ cosy, =r sin@ sing. This leads to 


A(z)? 


ar(2— a ‘ae o 


x a dr r**—' sing cos¢ sin*#(cos6)*-! 
0 


Dk 2) = 


X (r? sin cos’ sin? yp —k? sin'@ cos?y sin?y++-m?) 
x m?* 
Sef) 
r?— ? sin?@ cos? sin? 


The ¢ integration is performed by defining 4 =1/r? and 
then consulting a standard text'® on Laplace trans- 


forms. The result is 
MOOD a 


eA(z) IP (—z—-1) 
D(R?,z) = 
A4T'(2—z) 
Xsing cose sin (cos) — = i) 
in? sin? cos? 
[sin‘@ sin? cos? zk? —m*(z-+- 1 —sin29) ], 
where k2<0 and Rez<1. 
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The @ integration may be carried out, using sin? as 
the variable, from the relation” 


T@)re) 
T(ut+y) 


X#Fi(—A, v3; n+», —1/a), 


1 
/ (1-2) lel (¢-+-a) dx =a 
0 


Reu>0, Rev>0 
leading to 


e'A(z)T(—z—-1)T (2) 


D(k?,2) = 
oe 321(2—z) 


camry [ ai(i—po? 


2P'(4—2) tk? 
kp} aP(—s, 414; —) 
4T(4) 4m? 


(3-2) th? 
+-m*——_r+ 1P(~s 3-2; 3; —) 
4m? 


T(3) 
sea? a” 
—m?(z+1) T) i: (—2,2-12;—)|, 


where /=sin?2y and 0<Rez<1. 
Using the standard integral!* 


T(u)T() 
T(u+y) 
XsF a(v,41,02; uty, v, di; a), 


1 
[242 sPs(ox0s; 6502) = 
e 


lal<1 


we obtain an expression for D(k*,z) in terms of 2F2 
functions. This may be usefully converted into one 
expression in terms of Meyer G-functions, giving 


1817 


eA(z) T(z) 


*)= r@)x(—# 
128 T(2—z) 
—k*)—-1, 1, -3 
| Gu" ) 
4m? |—s, —3, —3- 
—k?)—1, 1, -3 
+6u0(— ) 
4m?|—1—2, —%, —3-2 
—k?| —1, 0, —2 
son )}. 
4m?|—1—-z, —}, —2—z 


These G-functions may be combined together to give 
—k?} —2, -1, | 
4m?i—z—-1, —2z—3, —} ; 


m 


- SoG 


It was for this reason that the Meyer functions were 
introduced. The final answer, expressed in terms of the 
more tractable ;/2 function, is 
D(k,z) 
Se? (mm?) TYP (1 —z)T(1—2) F(1—z) T(z) 
"Bettis 4s P(e—-1)T(3)FG—z) (142) 
XaFo(2—z, 1—z, —1—2; 3, 3-2; h?/4m?). 
The same manipulations for C(k?,z) yield 
C(R,z) 
e?(m?)*+1 1(4)T(1 —2) T(2—2) P(4—z) T(z) 
~ 16e%24° T(G—-1)T(4)TG—2) 
XF2(4—z, 2-3, 2; 4, §~z; k?/4m?) ’ 
which simplifies slightly to give Eqs. (4.11). The con- 
tribution of the double pole at z=0 is obtained from the 


power-series expansion of the 3/2 functions as in the 
electron self-energy calculation. 
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A simple-minded perturbation calculation to order G (the Newtonian gravitational constant) of the two-graviton 
coupling to a pseudoscalar (P) or axial (A) current via a fermion loop Rives an anomalous contribution W vhich can be 
added to the Adler term in the form 8A w = Im Pte ecauv en fay! Ln + €xapy® crpo® uvpo! 7681". . The anom- 
alous terms can be interpreted as arising from an infinite-mass regulating loop. 


The occurrence of anomalous terms in PCAC relations 
in naive perturbation theory computations involving 
bilinear currents has prompted us to examine the ques- 
tion for the case when the currents involve derivatives 
of the fermion fields. In particular we wish to report 
on the one-fermion loop modifications to such PCAC 
relations when the stress-tensor current is considered, 


and especially to consider the basic if academic problem* 


of the two-graviton decay mode of the 19 meson, the 
direct analogue of n° + 2y, Our result, incorporating 
the Adler anomaly [1], can be stated in the form 


= 2 
aA, =m Pte Eau! it F./16n" + 


Eau eroo® uvpo! 76817 (1) 
where A is the axial current, P is the pseudoscalar cur- 
rent and R is the Riemann curvature tensor, the gravity 
analogue of the Maxwell tensor F. All quantities in (1) 
are in the context of a naive perturbation calculation 
in lowest order of the relevant couplings (the one-loop 
graphs), and indeed the anomalous terms can be inter- 
preted as the contribution from an infinite mass fermion 
regulator in the gravitational as well as the electromag- 
netic parts. We see in (1) the role played by the two 
fundamental longrange forces of nature and the parallel- 
ism between the Maxwell and Riemann tensors. 

In this note we will only mention the salient fea- 


i This ceases to be an academic problem for the case of strong 
gravity and the two-f meson decay mode of a (therefore) mas- 
sive pseudoscalar meson. 
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tures of the calculation leaving the considerable details 
and interpretation of our results to another publication. 
Because we are dealing with gravity there are two com- 
plications * which do not arise with electromagnetism: 
(a) many more Feynman graphs need to be taken into 
account when working to any given order in the New- 
tonian constant G = 162K? , and (b) the resulting inte- 
grals are superficially more dikersent Nevertheless, the 
saving grace which renders subsequent analysis possible 
and makes the integrals finite is gravitational gauge in- 
variance. In contrast to the two-photon mode of a 
pseudoscalar or axial current, the two graviton mode 
brings in three distinct Feynman graphs, as depicted 

in fig. 1, of which the graviton pole diagram vanishes 
identically. 

With physical gravitons the general form of the ma- 
trix element for 79 decay must, by gravitational gauge 
invariance, reduce to 
Aid 3 Atel Ga AL AN — kk )Gp(k-k’). 

(2) 
Likewise the axial (index a) decay must be writable in 
the form (3) 


Eth) SKYE yk aK ly kK kK K+K'), Gy (kk’). 


"A necessary complication when dealing with spinors is the 
use of the vierbein formalism. 

* The basic reason for the form (3) is that the 1* component 
of the axial current cannot couple to a pair of identical heli- 
city 2 particles; only the 0 piece can and this enters in a deri- 
vative fashion. 
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Fig. 1. One-fermion loop contributions to the two-graviton mode. 


Expressions (2) and (3) can be directly compared with 
the matrix elements for the two-photon decay modes [2] 


e*(k) ex (k’) Spi kk’ Fp(kk') and 


ex (ker, (k’) Ee aye ky ky. ‘(hk'). 


Now a naive evaluation of the diagrams of fig. 1 yields* 


(k+k') F 


mG. = m2 ' 9 —x —y)xy dx dy 
Pp ren er ae 


ar 8 OkkK'xy—m) 
Aca ae a1 —x—y)x2y ? dx dy 
A 89? (2k-k'xy +m) 


We observe an anomaly in that 


2ik-k'G, = ImGy+K2/192n? # ImGp, 


’ = 2 2 
c.f. 2ik-k Fy =2m F, + e Px # amF,. 


By recasting the structure of the effective pseudoscalar 


Lagrangian in terms of Christoffel symbols { }, we can 


*In deriving the pseudoscalar result, for instance, one encoun- 
ters a constant nongauge invariant contribution 
Noy mre ru which must be eliminated in the same way 
as: one Hoes i in the two-photon decay mode of a scalar meson. 
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rewrite the anomalous gravity contribution in terms of 
the Riemann tensor to this order in G, 


Euy’an' 998,99) 8 yy! = 9,989 2,8 v) = 


= Eryn’ ®y HA}, (u'vr’) — By {WHA}B, {'v' D's 
= te 


hav pe uipe 

finally giving us eq. (1). Exsthemore we note that just 
as the e.m. anomalous term e 2 12_? = lim,, 2m F, 

so is the gravitational anomalous term K~ a4 T9202 = 
lim,, +2. 2Gp, and therefore all anomalous corrections 
can be identified with contributions from infinite mass 
regulating loops, which inturn allows for possible re- 
interpretation of the Ward-Takahashi identity. The at- 
tractive possiblity that eq. (1) can be made generally 
covariant is pure speculation at the present time. 


We have greatly benefited from conversations with 
Dr. C. Isham. 
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Abstract: A systematic method for constructing Wess—Zumino supergauge transformations is 
exhibited. 


In a recent article Wess and Zumino [1] have invented an interesting new symme- 
try. Generalizing from the dual model super-gauge symmetry [2] these authors.suc- 
ceeded in defining an analogous transformation group in four-dimensional space- 
time. This invention is quite remarkable in at least two respects: (i) the irreducible 
representations of this symmetry combine fermions with bosons and (ii) the stric- 
tures of O’Raifeartaigh’s theorem are circumvented — we seem to have here a rela- 
tivistic spin-containing symmetry which is consistent with unitarity*. Moreover, in 
a simple Lagrangian model involving two scalars and a Majorana spinor, Wess and 
Zumino found that, in the one-loop approximation, there is only one (logarithmic) 
divergence [3]. 

The purpose of this paper is to present a rather simple method which can be 
used for the construction of at least some of the representations of this symmetry. 

We shall confine our considerations to the 14-parameter subalgebra of the Wess— 


* The group of Wess and Zumino can be looked upon as a fort. of quasi U(2, 3): the set of unitary 
5x5 matrices, g, whose elements g,, «8 = 1, 2, 3, 4, and gs are ordinary complex numbers 
while &y and gs are anti-commuting c-numbers. The subgroup SU(2, 2) X U(1) of the ordinary 
“ sort is identified with the product of the 15-parameter conformal group of space-time and a 
1-parameter group of , transformations, The anticommuting parts are identified with super- 
gauge transformations. Looked at in this way an immediate generalization to U(2,4) (or U(Q25)) 
is suggested. The ordinary subgroup SU(2, 2) X U(2) (or SU(2, 2) X U(3)) might then be said 
to include a strictly internal SU(2) (or SU(3)) symmetry. Contrasted with this marriage of in- 
ternal symmetries with space-time symmetries, one may also consider a rather trivial generali- 
zation of Wess and Zumino’s work where each one of their fields is considered as (for example) 
the adjoint representation of an internal symmetry U(r). 
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Zumino system which is generated by the Poincare operators J uv P, and the 


Majorana spinor S,,. In addition to the usual commutation rules involving J, and 
P,, only, we have 


[s,,P,] =0 
JJ=4O,,)E 5, » (1) 
{Sy S,}= (1, OQ) ag Py : 


where C denotes the charge conjugation matrix*. The last of these rules can be ex- 
pressed in the alternative version 
[€, 5, Se,] = —€,7,69F,, (2) 


where €, and €, are two arbitrary Majorana spinors which anticommute with one 
another and with S. (Notice that €S5 = Se is a hermitian operator and that 
1 Yl = — Fy % yey is an imaginary 4-vector* .) 

Our basic approach is to work out the group action on the space of left cosets 


with respect to the subgroup of homogeneous Lorentz transformations. This “space” 


is essentially eight-dimensional, being parametrized by the 4-vector x,, and the 
(anticommuting c-number) Majorana spinor @,. A simple way to obtain the group 
action on this homogeneous space is to define the unitary operators 


L(x, 0) = exp [ix,, P,,] exp (i°S 1, G) 


and consider what happens to them when any one of the operators representing, 
respectively, a translation, a homogeneous Lorentz transformation or a super-gauge 
transformation is applied on the left. One finds, 


exp lic, P.] L(x, 6) =L(xte, 6), 


exp [iw w,, Jy] L(x, @) =L(Ax, a(A)@) exp [oJ] » (4) 


exp [feS] L(x, @) =L[x,- 21, 6,0+¢], 


where a(A) = exp($i) WyyIyy denotes the usual spinor representation of the homo- 


geneous Lorentz group*?. (Notice that, because of the Majorana constraints on € 


* Our notational conventions are as follows. The Dirac matrices satisfy (5) {ys yl Auy = 
= diag (+ — -—) and adjoint spinors are defined by ye why. The matrices 79, cone FoF pn 
als» Yo7s are hermitian, The charge conjugate of w is defined by y° = where 
c 


=~—Cand C7! C= = I, By a Majorana spinor we mean y° = y. It is an to remember 


that the matrices ye and py C= Gi ly, + FIC are eyes while C, y,C and iy psc are 
antisymmetric. In particular, it follows that ¥,¥2= 024) 0 = Fam 1% p¥2= 


=- 920 po» Vl tyis¥2 = Val psa Wits V2 = V5 ae and ¥, are anticommuting 


Majorana: spinors, 

re Space reflections are incorporated by requiring that 9 transform according to the rule 6 > 
+ i790. Likewise for dilations, x + Ax, 6 -+ az@ and Ys transformations, @ - (cosa + 7, sina)@ 
with real a. 
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and 6, the displacement in x, caused by a super-gauge transformation is real.) Eqs. 
(4) serve to define the action of the group on the space of the parameters x and @ 
and indicate how any field defined over this space should transform. Thus, for ex- 
ample, the scalar super-field ®(x, @) should satisfy 


exp [/€S] (x, 6) exp [—i€S] = & [x 316 7,0, Otel]. (5) 


By appending a Lorentz index* one could define a vector super-field ®,,(x, 8), a 
spinor super-field VY, (x, 6), etc. 

If we were dealing with an arbitrary group then we should not be very pleased 
with fields defined on an eight-dimensional space-time. It was this aspect of the 
old attempts at combining internal symmetries in a non-trivial way with the Poin- 
care group which hindered their development. The truly remarkable and exciting 
feature of the Wess—Zumino group is that the superfield (x, @) in eight dimensions 
is exactly equivalent to a 16-component set of ordinary fields in four dimensions. 
One simply has to expend ® in powers of 6, and observe that the series must term- 
inate in the fourth order. This is due, of course, to the fact that the monomials 


By Ba pei e 


must be completely antisymmetric and therefore vanish for n > 4. Therefore we can 
write 


(x, 0) = H(x) + O%(x) 8, + 1G 'Fl (x) 0,6, 


an 


+1 [abr] (x)6,0 50, + gl2F19.6 0,6, : (6) 


The number of independent real components involved here can be halved by im- 
posing the reality condition 


(x, 0)* = B(x, 6), (7) 
which reads, in terms of the component fields, 

o(x) = (x), 

$x) = C, 6%), 

api) = Coat pg 1°), (8) 


Ptapy) =Car! ag’ Cy BERET), 


9 (apr61°) = Coa’ pp" Cy" Cog GOP PT Ex), 


* The super-gauge transformations induce no Lorentz transformation. 
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where the barred quantities are defined in the usual way, $(x) = $(x)", @°(x) = 
= $902)" (70)8, 0!29 (x) = b arg’ @) "Cro )E(Ip}f sete. 

The behaviour of these components under an infinitesimal super-gauge transforma- 
tion can be extracted from (5). One finds 


5¢ =$%e, 

Boe =~ lPle, — 31 7,)°3,0 

bglf7] = glamle +4i€y,)78,6° —4i€r, F267, 

SGUEreT = GOP e, 414, P 3,81 — Sit 7,)7 2,810" — 3169, 80,609, 


§plaer8) = sie, ag (o67] a si y,)” ag (oabl 


+41 7,)%8, 4174) — 3 ey, 73, GlFr8) (9) 
(These rules imply, in particular, that the space-time integral of the component 
dg should be an invariant if surface effects can be neglected.) The representa- 


tion (9) turns out to be reducible (although not fully reducible). To see this, it is 
convenient to introduce a new notation for the components. Write 


O(x) = A(x), 

ox) = - = WR), 

GlAl (x) = (CFF ER) + (Cy) G(x) + (Chi, 7,)* [a ,(&) + 23,3), 
GlaPrl(xy = e275 (d, (x) +417)” Ov, 00], 


G1 2875) (x) = €878 (D(x) — 1924(x)] . uo) 


If the reality conditions (8) are imposed then all boson components are real and 
the fermion components w and A are Majorana spinors. The axial-vector field a, is 
constrained to be transverse, 0,4, = 0. The transformation rules (9) now take the 


form* 


* Some of the details in these rules are affected by conventions in the definition of C. Our C is 
defined such that GPC, = -(c7'y8, )e75(y,0), 5 = + (C7! 5) and 
4) Fy ysQyg Ht (Cl yy 7s). 
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pe ee I; ce 
éy = 210 Ay, € + 310, BY, ¥5€ + Fet+ Gy,€ tai, Y5€ » 


SF =litaptienr, 


8G = iE YAY +ZEYD, (11) 
5A =Dertild a — 9,410,755 
Ce) 
ba, = EY, %5d eines EV,Y5A » 
8D =hiz4r, (12) 


and it appears that we are dealing with one of those curious representations that 
does not reduce in the usual way. The eight independent components in the set D, 
A and a,(3,4,, = 0) clearly transform irreducibly. However, unless they are set equal 
to zero, they involve themselves in the transformations of the other eight compo- 
nents, A, B, y, F and G*. 

The setting to zero of D, \ and a, can be viewed as a covariant constraint. In 
fact one can construct an axial vector which generalizes the well-known Pauli- 
Lubanski operator, 

K,=4 2Enrp tv up — LSi7, 75S ; (13) 
whose transverse part is super-gauge invariant. Thus, the antisymmetric tensor 


K =PK -PK (14) 


commutes with both translations and super-gauge transformations. This operator is 
realized by the following differential expression: 


ab 
Ky? =X, Og 39 30. 30, 
ae ,7 a a 
+i(X,, aie ol “1OX! 5 ae’ (15) 


where X,,, = -&@) 7 1759, — ¥,759,,). The equations K = 0 are solved by 
M nv 
D=h= a =0. ; 
The combining of representations into products is, at least in some cases, quite 
easy. One simply multiplies the super-fields. The detailed combinations of compo- 


* We have adapted our notation here to that of Wess and Zumino, ref. [1]. Thus, our eq. (11) 
with A, 14y and D set equal to zero corresponds to their eq. (8) with 2 Pode 0. Similarly, our 
(12) corresponds to their formulae on p. 48. 
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nents will be revealed by expanding the result in powers of 6. For example if 
$,(x, 0)= ©, (x, 6) ®.(x, 6), 


then, using the components defined by (6), 


83° = 5,98" +9888 9808 +975, , 


O97 = 9,957 + Le [oTds + 92°92) + 52°79, , 
cyc. 


GH =F, 95% +L GE Gh + Ligahgres Ligehrgs + H26% G,. (16) 
In particular, with &, = , satisfying K uv® = 0, it is a simple matter to show that 
GFP = =F [_4497A + YOY + 4008)? + F? +G?] 


= 4699 [3(8,A)? + 3(8,B)? + Pid + 2F? + 2G? 4 a,(Ad,A)] . (17) 


According to the rules (9) this object must transform by a gradient. Its space-time 
integral is invariant. Wess and Zumino have proposed to use it as a Lagrangian den- 
sity [1, 3]. 

The approach discussed in this paper may not prove to be the most serviceable 
one available but, with the present hazy understanding of this curious and potentially 
important symmetry, it seems worthwhile to examine every avenue*. 
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Abstract: A method is given for constructing some of the unitary irreducible representations of 
the Wess—Zumino super-gauge symmetry. Application of this symmetry to the analysis of 
S-matrix elements is considered. A new super-gauge symmetry which includes isospin is in- 
troduced and some of its representations are constructed. 


The super-gauge operations invented by Wess and Zumino [1] have the remark- 
able property of transforming bosons into fermions and vice versa. These authors 
define such transformations on a multiplet of fields which is then-built into an in- 
variant Lagrangian. The absence of ghosts (in the perturbative development at least) 
shows, among other things, that the symmetry is consistent with unitarity. Indeed, 
it is possible to proceed directly to the construction of unitary representations. 

This we shall do in the following. 

The super-gauge symmetry of Wess and Zumino may be looked upon as the first 
example of a unitary and relativistic spin-containing theory. Particles with distinct 
intrinsic spins are here combined into irreducible multiplets. In this letter we present 
a generalized super-gauge symmetry which contains isospin as well. It is not a rela- 
tivistic version of Wigner’s SU(4), though it resembles it. It appears to be a potent 
new symmetry, though we do not speculate at present on its usefulness in particle 
physics. 

The full super-gauge symmetry involves dilatations, conformal and y5 transforma- 
tions. In a recent note [2] we considered the more easily manageable subalgebra 
which is generated by the Poincare operators J,,,, P,, and the Majorana spinor S, 
for which we adopted the following algebra: 


[Sq.P,] =0, SasIuvl = Ou oS > SarSgh=—- MO apa « (1) 
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Here C denotes the charge conjugation matrix* and the spinor S$, is constrained to 
be real in the sense, 


Sq =CugSP . Q) 
Under space reflections it transforms according to** 


Sq > i(1Q)BSsg - (3) 


The above-mentioned generalized super-gauge symmetry is obtained by replacing 
S,, with the isospinor S,; (i= 1,2) for which a modified anticommutator is postu- 
lated. 


{Sei> Sajt i Ej MIs aghy a (4) 


The space reflection rule (3) is unchanged but the Majorana-constraint (2) is re- 
placed by the SU(2) covariant form 


The construction of unitary representations begins with the observation that 
super-gauge transformations must leave invariarit the manifold of states with fixed 
4-momentum since S, commutes with P,,. On this manifold the anticommutator 
{Sy; Sg} becomes a fixed set of numbers and we see that the operators generate a 
Clifford algebra. Since this algebra has just sixteen independent members, its one 
and only finite-dimensional irreducible representation is in terms of 4 X 4 matrices 
[3]. As we shall see, these matrices are hermitian (in the sense of (2)) when p,, is 
timelike. In this case the super-gauge transformations serve to resolve the manifold 
of states with fixed p,, into four-dimensional invariant subspaces. If P,, is light-like, 
these four-dimensional spaces involve two states of positive norm and two orthogonal. 
states of zero norm. 

One can contemplate a complete classification of the unitary irreducible repre- 
sentations according to whether the four-momentum is timelike, lightlike, space- 
like or null. In all but the first case one would in general meet infinite-dimensional 
representations of the Clifford algebra***. Here we shall be dealing exclusively with 
timelike representations. 

In addition to the operators S, there are, of course, the well-known rotations of 
Wigner’s little group which leave invariant the manifold of states with fixed p,. The 


* Our notational conventions are as follows. The Dirac matrices satisfy imp rv} = Nyy = 
diag (+ — — —). Adjoint spinors are defined by y = y*yo. The matrices yo, YoY, Yo uv» 
YolVp7s, YoYs are Hermitian. The antisymmetric matrix C defined by C+ pC = -v is 
real. 

** For consistency with the Majorana constraint the factor i is necessary. 
*** Such representations are relevant for group theoretical analysis in the crossed channels. 
See for example ref. [4]. 
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generators of these rotations, taken together with the Clifford elements, S,, SjqSgy; 
etc., span an algebra which might be called the little algebra. The basic problem is 
to find the unitary irreducible representations of this algebra. These representations 
are in one-one correspondence with the unitary irreducible representations of the 
full group. Similar considerations apply to the generalization (4), (5) where the irre- 
ducible representations of the timelike Clifford algebra are sixteen-dimensional. 

In the rest frame, pg = M, p = 0, the little algebra is generated by the angular 
momentum operators J and the S, which here obey the rule 


{SqsSg} =—Mlr0C)ag - (6) 


In a basis where Y¢ is diagonal and C is real, the Majorana constraint (2) implies 
S4= ST, S3 = S35 and the anticommutators (6) can be expressed in the suggestive 
form: 


{S,,5,}=0, {Si ,S}}=0, {S,, Sf} = Mee , (7) 


where S, is a two-component spinor under space rotations and transforms accord- 
ing to 


Sq 7 iS, (8) 


under reflections. Viewed as creation and annihilation operators, the spinors S, and 
Ss; can be used in the familiar way to set up a four-dimensional ‘Fock space” with 
positive metric. The procedure is as follows. 

Choose a set of 29 + | vectors 19, 93),-9 < 93 <9, to represent the states 
of a particle at rest with mass M and spin g. Let these states constitute the “Clif- 
ford vacuum”’, i.e. 


Sz19,93)=0. (9) 


Define the orthonormal vectors 
I9amyng= MAM St SH 19g5), (10) 


with the pair (n,, 2) taking the values (0, 0), (0, 1), (1,0) and (1, 1). These states 
span a 4(2 9+ 1)-dimensional irreducible representation of the little algebra*. The 
(spin)P4tity content of the multiplet is( 9— 4)", 9",9—'", (9+ 4)", where n 
takes one of the values + i (for integer 9) or + 1 (for half-integer 9). 

Basis vectors for the representation of the full group are obtained in the usual 
way by applying Lorentz boosts to the rest frame states (10), 


* The three-vector operator 9 =J— (2M)! SteaS commutes with the Clifford elements and 
satisfies the commutation rules of SU(2). ft coincides in the rest frame with the transverse 
part of the generalized Pauli—Lubanski vector, Ky, introduced in ref. [2]. The singlet iy is 
a Casimir operator. Its eigenvalues NK 9g + 1) serve to label the irreducible representations. 
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IPP GF 30 N2) = UL )NIGZ3nyn>) 5 (11) 


where L,, denotes a three-parameter boost which carries the 4-vector (M, 0) into Py- 
The behaviour of these states under super-gauge transformations is easily obtained. 
Apply S, on both sides of (11) and take it through the operator U(Ly) using the 
knowledge that it transforms as a Dirac spinor under the Lorentz group. One finds 


Saipt) = Ls |pE')XE'IS_(p)1E) (12) 


where & denotes the set of labels in (10) and 


CE'ISy(P)IE) = ah (Lp KE’ |S gl) , (13) 


where aB(L ) denotes the spinor representation of the Lorentz transformation Ly. 
The p-dependence of the 4(2 9+ 1)-dimensional matrix S,(p) is thereby given ex- 
plicitly. 

In defining the action of S, on two-particle states there is one subtle point which 
must not be overlooked. Suppose we take S, = si +5) where 
{s@), sy} = —(7,C)agP p> and likewise for S$), Then, in order to have 


{0 +52), SM +5) = —(,C)ag(Pi + P2)p > (14) 


it is essential that S“) should anticommute with S®), The correct definition of Sq 
on the product state |12) is therefore, 


Sql12) = (12) 1S 4(p, UD # 112'€2'1S4(P2)12) , (15) 


where the negative sign is used when the state |1) is fermionic. 

The symmetry discussed here is a very potent one. To analyse two-body am- 
plitudes, for example, one would resolve the in- and out-states into irreducible re- 
presentations of the (common) centre-of-mass algebra (14). In general this algebra 
is smaller than the little algebra of one-particle states, because the presence of re- 
lative momentum vectors in the two-particle states forbids the inclusion of J. In 
general one can supplement (14) only by the discrete transformation corresponding 
to reflection in the interaction plane. (Forward amplitudes have the additional sym- 
metry against rotations about the common direction of the relative momenta.) Con- 
sider, for example, the elastic scattering of two 9 = 0 multiplets. The sixteen in- 
states must resolve into four quartets of the algebra (14). Two of these will be even 
under the discrete reflection and two odd. Likewise for the out-states. It follows 
that a total of eight amplitudes (four of which vanish in the forward direction) de- 
scribe the various processes. This count would be further reduced if two or more of 
the multiplets are identical. 

We now consider briefly the application of these ideas to the isospin-containing 
symmetry characterized by (4) and (5). In this case the Clifford algebra contains 
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256 independent members, and its fundamental representation is in terms of 
16 X 16 matrices. As before, we express the rest-frame anti-commutation rules in 
the form 


{SgiSpjt=0,  {Szi,Sfj}=0, {Sq Sj} = M828/, (16) 


where the four-component object S,; is a spinor under both space and isospace ro- 
tations. Since the little algebra now includes J as well as J, we construct its irre- 
ducible representations by starting with a multiplet of (29 + 1)(2 9+ 1) states, 
1993, 993), and applying the creation operator S,; repeatedly. The resulting 
states span a space of 16(29 + 1)(2 9+ 1) dimensions with positive metric. These 
states can then be boosted to span an irreducible unitary representation of the full 
group. The representations made in this way are seen to be characterized by three 
numbers, 9 , 9 and M, in addition to parity type*. 

In the rest frame the normal parity representation with 9 =9 =0 has the (/, J yp 
content 


(0,0)* +(3,4)/+(1,0)- +, 1)> +(4,4)7-! + 0,0) (17) 


The content of any other irreducible representation is obtainable from this by 
vector multiplication with the SU(2) X SU(2) multiplet (9,3 ). It will be noticed 
that the rest frame states (17) can be grouped into multiplets of Wigner’s SU(4), 
viz. 1+4+6+4+ 1. This is because the rest frame Clifford algebra contains the 
matrices 3 [S,;, S5j] which obey the SU(4) commutation rules**. 

To analyse two-body amplitudes one would resolve the in- and out-states into ir- 
reducible representations of the centre-of-mass algebra generated by S,; and J. For 
example, in the scattering of two 9 = 9 = 0 multiplets the 256 in-states are found 
to comprise the following representations (denoted 9 P) of the centre-of-mass 
algebra: 1~, (3/)2, (4~#)?, (0*)?, (0-)> (where repetitions are indicated by a 
superscript). One finds a total of twenty-two amplitudes (ten of which vanish in the 
forward direction) to describe the various processes. At threshold, where the re- 
lative momenta vanish, only eight amplitudes survive. Thus, one sees that although 
the particle multiplets are rather large their scattering appears to be controlled by a 
relatively manageable number of amplitudes. 


* The three-vector 9 = J — (2M)! S*S commutes with the Clifford elements and withg. Its 
square is a Casimir operator. 

** If we had widened the algebra to include three spinors Sg; (i = 1, 2, 3) and their adjoints, then 
the algebra of SU(6) would be contained. This programme is not straightforward, however, 
since the Majorana constraint (5) does not generalize. One may also consider inventing al- 
gebras where the anticommutators among the S,;, representing Fermi statistics, are replaced 
by a more complicated system corresponding to para-statistics (or colour). See note added 
in proof. 
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Generalizations to larger algebraic structures could proceed in at least two distinct 
ways. The more economical one, which we consider first, involves a set of n Majorana 
spinors S,, transforming as a vector of O(7). The fundamental anticommutator 
would take the form: 


{Sup Sap = 8) (1, ag P. S 


The smallest irreducible representation has 22” components. The rest frame states 
span a 22” dimensional Fock space which is obtained by operating repeatedly with 
the 2n “creation operators” S,,,@ = 1, 2, in the manner explained in the text. These 
states may be classified according to SU(2n) which is contained in the little algebra. 
In the notation of Young tableaux one finds the antisymmetric representations 


F048 +6+...+ Elan. 
=| 


For the case n = 3, for example, one finds the SU(6) decomposition 
26=14+64+15+20+15+641. 


Among these states is an O(3) singlet with spin 2. In general, the maximum spin 
value in the fundamental representation is 4 n. 

The other (and less economical) scheme is to require the generators S,,, 
p=1,2,...,n, to transform as an n fold of SU(). For n 2 3 it is necessary to 
discard the Majorana constraint and treat the generators S®P as independent. The 
fundamental anticommutators would take the form: 


= 8 = 


8520718 5a Greys 
In this case the smallest representation has 24” components since there are now 4n 
independent anticommuting creation operators S,,,. For the case n = 3, the rest 
frame algebra contains SU(12) which can therefore be used to classify the 212= 4 096 


states. One finds all the antisymmetric tensors of SU(12). In terms of dimensions the 
SU(1 2) decomposition reads: 


212= 1 + 12 + 66 +220 + 495 + 792 +924 + 792 + 495 + 220+ 6641241. 


In this multiplet one finds spins up to the value J = 3. 

Although the examples sketched here may not be realistic, they do, at least, show 
that algebraic generalizations of the Fermi-Bose symmetry are possible. It now be- 
comes important to search out the economical ones. 
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Spontaneous violation of super-gauge symmetries is considered. One consequence must be the emergence of a 


particle with spin 1/2 and mass zero. 


In two recent papers [1, 2] Wess and Zumino have 
generalized the super-gauge symmetry of dual model 
theory to apply to fields in 4-dimensional space-time. 
The most unusual feature of super-gauge symmetries 
is that they combine fermions with bosons in the 
same multiplet. This means that some of the con- 
served currents which generate these symmetries must 
be fermionic. With respect to the Lorentz group, these 
currents, J, fer will transform like the product of a 
vector and a Dirac spinor. Their.components are a 
mixture of spins 1/2 and 3/2. 

The unitary irreducible representations [3] of the 
super-gauge symmetry are characterized by three 
quantum numbers: the mass M, “spin” J, and parity 
n. If Mis non-vanishing, then the (spin) parity content 
is(J—4)%, J”, I-19 and (J+4)". If M=0, then 
the helicity content is J, J+ 4 and —J, -(J+ 4). 

The purpose of this note is to consider what 
happens if the vacuum is degenerate, i.e. not a super- 
gauge singlet. It is natural to expect, on the one hand, 
a lifting of the mass degeneracy in the previously ir- 
reducible multiplets and, on the other, a Goldstone 
phenomenon. In fact, the immediate implication 
would be that the system must contain a zero-mass 
fermion of spin 1/2 because of the following general 
argument. The action of an infinitesimal super-gauge 
transformation, €,, on the Dirac spinor field, /,,, is 
expressed formally by 


BV 42) = [Vae), [dgx"F? Jog(')]. (1) 
Of particular relevance is the vacuum expectation 
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value of this equation, which can be expressed in the 
form 


8, (T* EF J. (x) ¥a(O) = 84 (x) 6¥,(0). (2) 


This equation is equivalent to (1) if the vacuum is 
translation invariant and if the current is local and 
conserved. Now, if the vacuum is not super-gauge in- 
variant, then 6.) will not vanish; instead it will have 
the form 


Gy.) =e, =(PC, gE, (3) 


where C,,, denotes the charge conjugation matrix [4]. 
The non-vanishing coefficient (F) which appears here 
is to be interpreted as the vacuum expectation value 

of some scalar field to which y is related by super- 
gauge transformations. Thus we have the Ward identity, 


3,T* J, (2) Wg(0) = C, ghF?54(2)- (4) 


Define the momentum-space transform of this ampli- 
tude and resolve it into invariant components, 


fae exp (ikx) I J...) ¥g(0)) = Ma gl®) 
=M, (k?)k, C+ (Ma (k?)0,, +MY, Oag 
+M4(R) k, (0, Qag: (5) 


It follows from (4) that the invariant components are 
constrained by the equations 


k?-M, (k*) = iF) 

(6) 
M, (k*) + kM, (k*) = 0. 
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Table 1 
(A) (B) Gm’, mn my, 
I, —mig + (m/g) Jgalm* -1 0 gh—-m? gh—m t Vgh—m? 
r 
li ~mig 0 or A@a-m?) — -}(gA-m?) 0 
2 
Il, —(milg) [L+J/1~gaim? | 0 0 3 m-gr m? —gr tJ/m* gr 


The second of these equations serves only to eliminate 
M, from the decomposition (5). The first equation 
gives the explicit form of M, (k), viz. a simple zero- 
mass pole with residue i(F). This indicates that the 
intermediate states which contribute to M,, 4 must 
include a masstess particle of spin 5: a Goldstone 
fermion. 

The notion of a Goldstone fermion is highly 
attractive since it might provide a fundamental 
theory of the neutrino. We have tested the idea in 
the context of a simple Lagrangian model but have, 
however, come upon a dilemma, at least so far as 
the tree approximation goes. The model we consider 
is that of Wess and Zumino, which employs a multi- 
plet of eight real components: two scalars, A, F, two 
pseudoscalars, B, G, and a Majorana spinor, y. They 
transform according to 


5A=éy, SB=éy,y, 
SW =(F + Grs)e — ji0(A + Bys)e, (7) 
5F=-jiéd~, 5G6=-Ji€ yd. 


The Lagrangian (which is invariant up to a 4-diverg- 
ence) is given by 


Lat le eG (8) 
where 

L,=30,4)° +4@,B)” + Viay + 20F? +6?) 
L, = 2mM(AF + BG —3 py) 

L, =g[(A? —B*)F + 24BG — Y (A — By,)¥] 
L,. =F. 


(9) 


The conserved Noether current is given by (suppres- 
sing the Dirac index): 
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J, = 9A — Brs) ¥,0 tim + Bys)7,¥ 
+ hig(A + Bys)? ¥,0 — 3 7, 750- 
The algebraic variables F and G are redundant. They 


can be eliminated by using the corresponding Euler- 
Lagrange equations.* 


(10) 


0=4F +2mA +g(A2 —B2) +r 

0=4G +2mB + 2gAB. a) 
When this is done the Lagrangian assumes the form 
L'=5(,4)? +4(0,B) 

+ U(id —m)v —29(A - By,W — (A,B), 
where the potential V is given by 
V=}m?(A+N2m)? +4 m? B? 

+4 8\(A? —B?) +4 mg A(A? +B?) (13) 

+h? (A? +B?)?. 


(12) 


One can now proceed in the standard fashion to find 
the extrema of V. The ground states selected in this 
way must then be tested for stability by computing the 
particle masses. 

There are three solutions. We list in table 1 the 
values of (A), (B), (F) and (G) as well as m4, , me and 
my. 


* These equations may be used to eliminate F and G from 
the transformation laws (7) which then become non-linear. 
In other words, the Lagrangian (12) is invariant (up to a 4- 
divergence) under a non-linear realization of the super- 
gauge symmetry. 


Volume 49B, number 5 


The only stable solutions® are 1, (for m2 < gh) and 
lil, (for m2 > gh). Both of these are symmetry pre- 
serving, i.e. (F) = 0. The Goldstone solution II is un- 
stable since either A or B is a tachyon. We therefore 
conclude that the Lagrangian (8) cannot support a 
vacuum asymmetry, at least in the tree approximation 
here considered. 

There are two possible escapes from this dilemma. 
One, we may need to go beyond the tree approxima- 
tion [5] *; or alternatively, that we have chosen the 


* The two solutions denoted L, and I__ are equivalent. One 
can be brought into the other by a field redefinition. Like- 
wise for IIL, and III_. The solution I does not violate par- 
ity but rather imposes a redefinition of the parity operator. 
For the special value of A given by A = m /g, note, however, 
the existence of the degenerate solution (A) ¥ 0, but 
(B) = (F) =(G)= m4 =mp,=m =0. 

* It is well known that in order to generate Goldstone 
solutions in a tree approximation, one must arrange the 
sequence of signs in the potential in a favourable manner. 
In the case considered in the text, the super-gauge 
symmetry has already fixed all the signs for us. 
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wrong super-gauge multiplet (and the wrong 
Lagrangian) to implement the notion of Goldstone 
fermions. The particle may in fact belong not to the 
multiplet with J = 0, but to either of the multiplets 
with J=4 and J=1. 

Note added. We have been informed by Professor 
B. Zumino that the problem of emergence of 
Goldstone germions has also been considered by 
himself and Professor J. lliopoulos in a forthcoming 
CERN preprint. 
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We show that the conventional Yang-Mills Lagrangian with the Yang-Mills field interacting with Majorana fermions 
belonging to the adjoint representation of an internal symmetry group like SU(7) is super-gauge invariant. 


The feasibility of combining fermions with bosons 
in irreducible multiplets of a new kind of global sym- 
metry (super-gauge symmetry) has been established 
by Wess and Zumino *. These authors have given two 
examples [3, 4] of renormalizable Lagrangians which 
possess this symmetry. The question naturally arises 
as to whether and to what extent the new symmetry 
can be compatible with internal symmetries. Internal 
symmetries of the global type are easily incorporated. 
More interesting and more difficult is the question of 
compatibility with internal symmetries of the local 
type. What is clearly implied in such cases is that the 
vector mesons of the gauge system must be associated 
with new gauge particles which are fermions. In the 
absence of spontaneous symmetry breaking, the gauge 
fermions would have zero mass, like the gauge vector 
mesons. 

Wess and Zumino have constructed a super-gauge 
invariant extension of quantum electrodynamics, i.e. 
of an Abelian local symmetry [4]. The gauge multiplet 
consists of a photon together with a neutral (Majorana) 


* These authors [1], following the usage in dual model theory 
where the concept originated (2], designate this Fermi-Bose 
symmetry by the expression “‘super-gauge”’. Since the word 
“gauge” has come to be associated more commonly with 
“gauges of the second kind” or local symmetries, it is con- 
fusing to use super-gauge to describe what is indeed a global 
symmetry of fermions and bosons. We suggest therefore 
that the expression “super-symmetry” might be more ap- 
propriate for the global concept and reserve the word 
“gauge” for local symmetries. 
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zero-mass spinor, while the matter multiplet consists 
of an electron and two charged spin-zero particles. 
The resulting model is renormalizable. 

In this paper we construct a super-symmetric La- 
grangian which at the same time exhibits a non- 
Abelian gauge symmetry. In particular, we find the 
somewhat remarkable result that the Lagrangian for a 
conventional Yang-Mills system of fields interacting 
with a multiplet of Majorana fermions is superinvari- 
ant, provided that the Fermi fields (like the Yang- 
Mills fields themselves) belong to the adjoint represen- 
tation of the internal symmetry group (e.g. SU(”)). 

To construct the Lagrangian, we use the method 
of super-fields [5]. A typical super-field, B(x, 0), de- 
fined over the space of anticommuting Majorana 
spinors 0 ,, is equivalent to a set of sixteen ordinary 
fields (half of them fermionic and the other half 
bosonic) defined over space-time. These ordinary 
fields are simply the coefficients in the expansion of 
(x, 0) in powers of 6 (which expansion must ter- 
minate in the fourth order because of the anticom- 
mutativity of the variable @). Differentiation with 
respect to @ is easily defined and enjoys the usual 
properties except that attention must be paid to the 
order of factors. A particularly useful operator is the 
“covariant derivative” D, defined by 


D, &¢,0)= 22 _ 3 (9), 28 (1) 
06% “ 


This derivative is a Dirac spinor under Lorentz trans- 
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formations and an invariant under super-transforma- 
tions, 
a® 


aega( Oe gt 2 
bb=-€ (= +5 (1 y i) 


The fundamental property of the operators D, is that 
they generate a 16-dimensional Clifford algebra, 


(2) 


{D,,Dg} = (7, Ogi a, @) 


This means, for example, that any product of five or 

more covariant derivatives can always be reduced *. 
A special kind of super-field can be expressed in 

terms of only four independent components, viz. 


sik ie 9 Sal 
©, (x, 0) = exp Fr, 75 6 =a 


X (4, @) +6, @%) +40(1 tiv.) OF), (4) 


where A, and F, are complex, and W, are chiral pro- 
jections (iy; ¥,, = +W,,). Clearly, space reflections 
must carry ®, into ®_ and vice-versa. These super- 
fields, which are irreducible under the combined 
super-symmetry and (proper) Poincaré groups, identi- 
cally satisfy 

Data Ps = HU Firs RDP, =O, 

which can be verified directly using (1) and (4). A 
fundamental property of the irreducible fields is that 


the ordinary product of two “left-handed” fields is 
again left-handed, 


Bi (x, 0) BY (x, 6) = BF'(x, 9), (6) 


and similarly for the right-handed fields. The product 
of right with left fields, however, is a general 16-com- 
ponent super-field. 

Now consider the action of a local symmetry trans- 
formation on a set of super-fields ®(x, 6) which belong 
to a representation of an internal symmetry group. It 
is natural to require that the parameters of such a 
transformation should themselves comprise a super- 
field, 


B(x, 6) + L(x, 6) Ox, 8) . 
The group property 


(5) 


* For example, (DD)?Dg = —2iDD(yyD)q.2/2Xy. 
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2, (x, 8) 2%, 8) = 23(%, 8) 


requires that the elements of 2 be super-fields either 
of the general 16-component type or else of one of 
the types 2, or Q_. In this note we consider the 
more restricted type of gauge symmetry 


©, > exp [iA,] ®, (7) 
where A, and A_ are matrices related by 
AL=A_. (8) 


It may be instructive to see the rule (7) expressed in 
component form with 
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5A, = exp [-4847, 0] (5w,+88x, +45(] tiv.) 059,). 
9) 


One finds 


i134,=6w,A,,  ildp,=5w,¥, +5x,4,, 


(10) 


with similar formulae for the right-handed component 
The purely internal symmetry transformations of the 
fields A,, W,, and F,, parametrized by 5w,, are here 
seen to be supplemented by parameters 5x, and 5¢, 
to achieve compatibility with super-symmetry. 

The gauge fields are to be contained in a hermitian 
matrix super-field & which transforms according to 
eY > eld-eh iA, | (1b) 
The W fields must not be of the YW, and W_ variety 
but are general super-fields. The main problem is to 
construct a gauge-invariant Lagrangian for them. The 
interaction of YW with the matter fields is controlled 
by the symmetry requirements. The coupling is con- 
tained in the invariant expression 


Tr(DD)* (et e%O, +ot eV S_). (12) 
Parity conservation requires that transform as a 
pseudoscalar super-field. 


To construct a gauge-invariant Lagrangian for W it 
is useful to define first the vector super-field 


v= 4(C hy, (1 +i75)/2)"°D,(e-* Dye”). 
Corresponding to (11), one finds 


il6F, =8w,F, —5X_0, +56,4,, 


(13) 


¥ A detailed discussion of the properties of super-fields and 
their use in constructing Lagrangians is in preparation. 


S. 
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VON y ere ee hehe ee (14) 


ie. a Yang-Mills type of transformation law. How- 
ever, the inhomogeneous term here is an irreducible 
left-type field and so is annhilated by the right-handed 
covariant derivative (5), i.e. 


Day My 7 e*+Day Ve. (15) 
Also note that 
DaaDPrg V,=0. (16) 


Using (15) and (16) it is easy to see that a suitable La- 
grangian for the gauge field is given by 


TrDD(C~!)*°(Dg, VD gV,)*Dyy VIMO V1) 


=4Tr (Dy(V, vit vi vi) , (17) 


when a surface term is disgarded. 

In a general gauge the Lagrangian (17) with Vi, de- 
fined by (13) is not a polynomial in the field variables 
and therefore the S matrix is not manifestly renor- 
malizable. However, there does exist a remarkable 
gauge (due to Wess and Zumino [4]) in which the La- 
grangian assumes a manifestly renormalizable form. 
To lowest order in A and WV the transformation rule 
(11) reads 


Wow —iA, tiA_+.. (18) 


This indicates that from among the sixteen compo- 
nents in V we can gauge away eight and leave V in 
the special form: 

W = 4Biy, 7, 0A, + 40007, 0 + 34(00)D, (19) 


where A, is a transverse vector (0,4 ,, = 0). In this 
gauge, V,, reduces to a polynomial in Y, 


— Itiy, 
Vi = Dy 5) DY 
‘z = tiy, 
- bDVy, DY —4 [v. Dy, ) py (20) 
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and the Lagrangian (17) reduces to 
Tr [-40,4,-2,4, +i14,,4,])? 
+ Kiy,,@, A+i[A,, A]) +4D7}. (21) 


Apart from the D2 term (which on variation gives 
the field equation D = 0 in the absence of matter), 
this is the Yang-Mills Lagrangian for the gauge fields 
A,, and the Majorana spinors A. The super-symmetry 
implies that each of the fields A, and A acts asa 
gauge particle for the other. It would be interesting to 
investigate if this system (with a Majorana \) shows 
the same diminution of infinities as has been noticed 
by Illiopoulos and Zumino [6]) for other super-sym- 
metric Lagrangians. For example, it is amusing that 
charge renormalization in this theory is finite in the 
lowest order provided there are in the theory three 
distinct matter super-multiplets (each containing two 
spin-zero bosons and a Majorana fermion) belonging 
to the adjoint representation of the internal symmetry 
group. Whether on account of super-invariance of the 
theory such a result persists in higher orders is an open 
question. 
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The realization of supergauge transformations on fields defined over an 8-dimensional space whose 
points are labeled by x, and the anticommuting Majorana spinor 0, is described. The covariant 
derivative is defined and applied to the problem of decomposing superfields into irreducible (chiral) 
parts and to the problem of constructing “supersymmetric” Lagrangians. Further, it is shown how to 
build internal symmetries (both global and local) into these Lagrangians. An example is discussed in 
which the internal (global) symmetry is spontaneously violated, giving rise to a supermultiplet of 
Goldstone particles (including fermions). When a local symmetry is broken the Higgs mechanism (for 
bosons and fermions) is shown to be operative. A possible solution to the problem of defining a 


conserved fermion number is indicated. 


I. INTRODUCTION 


The concept of a fundamental symmetry between 
fermions and bosons has begun recently to receive 
a good deal of attention. This symmetry was for- 
mulated first in the context of dual model theory.! 
In this 2-dimensional setting it takes the form of 
a local symmetry and plays a vital role in the 
elimination of ghosts. More recently, Wess and 
Zumino?" took the decisive step of formulating a 
global Fermi-Bose symmetry in 4-dimensional 
spacetime. 

An approach to the problem of implementing the 
global Fermi-Bose supersymmetry, which is 
somewhat different from that of Wess and Zumino, 
was proposed by ourselves.*** This involved the 
consideration of a superfield @(x, 6) defined on an 
8-dimensional space which is the product of ordin- 
ary spacetime with a 4-dimensional space whose 
points are labeled by the anticommuting Majorana 
spinor 6,.° The purpose of this article is to dis- 
cuss in more detail the properties of such super- 
fields and their products and to show how it is 
possible to set up supersymmetric Lagrangians 
which are compatible with local internal sym- 
metries. The plan of the article is as follows. 

In Sec. II a pseudogeometrical point of view is 
introduced and the action of the supersymmetry 
group on the space of x, and 6, is defined. This 
leads in a natural way to the transformation rules 
for scalar, spinor, etc. superfields. The struc- 
ture of such representations is discussed briefly. 
The important concept of covariant differentiation 
is introduced in Sec. III and its use in decomposing 
superfields into irreducible pieces is indicated. 
Detailed properties of the covariant derivative, 
including a number of identities, are set out in 


Appendix A. In Sec. IV the Lagrangian for a self- 
coupled scalar superfield first exhibited by Wess 
and Zumino’ is given as an illustration. Section 
V is devoted to the probiem of incorporating in- 
ternal symmetries in a supersymmetric scheme. 
Those of the global kind are easily fitted in and 
so are mentioned only in passing. The main 
problem is to set up local (and particularly non- 
Abelian) internal symmetries which are compat- 
ible with supersymmetry. This is nontrivial. In 
particular, it is found that zero-mass “gauge” 
spinors must accompany the usual vector gauge 
fields.” Goldstone and Higgs mechanisms are 
discussed in Sec. VI and Goldstone fermions are, 
shown to arise when internal symmetry is spon- 
taneously broken. 

One of the disturbing features of the supersym- 
metry scheme is the prevalence of Majorana spin- 
ors. On the face of it, in combining fermions and 
bosons into a single multiplet it would seem to be 
inevitable that quantum numbers such as electric 
charge or baryon number must be shared between 
the fermions and the bosons in the multiplet, while 
neutral bosons would go together with neutral (i.e., 
Majorana) fermions. Fortunately, this difficulty 
is not inevitable. A counterexample is given at 
the end of Sec. V, where it is shown that if the 
system of gauge fields is allowed to interact with 
a massless scalar multiplet [belonging to the ad- 
joint representation of an internal symmetry, ©-€., 
SU(n)] then a new symmetry appears. The Major- 
ana spinors from the gauge system can be com- 
bined with the spinors from the matter supermulti- 
plets into complex Dirac spinors, with the Lagran- 
gian exhibiting a fermion-number conservation. 

With the incorporation of local internal sym- 
metries into the framework of supersymmetric 
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Lagrangians and with fermion-number conserva- 
tion implementable, the supersymmetric Lagran- 
gian concept is now sufficiently developed to be 
considered for use in a realistic unified theory of 
weak, electromagnetic, and strong interactions. 


II. SUPERFIELDS AND THEIR TRANSFORMATIONS 


Superfields are defined over the 8-dimensional 
space whose points are represented by the pair 
(x,, 5), where x, denotes the usual (real) space- 
time coordinate and 9, is a Majorana spinor.® 
The variables 9, differ radically from coordinates 
of the usual sort in that they anticommute, 


6, 6% +050, =0. 


This has the important consequence that any local 
function f (4) must be a polynomial. This can be 
seen from the fact that the monomials 


Ge, 9° ae 6, 


must be antisymmetric and therefore vanishing 
for n>4. The local function f (6) is fully specified 
by 16 elements: the coefficients in its expansion 
in powers of 6. Half of these elements are num- 
bers of the ordinary sort while the rest are anti- 
commuting quantities. One can think of the func- 
tion f(@) as a kind of 16-vector. Nevertheless, 
it is very useful to view such objects as functions 
defined over a 4-space, and this aspect will be 
emphasized in the following. 

The action of the Poincaré group on the space of 
x and 6 is given by 


XywAyy xy +d, , 
Pad Gq" (A)Og ’ 


where a(A) denotes the Dirac spinor representa- 


(2.1) 


tion of the homogeneous Lorentz transformation A. 


In particular, space reflections are associated 
with the mapping 


Oy ~ t(%O)q (2.2) 


The factor i is necessary here for compatibility 
with the Majorana constraint on 9. 
The action of a supergauge transformation on 
the space of x and @ is defined by 
Ky Xi + 34ey,6, (2.3) 
Gu > Oat Ea y 


where the parameter €, must, of course, be an 
anticommuting Majorana spinor. The group prop- 
erty of the mappings (2.1) and (2.3) is easily ver- 
ified. However, it should perhaps be emphasized 
that our constructions are purely formal. For 
example, the spacetime translation }i€y,6 is not 
a set of four ordinary real numbers such as x, is 


usually taken to be. These numbers are nilpotent, 
(€y,0)°=0. For consistency we should regard the 
coordinates x, also as belonging to some non- 
trivial algebra. Perhaps it may be possible to 
establish a rigorous geometry’ on the space of x 
and 6. 

The scalar superfield is naturally defined as one 
which transforms according to 


}"(x', 0) = (x, 8). (2.4) 


Generalization to spinor and tensor superfields is 
equally natural. For example, the spinor would 
transform according to 


L(x’, 0’) =a,5(A Wa(x, 0). 


As remarked above, any local function of 8 must 
be a polynomial. To illustrate we give the ex- 
pansion of the scalar superfield, 


(x, 0) =A (x) +Op(x)+4 BOF (x)+4 6, 6G(x) 
+4 GiyyyGA, (x)+4 606x(x) 
+ $ G6yPD(x), (2.5) 


where the coefficients A, F, G, A,, D are ordin- 
ary Bose fields, and » and x are Fermi fields. 
The behavior of these components under the action 
of the Poincaré group is clear: A, F, and Dare 
scalars, Gis a pseudoscalar, A, is an axial vec- 
tor, ~ and x are Dirac spinors. (The intrinsic 
parities are reversed in the case of a pseudo- 
scalar superfield.) These components are all 
complex in general. However, it is possible to 
impose a reality condition on the superfield, 

(x, 0)* =6(x, 6), 
where the complex conjugation is understood to 
reverse the order of anticommuting factors. The 
real scalar superfield has Bose components which 
are real] and Fermi components which are Major- 
ana spinors. 

The behavior of the component fields under the 
action of an infinitesimal supergauge transforma- 
tion is easily deduced from (2.3) and (2.4), 

am 


t 3@ 
50 (x, a-e(& +9 (MPa Ox, ), (2.6) 


by substituting the expansion (2.5). One finds 
bA =€y, 


wie ole 
| 


5G = hey x— Fier, Fy, (2.7) 
GA, = 3 Cir %X +31 YI % 2p y, 
6x = 3(D-i9F -i9y,G-inygGAy Je, 


6D = -~ieFx. 
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In certain circumstances (which will be discussed 
in Sec, III) this representation turns out to be re- 
ducible. 

A better insight into the structure of representa- 
tions of the supersymmetry can be gained from 
an examination of the infinitesimal algebra. To 
obtain this algebra one represents the action of an 
infinitesimal transformation on #(x, 6) by a com- 
mutator, 

= d(x, 0) =[(x, 9), €31, (2.8) 

where the components of the generator S,, them- 
selves comprise a Majorana spinor, 


s)t=€s , 


By considering the action of two infinitesimal 
transformations applied in succession and making 
use of the Jacobi identity one arrives at the con- 
sistency condition 


[€,s, €S]=€.y,P, , (2.10) 


where F, is the generator of space translations. 
In fact it is clear from the rules (2.3) that the 
commutator of two supergauge transformations is 
a translation. At this point it is necessary to as- 
sume that the infinitesimal parameters € anti- 
commute with the generators S. From (2.10) one 
then extracts the anticommutation relation 


{Sa,Sat==(%C aay (2.11) 


(where C is the charge-conjugation matrix). Since 
the matrices He are symmetric® one sees that 
the left-hand side of (2.11) must be an anticom- 
mutator and hence the necessity of assuming that 
€ anticommutes with S. : 

The rest of the infinitesimal algebra is deduced 
in the same way. In addition to the usual rules for 
the commutators among generators of Poincaré 
transformations one finds 


(2.9) 


[Se, B, ] =0, 
[Sas Iw] = 3(OyyS)a ’ 


indicating that S, transforms like a Dirac spinor. 

The rules (2.11) and (2.12) are fundamental. The 
construction of irreducible representations of this 
“algebra” and the development of rules for de- 
composing their products are the central problems 
of supersymmetry theory. We have chosen to re- 
gard this system as the infinitesimal algebra of a 
continuous group of point transformations in a 
space, some of whose coordinates are anticom- 
muting ¢ numbers. However, in the absence of a 
rigorous geometry in the space of x and 6 this 
point of view is no more than a suggestive guide 
for one’s intuition. 


(2.12) 
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The construction of representations begins with 
the observation that supergauge transformations 
must leave invariant the manifold of states with 
fixed 4-momentum since S, commutes with P,. 

On such a manifold the anticommutator (2.11) be- 
comes a fixed set of numbers and we see that the 
operators S, generate a Clifford algebra. Since 
this algebra has just 16 independent members, 

its one and only finite-dimensional irreducible 
representation is in terms of 4x 4 matrices.’° 
(There must exist infinite-dimensional represen- 
tations as well, but we shall not consider them 
here.) The manifold of states with fixed 4-momen- 
tum is therefore reduced by the action of super- 
gauge transformations into 4-dimensional invariant 
subspaces. However, these subspaces are not in 
general left invariant by the Wigner rotations. 
These transformations reduce the manifold into 

(29 +1)-dimensional invariant subspaces. The sub- 
spaces which are invariant with respect to both 
supergauge and Wigner transformations are 

4(29 + 1)-dimensional. 

The construction of unitary irreducible repre- 
sentations of the algebra (2.11) and (2.12) by 
Wigner’s method has been treated elsewhere.* 
These representations are characterized by a 
mass, a spin (9), and an intrinsic parity (n). In- 
cluded in one of these representations are four 
irreducible representations of the Poincaré group. 
The (spin)P” content is (f-3)", 9'", 9-*" (9+4)" 
where 7) takes one of the values +i (for integer 9) 
or +1 (for half-integer J). The rest mass is com- 
mon. [The lightlike representations are 4-dimen- 
sional with helicity content + and +(A +4) with 
fixed A.] 

We sketch very briefly a method for constructing 
irreducible multiplets of fields (nonunitary rep- 
resentations). In a basis where y, is diagonal the 
generators S, become a pair of chiral spinors S, 
and S; (A=1, 2) which satisfy the algebra 


Sq, Sa}=0, {S;4,Se}=0, {S4, Ss}=i24,. (2.13) 


We shall treat S, (or S;) as “raising operators” 
and S; (or S,) as “lowering operators.” Let the 
lowest component U(x) belong to some finite-di- 
mensional representation D(j,, j,) of the proper 
Lorentz group. Successive applications of S, 
generate two new sets of components in the mul- 
tiplet, 


S$, U(x) = M(x), 
S,5,U(x) =€ 4,V (x) 


(2.14) 


(where €,, denotes the permutation symbol in two 
dimensions) and no more since the product of 
three undotted operators must vanish by (2.13). 
The complete table is then easily obtained: 
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S,U(x)=M,(x), S,U(x)=0, 
S4My(x)=€4nV(x), SgMg(x)=-284,U(x), (2.15) 
S,V(x)=0, SgV(x)=-48;°M,(x). 


A similar table [the parity transform of (2.15)] is 
obtained by treating S, as the raising operator. 
Space reflections are incorporated by combining 
the two multiplets.” 

Representations of the type (2.15) which have 
dimensionality 4(2j,+1) (2j,+1) are in general re- 
ducible. Thus, if j,>j, one can reduce the lowest 
component U(x) to a tensor in D(j,-j,, 0) by con- 
traction with 2j, powers of the operator 2/8x,. On 
this component one then constructs a representa- 
tion of 4[2(j,-,)+1] dimensions. This contrac- 
tion is nothing more than the supersymmetry 
analog of, say, separating the longitudinal part 
8, ¥, from a vector V,. In setting up a local action 
principle, one usually finds it necessary to employ 
fields which are reducible in this sense. 

To conclude this section, it may be worth point- 
ing out that the Majorana constraint is very potent 
in limiting the size of multiplets. If one were 
to treat S, and S* as independent generators, for 
example, and replace (2.11) by the set 


{Sa,Sa}=0, {, 5°*}=0, {Sa,5*}= Oy ePP 5 


then the fundamental representation would have 
16 rather than 4 dimensions. It would include 
vector as well as scalar and spinor components. 
The same thing happens when the generators are 
generalized so as to carry an internal quantum 
number such as isospin. This type of generaliza- 
tion was discussed in Ref. 5. 


Ill. THE COVARIANT DERIVATIVE 


Although it is not easy to define an integral over 
6 space, there is certainly no problem with dif- 
ferentiation. The ordinary derivative is defined 
by =, of 
F(0 +56) =f (6) +58 oF? 
where the infinitesimal 60 stands to the left of 
af/e6 (since these quantities may anticommute it 
is important to fix their order). 

An important role is played in the following by 
the differential operator 


eae se 
Dy, = oe 2 (Ha ax, , (3.1) 


which we shall call the covariant derivative. This 
operator is covariant in the sense that it trans- 
forms as a Dirac spinor under Lorentz transfor- 
mations and as an invariant with respect to the 
supergauge transformations (2.6). 

The covariant derivative has the usual proper- 


ties of a differential operator with two significant 
exceptions. Firstly, when applied to the product 
of two superfields its effects are distributed ac- 
cording to the rule 


Da @ 1.) = (Dj. A 3 #,(D,,?,) ’ 
where the + (-) sign applies when @, is bosonic 
(fermionic), i.e., when 6@ commutes (anticom- 
mutes) with @,. Secondly, the covariant deriva- 


tives neither commute nor anticommute. Their 
anticommutator is given by 


{Du Da} = -(% Cast = . (3.2) 
7 


The operator D,, is basically a Majorana spinor. 
For this reason it is useful to define another form 


D=(C71""D,, (3.3) 


which is nothing more than a relabeling of com- 
ponents. The basic anticommutator can then be 
given in three equivalent forms: 


{Das Dat= -(#C)ap ’ 
{Dz D*}=(P)a°, (3.4) 
{D*, D*}=(c py. 
(it is often more convenient to work in momentum 
space.) The operators D, clearly generate a 
Clifford algebra which is isomorphic to the super- 
algebra (2.11). 
In view of the algebraic structure (3.4), only 
16 independent operators can be made from prod- 
ucts of the D,. The most useful set is 
1, Dz, DD, Dy,D, Dix,%D, DDD, , (DD)? . 
A product containing five or more factors must 
inevitably reduce. For example, 
(DDD, =-2DD( PD), . 
Two other important identities are 
Dy,D=2p, 
and (3.5) 
Doy,D=0. 


A number of useful identities and multiplication 
rules are given in Appendix A. 

It was mentioned before that the scalar super- 
field (2.5) is, ina sense, reducible. A reduction 
can be effected by imposing the condition 


(3(1+ #%)D), # = Dra? =0. (3.6) 


These linear differential equations are manifestly 
covariant (excluding space reflections). The gen- 
eral solution of (3.6) involves eight independent 
(real) components in contrast to the 16 of a general 
scalar superfield. This solution can be expressed 
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in the form 
@_(x, 6) =exp(t 69%,4) 


x (atx) +By.(0) +43 1% oF _(x)) , (3.7) 


where A_ and F_ are complex boson fields and y_ 
is a right-handed Dirac spinor, i%~.=-p_. Like- 
wise, the differential equations 


Dro ® =(3(1-#%4)D) P= 0 (3.6’) 
serve to define a left-handed superfield, 
©, (x, 0) = exp(-4 69%) 
x (4, (x) +60, (x) +46 ah OF, («) . 
(3.7’) 


It is possible (although not necessary) to identify 
@_ with the complex conjugate of @,, i.e., 
A_=A34, ¢.=4, FL=F?. (3.8) 

(Thus #, and y_ are identified as the left- and 
right-handed components, respectively, of a 
Majorana spinor.) 

The components of the chiral superfields behave 
under an infinitesimal supergauge transformation 
according to 


aA, = Ey , 


Op, = mh (F,-igA,)e, (3.9) 


OF, = -€i Fy, . 


These representations are irreducible. 

A general scalar superfield contains another 
({nonchiral) piece @, which is singled out by means 
of nonlinear differential conditions 


D += pe, =0. (3.10) 


The resolution 
=b,+6_+9, (3.11) 


is effected by the projection operators 


E,=-a D +h pp +4 p, 


2 
1 —1+iy% = 1-iy 
E_.=-ZD->> pD->* D, (3.12) 


lo ow 
E,=1+ 497 (Dpy*. 


In terms of the components (2.5), the resolution 
(3.11) takes the explicit form 


A=A,+A_+A,, 

$=h, + pth, 

F=F,+E, 

Grik -iF_, (3.13) 
Ay #18,A,-18,A_ +A, 

X= EPP, AFP. +iFp,, 

D=-874,-27A_+ 07A,, 


where A,, is transverse, 9,A,,=0. This decompo- 
sition is useful in constructing local field theories 
if the resulting components are local fields. Such 
is the case only when the original components x 
and D in (2.5) are themselves first and second 
derivatives, respectively, of local fields. If this 
is so we may say that the superfield is “locally 
reducible.” Otherwise, it is not. 

Because of their being defined by a linear dif- 
ferential condition, (3.6) or (3.6’), the chiral 
superfields are closed under multiplication.. That 
is, we have 


@ + O,+ By 
and (3.14) 
,-6,-=6,-. 


This remarkable property is very important in the 
construction of Lagrangians. The mixed product 
® +®,-, on the other hand, is a general superfield, 
one which is not locally reducible. Details are 
given in Appendix B. 

The spinor superfield , =D, @, is left-handed 
with respect to the spinor index a, but is of the 
nonchiral (@,) type in the complexion of its com- 
ponent fields. Conversely, the spinor % =D,@, 
is a mixture of left- and right-handed chiral super- 
fields (see Appendix B). 


IV. A SIMPLE LAGRANGIAN 


To illustrate the application of the superfield no- 
tation in a simple dynamical system we consider 
here the Lagrangian given by Wess and Zumino® 
for a scalar multiplet. This Lagrangian, £(,, 4), 
must itself transform as a scalar superfield. In 
order that the equations of motion should be super- 
covariant, the action integral must be an invariant, 


-/ 94 t 3 
0 fave fares +3 yee 
- 6 : 
22% f deo + surtace term 


=0. 


The action will be invariant (up to a variationally 
insignificant surface term) if it is independent of 
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6. This means that every 9-dependent term in 
£(@,, @_) must have the form of a spacetime di- 
vergence. Such a form can always be achieved by 
applying the covariant operator D, a sufficient 
number of times: twice on a chiral or locally re- 
ducible superfield, four times on a general super- 
field. 

Consider the Lagrangian 


£=4(DDP@,#_)-2DD[V(e,)+ V@_)] 
5 $DDi®, DD. +40_DDb,-V(@,)-V(e.)] ’ 
(4.1) 
where @_ = and V is a smooth function (typically 
a polynomial”), The spacetime integral of this 
expression is certainly invariant. The variation- 
ally important part is obtained by setting @=0. 


With the help of the formulas in Appendix B one 
finds, for this part, 


£=8,A,9,A_+ FF +359) VAR + VALE] 
1 ne i. 
3 (eta 35 9+ veg GM), 
(4.2) 


where V'(A)=dV/dA, etc. The equations of mo- 
tion are 


0A, =V "ASF 3A, ety, 
F,=-V'(4,), (4.3) 
iny=V"(A,) 5 ye vna_) Ey, 


The Lagrangian (4.2) and equations of motion (4.3) 
could easily be expressed in terms of real scalar 
fields A, F and pseudoscalars B, G defined by 


A= ¥ (AsiB), Fi= (F2iG), 


but there is no great advantage to be gained by 
this. 

According to (4.3) the vacuum expectation values 
must, in the tree approximation, satisfy the equa- 
tions 


0=V"(A.))V'(KA;)), (4.4) 


i.e., one or other of the factors V’, V” must van- 
ish in the vacuum. Consider the possibilities. If 
{V")=0 then (V”) is identified as the (common) 
mass of the multiplet. On the other hand, if (V”) 
=Q then the fermion is massless. This is a Gold- 
stone (fermion) solution. However, it is an un- 
stable one since the boson field equations take the 
form 


8A, =—-(V")(V") (A; -(A;)) 


+ interaction terms, 


indicating that one boson component must be a 
tachyon. This situation may be altered when quan- 
tum corrections are included.“ 


Vv. LOCAL SYMMETRY 


It is natural to ask whether supersymmetry is 
compatible with internal symmetries of the usual 
sort, both global and local. One finds that indeed 
it is: Global internal symmetries can be incorpor- 
ated quite easily; local symmetries are more dif- 
ficult.” 

Consider first the global case. Suppose, for 
example, that the superfields $, and _ transform 
as doublets of SU(2), 


©, (x, 0)~— 2B, (x, 0), 
6 _(x, 6) — 2B _(x, 6), 


(5.1) 


where Q is an SU(2) matrix (independent of x and 
6). The Lagrangian 


£,=4 DDP(e!s, +5te_) 
-4iMDD(@'®, +618_) (5.2) 


is both supersymmetric (up to a surface term) 
and SU(2)-invariant. Unfortunately, the simplest 
SU(2)-invariant interaction for this system, 


£,=eDD[ (ele, +@!e_))], 


is not renormalizable. To have a renormalizable 
(i.e., trilinear) interaction it is necessary to 
bring in singlet and/or triplet superfields. Thus, 
if 64 transforms according to 


$4+26127! (5.3) 


then a renormalizable and SU(2)-invariant inter - 
action is given by 


gip(e'e'e, +o16'6_). (5.4) 


As a second example, suppose @, is a 3x3 
matrix of superfields which belongs to the (real) 
(3, 3) representation of SU(2)x SU(2), 


&,-R,®,R2, (5.5) 


where R, and R, are orthogonal matrices. Suppose, 
moreover, that @. =@* so that 


67~R,67R?, (5.6) 
Then a renormalizable and invariant Lagrangian 
is given by 

£=4(DDY Tr(76,)-t DDT r(G7o, +o76_) 

+ gDD(det®, + det®_). (5.7) 
This Lagrangian will be considered further in Sec. 
VI 


The problem of setting up a local symmetry 
which is compatible with the supersymmetry is 
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more interesting. First of all, if the matrix Q 
which appears in (5.1) is to depend on x, then it 
must also depend on 6. In fact, it must be a set 
of chiral-type superfields, 


.(x, 9)~ 2, (x%, 0)8.(x, 8), (5.8) 


since the transformed field must, if it is to have 
the same number of independent components as 
the original, be chiral. The consistency of (5.8) 
relies on the closure property (3.14) of chiral 
superfields under multiplication. 

Representing the doublet @,(x, 0) and the matrix 
Q, by the expansions 


&,.(x, 0) =exp(—4 B77,8) 

x[A, (x) +p, (x) +4 O(1+ ty, )OF, (x)] , 
2, (x, 6) = exp(—4 59,8) 

x [U, (4) + BV, (x) +4 G(1+ ty.) OW, (x)] 


the explicit form of the transformation rule (5.8) 
is 


A, (x)+ U,(x)A,(x), 
ds (x)+U, (x)o, (x) +V, (2A, (x) 7 
F, (x) ~ U4 (x)F, (x) -V, (x). (x) + (#)A, (x). 


The matrices U,, V,, and W, are complex, and 
V, carries a Dirac spinor index.'* 

It is possible to regard 2. as completely inde- 
pendent of &, or one can impose the constraints 


detQ,=1, b=)", (5.9) 


which we shall adopt in the following. This means 
that the supersymmetric mass term 


Dota, +ate_) (5.10) 


is an invariant of the local symmetry. 

The main problem is to construct a gauge-in- 
variant kinetic energy for the doublets @,. The 
expression (5.2) is certainly not satisfactory since 
ato, 1. It is necessary to introduce some gauge 
fields. Following Wess and Zumino, who solved 
the problem of making supersymmetry compatible 
with a local U(1) symmetry,’ we deal with the 
compatibility problem for the case of the local 
internal symmetry SU(2) [in fact, the SU(2) could 
be generalized to a local internal SU(n)] . 

The gauge field ¥ is a general (not chiral) pseu- 
doscalar Hermitian matrix superfield which trans- 
forms under the local symmetry according to the 
rule 


ef*~2_ef*2,71, (5.11) 


With the help of this field, the kinetic term can be 
expressed in the invariant and supersymmetric 
form 


(Do) (ele*’e, +o! e**o_). (5.12) 


Although this is not in general a polynomial, there 
does exist a special gauge in which #”=0 for n 2 3, 
where (5.12) defines a renormalizable interaction. 
We shall come back to this in the following. 
Having introduced a gauge coupling into the sys- 
tem of matter fields ., we find it necessary now 
to set up a gauge-invariant kinetic term for ¥. 
By exploiting the chiral properties of Q., 


((1F 4%5)D).2 (x, 6) =0 % 


one can prove that the vector superfield V, defined 
by 
ol 
Yye-7 
aa 3 
transforms under the local symmetry like.a Yang- 
Mills gauge field, 


°. ab 
(c-t, Ait ) Dzy(e"**Dgef*) (5.13) 


Vz = 2,V,0472 + 20,8," (5.14) 


The Hermitian conjugate transforms according to 


Vi~Q_ViQ_-! + a 2.8,9_7}, 


Notice that the combinations 
1-iy, ) 
soils 

( 2. 7)" 


and 
1+ iy, t 
8 
(“4») 


transform homogeneously, i.e., like field 
strengths. Further, one can show that these field 
strengths are chiral, 


(4% 2) (+0) V,=0 (5.15) 
a a 


2 2 
(and likewise for vi ). This means that the ex- 
pression 


li; -1 121% \""(p y y,V,) 
+35 DDTr( (C7 > (DV, (DV, 


o 144 as 
+(c ism / (.v$\ov})) 


is an invariant of the local symmetry and is super- 
symmetric. It can.serve as a Lagrangian for the 
gauge field. Making use of the.identity (5.15) and 
discarding a variationally insignificant surface 
term, one can put this Lagrangian into the compact 
form 


ae (DOP Tr(V,V,+ ViVi). (5.16) 


Gathering together the terms (5.10), (5.12), and 
(5.16) we obtain the gauge~invariant and super- 
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symmetric Lagrangian OY = 62_¥-¥60, + i in _+ 1 an, . (5.18) 
£=4(DD)LS TrV,V, + VIVI)+ lee, +ele**_)] ss = 
> This indicates that half of the components in ¥ can 
-; MDD(@!e, +o!e_ 5.17 

. (@-6, +#18.), pet be transformed away, leaving it in the special 

where V, is defined by (5.13). form 
To write out the Lagrangian (5.17) explicitly in _1F 1 - 1G 

terms of component fields would be a complicated Vag CimybAy + 2Vv2 O6G%d + ig (66)°D,, 
and unrewarding task. Fortunately, there exists (5.19) 
a remarkable gauge’ in which the Lagrangian i 
assumes polynomial form. The infinitesimal form where A, is transverse.'® In the SU(2) space the 
of the transformation law (5.11) is, to lowest order matrices A,, 5%, and D, are Hermitian and 
in ¥, traceless. In the special gauge, V, is given by 


ee 
Vi =Dy, 2% per - tn (Diy, Dy™ +20! Dy, 247 py" ) ; (5.20) 


After some tedious labor one finds 
a DY Trl¥, V, + vivij=- $ (0,4) -a,At + geMMALADY + 2id*y,(8,% + ge ALA") +3(D4), (5.21) 
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i.e., the Lagrangian for a Yang-Mills field At in interaction with a triplet of Majorana spinors A‘. 
The matter terms in the Lagrangian (5.17) reduce to 


+ @py(etet*o, +ote-**e_)-i MDD) (ete, +618_) 
=(a,Al +3igAlA,)(0,44-348A,A,) +(8,Al +3¢gA lA, )(8,A.-31gA,A_) 
+ FIR, +FUF +ipy, (0, -$4gA,W+MALF,+ATF + FLA, + FIA_—jy) + 5 9(41D,A,-A'D,A_) 


ig ,¢u ltty, i ty 1-t% _ tg 5 ltiy _ 1g 1-i» 
+ Bali ge Batx y- Ep a _- a ,, (5.22) 


in which A,=A{7", 4=*r*, D,=Dit*. One may, if this is desired, replace the chiral combinations A, and 
F, by definite parity combinations 
1 : 1 : 
A,= Vr (Ax+iB), Fy, = Ya (F+iG) 
(bearing in mind that A, B, F, and Gare all isodoublets). For a triplet of matter fields 
®, =oirt [ot = (o4)*] 
the gauge-invariant kinetic term is 
& (DD) Tr(o_ef"& ,e7**)=(8,A"% + geM"ALA™)(0,A4 + ge" MALAT) + FAY +3 P iy, (8, 9% + ge™™AL Y”) 
—geX™ (vz Atx i yrs vEaty TM yr-iat ate ) (5.23) 


This expression is particularly interesting because the sum of (5.23) and the gauge Lagrangian (5.21) pos- 
sesses a new symmetry, Viz., 
*—~ r* cosa —y* si 
cosa —y* sina, 3%) 
gy —r* sina +4" cosa, 


with all boson components treated as scalars. In other words, if we introduce the complex Dirac field 
ee a ae 
= ae (t+ id) (5.25) 
the fermionic part of the Lagrangian takes the form 


Xin (By x" + geal y™) + ige™ (way +t y™+v2 Abx! aa x”) : (5.26) 
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which is manifestly invariant with respect to the 
phase transformations 


ve wit yk v- eft yr : (5.27) 


The new symmetry could be associated with a 
conserved quantity (such as baryon or lepton num- 
ber) which is carried only by the fermions.'* To 
maintain this symmetry the matter multiplet must 
have no mass. 

Before we close this section, remark that in the 
one-loop approximation, contributions to the 
Callan-Symanzik function 8(g) for the gauge super- 
multiplet equals ~(g?/167?}(3C,(G)), while the con- 
tribution from the matter-supermultiplet equals 
+(g*/16m7)C,(G), where C,(G) is the value of the 
quadratic Casimir operator for the adjoint rep- 
resentation of the internal-symmetry group. If 
we introduce three matter supermultiplets (as we 
do in the next section), 8(g)=0 in the one-loop ap- 
proximation, so that the charge renormalization 
of gis finite. 


VI. GOLDSTONE AND HIGGS PHENOMENA 


It is of prime importance to demonstrate the 
feasibility of spontaneous-symmetry~breaking 
eee) 
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mechanisms in supersymmetric systems. It has 
already been pointed out that the spontaneous 
breakdown of supersymmetry cannot occur (at least 
in the tree approximation) in the case of a self- 
interacting scalar multiplet. Our aim now is to 
show that internal symmetries, on the other hand, 
can be spontaneously violated even when they are 
embedded in a supersymmetric scheme. This 
means that it will be possible to set up renormal- 
izable supersymmetric Lagrangian models in 
which the gauge particles (vector and spinor) are 
massive. 

A suitable system on which to test for spontan- 
eous breaking is the SU(2)x SU(2)-invariant La- 
grangian (5.7). To begin with we shall treat this 
as a global symmetry and obtain a stable Gold- 
stone solution which carries a residual SU(2) sym- 
metry. (This is only one of a number of possible 
solutions.) Then we shall go on to consider the 
symmetry SU(2),,.4 % SU(2) obs aNd Show that the 
Higgs mechanism is operative. 

The scalar multiplet '? belongs to the real rep- 
resentation (3, 3) of SU(2)x SU(2) and it satisfies 
the reality condition #!¢ = (@!*)*. In terms of com- 
ponent fields the Lagrangian (5.7) takes the form 


£=0,AS°0,AS + FO+ FS +3 pt ify + MAS FS + At Ft 39" y*) 


+ ge" (agatxre-as ‘Px am YP tALALXFE-AtP x 1% “) , 


where all the fields are 9-folds (F4: F¢ =Fi2 Fis, 
etc.) and the fermion components #** are Majorana 
spinors. The equations of motion are 


-87AL+MF? + ge (2a2 x Fe =9 x am #) =0, 


FE +MA4 + g,€° AXA =0, (6.2) 


(9-M)y* ~2g,€% (a: x mh ff +AXx 1 v) =0. 


From these equations it follows that the vacuum 
expectation values, in the tree approximation, 
must satisfy the algebraic equations 


M(A4) + ge (AX) X(AL) =-( FE), 
M(F2) + 2g,e%*(A2)x( FE) =0. 


(6.3) 


(We are of course requiring that the vacuum be 
Poincaré-invariant so that (8A ,) =0 and (4) =0.) 
Equations (6.3) are very much simplified if we 
choose the matrix (A!*) to be diagonal. [No loss 
of generality is implied since any one of the ma- 
trices involved here can be diagonalized by means 
of an SU(2)x SU(2) transformation.] The equations 


(6.1) 


fr tt 


themselves then imply that the other matrices 
(A'*), (F4*) must be diagonal as well. Represent- 
ing (A,) by 


(A!) =diag(A,, Ap, Ag) 
one finds 
(Als) =diag(\s Ax AD, 
(Fi®) = diag (MA, +2g,%gAg, MAy t2B,AgAy, MA, (6.5) 

+ 2Z,A,AQ), 
and Eqs. (6.3) reduce to the form 
MPA, +2Mg,(Agrhy tAQAF+AK Ag) + 4g/7A, (AQAX + AQAS) 
=0, (6.6) 


(6.4) 


and cyclic permutations thereof. 

We shall not pursue the general solution of (6.6) 
but instead make the restrictive assumption that 
A, =A, =A. In effect, we are selecting solutions 
in which a global SU(2) symmetry is preserved. 
With this restriction Eqs. (6.6) reduce to 

AWM +2g,A)(M+4g,4*) =0, (6.7) 


and there are three distinct (parity-conserving) 
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solutions. 

The solution 4=0 corresponds to the case where 
no symmetry is broken. The solution 4 =-M/4g, 
gives a ve 

fo}. 2 ate fay. 22 
(Ab )=~ 2-0, (FE) =— go, 
and corresponds to the case where the supersym- 
metry is broken as well as SU(2)XSU(2). This 
solution can be shown to be unstable: Some of the 
bosons turn out to be tachyons. 

The solution \= -M/2g, gives (F,) =0 and so 
preserves the supersymmetry. Indeed, by test- 
ing thé propagation character of weak perturba- 
tions about this solution one finds that it is stable: 
The superfield @'* breaks into three pieces [be- 
longing to the representations /=0, 1, 2 of the un- 


ne 


broken SU(2)| with the respective mass values 
M,=M, M,=0, M,=2M. (6.8) 


The isovector piece is a Goldstone superfield. 

It is perhaps worth emphasizing thai the Goldstone 
multiplet includes a massless Majorana fermion 
along with the scalar and pseudoscalar bosons. 
Supersymmetry is not broken, though the internal 
SU(2)x SU(2) is. It is the breaking of this internal 
symmetry which is responsible for the occurrence 
of the Goldstone fermions (together with Goldstone 
bosons). 

Now consider what happens when the Lagrangian 
symmetry is generalized to SU(2),,.4, X SU(2),jooa1- 
In the special gauge discussed in Sec. V the La- 
grangian assumes the renormalizable form 


£=~-§ (8,4, -8,A, +ZAy XA, +5 Ary, (8,A +ZAy XA) +32? 
+ (B,AS + ZA, XAS)* (BAS + ZA, XAS)+ 39 iy, (O,9" + BAY X YH) 


= VE g(agxx ss y+ At xe ah ) +igAt XA‘ D, + F2-Fs + MAS? FS + ASF! -3 9 +p) 


+ get (AgAb re -At Px me Y +ASsALXFL-At Px iis f) ; (6.9) 


where the gauge condition 8,A,,=0 is understood. Our purpose here is only to discover the excitation spec- 
trum implicit in (6.9) when the symmetry SU(2)x SU(2) is broken down to SU(2). We shall therefore take 
advantage of the manifest SU(2),,..) symmetry in (6.9) to change over from the renormalizable Landau 
gauge to the unitary gauge in which the spectrum is simplified. That is, we shall adopt the gauge condition 


Aliels d(qie -A#)=0, 


(6.10) 


where A‘* denotes the real (scalar) part of A'?. The scalar isovector part of the superfield is, in effect, 
“gauged away.” The pseudoscalar and spinor parts must of course remain. 


Into (6.9) substitute 
WE Alt =- Te ot + Alle) 4 pple 
1 


and collect the bilinear terms 


2 2-4 (0,A4—2,A4 441 ip! + HDL P+ 2 (a,a% u 


(6.11) 


2 
15 cveas ) +3(8, BY? +4 Peigyle 
1 


~i(Ftay2 +4(G!* P +M(2A%® F(a) _4Gd PU) _p pte) Gita), Blt fess 44) 


1 (ta), (4a) 7a) Gd) MS ctsasy y ta 
— 2 M(2Gte? gpito? — Gh? pti”) Tre, ¢ ow pl, 


where p“) = (4)(y!* + y*), ete. This free Lagran- 
gian can be separated into three independent pieces 
if the fields are decomposed into their /J=0, 1, 2 


components by writing, for example, 
pon ple) s pel ss ofeg, , (6.13) 


where ~¢=0, Suppressing /-spin indices, the 
three pieces are given by 


= HOpAg? +310, By} +2 i8b, +4UFet + Gy) 
-M(A F.-ByG-2 Foo) » (6.14) 


(6.12) 
a 
L 1/Mg \? 
£,=-4(8,A,-8,A, ? + 2 er ) Ay? +3D, 
+ 3(8,B,)? +3(F? +G,?) 
F . M 
+39, 19), +3 NEPr— a , (6.15) 
1 
£,=4(8,A,)? +4(0, By)? +4 Fy id, +4(F? +G,2) 
# 2MA.F, ~B,G,-2 9,2) 7 


The Lagrangians (6.14) and (6.16), respectively, 


(6.16) 
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describe the propagation of an /=0 multiplet with 
mass M and an J=2 multiplet with mass 2M. The 
Lagrangian (6.15) describes an J=1 system con- 
taining a massless pseudoscalar, a vector with 
mass Mg/g,, and a pair of Majorana spinors, 


Fr (p, +A) and oe (p,-A), 


with mass Mg/g, and opposite parities. 

This shows that the Higgs mechanism is operat- 
ing here in the usual way. The fact that a pseudo- 
scalar Goldstone particle remains in the system 
merely indicates the need for a larger local sym- 
metry: one which involves axial-vector gauge 
particles as well as vectors.’” It is certainly pos- 
sible to construct such a scheme by the methods 
described in Sec. V. 


APPENDIX A: THE ALGEBRA OF 
COVARIANT DERIVATIVES 


The differential operators D, defined by 
C) 
Da = SRF -2( Fa (Al) 


[and D* defined by D*=(C7!)“*D,] are easily seen 
to generate a Clifford algebra which is isomorphic 
to the supersymmetry algebra, viz., 


(Da, Da}=-(PC ag « (A2) 
The purpose of this Appendix is to list some of its 
properties. 

First of all, the algebra contains 16 independent 
basis elements, 

1, Dy, DD, Dy,D, Diy, ¥,D, DDD, , (DDY . (A3) 


Any product of D’s can be reduced to a linear com- 


bination of these. A complete multiplication table 
ee 


for these basis elements would be too bulky to 
reproduce here. Instead, we shall list only the 
more difficult products from which, with the help 
of (A2), any other product can be deduced without 
too much effort. 

To begin with, the product of two D’s is given by 

Dy.Dg = -4( PC)ag +4 CopDD=§ (%C laa DY,D 
-4 (HC JaaD iy,y,D . (A4) 


Multiplication of this formula by -(C~¥y, ®* and by 
-(C7o,,)** yields the identities 


Dy, D=2p, 
and (A5) 
Do,,D=0. 


Products of three D’s are comprised in the 
formulas 


Dy DD =DDD,, + (26D). , 

Dy D%D=-DD(¥,D)q +(2P%D a 5 

Dy Diy, ¥gD = -DDGY, ¥.D)q, +24? Dox » (A6) 

Dy,DD, =-DD(yD)a ; 

Diy %DDy = ~DD Gy, YD) ~(2P 1.9 ry VoD ee « 
Products of four D’s can sometimes be reduced 


by multiplying a single D into one of the formulas 
(A6). For example, 


(Dy,D)? = Dy,DD,.(~C™ y,D)* 
= -DD(y,D)q (-C~, DY 
= -DD(-Dy,C ),(-C~ DF 
=(DD)’. 
Any combination of four D’s can be reduced with 
the help of (A4) and the multiplication table 


DD Dy,D Diyy,D 
DD (DDy -2ip, Diyy,D 2ipyDy,D ve 
DyD 2ip, Dir%D (Bp) -2ip,DD 
Dix, %D -2ip,Dy,D 2ip, DD Nv (DD)? = 24D € ryyp Dip ¥D-4 yy b?-Py Pv) 


where left (right) factors are listed in the rows 
(columns). 

Products of five or more D’s can be reduced 
with the help of the above results together with 
the fundamental formula 


(DD)*D,, = —DD(2PD)q. . (A8) 
Of some importance are the identities 
((1£1%)D),D(1+iy,)D=0, (A9) 


which become more transparent in the notation of 
2-component spinors. In a basis where » is di- 
agonal, the anticommutators (A2) take the form 


— 
{Da Dz} =0, {D4, Dz} =0, {D,, Ds}=Das . 


Since they anticommute, the product of three op- 
erators D, must vanish, e.g., 

0=D,DgDe =€gcD 4D am D, ete. 
This is one of the identities (A9). 

Frequently useful are the following formulas 
which give explicitly the action of some operators 
on a general superfield @ whose components are 
given in (2.5): 
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3 (DD) = D-87A ~6(07y + if x)~4 G0(287F) 

—+ 6y,0(28°G)-3 Gir, %,0(22,8,A, ) 

+} 666G9)(02y + if) 


-B ae De =F#iG+3 ah (x-i#p) 


+ : 3 em @(D~87A + 218, A,) 


+4 61%, %,0(F 28, (FFG) a + (60)?e?(D-87A), (A12) 
+4005 2% (a9) (y-i99) 


Da ®™ byt 31—t (Hy, We OyA + OF +(% Ola G + 7% MoA v] 
7 +4 O0[Zi(Ib)n +3 Xa] 
Pe eaes eee ree) +4 346-410 at Honda 
+400(20, G) + 48y,6(-20, F) 
+4 Bin 6ltyy D=2€ yp 9 Ap 
+ (Nyy 8? -28, 2, )A] 
+4668 [> ¥74x— (yr 2°28, 8, in %) 
+ & (86)*(ny,8?—28, 2,)A, , (A11) + + (60 G9x), - (A13) 


+ 3 (o)?(-22)(F ¥iG), (A10) 


+4 Bin yl dina t Bry Vex)al 
+4665 [-E(y ad, F +, %6)u 8, G 


—(Yww% Fe BpA y + 6D] 


APPENDIX B: PRODUCTS 


The product of two expansions of the form (2.5) can be rearranged into 
© (1, 6) (2, 6) =A(1)A (2)+ OLA (1)p(2) + p(1)A (2)] +4 GOLA (1) F (2)-F(1)9(2) + F(1)A (2)] 
+4 By, OLA (1)G(2) +P ( 1), p(2) + G(1)A (2)] 
+4 bt7y YO[A(D)A y (2) + (1% %G(2) +A, (1)4 (2)] 
+§ G66[A (1)x (2) +9(1)F (2)—%9(1)G(2) + 2%, %9(1)Ay (2) 
+x(1)A (2) +F(1)9(2)—G(1)p(2)-A y (1%, %9(2)] 
+ & (66)[A(1)D(2) +2F(1)F (2) +2G(1)G(2) +24, (1A, (2) 
+D(1)A (2)-2F (1)x(2)-2%°(1)9(2)] , (B1) 
where ¢° denotes the charge conjugate of y, i.e., 
PP = (C7 yy . 
The formula (B1) comprises the multiplication table for the anticommuting Majorana spinor @ and the var- 


ious monomials made from it. 
A particular case of (B1) is the product of left- and right-type chiral superfields, 


©, (1, 6)b_(2, 0)=A, (1)A_(2)+B1A, (1)p_(2) +, (1)A_(2)] +4 GOLA, (1)F_ (2) +F, (1)A_(2)] 
+4 y,0[-0A , (1)F_(2) +2F, (1A _(2)] 
+40 iy, % 682 ,A, (1A _(2)-44 , (1)8,A_(2)-% (1)y p-(2)] 
+4 G68 -i9y, (1)A_(2) + tm, p, (1)8,A _(2)-4A,, (1)9_ (2) 
+48,A,(1)y p_(2) +20, (LF (2) +2F, (1)p_(2)] 
+ & (66)°[-27A, (1)A_(2) +28,A,(1)8,A_(2)—A, (187A _(2) 
+4F, (1)F_(2) +294 G9-iP)y_(2)] « (B2) 
The multiplication of two left-type fields yields again a left-type field with 
A,(3)=A,(1)A, (2), 
$. (3) 5A... (1), (2) +9, (104, (2), (B3) 
F, (3) =A, (1)F, (2)-& (1), (2) +7, (1A, (2). 
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Repeated application of this rule gives the components of the superfield (®, (x, 6))", viz., 


A, =A, (x)" ; 


ps =n A, (x)""'p, (x), (B4) 
- -1 = 
F =n oF (2) MY 4 crap wy.) 
The vector multiplet ®, contained in (3.8) can be expressed in chiral form as a spinor superfield, 
Vas -( 12th yp) & 
2 a 
= exptrt Gyno) (48% r) + 3/4 (12% ) Dsi (2% jc ) A » |+4B(1s in,)0 23% ip , (BB) 
Woe I, 2\7 2 Mey 2 we fe 2 
fo 
where where the components are labeled such that J,, 
D=3%4,, acts as the source of A,, etc. The linear inhomo- 
geneous equations of motion 
A=Fd,, (B6) = 
DD® ,~2Me_=27_, (C4) 
Ay =9Ay-aAy « = 
DD® _-2M®, = 2, 
Conversely, 
i are easily solved. Making use of the identity 
®, = 5797 as +H), (BT) (DD)*®, = -48°6, , (C5) 


which may be a nonlocal superfield. 


APPENDIX C: SUPERFIELD EQUATIONS 


In the text we have been concerned mainly with 
the construction of supersymmetric Lagrangians. 
For this task the superfield concept has provided 
a compact and suggestive notational framework. 
One may ask whether the concept can be usefully 
pursued and, in particular, whether it would be 
advantageous to set up an apparatus of Feynman 
rules with superfield propagators, superfield 
vertices, etc. Little has been done in this direc- 
tion. The purpose of this Appendix is merely to 
sketch a preliminary idea of how such a develop- 
ment would proceed. 

Corresponding to the Lagrangian (4.1) the super- 
field equations of motion are 


DD®, =2V"(e_), 
Dds _ =2V'(®,). 


(C1) 


These equations can be solved perturbatively. The 
first step is to linearize them and work out the 
propagator. Make the replacement 


V(®,)— (M/2)8.? + dio., (C2) 


where J,(x, @) denote external-source distributions 
of the usual chiral types 


= 1si 
J, (x, 6)=exp(=4 67,6) (+, -6 = d, 


+40(124n)6,) , (C3) 


which can be deduced from the formula (A10), one 
finds 


eee won (MJ, +4 DDd). (C6) 


This equation defines the bare propagator. Ina 
formal sense the propagator is given by equations 
like 

(Te ay, Oey 6) = | Bad 
but the meaning of the functional derivative here 
needs to be clarified. To this end one can exploit 
the supposed invariance of the vacuum with respect 
to translations and supersymmetry transforma- 
tions to write 


(T, (x1, 6,)P (Xp, 92)) =( TB, (x, +a +218, 6, +€) 
x&_(x, +4 +$7€y8,, 8, +€)) 
=(T@ , (x,-x, + 315,79, 9,-9,) 
x _(0, 0)) (C7) 


(on choosing €=-0,, @=-x,). Now ®.(0, 0)=A_(0) 
and one needs to evaluate only 
6 , (x, 6) 


i 
x TP+(, BAO) = FF Gy 


x[exp(4 697,0)4 6(1-17%,)85(x)] , 
(C8) 
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where we have used (C3) and (C6). This formula can be simplified with the help of (A10), which implies 


the relation 


—} DDe_=exp(—} 697, 6)[F. +6(-49p_) +4 G(1+ i7,)0(-87A_)] 


and, therefore, 


£ (Te, (x, )A(O)= seaaqe exp(—189%,0)8(x) (cs) 
The propagator (C7) now takes the form 
+ (Te, (x,, 6,)B_ (x2, 6) = exp( [48 1,9, +4 6-4) 1% (6,-4,)] i as rae waa 5(x,-%2), (C10) 


which is a polynomial in 6, and @,. 
In similar fashion one obtains 


: (T@, (x,, 6,)B4 (x2, 0,)) =exp (i tinne, = 45, ty, Xs 6,]i 5 


With the bare propagators in hand one can con- 
template the problem of computing scattering 
amplitudes. For example, one could put the equa- 
tions (C1) into integral form 


0, =— air MV), (@)+4DDV', @)) (C12) 


and go on to obtain perturbative developments of 
the superfields. This kind of approach may, per- 
haps, lead to useful insights. 

A different sort of Lagrangian which can be 
used to characterize at least the free-field be- 
havior is given by 


£= (DD)[38 Q-2M)e-2J] , (C13) 
where © is a general superfield. The equations 
of motion are 

(DD-2M )b=2J. (C14) 
In fact, these equations are equivalent to (C4). 
Substitute the resolution (3.11) for &.and J, Then, 
since DD®,=0, Eq. (C14) takes the form 

DDb_-2M¢,=20, , 

DD? ,-2Me_=2_, (C15) 

-2M@,=2d,, 


(The component propagators can be obtained by comparing coefficients.) 


= int M)6,,(1+ 4%,)6 0 ry roan 8(x,—%,) . 
(C11) 


rc RCE tt 


and one sees that the nonchiral part, ,, does not 
propagate. The equation (C14) can be solved di- 
rectly with the help of (A6) to give 


DD *iM L_ woyla- 3 a J, (C16) 


1 
ee - Me [ 


and from this the form of the 2-point function can 
be obtained. 

The methods can be applied to other kinds of 
superfield. For example, the spinor superfields, 
W,., may satisfy the equations 


G6-2M)¥, +4 DDY,=2d, , (C17) 
which are solved by 


W.= Wa (a, + a Bps)- sh = saya: (C18) 
These equations describe the propagation of a 
supermultiplet of particles of mass M and (spinF?""” 
content 0*, (3)', (4)7!, and 1*. It remains to be 
seen whether or not there exist any renormaliz- 
able interactions for this superfield. 


'p, Ramond, Phys. Rev. D3, 2415 (1971); A. Neveu 
and J. H. Schwarz, Nucl. Phys. B31, 86 (1971); J.-L. 
Gervais and B. Sakita, ibid. B34, , 632 (1971); Y. Iwasaki 
and K. Kikkawa, Phys. Rev. Ds, 440 (1973). 

23. Wess and B, Zumino, Nucl. Phys. B70, 39 (1974). 

33, Wess and B. Zumino, Phys. Lett. 49B, 52 (1974). 

‘Abdus Salam and J. Strathdee, Nucl. Phys. B76, 477 
(1974). 


5Abdus Salam and J. Strathdee, Nucl. Phys. B80, 499 (1974). 


*Superfields defined over a space of 2-component spinors 
have been considered by C. Fronsdal, ICT P Report No. 
IC/74/21 (unpublished), and by S. Ferrara, J. Wess, 


and B. Zumino, Phys. Lett. 51B, 239 (1974). These 
latter authors independently defined the covariant 
derivative and the chiral superfields. 

‘Phe problem was solved for an Abelian local symmetry 
by J. Wess and B. Zumino, Nucl. Phys. B78, 1 (1974), 
who invented the special gauge used in the text. The 
non-Abelian case was solved by Abdus Salam and 
J. Strathdee, Phys. Lett. 51B, 353 (1974), and, in- 
dependently, by S. Ferrara and B. Zumino, Nucl. 
Phys. B79, 413 (1974). 

Sour notational conventions are as follows. The Dirac 
matrices satisfy } {y,,Y,} = Nyy =diag(+-——). Ad- 


437 


11 SUPERFIELDS AND FERMI-BOSE SYMMETRY 1535 


joint spinors are defined by }=y'y,. The matrices 
Yoo VoYps YoC uv = hi VlY pul, Ve Vp¥ss and Yo¥s 
=7,7,¥3 are Hermitian. The charge conjugate of 4% is 
defined by ¥° =CH7, where C7=—C and C“y,C =-y7. 
By a Majorana spinor we mean }° =%. It is useful to 
remember that the matrices y,C and o,,C are sym- 
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In particular, it follows that dy =xy, oy X=— XV pv, 
PO nyX =—X0,y%, BEY Vex =X VWs? and X= XV5h if g 
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Abstract: The notion of functional differentiation with respect to superfields is defined and 
used to set.up formal rules for computing Green functions and scattering amplitudes in 
supersymmetric models. 


1. Introduction 


A number of renormalizable Lagrangian models have been given recently which 
exhibit an underlying symmetry between fermions and bosons [1]. Although this 
so-called supersymmetry has yet to manifest itself in the real world, it is character- 
ized by some unusual features which make it worthy of study [2]. 

Fundamentally, supersymmetry represents an extension of the Poincaré group 
(3] and could, indeed, be looked upon as a reflection of the structure of space-time. 
In this quasi-geometrical view, the extended Poincaré group can be made to act 
upon an 8-dimensional “extended spacetime” whose points are labelled by the pair 
(x,,9..), where x,, denotes the usual minkowskian coordinate and 0, is an anticom- 
muting c-number Majorana spinor. The action of the new transformations on this 
Space is given by 


xy 7%, $3 0F7,0, as a oe (1.1) 


where the parameter €, is an anticommuting Majorana spinor. Our purpose here is 
to discuss the formulation of field theories on the extended space-time*. 


*We shall be concerned with linear realizations only. One can avoid the extension of space- 
time by working with non-linear realizations wherein the supersymmetry is broken spontane- 
ously. This approach was taken by Volkov and Akulov, ref. [3], and extended by Zumino, 
ref. [2]. 
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A typical field, the scalar (x, 0), may be expanded in powers of 8. Owing to 
the anticommutation property, {6 a? 8 }= 0, such expansions must terminate. In 
fact only sixteen independent monomials can be made from the @’s. A convenient 
form [4*] of the expansion is given by 


#(x,0)=A(x) + OY (x) 
+4 50 F(x) +4 67.6 G(x) +4 Di7,7,6 A,@) 


+ 500 O x(x) + 34 (80)? D(x) , (1.2) 


where the coefficients are ordinary fields: A, F, D are scalars, G is a pseudoscalar, 
A, isan axial vector, y and x are Dirac spinors. One sees that half of the compo- 
nents are bosons and the other half fermions. The new dimensions of the extended 
space-time thus give rise to new degrees of freedom that are spin-like and finite in 
number. 

It is possible to define the operation of differentiation with réspect to the anti- 
commuting coordinate 6 and, in particular, the covariant derivative 

ob 1 i) 


Do = ge 2 Oa ae 


5 (1.3) 


This operator transforms as a spinor under the action of the Lorentz group and is 
invariant with respect to the ‘“‘supertranslations” (1.1) whose action on ® is given 


by 
i a OB 
§6=-2 (243 sit (1,9) ) (a) 


A number of properties of the operator D, is derived in ref. [4]. The most impor- 
tant of these is the anticommutation rule 


= 9 
(PaPah= Oop! a (1.5) 


where C denotes the charge conjugation matrix. 
The operator D, is used to define the so-called chiral superfields ©, (x, @) by 
means of the covariant differential constraints 


(1 #7.) D O,(,0)=0. (1.6) 


These equations imply a number of relations among the coefficients in the expan- 
sion (1.2), viz., 


G,=tiF, , A,, =t10,A, D,=~-37A,, x, —idy, » 


yor? 
where (1 + iy5)W, =0. It follows that the chiral superfields can be represented by 
the expansions: 


*We follow the notation of this reference. 
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0 ,(x,8)= exp( # 507,759 4.04 Ov, (x)+ 50(1 ti7,)0 F,(x)) . (1.7) 
ry 


The set of chiral superfields is closed under multiplication, 
®, (x, 0) BY (x, 0) =! (x, 8). 


This property, which is a direct consequence of the linear defining condition (1.6), 
is very useful in the construction of renormalizable Lagrangians, and the following 
sections will deal exclusively with chiral superfields. 

It can be objected that the proposed transformation law (1.1) is not consistent 
in that to the coordinates Xys which are usually taken to be real numbers, are added 
the quantities 3 i &y,,9 which are not numbers. (Notice, for example, that (€y,,0 p 
= 0.) Clearly some generalized interpretation of the space-time coordinate x,, is 
needed here. However, this is not a matter of any practical importance since one 
could easily suppress all reference to anticommuting c-numbers. Physical conse- 
quences of the supersymmetry could be extracted by requiring the scattering oper- 
ator to commute with the “supercharge”, S, , whose action on the field components 
is defined by substituting 


56 = [0,i1€°S,] 
on the left-hand side of (1.4) and comparing coefficients. (For consistency, one 


must suppose that the spinorial quantities € and 6 anticommute amoung themselves 
as well as with the fermionic components and x.) The commutation rules satis- 


fied by P, and J, uy» the generators of infinitesimal Poincaré transformations, must 
be supplemented by new rules involving S,. These are: 
= eae | = 
[S,.P,]=0, [S.J uyl=2 oq ’ {S.53}=-(, Og P, 3 
(1.8) 


The problem of constructing unitary representations of this system and deriving 
selection rules has been considered elsewhere [5]. In this paper we are attempting 
to show that adherence to superfields and anticommuting c-numbers does not ap- 
pear to lead to any difficulties. 

Up to now the concept of the superfield has played a subsidiary though useful 
role in guiding the construction of Lagrangian models. In effect these fields have 
been used to make action functionals which are manifestly supersymmetric. To 
proceed with any dynamical calculation, however, one was forced to relinquish the 
manifest symmetry and express the Lagrangian in terms of component Fermi and 
Bose fields of the usual kind. With the Lagrangian so expressed, one could follow 
the standard programme for computing Green functions and scattering amplitudes. 
This approach seems to us a retrograde one. It would be more satisfying if one could 
set up the Feynman rules and make calculations in the manifestly covariant notation. 
The purpose of this paper is to show that such a course can indeed be followed. We 
do not claim any computational advantage for the methods presented here. Rather, 
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we should like this formulation to be seen as a preliminary exploration of a metho- 
dology wherein supersymmetry is realized in a succint and obvious manner. 


2. The functional derivative 


For simplicity, we shall begin by considering functionals of a neutral scalar super- 
multiplet ©, (x, 9). The chiral components of ®, are defined by the expansions 


@ (x,0)=exp [F 5 087.0] (A, (x) +8 3(1 ti75) HO) + 59 (1 t+ i7,)9 F,@)), 
(2.1) 


where w(x) is a Majorana spinor and A, ,/, are complex boson fields subject to the 
reality conditions A_ = A*, F_ = F*. Under space reflections the fields A, and F, 
are carried into A_ and F_, respectively. 

Let P bea functional of ©, and ®_. Corresponding to the infinitesimal varia- 
tions 5, the variation in ! may be writtent 


7 ais ar ar 
er = f dx (— DD) (sec, 9) CO &@ (x, 6) an) (2.2) 


This formula serves to define the derivatives of ! with respect to ®, and ®_. These 
derivatives, 51/5, , are themselves chiral superfields and their components may be 
expressed in terms of the derivatives of I with respect to the component fields 

A, (x), etc. It is natural to define these latter derivatives by the linear form, 


er= fax (54.0) ae +5A_(x) ao +80(x) Te 
or sr 
te 5F, (x) 5F,@) + &F_(x) im) F (2.3) 
Comparing the expressions (2.2) and (2.3) one finds 
aE = exp [F 5907.0) al 3 (1 tis) ae 
5@, (x) 5F,(x) b¥(x) 
HBC ti7g)0 Fs). (2.4) 


This formula serves quite generally for translating ordinary functional derivatives 
into the superfield form. A particular application of it — with I’ set equal to 


t This integral defines an invariant bilinear form. The forms 
Je HB0) (00) =f axa) 2 «AD AD - FF VO) 


are invariant under supertransformations and proper Lorentz transformations. 
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®,(x’, 0’) — serves to define what might be called the “super delta-function”. Thus, 
one finds 
5®, (x', 0’) 
50, (x,0) 


= 5,(x,0;x'6'), (2.5) 


= exp [¥ 4 087.0 F 4 0''y,0']4(G—8')(1 + i7,) @ —8)5(x - x’) 


and, on the other hand, 
56, (x',0') 
5B, (x,0) 
The functions 5, (x, 9;x’0’) enjoy the following properties: 
(a) symmetry under the interchange (x, 0) + (x’, 6’); 
(b) Poincaré invariance; 
(c) supersymmetry, viz., 
5,(x +h iey0,0 +e;x' + hi ey0',0' + €)=5,(x,8;x',0'); (2.7) 
(d) chirality 
(1 Fiy,) D5.(x,0;x',0')=0; (2.8) 
(e) the integral identities 
fide (— 4 BD) (Y,(, 9) 8, 05x, 0') = 0,0, 8) (2.9) 


for arbitrary chiral superfields y, (this means that the functions 6, serve as identity 
distributions). 

It would appear that, although we do not have a measure of the ‘iat sort on the 
space of x and @, it is possible to treat the operation 


f dx (— 4 DD) 
as a kind of generalized integration. Pursuing the analogy, we may define the func- 
tional Taylor a 


(2.6) 


I'(,,@_)= Do al IT fosc-4 DDK pg % 94> X nam Onsm) 


ntmontm 


X b,x ,8))..-P,@,,8,) P_& Pe 


ntm 9 n+m)I >» 


(2.10) 


nt] nays: 


where the coefficient distributions K,,,, satisfy the chiral conditions 


(1—-i7,) DK, (,...,1 +m) =0, for jHl,...,n, 


jo*nm 


(1 +iy,)D,K (i,...,2+m)=0 for jzntl,....nt+m. 


7 nm 


A typical example of a functional defined over the superfields ®, is the classical 
(local) action 
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S(@,,®_)= fax [| ODP (@_%,) - 1 DD(V@,)+V@_)I, (2.11) 


where V is a polynomial*. To evaluate the derivatives of S it is necessary to make 
use of the operator identities [4] 


} (DD)? =D 5 (—i7y,)DD 4 (1 +iy,)D+Dpy,D 


=D} (1 +iy,)DD } (1 -i7,)D-D97,D . (2.12) 
Make an infinitesimal variation in (2.11), 
65 = [dx [| DOD) (64_%, + 56, _)— 3 DD (66, V'(,) + 5¢_V'(@_))] 


= fax [1D } (1 —i7,) DD } (1 + i7,)D (64_®,) 
+7D3(1 t+i75) DD 3 (1 —iy5)D (6*,8_) 
+1 D9y,D (86_®, — 56,8 _) 


—} DD (6@_V'(®_)+56,V'@,))]. 


Making use of the chiral properties of ®, and 5, one can reduce this immediately 
to the form 


6S = [dx (—} DD) [8@,(-} DD &_+V(@,))—8@_(-} De, +V'@))) 


+Pdz, 1 Dy,7,D (6,5@_— 6 66,). (2.13) 


Discarding the surface term** and comparing the remainder with (2.2), one obtains 
the functional derivatives 


~~ =-1DD,+V'(®,). (2.14) 


Setting these equal to zero gives the classical equations of motion in superfield form. 
In sect. 3 the problem of quantizing this system will be considered. 

The functional derivatives with respect to chiral superfields are now seen to be 
satisfactorily defined by (2.1). Derivatives with respect to non-chiral superfields, 
however, must be independently defined. Such non-chiral fields are needed to re- 
present the gauge dependent potentials in models which carry a local symmetry [4]. 


*One may ask whether the action functional (2.11) can be expressed in the multilocal form 
(2.10). The answer is, indeed, yes. The coefficient X ,,, in particular, is given by 
K,,(,2) = — 4D), 6_ (1,2) - } DD), 64,2). 


**The surface term is of course important for the derivation of conserved currents but we shall 
not consider them here. 
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A suitable definition for the derivative with respect to the non-chiral field p(x, @) is 
given by 
ar = fax} @py (Sy (x, 0) ST/8p (x, 8)). (2.15) 


With the component structure of y defined by the expansion (1.2) and derivatives 
with respect to these components defined by: 


ars fax(sa set 80 apt OF Ep t 80 5G +84, be +o St 8D r). 
(2.16) 
one finds the following component structure for the derivative with respect to 
w(x, 8): 
ro. Fs, a 
5y(x,0) 5D) > sxx) 


6r 


is 
+, 00 5FG) 


it ee 2ON hates ar 

878? Sc Gy +8 17S? Fa Ge 
eee ar 

-~41609 ——~ 60)? —— 

ae BEG). 33 (68) 5A (x) ° 


The corresponding super delta-function is given by 


(2.17) 


Fer ay 78 85x", 8')= h O-F')@ -0'))? 5-2’). (2.18) 


This invariant function acts as the identity distribution, 
fee DD)? (We, 6) 50x, 6;x',8') =H @',0'). (2.19) 


3. Covariant quantization 


The formal derivation of Feynman rules proceeds very much as in any ordinary 
quantized field theory. To illustrate this we consider the case of a neutral scalar 
supermultiplet whose dynamics at the classical level is governed by the action func- 
tional (2.11). A straightforward method to obtain the Feynman rules is to perturb 
the system by means of an external current distribution, J, (x, 8), 


S+S+ fax (—4 DD) [J,o,+J_&_], 
and represent the corresponding vacuum transition amplitude by a path integral, 
exp 5 Z(J,1_)= fab, db expe [5(,,0_)+ fax(—4DD)V,0,+_%)1. 
(3.1) 
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One proceeds by separating the classical action into a free (bilinear) and an interac- 
tion piece, 


V(®,)=4MO2+V, (,), (3.2) 


where V,,, contains cubic and higher order terms*. In (3.1) make the formal replace- 
ment 


h 6 
Vint (6,)> Vin 2 x) ’ 


so as to represent the vacuum amplitude in the form 


i lexpt fdx(2iB h 6 h 6 
expe Z(/,,J_) [ex fax ( 5 DD)( Vy (2 cal vod F553 )) 
x exp ¢ Zy(J,J_) : (3.3) 


where Zp is represented by a Gaussian path-integral, 
i i LU 
exp ZoV,,1_)=f (db,ad_) exp 5 f dx [} OD) (@,#_) 
—4DDGM(®2+6?)+U,6,+/_6_))]. (3.4) 
Being Gaussian, this integral can be evaluated by the usual trick of translating the 


integration variables. An equivalent method is to obtain functional differential eaua- 
tions for Zo from the identities 


O= {(do,de_) EAA expy fx (Od? @, _) 


—-1DDQAQM(@? +67)+U,6,+/.6_))] 
=f (46,48_)Z [-} DD®, +M®, +J,] exps fax ['] 


Pier = ee i 
= [-§ ID = — peggy. he exp Zy 


i 6J, bJ 
: ; 6Z, 6Z, 
ae ks _~1pp—°+um—2 
3 (ex? 5 Z0)| 5 D sy. oS. TAB 
The linear inhomogeneous equations 
_ 525 5Zy 
—4DD——+M =—J,, (3.5) 


Bs, 


*In general the expansion of S must be taken about a stationary point. For simplicity, we are 
here assuming that ©, = 0 is such a point. 
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are easily solved (with the help of the identity, (DD)? = —4 9?, on chiral fields [4] 


57. ae 5 (-$DDJ,-MJ,). (3.6) 


These equations in turn can be integrated to give 
a 1 (ARy\2 1 ) 
ZVI.) i ax|j (DD) (4, aGT J_ 


1 1 
-4DD( J, ee ay ao )]. (3.7) 
0° + M 92 + Me 
The perturbation development of the connected vacuum amplitude (i/h)Z is ob- 
tained from (3.3) by expanding in powers of V;,, and substituting the expression (3.7) 
for Zp. The bare propagators are of course the secondorder functional derivatives 
of Zo. Their explicit forms are given by 


—M < , t 
wer (x,0;x,@), 


ra T®, (x, 0) ®,(2',8’))y = 


i , , 1 nr tat 
5 (TH, 0) B(x’, 0'Ny = aa (~ DD) 5,(x,6;x'6'), (3.8) 


where the ae a 8, are defined in (2.5). In terms of the causal function 
ih 
Eat k* — M* + ie 
the propagators (3.8) can be written, 
(TO, (x, 0) &,(', 8’) 


Ag (x — x’; M) = (pe exp [—ik(x-x’')] , 


=—M [exp (¥ 4) Gay, + 6976015 (@ — 8") (1 tiv5) (0-0) AL, 
(Tb, (x, 8) B,(%', 8’) 
= [exp (+ 4) (68750 — 6'8'7,0')] [exp 51 9 (1 ti75) 0’) A, . (3.9) 


These expressions are to be associated with the internal lines of any graph. Vertices, 
on the other hand, are associated with the expression 


i a 
5 &n fax (— DD), (3.10) 
where g,, isa coupling constant from the expansion* 


*If the model is to be renormalizable, then only g3 can differ from zero. 
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83, 84, 
Vig ®) Be tT ote. (3.11) 


The integration over x at each vertex - which effects the conservation of four-mo- 
mentum — gives rise to some simplifications. Many of the exponentiated factors in 
(3.9) can be seen to cancel so that the internal lines are associated with the “effec- 
tive” propagators 


(T®, (x, 0) ®,(x',0')oqg = -— 4M (G — 8’) (1 ti75) 0-0) Ap, 


(TH, (x, 0), &',O' og = [exp 4/8 (1 tiy,) #O'] A, . (3.12) 
External lines should be associated with the wave functions 
go (x, 0) = AM (x) +H 4 (1 tig) WR) +48 (1 £17.) 0 FO). (3.13) 


The momentum space Feynman rules may be summarized as follows: 
(i) Draw diagrams in the usual way with vertices corresponding to the various 
types of monomial (g,,/n!) © and (g,,/n!) @% in the interaction Lagrangian. 
(ii) With each n-leg vertex associate the factor 
i 
(2n)* 8p, +... +P) Bn - 


(iii) With each line joining a pair of vertices of the same chirality (+) associate 
the effective propagator 

(h/t) GM) 6, — 8)4 (1 #i75)@, — 45) 1(—p? + M? — ie). 

(iv) With each line joining a pair of vertices with opposite chirality associate the 
effective propagator 

G/i) exp (6, 4 (1 tis) p84) 1(-p? +? —ie), 
where the four-momentum is directed from the + type vertex (1) to the — type 
vertex (2). 

(v) With each external line associate the wave function 
gett = AM (p) +B 4 (1 £75) W%(p) +4 4 (1 tH75) 0 FO (p). 
(vi) At each vertex apply the differential operator 


ee a a 

—}Dp=-4(c fe — — , 
a0* 968 

i.e. extract the coefficient of the term 


Tyo ti7,)0. 
vertices 
(vii) Integrate over the momenta, 
fae 


lines (2n)4 
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To pick out a given kind of process, one would of course specialize the external 
wave functions. For example, an external on-shell 0* particle would be represented 
by the wave functions 


yi (x, 0) = L. exp [— ike} (1 — M5 (1 £174) 8). 
(22)? 

The efficacy of this kind of approach has been demonstrated in the work of 
Capper and Delbourgo [6] who show that the divergence softening characteristic 
of supersymmetric models can be understood in terms of the properties of super- 
field graphs. In particular, Capper and Leibbrandt [7] have developed a formula 
for the superficial degree of divergence of such graphs. 
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We remark that exact classical Schwarzschild-like solutions to Einstein’s (and possibly f gravity) equations provide 


examples of realistic solitons. 


Under the broadest definition, any non-trivial solu- 
tion to a system of classical non-linear equations, which 
is confined to a finite region of space and which carries 
a finite energy, may be considered a soliton. The pro- 
blem is to discover to what extent such classical ob- 
jects can approximate to the quantum systems en- 
countered in particle physics. Are they stable? What 
conserved quantities can be associated with them? How 
do they interact with “ordinary” particles described 
by quantized fields? 

It is the purpose of this note to point out that a 
whole class of solitons is apparently available among 
the known exact classical Schwarzschild-like solutions 
to Einstein’s equations. These solutions ara stationary, 
possess finite energy and can be localized. The stability 
of some of these solutions depends on rather general 
considerations but, in any case, the association of a 
finite and conserved energy with asymptotically flat 
(i.e. localized) solutions follows from the existence 
of the so-called energy-momentum pseudo-tensor. 

For solutions to Einstein’s equations, the conserva- 
tion of energy and momentum results from appropriate 
symmetries in the equations of motion. This is unlike 
the conservation of magnetic charge in ’t Hooft’s 
theory [1], where electromagnetism is part of a spon- 
taneously broken non-abelian gauge system. In such 
theories the conservation is not dependent on a sym- 
metry of the Lagrangian — and, moreover, magnetic 
charge is confined to sites of topological significance. 
There has been some controversy as to whether such 
topological significance is the hallmark of a soliton, 
(see, for example, Lee [2| for the contrary viewpoint). 
Reprinted with permission from Phys. Lett. 61B (1976) pp. 375-376 
© 1976 Elsevier Science Publishers B.V. 


It is worth remarking in this context that, although 
classically stable, the gravitational solitons may be able 
to decay through vacuum effects. Thus, Hawking [3] 
has shown that the Schwarzschild solution radiates 
like a black body whose temperature is inversely pro- 
portional to its mass. Conceivably, vacuum effects 
could be relevant for non-gravitational solitons; for 
example, stability may be lost for solitons carrying 
topological conserved numbers ("t Hooft’s monopole) 
through a phase transition induced by a high tempe- 
rature or strong external electromagnetic environment. 

Gravitational forces should nat be significant in 
particle physics at foreseeable energies *. However, 
the mathematically analogous f gravity [4] associated 
with strongly interacting 2* mesons could be relevant. 
Indeed, it was suggested some years ago that f gravity 
black holes — now to be called solitons — might repre- 
sent hadrons [4,5]. For such black holes the “Schwarz- 
schild radius” of an f gravity soliton would be compa- 
rable to its Compton wavelength. An interesting pos- 
sibility is that the well-known property of the black 
hole, whereby nothing can escape from it, could have 
implications for the confinement-problem. The colour 
selectivity for saturation of strong forces (i.e. the 
colour singlet character of ordinary matter) could re- 
sult from an SL(6,C)’ structure for f gravitons [6], 
where the relevant internal symmetry is SU(3)' of 
colour. 


* But note that masses up to the Planck value ~ 1019 GeV are 
already being contemplated for unified models of weak and 
electromagnetic interactions. 
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At present there are no exact solutions known to 
the two-tensor f-g generally covariant equations and 
no solutions known even in the flat space approxima- 
tion g.,= 1,,,- However, if the mass of the f meson is 
discarded then the equations for f,,, become identical 
in this approximation with Einstein’s equations for 
&,,- We conjecture that it may be possible to restore 
the effects of the mass term by means of the replace- 
ment 1/r > e~™" /r in the Schwarzschild solution — at 
least in some favourable co-ordinate system. 

The most interesting solution of the pure Einstein— 
Maxwell equations is the charged -Kerr—Newman ro- 
tating system [7] described by the gravitational and 
electromagnetic fields, 


Byy(X) dx" dx” = —(A/p) (dt — asin2@ dg)? 
+ (sin2@/p2) ((r2 + a2) do — adr)? 
+ (p?/A) dr? + 2 d8 , 
F(x) dx# X dx” 
= Qp~4(r2 — a2 cos2@) dr X (dt — asin26d¢) 
+ 2Qp~* arcos@ sin 6 d@ X ((r2 +a?) dg — adt), 


where A =r? — 2Mr +a? + Q? and p2 = r2 + a2 cos?6. 
(These are the Boyer—Lindquist [8] or generalized 
Schwarzschild co-ordinates.) The energy and angular 
momentum carried by this soliton can be deduced 
from the asymptotic form of the metric fields. Thus, 
using the definition of the energy-momentum pseudo- 
tensor given by Landau and Lifshitz [9], 


eis O pygy 08 — 7 
Orota 5 = Tem scape Wale 8), 
the space integrals for P# and M” can be reduced to 
two-dimensional surface integrals over a sphere of in- 
finite radius. One finds a total energy equal to M and 
angular momentum equal to Ma. The linear momentum 
vanishes. In a similar fashion one deduces from the 
asymptotic form of F,,, that the total charge is Q and 
magnetic moment Qa. (Notice that the gyromagnetic 
ratio takes the Dirac value, Q/M.) 

In addition to these, there are other known classical 
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solutions; for example Curzon’s solution [10] of Ein- 
stein’s equations: 


ds? = exp(—2m/p) (dt)? 
~ exp (2m/p) (exp (—m?r2/2p4)(dr2+dz2) + d¢?), 
paar 


and Singh’s solution [11] of a scalar tensor theory: 
bi/b?-3/4 -b//b?-3/4 
ds?= ( -2m) de2— (! 2m) 


r 
x [art (1-22) P (qo? +sin62a9?)| 


@= (1-2 
r 


y" V/b?—3/4 
this latter is related to Schwarzschild’s solution. With 
these four-dimensional soliton solutions available, we 
feel that the recent work on particle production near 
black holes affords a particularly favourable testing 
ground for ideas in soliton physics. 


We thank Dr. M.N. Mahanta for telling us of Singh’s 
solution, and Drs. C.J. Isham and M.J. Duff for discus- 
sions. 
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Assuming the compactification of 4 + K-dimensional space-time implied in Kaluza—Klein- 
type theories, we consider the case in which the internal manifold is a quotient space, G/H. 
We develop normal mode expansions on the internal manifold and show that the conventional 
gravitational plus Yang-Mills theory. (realizing local G symmetry) is obtained in the leading 
approximation. The higher terms in the expansions give rise to field theories of massive 
particles. In particular, for the original Kaluza—Klein 4 + 1-dimensional theory, the higher 
excitations describe massive, charged, purely spin-2 particles. These belong to infinite dimen- 
sional representations of an O(I, 2). 


I. INTRODUCTION 


The motivation for studying generally covariant field theories in space-time of 
more than four dimensions is to obtain a geometrical interpretation of internal 
quantum numbers such as electric charge, i.e., to place them in the same context as 
energy and momentum [1, 2]. The latter observables are associated with translational 
symmetry in 4-dimensional Minkowski space; the internal observables would be 
associated with symmetry motions in the extra dimensions. 

In theories of the Kaluza—Klein type one starts with the hypothesis that spacetime 
has 4+ K dimensions. One assumes general covariance and adopts the 4 + K- 
dimensional curvature scalar as the Lagrangian. Next, one supposes that because of 
some dynamical mechanism, the ground state of this system is partially compactified 
[3], M* x B* rather than M‘**, where M* denotes 4-dimensional Minkowski space 
and B* is a compact K-dimensional space [4]. The size of BX must be sufficiently 
small to render it unresolvable at the currently available energies. For example, with 
the size of B® < 107!” cm, it would be invisible to probes of energy <10° GeV, this 
being an upper limit. 

Models have been constructed which illustrate this phenomenon of spontaneous 


316 


Copyright © 1982 by Academic Press, Inc. 


451 


452 


ON KALUZA—-KLEIN THEORY 317 


compactification [5,6]. In general, it is necessary for the system to include non- 
geometrical (matter) fields, coupled to the metric field, for this effect to be triggered. 
The presence of such ad hoc matter fields detracts from the simplicity of the purely 
geometrical theory and perhaps indicates that the geometrical component is not truly 
fundamental. An interesting exception, however, could be the extended supergravities 
where certain matter-like fields are justified by an underlying supersymmetry [7] and 
possibly the related geometry of superspace. 

Assuming that the compactification is achieved, what are the implications of taking 
the extra dimensions seriously? By expanding the fields in a Kaluza—Klein theory in 
terms of normal modes on the compact space B*, the extra dimensions make their 
appearance as massive multiplets of the associated symmetry group. In this paper we 
wish to examine these multiplets and the higher massive excitations. 

To illustrate the emergence of masses, consider the original theory of Kaluza and 
Klein which involves one new co-ordinate, y. The 5-dimensional line element was 
assumed to take form 


ds? = (dx™e,°(x))* — (dy ~ dx"xA,,(x))’, 


where m, n, a, b,... take the values 0, 1, 2, 3 and e,,7(x) represents the vierbein field 
on 4-dimensional spacetime. The 4-vector A,,(x) is to be interpreted as the elec- 
tromagnetic potential. Gauge transformations here take the form of coordinate 
transformations 


x™ > x, 
yryt+A(x), 


with 


which leave the 1-forms, dx™e,,° and dy — dx"xA,,, invariant. The invariant coupling 
to a complex scalar field, ¢(x, y), would be described by the Lagrangian 


det eflea"(One + KA ,Oy$)I” = |a,¢|? —w ||’). 
If one suppose that the y-dependence of ¢ is such that 
i 
a,o=->¢ 


then this Lagrangian reduces to that for a charged scalar, 


dete [le."(Gnf — ted yp)? (i? +Er) I0"?], 
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where the charge is given by 


The electric charge is hereby understood in terms of the radius, R, of the extra 
dimension, interpreted as a circle. Conversely, given e, this equation fixes R (the size 
of the manifold) as x/e where x is Planck length. This also implies that the masses 
are in Planck units ~x~' ~ 10'® GeV. Because of this one is naturally interested to 
discover any exceptional cases where, for reasons of symmetry, the mass contribution 
is suppressed. An example is the vector A,, itself which describes a massless particle, 
the photon. The gauge symmetry here associated with the transformation 
yy +A(x) prevents it from acquiring any mass. 

To consider non-Abelian symmetries one has to interpret the new co-ordinates y*, 
u= 1, 2,...,« as a parametrization of the manifold of a compact non-Abelian group, 
G. The line element is now assumed to take the form [4] 


ds? = (dx eq_"(x))? — ((dy" — dx™KAy*(x) Kq"(y)) &y(¥))’s 


where the auxiliary functions e,°(y) constitute an orthonormal K-bein on the group 
manifold G, and the functions K,“(y) are Killing vectors on G. This formalism will 
be reviewed in some detail in the following sections. 

A further generalization is possible where the new co-ordinates are taken to 
parametrize some homogeneous space, G/H, on which G can act [8,9]. A novel 
aspect of this kind of scheme concerns the problem of embedding. In order to give a 
G-invariant meaning to the ground state it is necessary to associate the motions of 
G/H with frame rotations (or tangent space transformations). This requires that the 
stability group, H, be embedded in the tangent space group, SO(K), in such a way 
that the K-vector of SO(K) has the H-content of G/H. 

In all these theories the metric field carries an infinite number of new degrees of 
freedom corresponding to the propagation of excitations in the new dimensions. As a 
rule these excitations are ignored because of their large masses. However, the massive 
excitations are not always ignorable: their contributions to a typical scattering 
amplitude are comparable to those due to graviton exchange. To see this, consider the 
scattering of charged scalar particles with the interactions represented schematically 
by . 

Loge ~ mn OmO* Onb + 1A * On G + +++ 


where h,,, denotes the graviton field and A, one of the massive excitations. The 
amplitude for graviton exchange is of order x?E?, while that for A-exchange is of 
order e?E*/M?, where E represents the energy scale of the scattering process. Since 
M~e/x these contributions are of the samie order.’ Only in the region of low 
momentum transfer, t < E”, does the graviton amplitude, ~x7E‘/t, become dominant. 


'This comparability of contributions may have relevance to the problem of renormalizability of 
Kaluza—Klein theories. 
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The purpose of this study is to deal with some of the general features of Kaluza— 
Klein theories. These include the geometry of homogeneous spaces, the transfor- 
mations of fields defined over them, the structure of normal mode expansions? on 
G/H, the embedding of Yang-Mills gauge transformations in the group of general co- 
ordinate transformations, and the extraction of an_ effective 4-dimensional 
Lagrangian. Such an effective action will be particularly useful for low energy effects 
ascribable to the existence of the microscopic and as yet unresolvable structure on 
space-time. Since much of the recent work in this field has been couched in the 
terminology of fibre bundles [10] it is not accessible to those without expertise in 
such matters. We shall therefore adopt a less sophisticated approach and express 
results in the more generally familiar component notation. 

The plan of the paper is as follows. Some definitions, notational conventions and a 
brief description of the 4 + K-dimensional Einstein theory are given in Section II. 
There follows in Section III a discussion of symmetry expects of the compactification 
of the extra K dimensions. Harmonic expansions on G/H are introduced to describe 
the excitations. An important ingredient here is the embedding of the stability group, 
H, in the tangent space group, SO(K). Integration over G/H is used to reduce the 
Lagrangian to effective 4-dimensional form. Some of this is illustrated in Section IV 
where the low energy sector of the 4 + K-dimensional theory is shown to contain the 
4-dimensional Einstein and Yang-Mills terms. Much of the pedagogical detail is 
confined to the Appendices, except for Appendix V which deals with the spectrum of 
4+ 1 Kaluza—Klein theory. 


II]. EXTENDED GRAVITY 


Let the 4+ K-dimensional spacetime be parametrized, at least in some local 
region, by a set of co-ordinates, z. On this space let there be defined at each point a 
local frame of reference in the form of 4 + K linearly independent covariant vectors, 
ES. 

The basic symmetries of the theory are twofold. Firstly, there must be general 
covariance under the coordinate transformations, z“ > z’™. Being covariant vectors, 
the E,,‘ transform according to 


oz" 


Ey'(2) > Eni ") = 9 Eve) 2.1) 


Secondly, there is to be covariance under a group of z-dependent linear transfor- 
mations among the vectors of the reference frame, 
Ey"(z) > Ef (z) = Ey?(z) ap*(z). (2.2) 


? Throughout this paper B* is assumed to be a quotient space. One may eventually contemplate 
internal manifolds (associated with symmetry breaking) which are less symmetrical. 
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In order to establish a pseudo-Riemannian geometry on the 4 + K-space it is usual to 
assume that these transformations belong to the pseudo-orthogonal group, 
SO(1,3 +.K). We shall adhere to this choice. 

With frame rotations belonging to SO(1, 3 + K) one is led to consider the frame- 
independent combinations, 


un = Ey* Ey? nan (2.3) 


which define the covariant components of the metric tensor. By an appropriate choice 
of basis, the SO(1, 3 + K) invariant tensor, 7,,, can be represented by the diagonal 
matrix, 


Nap = diag(1, —1, —1,.., —1). (2.4) 


Indices are raised and lowered in the usual way. The contravariant quantities E ,“ 
and g”" are defined as matrix inverses of E,,“ and g,,,, respectively. (We employ the 
alphabetic convention that letters M, N,... from the middle alphabet will be world 
indices while those from the early alphabet, A, B,... shall be frame labels.) 

The coupling of extended gravity to matter is conveniently illustrated by the case 
of the fundamental spinor of SO(1,3+X). This spinor, w(z), has 2?*!*/) 
components where [K/2] denotes the largest integer <K/2. Under frame rotations the 
components of y transform as an SO(1, 3 + K) spinor, 


y(z) > w'(z) = S(a~") w(z), (2.5) 
but, under general co-ordinate transformations they are scalars, 
y(z) > w'(z') = v2). (2.6) 


The partial derivatives 0,,yw make a covariant world vector but they do not transform 
homogeneously under frame rotations. The latter defect is cured by introducing the 
spin connections B,,(z), which constitute a gauge field with respect to frame 
rotations, 


By SByS~' + Sd,S7' (2.7) 


and a covariant vector with respect to co-ordinate transformations. The covariant 
derivative is then defined by 


Vac W = (Ou + Buy) v- (2.8) 


The spin connections belong to the infinitesimal algebra of SO(1,3+ K). In the 
spinor representation one can write 


By= Bras [y*, y’ |; (2.9) 
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where y* is a generalized Dirac matrix, ice., 
ty“, 7} = 2y4?. (2.10) 


With these fields it is possible to construct a suitable Lagrangian density, one which 
is invariant under frame rotations and a scalar density under co-ordinate transfor- 
mations 


Ze = det(E) Gy‘E,"Vyw + hic. (2.11) 


This much is nothing but a straightforward generalization to 4+ K dimensions of 
the well-known 4-dimensional structures. However, when one comes to look for the 
Yang-Mills potentials among the components of E and B, one will find some less 
familiar things. For example, the “minimal coupling” of the vectors is contained 
partly in the term wy‘E ,"0,,w and partly in #y‘E,"B,,y. The latter term may also 
contain a non-minimal, Pauli type of coupling. 

Out of E and B and their first derivatives it is possible to construct two distinct 
covariant objects, or “field strengths.” These are the torsion, 


Tun’ = Oy Ey" ~ oy + Ey Buc’ ~ Ey Bye", (2.12) 


and the curvature, 
Ryunaay = Ou Bypaz} = On Byazy aa Bujac) 2B xtca\ + ByraciBu [CB (2.13) 


(where early alphabet labels are raised, lowered and contracted with 7,, defined in 


(2.4). 


The curvature scalar (density) is given by 


det(E) R = det(E) E,"Es*Runiasy (2.14) 


and can serve as a Lagrangian density for the extended gravity fields. The fields E 
and B may be varied independently or, alternatively, one may impose the torsion 
constraints, Ty,‘4 = 0, and eliminate B as an independent variable. The constraints 
T =0 are algebraic in B and can easily be solved. One finds 


Bugecy = 48 uw“ (Quasic — Qtacia + Qieaye)s (2.15) 
where 


Qiasic = EME,‘ (yEnc — OvEuc): (2.16) 
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Having set up an action principle in 4+ K dimensions one might inquire in‘o the 
nature of the solutions to the resulting equations of motion. In a purely geometrical 
theory one would expect the ground state, or vacuum, to exhibit maximal symmetry. 
Indeed, one should find the 4 + K-dimensional Minkowski space. However, in the 
presence of matter fields—scalars and vectors— the situation is more complicated 
and it is possible to imagine that the ground state will manifest some lower 
symmetry. In particular, if the theory is supersymmetric the fields which accompany 
E and B may trigger a compactification of some of the dimensions in the ground 
state. We shall assume that this happens and that the ground state geometry 
factorizes into the product of 4-dimensional Minkowski space with a compact 
homogeneous space, G/H, of K dmensions. This space is invariant under the action 
of some group G which will be interpreted as an “internal” symmetry. We shall 
further assume that the compact space is small enough (size ~x) to justify, for most 
purposes, the neglect of any excitations associated with it (i.e. that such excitations 
would be too massive to be accessible at present energies). As mentioned in the 
Introduction the excitations may not always be negligible. Their contributions are 
generally comparable to those of gravitons and they would certainly be important if 
the gravitons are quantized. The aim at this stage, however, is to develop an effective 
4-dimensional theory for the long range degrees of freedom. 

One way to obtain the 4-dimensional theory is to expand all field variables in 
complete sets of harmonics on the homogeneous space G/H. The expansion coef- 
ficients are 4-dimensional fields belonging to a sequence of representations of G. 
Their dynamics is governed by a 4-dimensional action functional obtained by 
integrating out the G/H-dependence and using the orthogonality properties of 
harmonics on G/H. The resulting masses and couplings are necessarily G-invariant. 
The scale of the masses is determined by the size of the compact manifold, and we 
shall assume that all non-vanishing masses are therefore large. One would like to be 
able to extract the zero modes and discard the rest. We shall consider some aspects of 
this problem in the following but do not obtain a general solution. We now develop 
the necessary formalism. 

To distinguish the compact dimensions from the remaining four of ordinary 
spacetime it is convenient to adopt some notational conventions. For the co-ordinates 
write 


z™ = (x™, y*) (3.1) 


with middle alphabet Latin suffices, m,n,... taking the values 0, 1, 2, 3 and their 
Greek counterparts, y, v,... taking the values 1, 2,...K. The compact manifold, G/H, is 
parametrized by y“. The early alphabet frame labels are likewise divided into lower 
case Latin and Greek. 

To implement the parametrization of G/H there are available standard group- 
theoretical techniques {11], one version of which we outline briefly. Suppose the co- 
ordinates, y“, label the cosets of G with respect to the subgroup, H. That is, from 
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each coset let there be chosen a representative element, L,. Multiplication from the 
left by an arbitrary element g € G will generally carry L, into another coset, one for 
which the representative element is L,,. This defines the so-called left translation 


gL, =L,,h, (3.2) 


where # is an element of H. Both y’ and A are determined by this equation as 
function of y* and g. The explicit form of these functions depends of course, on the 
choice of elements L, which represent the cosets. Such details are not usually 
important and, here, we shall be able to manage with some general properties of the 
parametrization. Among these, the most important is the notion of a covariant basis 
on G/H. 

To define a covariant basis consider the 1-form, or differential, 


e(y)=L,'aL,. (3.3) 


This object belongs to the infinitesimal algebra of G and therefore can be expressed 
as a linear combination of the generators, Q,, 


e(y) =e*(y) Q5 
= dy*e,*(y) Q,. (3.4) 
The generators Q,; fall in two categories: the set Q; which generates the subgroup, H, 


and the remainder, Q,, a = 1, 2,...,.K, associated with the cosets, G/H. Correspon- 
dingly, one writes 


e(y) =e"(y) O, + e*(y) Qs. (3.5) 


Of special interest are the coefficients e,*(y) which constitute a nonsingular K x K 
matrix. The columns of this matrix provide the covariant components of the K 
linearly independent vectors of the covariant basis. The contravariant components of 
the reciprocal basis, e,”, are defined by inverting the matrix e,*. 
The behaviour of e(y) under left translations can be deduced from (3.2) and (3.3). 
Thus, quite generally, 
e(y) > e(y’) =hAL,~'g~'d( gL, h-') 
=he(y)h-'+hdh-'+hL,~'g~'dgL ho. (3.6) 
On substituting the expansion in terms of generators and introducing the matrices, 
D4, of the adjoint representation of G, defined by 
g'0;8=Dz5(g) Ox (3.7) 
the formula (3.6) gives 


e*(y') = e8(y) Dgi(h-') + (hdh-")* + (g7'dg)® Dg*(L,h-'). (3.8) 
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The components, (dh-')* and (g~'dg)*, of elements in the algebra are naturally 
defined by 


g 'dg=(g~'dg)* Og, 
hdh-' = (hdh-')* Q, = (hdh-')* Qg. en) 


Since hdh~' belongs to the algebra of H, we must have (hdh~')* = 0. 

(A more detailed discussion of the properties of the “boost” elements, L,, together 
with some illustrations is given in Appendix I. Curvature and torsion formulae for 
G/H are derived in Appendix II, and various implications of the transformation 
formula (3.8) are derived in Appendix III.) 

Now consider the question of harmonic expansions on the internal space. To begin 
with, if the internal space were simply the group G itself (i.e, H = 1) it would be 
natural to employ the full set of matrices of the unitary irreducible representations of 
G. For the function, ¢(g), one would write 


0(g)=>. SY Vd" D5,(8) Gon. (3.10) 
n PAG 
where D”, is a unitary matrix of dimension d, and the sum includes all matrix 
elements of all the unitary irreducible representations, g—> D"(g). The coefficients, 
¢pq are projected out by integrating over the group, 


b= vas [_ dudge(8~") $(2) G.11) 


where du is the invariant measure normalized to volume V,. 
For functions on the coset space G/H the expansion is somewhat restricted. 
Typically, one is concerned with functions ¢,(g) that are subject to the auxiliary 


symmetry 
9 (hg) = Dh) $,( 8), (3.12) 


where A € H and D(A) is some particular representation of H. This means that 9(g), 
though not strictly constant over the points in a coset, is related by a linear rule, i.e., 


¢(g =D 81 g7') (82) 


for g, and g, in the same coset. The appropriate restriction of the expansion (3.10) is 
clear. It must include only those terms for which 


D"(hg) = D(z) D"(g). 


For irreducible D(A) one should write 


é(g)=TT VF Pha ®) e,, (3.13) 


n bq 
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where the sum includes all unitary irreducible representations of G for which Digg 
makes sense, i.e., all those which include D(A) on restriction to H. If D(A) is 
contained more than once in a given D"(g) then a supplementary label, ¢, is needed 
to distinguish them. The dimension of D(A) is denoted dp. The coefficients, ¢7,, are 
projected from the sum (3.13) by integrating over the coset space, 


n_ il d, A 1 
850 NG Sig Haul) HL (3.14) 


This expression can be derived from (3.11) by resolving the general element g~' into 
the product of appropriate elements L, and A. Such a decomposition is unique once 
the form of the representative element L, has been chosen. From (3.12) it follows that 
the A-dependence factorizes, 


$:(g) = 9,(A-'L,~') 
= D,(A~') $,(Z,~'). 
Integration over the subgroup H can be carried out explicitly and leaves the result 
(3.14). 


Thus, for a set of fields y,(x, y) the general form of the harmonic expansion on 
G/H is given by 


os De Ly) via): (3.15) 


v¥ixy= VN 7 
Oo 


a hq 
Here ni labels the exitations. 

The coefficients fields y?,(x) are obtained by integrating over G/H as in (3.14). If 
the representation D(h) to which yw, belongs is reducible then it would be necessary to 
separate y, into irreducible parts and make an expansion of the form (3.15) for each. 
This raises the important question of how the H content of w(x, y) is to be deter- 
mined. It will be settled by invoking the ground state symmetry. 

The fuil set of fields in 4 + K dimensions is supposed to be governed by an action 
functional which is invariant with respect to both the general co-ordinate transfor- 
mations and the frame rotations. These symmetries will not be manifest in the ground 
state, however. By assumption the ground state geometry is M‘ x G/H, where G/H is 
a compact K-dimensional manifold. In the ground state we therefore have 


(Ey“(x y)) = ( mn ; =) ), (3.16) 


where e,® is the covariant basis on G/H defined above. The expression (3.16) is 
invariant under the product of the 4-dimensional Poincaré group and the local (x- 
dependent) transformations of G. The Poincaré invariance is exactly as in the familiar 
4-dimensional theory of general relativity. The local G-invariance is compounded of 
the x-dependent left translations on G/H, y— y’(x, y) and the induced tangent space 
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transformations, D,°(h), with A defined by (3.2). To see this, consider the action of 
the combined transformation on E,,°(x, y) 


ia} v 
E,°(%,9) > E09) = rw BPD) Dp", 


where D,* is a K-dimensional orthogonal matrix. In order to have 
(E,° (9) = (E,°(y)) 


it is only necessary to choose (E,,*) =e,% and D,* = D,*(h). This follows from (3.8) 
which contains the formula 


dy'"e,*(y') = dy"e,*(y) Dg*(h-'). 


Thus the embedding is fixed. With the left translation, y > y’, must be associated the 
SO(K) transformation, D,°(k), where h € H. This implies that the K-vector of SO(K) 
has the H-content of G/H. More precisely, the generators, Q;, of H can be expressed 
in terms of the generators, 2%, of SO(K) by the formula’ 


Q,=— te ,2%, (3.17) 


where the coefficients c;,, are taken from the set of structure constants cy; of G. 

The Yang-Mills group of transformations described here, which leaves the ground 
state invariant also preserves the form of the expansion (3.15). Thus, with w 
transforming according to 


W(x, ¥) > wilx, y') = D,,(A) w(x, y) (3.18) 
it is a simple matter to derive the corresponding rule for the expansion coefficients 
Woe (X) > Woe (x) = Doo 8) waz (x). (3.19) 


They belong to the various irreducible representations of G which contribute to the 
expansion (3.15). 

In order to express the full 4+ K-dimensional theory in its equivalent 4- 
dimensional form, one should substitute expansions like (3.15) for all of the fields in 
the system. The 4-dimensional Lagrangian is then obtained by integrating the 4 + K 
dimensional one over the compact manifold, G/H. Integration of products of matrices 


? For an infinitesimal transformation in H’ we have 
Daslh) = Sap + Sh%y 5 
= Sas + Dag 


where Wa = —Wg_- Viewed as an infinitesimal SO(K) transformation this reads (1/2) w,,27° = dh0 ;, 
which implies (3.17). 
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D"(L;') reduces, in principle, to an algebraic problem. Although it is difficult to 
obtain results without going into the details of particular cases, the most important 
feature, orthogonality, can be illustrated by an example. 

Consider the invariant integral 


Uphow =| dy det e(y) Dp. i(Ly) Dip.p(Ly") (3.20) 


where the label, i, is understood to be summed. Since the measure, du = d*y det e, is 
invariant under left translations, one can write 


soe = | dup, (Ly) Dippy (Ly) 


= | duD5 (gh h-') Diy, p(AL,~'g”') 


= Dyal 8) 1 e604 Dap (8 ') 


because the dependence on A cancels. Hence J is an invariant tensor of G. By Schur’s 
lemma it is must take the form 


an! — " 
Totes’ _ San’ Opp Kg" 


To evaluate kf,., set n =n’, p=p’ and sum over p. One obtains 
dy ki. = { duD iy. (L5') D5 (Ly) 


= Vedoog:, 


where d, and dp are the dimensions of D} 


, and D,,, respectively. Thus 
an’ do 
Tent = Vin = 9:5 yp Onn (3.21) 


This result is needed for inverting the expansion (3.15). 
The argument leading to (3.21) generalizes. For example, one can write 


Jon duc’ DM | (Ly ') Dit, (Ly ') Dt, p,(L; ') 
=a V, citlals ((" mm ( nm ny ), 
mingny” K ig, ing, i,¢; Pi Pr Ds 


where c's is an invariant tensor of H and the 3-n symbols are essentially 
Clebsch—Gordan coefficients for the unitary representations of G. The factor a 
depends on normalization conventions for the 3~n symbols. 
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Having given, in outline,* the general form of the expansions to be used, we shall 
in the following section restrict our considerations to the leading terms. The 
justification for this restriction is simply that, in the regime of low energies, only 
zero-modes are important. 


IV. EFFECTIVE LAGRANGIANS 


It is guaranteed that the graviton and a set of Yang-Mills vectors are included 
among the zero-mass fields of the 4-dimensional effective theory. This results from 
the gauge symmetries of the 4 + K-dimensional theory and the assumed symmetry of 
the ground state. It can be proved as follows. For E,,*(x, y) consider the ansatz [9] 


Emit) —AmS(x) ee) 


Ey(x, y) = ( ; 5 (4.1) 


where the y-dependence is specified. This ansatz is compatible with a subgroup of the 
4+ K-dimensional symmetries: the 4-dimensional general co-ordinate transfor- 
mations, 


x™ > x/™(x) 
and the Yang-Mills transformations, or x-dependent left translations 
yt > y!* (x, ys 


with associated frame rotations, D,°(h), 


E(x) = ECs (4.24) 
ax" ay" 
Es e's) = (Soe E ate) + rw eal) Der, (4.20) 
fa) v 
e4°(9") =e €,P(y) D(A"). (4.2c) 
oy 


Of these rules, (4.2a) requires no comment and (4.2c) has been dealt with already in 
Section III. There remains (4.2b) which implies, in view of the ansatz, 


ax", ay" 
—A'8(x!) Dg*(L,.) = (- saw AWMe) DPL,) + aan ea ») D,7(4-'). 


* Some illustrative examples are contained in Appendix IV. 
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With the help of formulae derived in Appx. 3 this rule reduces to the form 
ox" 3 = 
Am X') = Frm (BAn(x) 8~' ~ 80,87 '), (4.3) 


where A,,=A,,°Q,;. This is precisely the rule to be expected for a Yang-Mills 
potential. 

The zero torsion spin connections corresponding to the ansatz (4.1) are obtained 
by substituting in the formulae (2.15), (2.16) 


Batyey = $e aE oy" Om Ene — Ey E cy" Om Ena + YE je" a" OmE nbs 

Baton = —B yay) = $Ea"E5"F mn Da fLy)s 

Basy = Aa’ (Ds*(L,) — Ds*(L,) 245(Y)) Capy 

Base = 9, 

Baisy = baby + Ba°(¥) Capy- (4.4) 


In these expressions the following notations are used: 
E(q”Ey\" = E,"E," — E,"E,", 
Fran’ = OA n? — OgAm? —A mA gicsg’, 
Ta"(¥) = eq"(¥) e,7(y), (4.5) 
and the structure constants of G are defined by 
[Qz, Qs] = cas'Qy. 


On substituting the expressions (4.4) into the 4 + K-dimensional curvature scalar 
one obtains 


Roi = Ry — 4} F ep4Fgp°D5"L,) Dg(L,) + Rx, (4.6) 


where R,=R,(E) is the usual 4-dimensional curvature scalar, expressed in terms of 
the vierbein E,,(x), and Rx is the constant curvature of G/H (see Appendix II). On 
integrating y* the Yang-Mills Lagrangian emerges, since 


1 
ae { d*y det e(y) D;4L,) Dg(L,) = koa, 
Ve 


where k = dim(G/H)/dim(G). Thus, the above assertion that the system contains the 
graviton and massless Yang-Mills fields is verified. 

There may also be zero mass scalars in the system, like the Brans—Dicke scalar in 
the K = | theory. This point is sensitive, however, to the matter field couplings which 
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are generally needed to force the compactification. We shal! not therefore discuss the 
scalar modes. 

Finally, to illustrate how the ansatz described above can be combined with an 
analogous one for a spinor field to give an effective 4-dimensional term, we consider 
the expression 


Z= > det E(x, y) FE, “Vyy + hc. (4.7) 


with y(x, y) represented by the ansatz, 


w(x, y) = D(L,~") v(x), (4.8) 


This is a typical term from the harmonic expansion of y(x,y). The spinor of 
SO(1, 3 + K) must of course be decomposed relative to the subgroup SO(1, 3) x H; 
each piece in the decomposition will yield a w(x) and the details of labelling are 
ignored here. One must substitute the expressions (4.1), (4.4) and (4.8) into (4.7), 


i - ; 1 
= 5 det E(x) det e(y) VO) DUL,) | 7" |E"Oy + a?, — Bac 


1 
+ 7° Je", — > Baier” ]oa,-» v(x) + he. (4.9) 


To simplify this expression it is necessary to eliminate the derivative 0, by means of 
the formula 
8, D(L,~') =—D(L,~') 4, D(L,) D(L,~') 
= —e,*(y) D(Qz) D(L,~') 
which follows from the definition (3.3). Multiplication by e,” then gives 
e,"8, D(L,~') = —(D(Q,) + %4°D(Qz)) D(L,“'), 


where 2 is defined in (4.5). It turns out that the 2-containing terms are cancelled by 
similar terms in the spin connections. This cancellation is ensured by the embedding 
of H in the tangent space group (see Appendix IV). After some tedious calculations it 
is found that (4.9) reduces to 


= det B(x) det e(y) Vx) DUL,) [9° | E."(2) Oy + J Bats) 7™ 


- 4,4(2) DQ2) | + 3 Fal) DL") 


—y*D(Q,) + = cont” | D(L,~') w(x) + hee. (4.10) 
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and it remains only to integrate over y. Since y* must commute with D(L,), the result 
takes the form 


J Ve der BC) We) 7? [E.G On + | Bate(#) ¥* — A680) DOs) 
+ = F,,°(x) yrs — u| w(x) + h.c., (4.11) 


where * and M are matrices defined by 


r= [  quD@,)y*DWL,-')DL,~") (4.12) 
Vy G/H 
~ rz j. Mm duD(L,)(y*D(Q.) — < Capy¥*””) D(L,~'). (4.13) 


Note that the “Pauli-moment term” implied by non-zero I Sis a necessary conse- 
quence of our formalism, and the precise numerical expressions for J* and M are the 
hall-marks of the expansion on G/H. 


V. CONCLUSIONS 


In this study we have attempted to analyze in some detail various formal aspects of 
Kaluza-Klein theories in which the ground state geometry takes the form M‘* x BX, 
where B* is a K-dimensional quotient space G/H. The symmetries of this ground 
state are used to classify the excitations of the system, and these excitations are found 
to include particles of spins zero, one and two, in general. In particular, there are a 
set of four vectors belonging to the adjoint representation of G contained among the 
components of the metric tensor and spin connection which serve as Yang-Mills 
potentials. 

Harmonic expansions on B* are used to define sequences of component fields, 
defined on M‘* and belonging to irreducible representations of the Yang-Mills group, 
G. An important feature in determining the content of these expansions is the 
embedding of the stability group H in the tangent space group SO(K). This 
embedding is discussed in detail. Considerable use is made of the “boosts,” L,, in 
setting up the formalism. The transformation properties of L, are used to define the 
action of G on the manifold G/H, and the derivatives of L, give the covariant basis 
vectors on this manifold. They also are used in the construction of integral formulae 
for mass matrices and coupling parameters for Pauli-moment-like terms in the 4- 
dimensional effective theory (formulae (4.12) and (4.13)). 

We remark that the ansatz for the 4-dimensional fields associated with massless 
particles—graviton, Yang-Mills vectors and Brans—Dicke-type scalars—can be seen 
to arise as leading terms in the harmonic expansions. The complete spectrum for the 
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4 + 1-dimensional theory is discussed in Appendix V. It is shown there that the 
massive excitations are purely of spin-2 and that they can be assigned to infinite- 
dimensional representations of the non-compact group SO(1, 2). Such non-compact 
symmetries are spontaneously broken and may be viewed as spectrum generating 
symmetries. It is interesting that, viewed in this light, Kaluza—Klein theory seems to 
constitute an example of a consistent theory of massive, charged spin-2 particles. 

Information drawn from the structure of the harmonic expansions would be useful 
in testing the classical stability of Kaluza—Klein type solutions. We have not dealt 
with this type of investigation (except for the simple example of 4 + 1 theory) since it 
is generally necessary to introduce matter fields of some sort into the system to 
generate non-vanishing curvature in G/H.*° Such matter fields, which must affect the 
stability considerations, represent a non-geometrical element in the theory (except, 
perhaps, in the case of extended supergravitities [7]) and are particular to specific 
models. 


APPENDIX I: NON-LINEAR REALIZATIONS 


To supplement the discussion of Section III we give here a somewhat more 
amplified description of the properties of non-linear realizations of continuous groups. 
The concepts were thoroughly exposed in the physics literature a few years ago when 
their appropriateness in treating spontaneously broken symmetries was noticed [12]. 
In that work the space on which the group acts is a set of scalar fields and the non- 
linearity can be expressed through algebraic constraints on these fields. Because of 
such constraints it is impossible for all components to vanish simultaneously, hence 
the absence of an invariant ground state, and hence the relevance to spontaneous 
symmetry breaking. From a more abstract point of view, the set of scalar fields 
constitute a vector space which supports a linear representation of the symmetry. The 
constraints serve to pick out a subspace, generally curved, which is carried into itself 
by the action of the group. On such a subspace the group is said to be realized non- 
linearly. Indeed, to characterize the fields belonging to such a curved subspace it is 
generally necessary to adopt a curvilinear co-ordinate system and so to express the 
group actions by the transformations which they induce in these co-ordinates. 

The classic example of non-linear realizations is the treatment of chiral SU(2) x 
SU(2). This group has the infinitesimal structure of SO(4) and the scalar fields (a, x) 
are assumed to transform as a 4-vector. If they are subjected to the constraint 


e+ =F’, (1.1) 
where F is a fixed number, then the number of independent components is reduced to 


three: they belong to a 3-sphere of radius F. This 3-sphere is of course carried into 


5 The original Kaluza—Klein theory in 4+ !-dimensions represents a case where G/H is flat. 
Generalizations of this have been investigated by Scherk and Schwarz [13}. 
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itself by the transformations of SO(4). It is invariant. To parametrize the points of 
the 3-sphere one could simply use the 3-vector m and write o=+\/F’ —n’. For 
some purposes, however, it is more useful to define a set of boosts, L,, which are 
SO(4) transformations that carry a given reference point, say 


(¢, x) = (F, 0) (1.2) 


into a general point. In terms of the 4 x 4 orthogonal matrices D,,(g) of the vector 
representation one writes 


o=D,,(L,) F, 

nm, = D,,(L,) F. (1.3) 
Of course there is a great deal of latitude in the choice of L, and it will generally be 
necessary to use at least two co-ordinate patches if the sphere is to be covered 
without generating artificial singularities. 


To illustrate the parametrization of the sphere we give the example of spherical 
polar co-ordinates, 


o=F cos 8, 
n, =F sin 0 cos 9, 
, = F sin @ sin g cos y, 
n, =F sin @ sin g sin y, (1.4) 
which corresponds to the choice of L,, 
L_ = @ ~ 823g ~ OPi29 — 92a (1.5) 
Here the operator Q,, = —Q,, is the generator of the infinitesimal rotations in the 
af-plane 
[Qas» 2,5} = 55,Qas ay 5ayQps + a5 Qs, Oss Qay (1.6) 


On applying an SO(4) transformation, g, to the sphere, the point whose co- 
ordinates are (0,9, y) will be carried into one with co-ordinates (8’,9',w’). A 
rotation through the angle w in the 14-plane, for example, gives 


cos 7’ _ (cosw  sinw cos 9 ) 
fe 0’ cos g' i Ge w cosw tag Ocosg}’ 
By solving these equations one can discover the transformed boost, L,,.. In general 
the co-ordinate transformation is given by 


DadL,:) = Das(8) Ds (L,) 
= D,(8L,)- 


334 SALAM AND STRATHDEE 


From this it follows that the precise relation between L, and L,, must take the form 


gL, =L,-h, (7) 


where / is an orthogonal transformation in the 123-subspace, i.e., 


Daalh) = bas- (I.8) 


Since L,, is known once the angles (6’,9’,y’) have been computed, the SO(3) 
transformation, h = L,.~'gL,, is well defined. 
To compute the basis vectors on the 3-sphere consider the differential 


e=L,~'dL, 
= 2801901296024 (¢— #029 90129 — 6041) 
= —d6Q,, — dy(Q,, cos 8 + Q,, sin 8) 
— dy(Q,, cos 9 + (Q,; cos 8 — Q,, sin 9) sin g) 
= —d0Q,, — do sin 6Q,, + dy sin @ sin 9Q,,; 
— doQ,. — dy cos 9Q,, + dy cos @ sin 9Q,,. (1.9) 


From this expression one extracts the coefficients 


41 42 43 
6 /-1 0 0 
e,°=9| 0 —sind 0 ‘ 
yw\ 0 0 sin @ sing 
12 23 31 
_ Of 0 0 0 
e,7 =9 |-1 0 0 5 (1.10) 
w \ 0 -cosg cos @sing 


where the labelling of rows and columns is indicated. The metric tensor on the 3- 
sphere is given by 


ds? = (d0e,* + doe,* a dye,*) 
= d9? + sin? 6 do? + sin 6 sin? 9 dy’ (1.11) 


as would be expected in spherical polar co-ordinates. The spin connection B,j;y is 
constructed out of the quantities 
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12 23 31 
41 0 0 0 
1 
=42 | —— 1.12 
sin 6 0 : G72) 
43 Oo - ae cot 8 
sin 8 


as discussed in the text, (4.4) (and further in Appendix 2). 

The case discussed above is an example of a non-linear realization in which the 
group G = S0O(4) is made to act on a 3-sphere. The points of the 3-sphere are put 
into correspondence with the left cosets SO(4)/SO(3) through the parametrization of 
the boosts, L,. The procedure generalizes directly to manifolds of the form G/H, 
where H is some subgroup of G. (Right cosets can also be used. One writes 


g:L,oLy, =hL,g'. 
On the manifold of G itself one can define the action of G x G 
(21,8):L,7L,.=g,Lyg,-'. 


In all such cases the mapping yy’ is determined once the form of L, has been 
specified. ) 

Global properties of a quotient space G/H are often made transparent by 
embedding in a flat space of higher dimension, i.e., by viewing the non-linear 
realization as obtained from a linear one with constraints applied. A simple 
illustration of this is provided by the case of SU(3)/SU(2) x U(1) which we consider 
briefly. 

The infinitesimal transformations of SU(3) are generated by the eight operators 


Q,°=-0,", ab=1,2,3 (Q,7=0). (1.13) 
The boosts may be given by 


L, =exp(y*Q,° —h.c.), (1.14) 


where the co-ordinates y*, a= 1,2, are complex. The little group in this case, 
H =SU(2) x U(1), is generated by Q,°. With this choice of L, the procedures 
discussed above could be used to find the mapping y° > y’* and the induced SU(2) x 
U(1) transformation, A, corresponding to an SU(3) transformation, g. However, we 
shall not pursue this. 

The manifold SU(3)/SU(2) x U(1) clearly has two complex dimensions. In order 
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to see that it is, in fact, CP, one can proceed as follows. Let the hermitian, traceless 
matrices, Y,”, be the co-ordinates of a flat space on which SU(3) acts linearly 


Yo~Y'=gYg"'. (I.15) 
An invariant subspace can be picked out by requiring the co-ordinates to satisfy the 
matrix equations 
R 2 


ey eRe: 1.16 
Y girs (1.16) 


where R is a constant. Since Y is hermitian, it can be diagonalized by an SU(3) 
transformation and one finds easily that its diagonalized form must be 


—R/3 
Y= ( —R/3 } (1.17) 
2R/3 


In other words, the general solution of the constraints is given by 
Y=L,¥L,"! (1.18) 


with appropriate SU(3) boosts, L,. On the other hand, it is possible to express the 
general solution in the form 


ab 
y,>= (54.'-*2)a, (1.19) 
3 nin 

where 4, is a complex triplet and 77 =7*. Since Y is unchanged by the complex 
scaling 7, Ay,, this means that the manifold parametrized by L, can be identified 
with the 2-dimensional complex projective space, CP,. 

As a supplementary remark we note that it is possible to define the action of a 
non-compact group on a compact manifold. A trivial example of this is provided by 
the group of displacements on the real line. By factoring out a discrete subgroup 
corresponding to displacements which are integer multiples of some unit, 27R, one 
obtains a compact quotient space. Formally, one writes 


L,=e, Oc<y<2nR, (1.20) 


where Q is the generator of infinitesimal displacements. Applying an arbitrary 
displacement, g = exp wQ, on the left, one obtains as usual, 


gL, =L,,h, 
where 
y’ =y+o—2nRn, 
h = (e?*R2)", (1.21) 
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and the integer n is determined such that y’ lies in the interval (0, 22zR). If the points 
y=0 and y= 2zR are identified then the quotient space is a circle of radius R. 

A less trivial example is the realization of:the non-compact SO(1, 2) by its action 
on the projective cone, a compact I-dimensional manifold. That such a realization 
should exist is easily seen by embedding the cone in 3-dimensional Minkowski space. 
The null cone 


Y,27-Y,?-¥,2=0 (1.22) 


is clearly invariant under the action of SO(1,2). But it is a 2-dimensional space. 
However, the cone is also invariant under the scaling transformation 


Y,7AY,. (1.23) 


A 1-dimensional manifold is obtained by identifying those points which are related by 
scaling. (In practice one would be dealing with functions on the cone which are 
homogeneous of degree zero.) A possible parametrization of the manifold would 


involve writing 
1 
Y,=| siny |. (1.24) 


cos y 


To find the mapping y — y’ corresponding to an hyperbolic rotation in the 02-plane, 


for example, one would write 
chw + sha cos y 
Y,=[ siny 


shw + chw cos y 
A 

=[Asiny’ 
A cos y’ 


sin y 
chw + shw cos y" 


to obtain the relation 


sin y! = (1.25) 


This kind of realization can be formalized in the manner used previously. The 
generators, Q,, = —Q,,, of SO(1, 2) satisfy the commutation rules 


[Qao» Q-a] = Noe Qaa _ Nac Qoa + Naa Qbe — "Nea Qac- (1.26) 
It is possible to pick out two of these, 


Qo and Q,=Q+Q1 (1.27) 
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which are to be identified as the generators of the (non-compact) stability group, H. 
They satisfy : 


[Qo2,0,]=@,. (1.28) 
The boosts are defined by 
Ly = €72, (1.29) 
Since any element of SO(1, 2) can be represented unambiguously in the form 
e%212980+ 97002 (1.30) 
it will always be possible to solve the mapping relation 
gl, = Ly.h 


for y’ and A as functions of y and g. 

Another example is the flat group of Scherk and Schwarz [13]. In its simplest 
version, the generator Q, is distinguished from the others, Q), / = 2, 3,..., K. The 
commutation rules are 


[Q;, Q)] =0, 
(Q;,0,] =MyQ;, (1.31) 


where M is antisymmetric, i.e., Q, generates orthogonal transformations while the Q; 
generate translations. (For K =3 this is simply the 2-dimensional Poincaré algebra.) 
To construct a compact manifold for the group to act on, consider the elements 


L, =e? %@2s, (1.32) 


where y' ranges from 0 to 2x/m, (m, = smallest non-zero eigenvalue of iM,,) and the 
y’ are restricted to the ranges 


O<yi<2nR/, jf =2,...,N. (1.33) 


The action of the group on L, is easily found. Firstly, the action of exp w'Q, is 
given by 


a oe One (1.34) 
where y’/ = y’ and y’' = y! +! (mod 2z/m,). Secondly, 
wo 
ep, = Lh, (1.35) 
where y’' =y! and 


yt ayl + (eM), ok — 2nRin! (1.36) 
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with the integers n’ chosen such that y’/ falls in the interval (0, 2zR/). The little 
group transformation associated with this is then 


h=[] (e2®2™, (1.37) 
Jj 


The covariant basis is defined as usual by the 1-form 
e=L,~'dL, 
= dy'(Q, —y/M,Q,) + ay/Q,, 


i.e., 
Q 
av {1 —y'My 
en =", ( 5, ). (1.38) 


To construct Killing vectors the matrices D,* of the adjoint representation are 
needed. These are given by 


D,*(L,)Q, =L,~'Q,L, 
=Q, —y'Miu Qk, 
D*(Ly) Qa = L,'Q,Ly 


= (7), Qk; 
i.€., 
_f{} —y'M ix 
D,*(L,) = ke oe: (1.39) 


The Killing vectors for left translations are then 


K,"(y)=D,."(Ly) es" 


~ (5 enon (1.40) 


(This matrix was denoted U(y) in the work of Scherk and Schwarz.) 
We close with the observation that the zero-torsion spin connection B,° (see 
Appendix 2) is given for this manifold by 


B/=-B;'=0, B= -dy'M,, (1.41) 
i i j 


and the curvature 2-form vanishes, i.e., the manifold is indeed flat. 
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APPENDIX II: CURVATURE AND TORSION ON G/H 


Because of their high degree of symmetry, quotient spaces have rather simple 
geometrical properties and it is possible to derive a number of explicit formulae to 
describe these. In this appendix we give derivations for such of these formulae as 
have been referred to in the text. All of them arise out of manipulations of the boost 
elements L, which we use to characterize the manifold G/H. 

As has been mentioned in Section III, the first and most important step is to 
construct the vectors of a covariant basis on the manifold. To this end one must 
consider the 1-form 


e(y)=L,~'dL, 
= e*(y) Q¢ 
= dy#e,*(y) Qs, (1.1) 


where the infinitesimal generators of G are denoted Q;. These generators satisfy the 
commutation rules 


(Qs, Qs] =cas’Q; (11.2) 


with structure constants c#47, 
The differential properties of e(y) needed for the discussion of curvature and 
torsion are summed up in the 2-form 


de(y)=—dL,~'AdL, 
=L,~'dL,L,~' A aL, 
=e(y) Ne(y), (II.3) 


the Cartan—Maurer formula. On substituting the expression e=e*Q, and using the 
commutation rules satisfied by the generators, one can extract the equivalent form 


de® = 108 A eicg.d (11.4) 
or, in terms of components, 


6,7 — d,e,4 = —e,FeFoge’. (11.5) 

As explained in the text the generators Q; separate naturally into two sets, Q; 
belonging to the subgroup H, and Q,, the remainder. The coefficients e,%, 
a= 1, 2,...,N, constitute a set of N covariant basis vectors. The reciprocal basis is 
denoted e,", i.e., 


e,"e,°=6,"°, e,7e," =6,”. (11.6) 
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The torsion 2-form, T*, is defined by 
T* =de* +e° A Bz", (II.7) 


where the 1-form B,* represents the spin connection. Once the latter quantity has 
been assigned it is possible to construct, in addition to 7, the curvature 2-form R,° 
defined by 


R,5=dBO +B,’ B,. (11.8) 
One of the simplest possibilities is to choose B such that the torsion vanishes, 
0 =de* +e° AB,*. (II.9) 


On comparing this equation with the Cartan—Maurer formula and noting that 
Cyy” = 0 (because H is a group) one finds immediately 


By® =e" 3057 + €'c5g" 
= e404" + 1,!cy5"). (11.10) 
In this last equation we have used 
e’ =e’n,’ =ele,He,”. (11.11) 
From the expression (II.10) for B one obtains the curvature 2-form 
Rg’ = $e7 A €'(3Cae Cap” + CacC5s’ + $Cas Ces’) (11.12) 


(In deriving this we have used c,s’ =0 which is not generally true. See for example, 
the discussion of SO(2, I) in Appendix I. In the general case one would have to keep 
such terms.) 

Another simple possibility is to choose B such that the torsion takes the form 


T* = je° A e%,,°. (11.13) 
Comparison with the Cartan—Maurer formula this time gives 
By* =e) C55" (11.14) 
and hence the curvature 
Ry’ = fe" A ec, %cy,". (11.15) 


In particular, if the manifold is G itself, i, H=1, then this assignment gives 
vanishing curvature. (On the other hand, for some interesting manifolds such as 
SO(N + 1)/SO(N), the structure constants c,,’ vanish and the two assignments are 
identical.) 
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APPENDIX III: TRANSFORMATION PROPERTIES 


Some symmetry properties of the manifold G/H are needed for an understanding of 
the transformation behaviour of the Yang-Mills fields. The purpose of this appendix 
is to discuss the derivation of the necessary formula. 

Consider firstly the transformation rule (3.8) for the 1-form e*. For an x-dependent 
left translation, y + y’(x, y), this reads 


e*(y’) = e( y) Dg#(h-")4 + (97 !dg)® Dg (L,h~'), (11.1) 
where D,! is a matrix of the adjoint representation, i.e., 
g7'Osg=Dg'(g) Oz. 
The components (g~'dg)* and (hdh~')* are defined by 
g ‘dg =(g7'dg)*Q;, 
hdh~' = (hdh-')* Q, 
= (hdh-')*Q., (III.2) 


which is possible since g~'dg belongs to the algebra of G while Adh~' belongs to the 
subalgebra associated with H. In the following we shall assume that the algebra is 
fully reducible, ‘.e., 

DF(h) = Dz*(h) = 0. (111.3) 


This means that (III.1) separates into components from G/H and H, respectively, 
e*(y') = e(y) Dg2(h-') + (g dg)’ Dg*(L,h-'), (111.4) 
e#(y’) = e8(y) Dg2(h-") + (adh-")* + (g7'dg)’ Dg*(L,h-'). (IL-5) 


Under the transformation y — y'(x, y) we have 


oy’ dy" 
d | d v fd 
y y oy” 2 dx ex™ 
or, equivalently, 
oy" ay" 
dad ry =d fe m 
iy y ay”? + dx ax™ 
Partial derivatives transform such that 
oy” ay” 
“ m — es mm pe Aa 
dy", + dx"2q,= dy" (7 8,) + de" (On + a 2.) 
= dy" 0) + dx"d1, 


(where 3/, denotes differentiation with respect to x™ at fixed y’"). 
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Extracting the coefficients of dy’* and dx™ from the formulae (III.4) and (III.5) 


gives 
o v 
Qe." (y)= ar e,”(y) Ds*(A7'), (III.6) 
_ 2" os ayp-1 -1 Bra 1 
0 = Fm Cu (Y) Deh!) + (87 "Gm 8) Dg*(L,h~'), (111.7) 
ayy 2 8 a(p,-! ~1ya 
e.°(y’) = ay (e,°(y) Ds*(h-") + (A, 47")*), (11.8) 


ey” z s 
0= 2 €,5(y) Dga(ho") + (hgh "4 


+ (g7'8, g)° Ds*(Ly ho). (III.9) 


The formula (II1.7) can be arranged in the form 


ay" 
ox™ 


=—(g7'8n 8)' Kg"(y), (111.10) 


where Kg", the so-called Killing vector, is defined by the expression 
Kg"(y) = Dg(L,y) e,"(y). (IIT.11) 
Its transformation behaviour is obtained with the help of (III.6), viz. 


Kg"(y') = Dg Ly.) e,*(y’) 


= Dg gl.h~') D,2(h) e,*(y) a 
= Ds’(g) K;(( yz. (III.12) 


From (IH.10) and (III.12) it is a simple exercise to derive an expression for 
oy'*/dx™. Thus, 


=(g7'd,8)' Kg’(y) — 


= (g7'8n 8) Dg(e-') K#(y’) 
= —(g9mg~')8 Kg“(y’). (111.13) 
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With the help of (III.12) and (III.13) one can easily extract the transformation rule 
for the Yang-Mills gauge fields A A(x) defined by (4.1), or 


E,"(x,y) =Aq4(x) Kg"(y)- (111.14) 


Since E,” is part of a contravariant vector it must transform according to 


f 


oy 
oy 


cod a oy" 
+E,"(xy) ay (IIT.15) 


v 


E,* (x,y) > Ea" (x 9!) = E,"(%Y) 


Substitution of (III.14) into this rule gives 


6 K 2 ‘\=A f K v oy" i oy’" 
AS) Kit) =A) Ks Se + EMO Sar 


=A F(x) Dg'(g-') Kyt(v") — Ea"(x)( 80,87 ')? Kg"(y’)- 
Since Kg"(y’) is a common factor in this equation, it may be removed. One is left 
with the rule 
Ai (x) = Aq'(x) Dif(g~')— E"(x)( 80,87!) 
or, equivalently, 
A il) = 8A w(X) 87! — 89m B's (III.16) 

where A,,(X) = Eqy2(x) A q°(x) Qs. 

A more direct construction of the Killing vectors makes reference to infinitesimal 


transformations. Thus, the infinitesimal form of the transformation rule L,, = gL, h~' 
reads 


Lyssy = (1 + 687Q5) Ly(1 — A* Qa), 


dy" 0,Ly = 6g°O,L, — Ly dh* Qs 


to first order in the infinitesimals dy“, dg* and dh*. Multiply on the left by L,~' and 
use the definition of e, 
dy"e,°Qs = dg*Ly~'Q;L, — oh*Qz 
= 64D 5"(L,) Og — 5h7Q5. 
Extract the coefficient of Q, 


oy"e,* = 6g°D 4? (L,) 
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since dh* = 0. Hence the infinitesimal dy“ is given by 
dy* = bg"Dg*(L,)eq"(y) 
= bg5K;"(y) (III.17) 
thereby defining the Killing vectors associated with left translations on G/H. 
The same procedure could be followed for constructing the Killing vectors 
associated with right translations. One should use the |-form é= Lal ~' instead of e 


to obtain K," = D(Ly~') é,". For the special case, H = 1, the result is particularly 
simple. One finds K;* = —e,". 


APPENDIX IV: HARMONIC EXPANSIONS 


The general form of harmonic expansions on the manifold G/H was discussed in 
Section III. In particular, for the functions y,(x,y) which transform under the 
combined left translations, y + y’, and associated tangent space rotations, A, such that 


wi(x, ¥) > wi(x, ¥’) = D(A) (x, y) (IV.1) 


the appropriate expansion would be 
d 7 
wiley) =X af SES Dh (Ly) wp) (IV.2) 
" D {.p 


The sum includes all irreducible representations, D", of G which contain D,, on 
restriction to the subgroup, H. If D, occurs more than once in D", then the 
supplementary label { is needed. The matrices D,, have dimension d,. The expansion 
coefficients y" are fields on 4-dimensional spacetime which belong to the irreducible 
representation D", 


Woe(X) > Woe (x) = Daal 8) War (x). (IV.3) 
They can be projected from w,(x, y) by integrating over the manifold 
a l d, n 
wlX)=T— [| duD 5 (Ly) v(x). (IV.4) 
Ve dp G/H 


Differentiation with respect to y“ of the fields y,(x, y) is equivalent to an algebraic 
operation on the components y”(x). The simplest covariant derivative that incor- 
porates 0/dy" would be 

VaWilxs ¥) = en" 8, YW; — 5B asyDy(E*”) Wy 
=o" 3,W; + en"e,Di(Qz) v;. (IV.5) 
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In this formula we have used the expression 
Batsy a Cy "€y Cay 


which is one of the possible spin connections on G/H, derived in Appendix II.° We 
have also used the formula (3.17) which fixes the embedding of H in the tangent 
space group, SO(N), 

— $¢35,D(2°") = D(Qz). 


Differentiation of the boost L,~' leads back to the definitions (3.3) of e, viz. 


0,Ly~!=—Ly~'d,£,L,~! 


ubyty 
=—¢,'QsL,~', 
and this implies that, in any representation, 
8,D"(L-') = —e,'D"(Qs) D"(L,~'). (IV.6) 


On comparing this with (I[V.5) one finds for the covariant derivative of D", 
VqDig(L~') = —Dig(Qa) Dap(L ~'). {IV.7) 


This formula was used in Section IV to reduce some terms from the 4+ N- 
dimensional Lagrangian to 4-dimensional form. 
Finally, the expansion formulae are sketched for two relativity simple cases. 


(1) SU(2)/U(1). This is the case of spherical harmenics on the 2-dimensional 
sphere. With G=SU(2) generated by Q,,=—-Q,,, a,5=1,2,3 and. H=U(1) 
generated by Q,, we can take y* = (6, ¢) with 


Este eg 28, (IV.8) 
The covariant basis vectors are contained in the 1-form 
@ = e8011g9211g(g- 92129 - 9031) 
= —dg cos 6Q,, + do sin Q,, — d0Q;,. (IV.9) 


Expressed in matrix notation, with rows and columns indicated, 


13. 23 12 
7.9/1 0 0 
fu = 9 ¢ sin@ —cos Ae ym) 


The last column gives the components of e,'?(= e,7 in the notation of Section III). 


* This spin connection corresponds to non-vanishing torsion on G/H. In general the spin connection 
will contain terms additional to this one, including fluctuation terms, for example. 
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The tangent space group, O(2), in this case coincides with H =U(1) so the 
embedding problem is trivial. The 2-vector ¢, resolves into helicity 1 = +1 com- 
binations, 


I ; 
ya (¢, + ig,), 


and likewise for higher rank tensors. For a function, ¢,(x, y) of helicity A, integer or 
half-integer, with respect to the tangent space group we have the expansion 


GH W=N VY+IN Dd nLy~') Omi), (IV.11) 


where j takes the values |A|, |A|+1,.. and D/ denotes the 2/ + 1-dimensional 
representation of SU(2), 


Dym(Ly~') = Di (e°?e2) 
= d,/,(@) e'”°, (IV.12) 


in the notation of Wigner. 

Generalization to the N-dimensional sphere SO(N + 1)/SO(N) is straightforward 
in principle though, of course, complicated in detail. There is no embedding to be 
done since H = SO(N) coincides with the tangent space group. Our second example 
illustrates a case where this is not so. 


(2) SUBYSU(2) x U(1). With G=SU(3) generated by the octet of charges, 
Q,’ =—Q,"" (Q,7 = 0), a,b = 1, 2,3 and H generated by the subset Q,°, a, 6 = 1,2 
we can parametrize G/H by a complex 2-vector 


Liye? SOs he: (IV.13) 


This would not be the most convenient choice for practical computations but we do 

not intend to present more than a sketch here. The question of interest is how to 

embed H = SU(2) x U(1) in the tangent space group, SO(4). The general formula for 

this, (3.17), could be applied but it is simpler in the present case to work ab initio. 
The triplet of SU(3) decomposes under the subgroup SU(2) x U(1) such that 


3= 21,3 +1 2,3; (IV.14) 


Le., into an SU(2) doublet with U(1) quantum number 1/3 and a singlet with —2/3. 
For the octet the decomposition reads 


ESS he oar es eae (IV.15) 


If the octet is real then the doublets 2, and 2_, are related by complex conjugation. 
In particular, the generators Q,°, Q,° associated with G/H are in the representations 
2, and 2_,, respectively. According to the general principle expressed in formula 
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(3.17), the 4-vector of SO(4) ~ SU(2) x SU(2) must have the SU(2) x U(1) content 
of G/H, 


(2,2) =2,-—2_,. (IV.16) 
This means that the embedding must be such that 

(2, 1) = 2p, 

(,.2)=1,+1_,, (IV.17) 


for the 2-spinors of SO(4). An explicit construction for the SU(2) x U(1) decom- 
position of a 4-vector, ¢,, is easily arranged. From the 2 x 2 matrix 


( Gst+id;  i(9, — i) (IV.18) 


ig, + ig) os as id, 


select the first column. This belongs to the representation 2,, and so we define the 
spinor ¢, with components 


ia=Te +3), 


i Fi (id; — $4). (IVv.19) 


Now the representation 2, is found in the SU(3) multiplets 8, 10, 27,..., with triality 
zero. It follows, therefore, that the harmonic expansion of the 4-vector, ¢,(x, ¥), must 
take the form 


Ax%y= LV vos D (Ly ~') ¢,"(x), (IV.20) 

n=8,10,27,... p 
where the coefficients ¢,"(x) are complex. Expansions for tensors of SO(4) can be 
constructed by straightforward generalization of this procedure. It is interesting to 
note, however, that spinors of SO(4) cannot be represented in this way. This is clear 
from the fact that the SU(2) x U(1) content of the 2-spinors, viz. 2,, 1, and 1_, is 
not to be found in any SU(3) multiplet. In fact, it is not possible to define spinors on 
the manifold SU(3)/SU() x U(1). 


APPENDIX V: SPECTRUM oF 4+ 1 KALUZA—-KLEIN THEORY 


Since the ground state of the K.= 1 theory is flat, it can be obtained as a vacuum 
solution of the 4+ I-dimensional Einstein equations without a cosmological term. 
For K > | the manifold G/H has constant curvature and it is necessary to introduce 
non-geometrical (matter) field to act as sources. Because of the simplicity of the 
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K=1 theory one can easily obtain its excitation spectrum and relate it to an 
underlying non-compact symmetry, SO(1, 2). 

From the fact that the 4+ I-dimensional Einstein theory has five degrees of 
freedom one expects that all massive states belong to multiplets of spin 2. This is 
easily verified. Write the metric tensor in the form 


Sun = Nun + Aun (V.1) 
where M, N=0, 1, 2, 3, 4 and yy is the flat metric, 
Nun = diag(+1, —1, —1, -1, —1). (V.2) 


Treating the components 4,,, as small quantities, one obtains the second order terms 
in the Einstein Lagrangian 


Y= 4 ly Raw — Ane te + 2a Air — Are Awe) 
+ Wun Aun (V.3) 


where J,,, is an external source. The connections vanish so that simple partial 
derivatives are indicated, Ay, = 2, 4yy. The equations of motion derived from (V.3) 
take the form 


hye Fos Aye = Aye wut + hii + Nun Axe Ke = Nun Axe tt = Jun: (V.4) 
These equations are compatible only if J is conserved, 
Jun.n = 0. (V.5) 


This is a relic of the 5-dimensional general covariance. The usual way to solve (V.4), 
subject to the compatibility condition (V.5), is to impose a co-ordinate condition. For 
example, in the gauge 


hynny =9 (V.6) 
they are solved by 
] 1 040 
hun = a ie ey ("aw ~=s7*) Ju , (V.7) 
where @? represents the 5-dimensional d’Alembertian. 


On substituting the solution (V.7) back into the Lagrangian (V.3), discarding total 
derivatives, one finds that &% reduces to 


| i 1 i 
& | Yo Bea — Jo 3S] (v.8) 
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This expression represents the effective interaction between conserved (i.e., physical) 
sources due to the exchange of the Kaluza—Klein particles. 

Now consider the pole, 0? = 0, in (V.8). The residue simplifies on using the conser- 
vation of J,,,. Firstly, if 0, #0 we can choose a frame in which 


a=8, and 0,=0, i=1,2,3. (V.9) 


In this frame we have 
Jou = Sais M= 0, 1, 2, 3,4 (V.10) 


so that Jyjy = —J, and Jy =J;}. It follows that, in the neighbourhood of the pole, 
the effective interaction (V.8) reduces to 


as If (V.11) 
—~ Us 


where the physically significant part of the source is the traceless 3-dimensional 
tensor 


This result indicates that the massive states (0, #0) are indeed purely spin 2. Their 
masses are given by the eigenvalues of —0? = (n/2zR)’, n = 1, 2,..., where R is the 
radius of the Kaluza—Klein circle. 

On the other hand, if 8, =0 we have the massless states and they can be analysed 
conveniently by choosing a frame where 


0, = 9; and 6,=0,=6,=0. (V.13) 
In this frame the effective interaction reduces, in the neighbourhood of the pole. to the 
form 
= v J : J (V.14) 
iy ' 


where A refers to the O(2) helicity and 
J; =5 Un —Jy) +2, 
J, =Jy, + Uy, 
Jy “| Vis + 522 — W4), 


J_, =I, - iy, 


i 
Jn => Ui Sa) — Wire (V.15) 
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The terms in (V.14) correspond to the exchange of graviton, photon and 
Bands—Dicke scalar. 

Turning now to the non-compact symmetry aspect of this theory, we note that the 
general co-ordinate transformations in 4 + I-dimensions include, in particular, the set 


dx” = 0, 


M ; in My 
dy = w'(x) —— + w(x) le 


M 


< wea, (V.16) 


where M = 1/2nR. (The finite transformations are discussed in Appendix I. See, in 
particular (I.25).) The infinitesimal generators are given by 


_ cos My sin My I 


Q,= M Oy, Q,=- M Oy, Q,;=-—2,, (V.17) 


and these are easily seen to generate the algebra of SO(1, 2), 
: [Q,, 22] =—-Q;, [Q.,0;/=Q,, (Q;,0,)=Q). (V.18) 
Moreover, the Casimir invariant vanishes, 
; cosMy.\? /sinMy . \? 1 
n 2.05 =~ ( M 2,] a eran é,) + (392) 


=0. 


This means that fields defined on the circle belong to an irreducible representation of 
SO(1, 2). It is infinite dimensional but not unitary, however. Since the mass operator 
is given by —0,? = M’Q} one sees that the spectrum of masses is simply the spectrum 
of Q? in the irreducible representation of SO(1, 2). 

Generalizations to higher dimensional manifolds are possible. For example, on the 
sphere S*, which is invariant under SO(K + 1), it is possible to define the action of 
SO(1, K + 1). However, to find the excitation spectrum and perhaps relate it to the 
spectrum of some combination of generators of SO(1, K + 1), it would be necessary 
to include the excitations of the matter fields wich are needed for the compac- 
tification. 
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A discrete set of solutions to the classical Einstein-Maxwell equations in six-dimensional 
space-time is considered. These solutions have the form of a product of four-dimensional constant 
curvature space-time with a 2-sphere. The Maxwell field has support on the 2-sphere where it 
represents a monopole of magnetic charge, n = +1, +2, .... The spectrum of massless and massive 
states is obtained for the special case of flat 4-space, and the solution is shown to be classically 
stable. The limiting case where the radius of the 2-sphere becomes small is considered and a 
dimensionally reduced effective lagrangian for the long range modes is derived. This turns out to 
be an SU(2) x U(1) gauge theory with chiral couplings. 


1. Introduction 


To illustrate the phenomenon of spontaneous compactification in theories of the 
Kaluza—Klein type, a six-dimensional model was constructed by Horvath, Palla, 
Cremmer and Scherk [1, 2]. In this model the gravitational field is coupled to an 
abelian gauge field*. Three independent parameters are involved, the gravitational 
and gauge coupling constants and a cosmological constant. Among the possible 
solutions it was shown that there occurs a candidate ground state in which the 
geometry factorizes into the product of a four-dimensional space-time of constant 
curvature with a two-dimensional sphere. In this solution the Maxwell field is 
non-vanishing only on the 2-sphere where it assumes a magnetic monopole configur- 
ation. This non-vanishing ground state value of the Maxwell field contributes to 
the stress-energy tensor on the right-hand side of the six-dimensional Einstein 


' Address after 1st December 1982: Institute for Theoretical Physics, University of Vienna, 
Boltzmanngasse 5, Vienna, Austria. 
* A class of non-abelian generalizations has recently been obtained [3]. 
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equations and, in effect, generates the curvature of the 2-sphere. In view of the 
non-zero “‘magnetic” charge of the proposed vacuum configuration, it was conjec- 
tured that the solution would be a stable one. One of our aims in this article is to 
test the solution for stability against small perturbations. 

Our main purpose, however, is to examine in some detail the Kaluza—Klein 
mechanism which operates in this model. In particular, we shall compute the 
excitation spectrum for the special case where the four-dimensional spacetime is 
flat. It will be shown that the spectrum comprises several series of massive states 
with spins 0, 1 and 2,"and ten massless states: the graviton (helicities +2) and gauge 
vectors (helicities +1) corresponding to the local symmetry SU(2) x U(1). Perhaps 
surprisingly, there are no massless scalars. 

A secondary aim is to illustrate the use of harmonic expansions [4] on the 2-sphere 
in analyzing the spectrum. This is not entirely trivial and, indeed, we shall find, 
contrary to the usual assumption, that the SU(2) Yang-Mills 4-vector does not lie 
entirely in the six-dimensional metric, but is partly in the Maxwell 6-vector as well. 
In addition, we shall find that its coupling to massless fermions is chiral*. 


An important feature of this model is the presence of two independent scales. 
In the vacuum geometry the curvature of the 2-sphere can be varied independently 
of the four-dimensional spacetime curvature. This enables us to consider the special 
case where spacetime is flat** and it further enables us to extract in a meaningful 
way the effective four-dimensional theory of the zero modes by allowing the radius 
of the 2-sphere to shrink to zero***. 

If the four-dimensional curvature is not adjusted to zero, the candidate ground 
state would have either de Sitter (A >0) or anti-de Sitter (A <0) geometry. It has 
been shown by Sezgin [6], using the approach of Abbot and Deser [7] that the 
anti-de Sitter solution is stable in that a conserved, non-negative, energy functional 
can be defined. Here we consider only the flat case because the interpretation of 
particle spectra is more straightforward. 

This paper is arranged as follows. Sect. 2 sets out the model and the possible 
ground state solutions are reviewed. Sect. 3 is devoted to the fluctuation spectrum. 
Fields are expanded around their background values and the linearized equations 
of motion are obtained. These are solved in the presence of external sources in a 
suitable gauge. By this means the fluctuation Green functions are in effect 
obtained. The singularities of these Green functions define the spectrum. It is 
verified that no tachyons or ghosts are contained. For this investigation it is necessary 


* A general discussion of the chirality question can be found in ref. [3a]. 

** This is to be contrasted with the interesting solution of Freund and Rubin [5] to the 11-dimensional 
supergravity system where the four-dimensional anti-de Sitter space has curvature of comparable 
magnitude to that of the “internal” 7-space. 

***T¢ should be observed, however, that the shrinking of the 2-sphere leads to a regime of strong 
couplings for the gauge fields. The classical approximation which we employ cannot be reliable in 
this limit. 
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to distinguish physical states from gauge modes and we do this by using appropriately 
conserved sources. Dimensional reduction is considered in sect. 4 where an effective 
lagrangian for the zero modes is obtained by shrinking the 2-sphere. Fermions are 
introduced in sect. 5 where it is shown that zero modes occur whose SU(2) quantum 
numbers are governed by the Chern class of the monopole background. 


2. Ground state background 


The six-dimensional Einstein-Maxwell theory with cosmological constant is 
characterized by the action 


1 

s=-| d*z V=g[—aR + Fv +a], (2.1) 

where R denotes the curvature scalar*, and 
Fun = OMAn —ONAm. (2.2) 

The field equations are 
‘Ran ~ 28mnR = —3«"(Tun — Amn) » (2.3) 
1 

or du(V—gF™%) =0, (2.4) 


where the stress energy tensor takes the usual Maxwell form, 
Tmn = Fun —igmnF’ . (2.5) 


The most symmetric solution to the eqs. (2.3) and (2.4) would of course be 
six-dimensional Minkowski space with vanishing Maxwell field. However, such a 
solution could hardly be relevant to the description of a four-dimensional world. 
We shall therefore restrict our attention to the most symmetric solutions with the 
structure M* x M”, viz. the product of four- and two-dimensional spaces of constant 
curvature. Thus, we take 


gun dz™ dz% = ginn (x) dx™ dx" +g,.(y) dy” dy”, (2.6) 
Am dz™ =A, (y) dy”, (2.7) 


where gmn(x) corresponds to de Sitter or anti-de Sitter space and g,,(y) to a 
2-sphere. The 1-form, A, dy” is required to be invariant (up to a gauge transforma- 
tion) under rotations of the 2-sphere. We believe that physical interpretations are 


* Upper case indices take the values 0, 1, 2, 3, 5, 6. In the following, lower case latin indices will 
take the values 0, 1, 2, 3, while lower case greek indices aré restricted to 5, 6. That is, we write 
z™ =(x™, y“). Early alphabet letters will be used as frame labels, while the mid-alphabet is used 
for world indices. We follow the conventions of Deser and van Nieuwenhuizen [8]: The signature 
is —+---+. The Riemann tensor is defined such that Ragu = Ou Ky —OnI Kn —~«-, and the Ricci 
tensor is Rr = Re vaK. 
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less vexed in the anti-de Sitter case (having a global time-like Killing vector and 
positive energy unitary representations) than they are for the de Sitter world and 
we shall see that it is possible to exclude the de Sitter solution by appropriate 
restrictions on the parameters «x, A and e. Moreover, it can be shown that the 
anti-de Sitter solution is classically stable [6]. 

It is convenient to use spherical polar coordinates on the 2-sphere, 


g. dy" dy” =a7(d6*+sin? 0 dy’), (2.8) 


where a, the radius is to be determined. It is not an integration constant. 
The rotation invariant Maxwell field is given by 


A, (y) dy“ =3 (cos 0 ¥ 1) dg, (2.9) 


where ni is a positive or negative integer and e is the U(1) gauge coupling constant. 
This coupling constant does not appear in the lagrangian (2.1), where all fields are 
neutral, but one should keep in mind the possibility of charged matter fields to 
which A would couple. An example of this will be dealt with in sect. 5. In effect 
we are asking that the theory should be invariant under the gauge transformations 


» 1 
Am »>Am +7 mA ’ 


where exp (iA) should be single-valued. In (2.9) the monopole configuration is 
necessarily specified on two patches (0<6<am and 0<6@ <7, 0<g <2rn, respec- 
tively). Where these neighbourhoods overlap, say at @ = 7/2, 0<y <27, the two 
representations of A must be related by a single-valued gauge transformation, 
exp (ing). Hence the requirement that n be a positive or negative integer. The 
field strength corresponding to (2.9) is given by the 2-form, 


F =dA=-~~3a do nasin6 de, (2.10) 
2ea 
where a is the radius of the 2-sphere. It is clearly rotation invariant. 
Corresponding to the field strength (2.10) the components of the stress energy 
tensor (2.5), in an orthonormal basis, are given by 


2 
n 
Tan = — goa g4 Mab » a,b =0,1,2,3, 


Tg =0, (2.11) 
n2 
Tap = 35743 Sa8 » a, 8 =5,6. 


a ee eee 
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The non-vanishing parts of the Riemann tensor, in the same basis are, 
F 
KA 
Rated =~ (Mhactied — NadNbe) » 
(2.12) 


1 
Ragys = a (Sa5gs oon Sasdpy) ? 


where the four-dimensional cosmological constant, A, is to be determined along 
with the radius a, by substituting (2.12) into the Einstein equations (2.3), or the 
equivalent form 


2 
K 
Rap = ay (Tan —4nasT +imapa). 


One finds two algebraic equations for A and a’, 


2 2 
n A 2 3n A 
= +- = mae . 
A= T6ea**2’ eta? bea" 2 213) 
They are solved by 
1 16¢? 3n° KA 
raed te 1-39 rat 2) 


32 e? 3 A 
Anb-sa [te yi-3 oe) 


If 4 <0 then, for each value of the monopole charge, n, there is one positive 
solution for a”. This solution corresponds to A <0 (anti-de Sitter world). On the 
other hand, if A >0, then there are two positive solutions for a’, provided n? is 
not too large, 
232 7 

3 KA" 
At the upper end of this range, however, one finds A >0 (de Sitter world) which 
should probably be excluded. To have A< 0 we require 


n 


n2<8-—. (2.16) 


Of particular interest for our purposes is the case of flat 4-space, A =0. This 
occurs when the parameters of the six-dimensional theory are adjusted such that 


e?=5n'k‘A, (2.17) 
and the radius then takes the value 


2 
a? = in? (2.18) 


We shall examine the fluctuations on this background in sect. 3. 
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We conclude by remarking that the four-dimensional theory based on this vacuum 
will be invariant under the transformations of Poincaré x (SU(2) x U(1))ioca’ The 
local SU(2) corresponds to x-dependent rotations of the 2-sphere with appropriate 
U(1) transformations in the tangent space as explained in ref. [4]. The local U(1) 
corresponds to the four-dimensional part of the Maxwell gauge symmetry. 


3. Fluctuation spectrum (A = 90) 


The classical test for stability would be to compute the total energy carried by 
fluctuations on the background solution and show that it is positive. Such an analysis 
has been carried out for A <0 and these solutions are indeed stable, at least for 
weak fluctuations [6]. Our purpose here is somewhat different in that we would 
like to see what kinds of states are produced in this theory. In particular, we shall 
derive the spectrum of masses for the scalar, vector and tensor excitations on the 
A =0 background. In the course of this we shall verify that there are no tachyons 
or negative metric ghosts: the background is therefore at least perturbatively stable. 

In order to obtain the spectrum one must substitute into the action functional 
(2.1) the expressions 


gun =Suntkhun, Am =Am+Vn, (3.1) 


where gun, Am denote one of the ground state solutions obtained above, and hun, 
Vm represent the fluctuations. Terms linear in h, V will vanish by virtue of the 
field equations satisfied by g, 4. Terms bilinear in h, V will govern the propagation 
of the weak disturbances. These we retain. Higher order terms, representing 
interactions will be discarded. In an orthonormal basis the bilinear terms reduce to 


S2= { d°z V=a| -thav.chasic +$haa:chpp.c 


2 
+ ; (R + z F°+« *a) (haphas —2hashps) 


—2Rpc(hashac —haahsc) 
2 
= = FepF cp (hashac —thaahsc) 
1 Ned Ss 
+ 2 (Raseo = oy FacFso) hashcp 


—3Va BVa:p t+ 5RapVaVe 


+k (hapF ac —thepFac)(Vc.a— Va;c) 


+3Taphas +JaVa| : (3.2) 
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where external sources T4, and J, have been included. The semicolon notation 
indicates covariant derivatives using the background connection. In general, the 
bilinear part of the action would reflect the general co-ordinate invariance and 
U(1) gauge invariance of the original action as invariance under the transformations 


1 - 
Ohas =~ Ease +ép.4), 8Va=0.4—Fapée. (3.3) 


We have taken account of this by imposing the gauge conditions 
hap:p oe $hep jAs Vaa= 0. (3.4) 


It should now be observed that the linear equations of motion for h, V obtained 
from (3.2) are compatible only if the sources are suitably constrained, viz. 


Tap.p=kFane, Ja,a=0. (3.5) 


In a complete theory these conservation laws would follow from the equations of 
motion of those fields which contribute to the sources. Here we must view them 
as a necessary characterization of ‘‘physical” sources (i.e. on-shell matrix elements 
of current operators). 

The next step is to solve the linear equations for h and V in terms of T and J. 
The solutions are then substituted into the functional (3.2). The result reduces to 


MT, s)=3 | d°z = BTashas +JaVal, (3.6) 


where fh and V are functional of J and T. This functional defines the components 
of the propagator, 


S,=4 | d°eV—g d°s' \—#" 


Khap(z)Aco(z.)) Khap(z)Velz .) ( Tep(z') 
KValz)hep(z') (Vaz) Velz")) \ Sc(z') 


In practice, the computation would be rather awkward because of the curved 
background associated with the 2-sphere. To cope with this we have found it useful 
to expand all fields and sources in spherical harmonics on the 2-sphere. The 
invariance of the sphere under SO(3) implies that the propagators will be diagonal 
in an isospin-like quantum number /=0, 1, 2,... In particular, poles of the 
four-dimensional Fourier transform will be labelled by /. We shall obtain in this 
way several sequences of masses, the excitation spectrum. 

The expansion method is discussed in detail in ref. [4]. Here, in order to fix the 
notation, we summarize the main features. To begin, viewing the 2-sphere as a 
quotient space, SU(2)/U(1) introduce the SU(2) boosts, L¢,, to parametrize it, 


Log =@ 703 e 0% C9 , (3.8) 


x (Tas (zal2))( ). @7 
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(excluding* @ = 2) where [Q;, Q2]= Qs, etc. The action of an SU(2) element, g, 
on this space is defined by 


glee =Le gh, (3.9) 


where h = exp (¢Q;3) depends on @, ¢ and g. The 1-form, L~* dL, belongs to the 
algebra of SU(2) and its components comprise a covariant basis, E *, and the U(1) 
connection 1-form, e°, 


Lab ==E* OE FIFOs, (3.10) 


where 


E*aso0™ (do +i sin @ dg), 


(3.11) 
e? =—do(cos 6-1). 
The frames E* are related to those of sect. 2 by 
E*= + (E°+iE*). (3.12) 


From (3.9) and (3.10) one finds that, under the action of SU(2), the frames and 
connection transform according to 


E*(y)>E*(y))=E*(y)e*", 


F : 5 (3.13) 
ely) se (y)=e(y')—de. 
Defining the covariant differential of | Se 
VL" =dL'+e°Q3L™ 
=E*V,L ‘+E VL", (3.14) 


* Strictly, one should employ two patches. The parametrization (3.8) is suitable for 0<6<7, 
0<g <27. For the other patch, 0< @ <7, 0< <2 one should write La, = e773 902 9 9% The 
action of Ls, can be seen by embedding S? in R® where spherical polar co-ordinates give the 


parametrization 
x sin 8 cos ¢ 0 
y }=| sin @ sing |= D(L,,)| 0}, 
z cos @ 1 


cose —sing 0\ cos@ 0 sin@\|/cosg sing 0 
D(Lo,)=\ sing cose 0 0 1 0 -sing cose 0}. 


0 0 1/\-sin@ O cosé@ 0 0 1 


where 
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one finds, by simply rearranging (3.10), the useful formula 


1 Qi FiQ2 | -1 


-1 = 
Vel a 2 


(3.15) 


The behaviour (3.13), in conjunction with the identification (3.12) means that 
rotations of the 2-sphere must be associated with tangent space rotations in the 
5-6 plane in order to preserve the form of the background (2.9). Observe that the 
background Maxwell field is proportional to e*(y). Therefore, fields to be expanded 
must first be decomposed into irreducible representations of these SO(2) rotations, 
labelled by the “‘iso-helicity”, A. Let ¢,(x, 6, ¢) be a typical one. It can then be 
shown that the harmonic expansion of ¢, takes the form 


b,(x, 8, @) = ¥ V2+1E Dim(Loe)bim() (3.16) 
Iza m 


where Di, belongs to the 2/ + 1-dimensional unitary irreducible representation of 
SU(2). 

By virtue of the formula (3.15) the computation of covariant derivatives reduces 
to algebraic manipulation”, 


_ 1 eZ 
VD im(L ')= 275 Diam (Qrsiak 4) 


= +2 JEUFAVTEA FH) Dheym(L™). (3.17) 


This feature leads to considerable simplications in the equations of motion. 
Among the fields hag and V4 we have the following SO(2) irreducible pieces: 


hss =i(hss— hos —2ihse) , A=2, 

har=Vilhas—ihas), A=1, 

hs-=Hhssthes),  A=0, 

V.=ViVs-iVe), A=1, (3.18) 


plus has, V, with A =0 and the complex conjugates h__ =h*,, etc. Each of these 
has an expansion of the form (3.16). The sources, Tp and J, are likewise expanded. 


* We are using anti-hermitian generators, OQ, with phase conventions [9] such that 
1 
(AlQiig==V(I-A +A +1) (A +1], 


(leh =e" a]. 
Under the tangent space U(1) asséciated with the global action of an element, g, of SU(2) on S$”, 
4(x, 0’, o') =e dy (x, 6, @). 


This implies invariance of E*¢,, etc., as it should. 
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The equations of motion for A and V derived from (3.2) are 
V(hap — 3nashcc) + (Rachcs +Rachca) 
+KFac(VaVe —VoVa)+kFac(VaVc —VcVa)—KnasFcpVcVp =—Tas, 
V?VatRapVe+kVc(hasF sc + Fashac + ihepFca) =—Ja- (3.19) 


Considerable simplifications have been brought about in these equations by use of 
the background solution. The only non-vanishing components of R and F are, in 
the basis (3.11), 

i v2 
K 


1 es = 
R.=R_.=-73;, F,_=-F_,= (3.20) 


=) 
aes 


Introducing harmonic expansions for the various components into (3.19) and using 
(3.17) to evaluate the covariant derivatives V., one can immediately extract the 
equations for the harmonic components. These equations are, suppressing the 
iso-spin labels J, m, 


Id+1 vi(i+1 
(2) + navh+— + ney ae (Vs V-)=—Tas + 2nabTee 
CES) 
(99 ga the 42 AO (Ve VI) = IT, 


+1 Vi4+1) 
(7S Ve (+1) 


ee (ha+— ha-) =—Ja, 


(PN net 3¥. ES) Va=—Tass = 
(2-3) Viti 2 phys F SS » (ha-—3hop) =—Jx» 
(a is ee hae ee 
The solutions of these equations are to be substituted into the expression 
I(T, J)=3 | d°z V-£GTaphas +JaVa) 
= 2a? | d'x ¥ [BTushas +7 echoes + Th 
+Tyshast Taha-+4Th +IaVat FV. +I_-V_]. (3.22) 


Because of the reality of hag and V4 and the properties of Dm it follows that the 
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harmonic components are subject to the reality condition [9] 
TT 7 -m,! 
b am(X) = (—)" "G-a-m(X) . (3.23) 


This ensures the reality of Z(T, J). 

To solve the set (3.21) and substitute the result into (3.22) is a straightforward 
though lengthy computation. We illustrate the approach by finding part of the 
dependence* of J of T,,. The contribution of 4,, can be found quite easily since 
h,. decouples from the rest. Thus, from (3.21) 


+1)-2\7 


The contribution to J is then 


Qa’ | d*x ¥ ($T.4h444+47__h__) 
im 


. +1)? 
= na | d‘x > [7..(7-= = ) 
im 


(-s+ 1 + = 


-1 


Ti+ he] 


= Qera” | d‘x >> » T.4 Ty 4 “ 


t=2m 


To interpret this result one can Fourier analyze T,, obtaining 


2 \7..(p)P 
oe las oe, x ep e+ 1) 2a 


One sees that it describes the exchange of particles of mass (/(/ + 1)—2)/a? carrying 
quantum numbers appropriate to the vertex factor Tek Dp), i.e. 21 + 1-dimensional 
multiplets of scalar particles. The overall factor 27a” is not significant, it can be 
scaled away. 

It is important to make use of the conservation laws (3.5) since only the physical 
part of the spectrum is of interest. With the help of (3.17) one can extract from 
(3.5) the conservation laws for the harmonic components, 


dal ab ++ i fe aa (To++T,-)=0, 


anFea th YER 74 t JED st ie, (3.24) 


—_ 


joe (Ji.t+J_)=0. 


* The full dependence of I on T,, can only be obtained by solving the complete set of equations 
(3.21). The result is contained Jp, given below, cf. (3.26). 
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The solution of (3.21) is given in the appendix. Here we exhibit only the pole terms 
which result when the subsitution into (3.22) is made. The expressions are simplified 
by referring them to an appropriate Lorentz frame. To see the massive states it is 
best to use the rest frame, p. = (po, 0, 0, 0). For massless states we use instead the 
frame p. = (po, 0, 0, ps). The spin of the exchanged particle is signalled by the source 
currents appearing in the residue. 
Taking first the massive excitations one can show that the pole terms in I(T, J) 
arrange themselves into six towers, 
T= DUP +I +h)+ TIP +IP)+ F do, (3.25) 
ix0 to1 i=2 


where the subscripts 0, 1, 2 indicate the spin of the exchanged particles which 
contribute. The explicit forms are 


pein 1 2 
To= p-+Mé aa -T_!’, 


(+) _ a oe 


I 
°  p?+Mie PES CTIEST 


,[seen- —2)¥14 121(1+1)-91(I+1)- Ae 
i(1+1)-2 Bes 


1+ 1210+ 1)]}/28T00+1 Tx) 


(+1) 
Fess M+) sevieianeD)) “Uk 


(3.26) 


1 
thes = My (Tee Tet VO ’ 
+ 


76) =a \Tj—38p.T ul”, 
where the non-zero masses are given by 
M3=(I-1)(1+2)/a7, 122 
M3, =(2U(1+1)+14V14121(1+1)/2a7, 120 
Mi, =((+)4V24D)/a?, 121 
M3=((1+1)/a?, 20. 


(3.27) 


It must be emphasized that these mass formulae have been derived by using the 
rest frame so that only the non-zero values belong to the spectrum. It will be 
observed that Mo. =0 for /=0, 1, Mi_=0 for /=1, and M2 =0 for |! =0. These 
zeroes are artifacts of the computational procedure. To find the true massless states 
it is necessary to repeat the computation in a more appropriate frame, p. = 
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(Po, 0, 0, p3). When this is done, one finds the terms 
1 
I(M =0)= m {| 711 — T22|? + |T12|? + Vi]? + Val? r-o 


+(|Ti4 + Tr-— V2)? + |To4 + Tr —V 22? aa}, (3.28) 
indicating a total of ten massless states: the graviton (helicities A = +2), a ‘“‘photon” 
(A = +1), and a Yang-Mills triplet (A =+1, /=1). Note, in particular, the absence 
of zero-helicity massless states. 

Finally, we observe that there are no tachyons and, since the residues all have 
the same sign, no negative metric states. This means that the ground state is at 
least perturbatively stable. 


4. Zero-mode ansatz 


The purpose of this section is to derive an effective four-dimensional lagrangian 
for the long-range sector of the six-dimensional system. That is, we shall suppose 
that the radius a tends to zero while discarding from the theory all those harmonic 
components corresponding to masses ~1/a. This is not an entirely satisfactory kind 
of limit: it corresponds, in fact, to letting the Maxwell gauge coupling grow without 
limit, 


e= ie <0 
~ 22 a : 


Of course, the model cannot pretend to be realistic, and with the limited set of 
parameters available we cannot avoid this difficulty. Our aim here is only to illustrate 
the procedure of “dimensional reduction” in the context of a particularly simple 
model. 

One of the features to be brought out is the rather complicated placing of the 
SU(2) gauge field in the six-dimensional system. As mentioned in sect. 1, the 
Yang-Mills vector turns out to be a mixture of the six-dimensional metric and 
Maxwell fields. This is contrary to the common assumption that Yang-Mills fields 
are purely metrical in origin. We shall argue, however, that such mixing effects are 
to be expected whenever the ‘‘matter” fields which participate in the spontaneous 
compactification carry the appropriate quantum numbers. 

Since we know from the analysis of sect. 3 that no scalar zero-modes are present 
we do not need to introduce any scalar fields in the zero-mode ansatz. We need 
to account only for the graviton and the SU(2) x U(1) vectors. We also know from 
sect. 3 that the helicity-1 triplet is a mixture of metric and Maxwell fields. In 
order to take account of this mixing we shall start by introducing two independent, 
{=1, 4-vectors in the ansatz. One combination will reveal itself as massive and we 


504 S. Randjbar-Daemi et al. / Spontaneous compactification 
shall then discard it. Thus, our starting ansatz, in the notation of 1-forms*, reads 
E*(x, y)=dx"E n(x), 
EP (x, y)=a dy“ei(y)—« dx™ Wn (x)D(Ly) 
=ae"(y)—KW*(x)DG(Ly), (4.1) 


Als, y) = dx" Vm x) +5 (dy" ei (y)-< de” U4 (x) D2L,)) 


= (6% y)-“£ u4(x)D3 
= Vix) +3 (e)-<U*@)DELy)), 


where a =0, 1, 2,3; a=+, —; &=1, 2,3 and y* =(6, ¢). At this stage the system 
includes the graviton field, E;,(x), a U(1) vector, V,,(x), and two SU(2) vectors, 
Wa (x) and US (x). 

The symmetry group of the background includes rotations of the 2-sphere coupled 
to appropriate frame rotations and U(1) gauge transformations. The frame rotations 
are determined by the invariance of e*(y) and the U(1) transformations by the 
invarince of e*(y). As discussed in sect. 3, a left translation, g, of the quotient 
space, SU(2)/U(1) (parametrized by L,), induces a U(1) rotation, A, such that 
gL, =L,-h. On writing h = exp (€Q3) one finds 


e*(y')=e*(yexp(+ig), e*(y’)=e*(y)—dZ, (4.2) 


where £={(y, g). Invariance is obtained if the frames E~ are rotated through ¢ 
and the Maxwell field A undergoes a gauge transformation with parameter A =n/2. 
This much is enough to give invariance under x-independent left-translations. In 
order to get local invariance it is necessary to consider the behaviour of W* and 
u% Although these fields are associated with excitations on the background, their 
transformations include inhomogeneous terms whose contributions are needed in 
order to make manifest the background invariance with respect to local left- 
translations on S”. The local version** of (4.2) is 


e*(y')=e"(y)Da(h')+(g-! dg)’ D3(L,h-), 
e*(y’) =e%(y)—df + (g™' dg)?D3(L,) , 


where g' dg = dx” g~'d,.g belongs to the algebra of SU(2). Taken in conjunction 
with the ansatz (4.1) these identities allow one to deduce the transformation 
properties of V, W, U. The group acts on E* and A such that 


E*(x, y) +E" (x, y')=E*(x, y)De(h™"), 


(4.3) 


(4.4) 
A(x, y) >A", y=AG y)~Z- de. 


* The 1-forms e*(y) which appear here are related to E*(y) defined in eq. (3.11) by ae*(y) =E*(y). 


** Ref. [4], appendix 3. 
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Using (4.3) it is a simple matter to show that the form of the ansatz is maintained 
provided F 
U" (x)= U"(x)Da(g')-— (g dg™’)*, 
(4.5) 
7 f -, a Ke 
W(x) = W"(e)DB(g')—— ede)". 
That is, both U and W transform as SU(2) gauge fields. (The U(1) vector, V(x), 
is invariant.) It is now clear that the difference, U — W, transforms homogeneously 


and could therefore be expected to acquire a mass. This indeed happens. A 
straightforward computation gives the field strength 2-form, F =dA, 


F =—$dx™ adx"{Vinn —V2(W3n + Vin (Ul — W)S—Vn(U — W)%)D3(L)} 
eee Pe 
+dx™ AE — (U-W)2Da" (L)€ays 
—1E* py BP sc .g3 (4.6) 
2ea : 
where V,, denotes the SU(2) covariant derivative 


Vin(U — W)3,= am (U ~ W)n-2 Wa (U W) ie asa» (4.7) 


and W,,, the Yang-Mills field strength. When the components, F',4z, are substituted 
into the lagrangian and the integration over y is performed, there results the 
expression, 


14 z 
AV 25 Wes + Va(U— W)e—Vs(U — W)a)—¢ 3 (Ua Wa) Za (4.8) 


On the other hand, the vector W appears in E* and so will contribute to the 
six-dimensional curvature scalar, Rg. The contribution of R. to the four-dimensional 
lagrangian has been discussed in the literature [10]. It gives: 


1 1 
——3R4-8Was +-33- (4.9) 
K Ka 
On combining (4.9) with (4.8) and introducing the new combinations, 
A=V\(U+W), .X=VKU-W), (4.10) 
one finds, 
1 1 V3 ? 
——p Ra 1V 25-5 | Aas —(WoXs Ve) XxX] 
K 8 a2 
1 3x V3 ae ee ee 
ao a + ca a Rw, ee a Tha a 
=[ 4x (VX, — Vex, ae 7 * xX] 9 ae 


1 14 
= ~<a Ra 4Vian 4A ay —A(VaXe—VeXa) 5 Xa te, (411) 
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where A, denotes the Yang-Mills field strength made out of A and the covariant 
derivative V, is now defined by 


VX, = aX, Bae “Aa xX;. (4.12) 


It now appears that A, is the true Yang-Mills vector, while X, is massive. (It 
corresponds to the mass M,+(/=1) of eq. (3.27).) In passing, we note that the 
SU(2) coupling constant is given by 


f= t=~e, (4.13) 


where ¢ is the U(1) coupling. 

This concludes our discussion of the bosonic part of the long-range sector of this 
model. In the next section we consider the introduction of fermions and show how 
fermionic zero-modes can arise. 


5, Fermion spectrum 


At the classical level fermion fields do not affect the ground state solution and 
the question of its stability. However, after establishing the properties of the classical 
ground state one is free to consider how it affects the propagation of fermionic 
excitations. In particular, one can demonstrate the presence of zero-mode solutions 
of the Dirac equation. 

Fermion fields should be treated as scalars under the group of general co-ordinate 
transformations and as spinors under the tangent space group SO(1, 5). The simplest 
examples are 4-spinors and we shall treat only these. The relevant Clifford algebra 
is generated by eight-dimensional matrices, "4, which satisfy 


0a, Up} = nas 
= diag (-1,1,1,1,1,1). (5.1) 


(On occasion we shall also use the combinations [3*ilo=V2s appropriate to 
the spherical basis on the 2-sphere, i.e. y4-=7-+=1, 4++=n--=9.) It is con- 
venient to employ a particular realization of the algebra (5.1) which is adapted to 
the reduction, SO(1, 5) > SO(1, 3) x SO(2). In this realization we have 


Va=YaXT1, 
ls=ysX11,5 a~=0,1,2,3, (5.2) 
['6=1X12, 

where y, and ys denote the usual four-dimensional matrices, 


Ya» ywh= Nab» ¥5 =1. (5.3) 
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The generators of SO(1, 5) are given by 
Tap = -Hla, Ts} (5.4) 


and they evidently commute with 73. The fundamental representations, 4 and 4, 
correspond to the eigenvalues +1 and —1 or 73, respectively. 
Let ¢(x; y) belong to the representation 4, i.e. 


tab =. (5.5) 


From (5.2), (5.4) we see that the SO(2) group of rotations in the 5-6 plane is 
generated by 


56 = —hiysrs . (5.6) 
Acting on the chiral components of y it gives 
—Pseb.=tib.,  —Wsctbr= tide, (5.7) 
where , and ¢p correspond to ys = —1 and ys = +1, respectively. 
Now suppose that s(x, y) carries the U(1) charge, e. Under local U(1) transforma- 
tions defined by 
A2A -* dA (5.8) 


we have 
> e“y > (5.9) 


where A = A(x, y) is a real scalar. Derivatives of y which are covariant with respect 
to both the frame rotations, SO(1,5), and the U(1) gauge transformations are 
contained in the 1-form 


Ve =db+By t+ieAy, (5.10) 

where B denotes the spin connection 1-form 

B=3dz™ Butapy(— Wan) - (5.11) 
For the purposes of this section, where only fermion bilinears are to be retained, 
it will be sufficient to use background values for B and A, viz. 

B=-'Ps¢e°, =7-eé , (5.12) 
where e° is the 1-form, —de (cos 6-1), given in sect. 3. In effect, the background 
covariant derivative of & is given by 


Vb =dye +4i(n +ilsee°p 


l+ys n—-1 I~ys n=t) 3 


= dy +i( os pew. (5.13) 


$08 S. Randjbar-Daemi et al. / Spontaneous compactification 


The invariance group of the ground state involves the simultaneous action of 
left-translations on the 2-sphere, rotations of the E 5 and E® frames and a U(1) 
gauge transformation. In the notation of (3.13), the tangent space rotation through 
the angle £=¢(6,¢, g) must be accompanied by a gauge transformation with 
A =+4n¢ in order to preserve the form of A, as discussed in sect. 4. With respect 
to this background symmetry the effective iso-helicities of yp and #, become 5—in 
and —}~4n, respectively, as indicated in (5.13). 

Now consider the Dirac operator (using T3 = &), 


r4V ay = (v°r100 + y°r1V5+72Ve)y 


=71(F + ysVst ively 
= It+ys 5, _1-ys 
=n(a+ - V2V_ ; Viv.) y. 


It appears that the mass term for the 4-spinor takes the form 
V2(GLV-br—deVit). (5.14) 


To evaluate the covariant derivatives in this expression we must introduce the 
harmonic expansions, 


der= > V21+1¥ Dim(Lag )WRim(x) 5 (5.15) 


(=r wl 


where the relevant iso-helicities are 
AR=—, AL=-—. (5.16) 
In terms of the harmonic components the mass term (5.13) becomes 
<P itn Gib) (5.17) 


There is evidently one massless multiplet with 
1=-4+3)n|. 


This value of / contributes to #p but not to yf, if n is a positive integer. Conversely, 
if n is negative then y, contains the massless mode*. 

The coupling of the massless fermion field to the boson fields V, A and F can 
be derived by substituting the zero-mode ansatz into the six-dimensional Dirac 
lagrangian 


ip EM (0m + Bu t+ieAm)W, (5.18) 


* The n zero-modes of [,V_+I_V, associated with the magnetic charge, n, are of course predicted 
by the Atiyah-Singer index theorem. 
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and integrating over y. Because of the local SU(2) x U(1) symmetry, the result must 
be 


bey Es (Om +4Bmiciy” —fASla + ieVm)ir » (5.19) 


if wR is the massless field ( > 0). The fields &/p belong to the right-handed doublet 
of SO(1, 3) and to the n-dimensional representation of SU(2) (with generators 
denoted J;). The SO(1, 3) spin connection is denoted Bric}. 

One may add more than one spinor field to the lagrangian: for example, consider 
two fields %, y' with U(1) couplings Y and Y’. From the iso-helicity formulae 
for y: 


and with similar formulae for ¢&' with Y replaced by Y’, we would obtain for the 
n=1 case, a massless iso-singlet ~r for Y =1, and a massless iso-doublet #1 for 
Y’=—2., For n =2, with Y=1, Y'=~-1, we would obtain two “‘iso-doublets” ¢, 
and w1, both massless. For n =2, the formulae for the ratio of U(1) and SU(2) 
couplings, tan @ = Vin (cf. eq. (4.13)) yields sin? @ =2-a value very close to the 
conventional unrenormalized value 3. A determination of “renormalized” sin? 6 
with sin? 6) =? as input in a ysual GUT context would give a 3% deviation from 
the value deduced with sin? 6) =3 as input. This accidental agreement is perhaps 
devoid of physical significance, since we do not expect ¢p and wy to correspond 
to the leptonic or quark doublets. Even so, the fact that sin? @ can in principle be 
determined by the n-quantum number (corresponding to the monopole-charge in 
the internal space) is an important consequence of the Kaluza~Klein picture of the 
influence of extra dimensions on physics. 


6. Conclusion 


The model discussed in this article, six-dimensional Einstein-Maxwell theory 
(with fermions), is not intended as a realistic physical theory. We have analyzed it 
in some detail because it seems to represent the simplest possible version of a 
Kaluza~Klein mechanism which yet contains some of the features to be hoped for 
in more elaborate systems: compactification arises as a consequence of dynamics, 
the internal space has a non-abelian symmetry, massless chiral fermions are avail- 
able, and the zero-mode sector includes no scalars. This model suffers the defects 
which are generally expected as well: it ‘is not renormalizable, and the gauge 
couplings grow unacceptably large in the very limit which is needed to drive away 
the towers of massive modes. Another defect is the need for an “unnatural” 
adjustment of parameters in the parent lagrangian in order to flatten the four- 
dimensional spacetime. The presence of such adjustable parameters is both a defect 
and a virtue. One would like to be able to start from a less arbitrary theory, a 
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theory in which the “matter” content and its couplings are fixed. For this reason, 
the many-dimensional supergravities are attractive. Up to now, however, such 
theories have not yielded any physically acceptable ground state solution. Either 
the internal space is flat [10], with abelian symmetry or, if it is curved, it generates 
four-dimensional curvature of the same magnitude [5]. There are too few adjustable 
parameters. One hopes that this is a temporary impasse. 

Finally, we believe that our approach to the phenomenon of dimensional reduc- 
tion, via the computation of spectra, illuminates an important matter. This is the 
question of what four-dimensional fields should be included in the zero-mode 
ansatz, and how they should be arranged. Without first going through the spectral 
analysis one cannot foresee the correct form of the ansatz. Although the gauge 
vectors are guaranteed by the background symmetry, their placement in the ansatz 
has to be found. The very presence or absence of massless scalars seems to be 
model dependent (except when the background is supersymmetric, in which case 
they are certain to be present). Quite generally, the underlying mechanism whereby 
“matter” fields generate curvature on the internal space would seem to imply a 
non-trivial mixing between matter and metrical field components. This mixing has 
to be correctly represented in the zero-mode ansatz. 


We have benefited from many stimulating and useful discussions with E. Sezgin. 


Appendix 


The solution to the linear eq. (3.19) which was used to obtain the pole structures 
(3.26)—(3.28) is listed here for reference 


1 
1 1 

4 cc A { 4 ccs? 
hap aNaph, 5] 2 (7 ab 4Napl ) 


1 ee peas 
hee = IRIS | 2 +Mi_ +M?2,)T.- 
(pT Mp HME pt+ ME) LP TMI + Mas) 

: 2M. 
a Toa +2 map? +MBI,-1.)+ (Ta4+ r_.)| > 
1 1, 2 2: 
hoo +M2)(2T+-— Tac) 
(p?+Mo+)(p' +Mo-_) a(P 2)(2T+ 
3 M2 3 MoM 


aa J+—-J-)-5 a(p?+M2) (T..+ T_.)] ’ 
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V2Mop —-M, 
Ve OOM ) T -T_)-U,+5)] 
a‘(p +M3)(p?+M73..)(p +Mj_) a(p?+M2) | ++ )-VJ+ ) 


u M2 _ 24 ay? 
GEMM q (rat Ta-)+(p +Mi)s,] 


1 M2 : ee ae | 
2V-= or T.--37 aa -( +M2+ ) Fag oe 
(p?+Mo.)(p°+Ma_)L a (T+ 2Taa)— (po + M2 +=) (Js —J-) 
(p> +Mo+)(p°>+Me_) Mo p’+M34+1/a? 
+ 4y_)—Mo a 
Pp +M3 (J. J.) a p-+M2 —(T..+T. ) 
Mo (p?+Mo.)(p?+M3-_) 
eta gg a ats that de) fy 
a (p’+Mo)(p’+M2) 


2h. = -V2M2a [r eer Tss| 
a Tage tage | tH ot PAP 
(p?+Mé,)(p?+Ma_) a*(p’+M3) ” 


1 
+a(p?+M2, ip? + Ma) [-2MJ,+V2p.(J.+J_)] 


V2MoPa 
+p Mp + Me EMD et F) 


_Mo (p?+M3+1/a”)p, 


il eee oS LaLa SE Gi 
V2 (p?+M2,)(p?+M3_)(p?4+ M3) | vey 


+{( ~(p?+M3)_ ) 
(p?+Mi.)(p’+Mi_) p’+ Ma) 


(p?+M3+1/a”)papp Jr 
= 
(p°+M3.)(p°+Me_)(p?+M3)1°* 


(p°+M3) 1 
+|( 52 yd z= 5 +5) as 
(p°+Mis)(p°+Mi_) p°+M3 


(p?+M3+1/a”)paps 
rr ry we rr ee er 2 |n-. 
(p° +Mo.)(p° +Mo-)(p* +M2) 
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The question of fermion chirality in Kaluza—Klein theories with coupling to Yang-Mills fields is discussed. The argu- 
ment is illustrated in eight dimensions where an SU(2) Yang—Mills field assumes the one-instanton form on the internal 
space. This serves not only to trigger spontaneous compactification of the internal space but will ensure the emergence of 
ny —Npe $ret + 1)(2t + 1) zero modes in an irreducible eight-spinor belonging to the (2r + 1)-dimensional representation 
of SU(2). 


I. One of the outstanding problems of spontaneously compactified higher dimensional field theories is the de- 
termination of the spectrum of massless fermions in the effective four-dimensional theory [1,2]. It is possible to 
ensure the existence of such fermionic zero-modes by coupling to gauge fields with non-trivial topology. This has 
been pointed out before [3] and, in a previous paper, we have applied the idea to the case of six-dimensional 
Einstein—Maxwell theory coupled to fermions [4]. We computed the spectra and verified the presence of fermions 
in complex representations of the effective local symmetry , SU(2) X U(1). The source of this chirality was the 
non-vanishing ground state value of the Maxwell field on the “internal” space, a two-sphere, where it assumed a 
magnetic monopole configuration *! . The non-vanishing gauge field triggers spontaneous compactification by pro- 
viding the stress components which are needed to generate the curvature of the two-sphere [5] . The non-vanishing 
Chem character ensures its stability [3] ,as well as the fermion chirality. 

The aim of this note is to provide another example of the mechanism: eight-dimensional gravity coupled to 
SU(2) Yang—Mills fields *? . Spontaneous compactification results in an internal four-sphere on which the SU(2) 
gauge field takes the one-instanton configuration. This configuration is SO(5)-invariant and the effective four- 
dimensional theory which emerges has local SO(5) symmetry. 

On the issue of introducing elementary gauge fields in the higher dimensional action (which can lead, not on- 
ly to stable compactification but also play a role in ensuring the chirality of the fermionic spectrum in the effec- 
tive four-dimensional theory) we adopt the point of view that these could perhaps naturally arise in a supergravity 
theory, starting from a still higher dimension. 


*1 The effect is possibly only if the compactified internal space has an even number of dimensions. 
+2 This theory is free of anomalies after fermions are introduced. We are grateful to E. Witten for a discussion on anomalies in 
Kaluza—Klein theories. 


56 Reprinted with permission from Phys. Lett. 132B (1983) pp. 56-60 
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2. Consider compactification induced by matter fields. Quite generally, start from the (4 + d}-dimensional 
Einstein field equations coupied to matter (metric: —1,1,1,1,..., 1)#3: 


Ryg = —He{Tgp — WO +a) typ * 212 +4) Angg}- a) 


Here T4p is the energy—momentum tensor of the non-gravitational fields T= AB Tp and 2 is a constant. We 
are interested in those solutions of eq. (1) which split the (4 + d)-dimensional space into a product space My X By, 
where Mg is Minkowski space—time and Bg is a compact, riemannian manifold. If we substitute Ray = 0 in eq. (1) 
we get 


Ty — [1/2 +d)]n,,T + [2/(2 +d))An,, =0. (2) 
From four-dimensional Lorentz invariance we conclude that 
Typ, = (cle* gy (3) 


where c is a constant. Now the assumption that the internal d-dimensional space is an Einstein space implies that 
1.8 = (c'le*)5,3 
Upon substitution of (3) and (4) into (2) and into (a,f) components of (1), we get 

mi =ct(c'—c)id, Ryg= (—1/2k?) ' - c)8,.9- (5,6) 


For a symmetric riemannian space , compactness is ensured if c' —c >0. These constants will depend on the de- 
tails of the individual models ** . For the case of gauge fields alone, due to Lorentz invariance, eqs. (3)—(6) re- 
duce to 


AERP, Ri, =(-K?2F2/2d)bqg, = Ant F’, c' =x4F(4 —d)/4d, (7) 


c’ = constant. (4) 


where F? = F,g°F a8 The negativity of the Ricci tensor, R,g, ensures compactification. Thus the problem re- 
duces to finding appropriate solutions of the Yang-Mills equations in the internal space. These solutions must 
have a constant F2. In the case of a homogeneous internal space, G/H, there exist standard solutions of the gauge 
field equations, where all components of the Yang—Mills fields are zero, except those which belong to H or any 
of its subgroups. (Recall that H must be contained in the Yang—Mills gauge group.) Such solutions have been dis- 
cussed in ref. [7] ; they have the characteristic property that T,,, is proportional to (d — 4) and vanishes when the 
internal space is four-dimensional (as for example in the case of the internal BPST instanton). 


3. Now consider the case of eight-dimensional gravity coupled to SU(2) Yang—Mills. One can demonstrate the 
existence of a vacuum solution with the geometry M4 X S4, where the four-dimensional internal space, $4, sup- 
ports an SU(2) instanton. We would like to establish the local symmetry of this background by identifying the 
massless vector states. 

It is well known that the single instanton solution on S‘ is invariant under the combined action of O(5) and 
SU(2) [8] . More precisely, under the isometric action of O(5) on S* the instanton configuration changes by an 
SU(2) gauge transformation. Therefore it is natural to classify the spectrum of small oscillations into multiplets 
of 0(5). To start with the spectral analysis we substitute 


Sun =8un *thyun Ay =4m * Yu: (8) 
into the action integral and expand it in a power series of Aygy and Vay. Here Zyyy and A my indicate the background 
classical solution and Ayyy and Vy are small perturbations which depend on all the eight coordinates in a com- 


+3 Our notation is the same as in ref. [4]. Unless otherwise stated we use an orthonormal basis in the manifold. 
#4 The source of compactification may be a quantum loop in which case one would have to make a self-consistent computation 
[6] of these. 
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pletely arbitrary way. As a result of the general coordinate and the SU(2)-gauge invariance of the eight-dimen- 
sional theory, the linearized theory will be invariant under the following set of local gauge transformations: 


- 7 N 
Syn = Een t Enegs 5 Vig = Qiang t Fyne (9) 


where £4 and Qiare arbitrary parameters and ‘“‘-N’” refers to the covariant differentiation relative to the back- 
ground connection. To make the theory well defined we impose the following gauge conditions: 


hyn a Eup). =0, Vem =0. (10) 


Subject to these constraints, the spin-one modes in the bilinear action are given by 


S(¢pin-one) = Me f dx (D a {4AM (x)[9? — (nla?) (nm + 3) — 2/a?]H"! (x) 


+ bg D122 — (nla?) (n+ BNA CR) + 4 VEE C)LB? — (n/a?) (n + 3) + la] VE) 


— (V2/a?)[(n + 1) (Qn + 2) 1/20 yay) ; (11) 


Here (n,n) specify the O(S)-representation of dimension d(m, ,n) given by 
d(n,,n.) = (1, +24 + 2)(m, — 2. + 1)(2n, + 3)(2n, + 1), (12) 


and q can be assumed to range from 1 to d(n, ,n4). 
It is easily seen that S. (spin-one) contains two classes of representations characterized by (n,0) and (n, 1), 
with n > 1. In the first class all modes are massive with their (mass)? given by 


(nfa2)(n +3) (n>1), (13) 


while in the second class the (mass)? matrix is as follows: 


(nla?) (n + 3) + 2/a? (V2/a?)[(n + 1) (1 + 2)) 1? 

M2 = (14) 
(V3/a*)[(n + 1) +2)? (n/a?) (1 + 3) — 2/0? 

It follows that 

det M2 =a~4(n — 1)(n3 + 7n? + 14n + 6). (15) 


Since n > 1, the only zero of det Mm is located at n = 1. The formula for d(7, ,) indicates that the multiplicity 
of this mode is ten. The massless spin-one fields are thereby seen to belong to the adjoint representation of O(5). 
We conclude that the effective four-dimensional theory is an O(5) Yang—Mills theory. Notice that the SU(2) 
Yang—Mills symmetry of the eight-dimensional lagrangian is spontaneously broken ** . From (11) it is clear that 
the spin-one sector is stable against small oscillations. 


4. We now consider the question of chirality. Classical backgrounds can be topologically non-trivial and may 
therefore induce chiral fermion spectra. More precisely, it can be asserted that, if the internal space is even-dimen- 
sional then there will emerge a set of fermionic zero-modes whose number is governed by the Atiyah—Singer index 
theorem [9] . To see this consider the Dirac lagrangian in (4 + d)-dimensional space-time, 


Ly =iPPy, (16) 


+5 This point was overlooked in ref. [7] where the statement with regard to the number of massless spin-one fields is incorrect. 
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in which ¥ = PAV, = TA (e, + w, +A,) where w, and A, denote the Riemann and Yang—Mills connections, 
respectively. 
We shall assume that d is even and consider the following realization of the Dirac matrices, T°, , 


r=7,X1, @=0,1,2,3; TL=7sX7,, @=5,6,..,4+d, (17) 


where 7, and ,, are the four- and d-dimensional Dirac matrices, respectively. This realization is appropriate for 
treating the decomposition of the SO(1,3 + d) spinor under the subgroup SO(1 ,3) X SO@), the product of the 
tangent space groups on the Minkowski and internal spaces. The two eigenvalues of the SO(1,3 +d) invariant 
matrix, 


Perl, Pag: (18) 


distinguish two inequivalent irreducible representations of the tangent space group, SO(1,3 +d). In the represen- 
tation (17) we have 


P=7,X7', (19) 


where ¥' = 7576 ...¥4+g is SO(@) invariant, and ys is the familiar SO(1 , 3) invariant which distinguishes chirality. 
It is clear that an irreducible spinor of SO(1 ,3 +d), say F = 1, must branch into two irreducible pieces under the 
subgroup SO(1,3) X SO@), 


¥, withy,=1 and7’=1, y, withy;=—-1 and 7’ = -1. (20) 


The main point to emphasize is that the left and right components belong to inequivalent representations of SO(d). 
(It can be shown *° that the representations corresponding to 7’ = 1 and 7’ = —1 are conjugate complex if d = 
4k + 2, and real or pseudoreal but inequivalent if d = 4k.) The theory possesses a global U(1) invariance. 

The mass operator takes the form 


V,if*V, vp the., (21) 


where V, operates in the internal space. This operator will have zero eigenvalues as the index theorem dictates. 
For example, in the model discussed above where the internal space is the four-dimensional sphere, $4, and the 
background gauge field takes an instanton configuration, let y belong to the (2t + 1)-dimensional representation 
of the Yang—Mills SU(2). Then 


NL —Np =3tt + I (Qrt Ik, (22) 


where N, and Np are the numbers of left- and right-handed zero modes and k is the instanton number. 

The modes can be found explicitly if the internal space is a quotient space G/H and the gauge field configura- 
tion is G-invariant. The modes belong to irreducible representations of G and the zero modes correspond to those 
representations of G which appear in the harmonic expansion of either y; or Wp (but not both). 

In the above example, if k = 1 then the background has SO(5) invariance and the zero modes must belong to 
a representation of this group. To find the zero-modes it is necessary only to examine the harmonic expansions 
of spinors on S*. A general technique for constructing these expansions has been described elsewhere [11]. It in- 
volves decomposing the spinor which belongs to an irreducible representation of the group SO(1 > rangent space 
X SU(2),auge, into pieces according to the chain 


SO(1,7),,X SU(2), > (SL(2,C) X SU(2), X SU(2)p),, X SU(2), > SL(2,C) X SU(2), X SU2)pip- 


That is, from the tangent space group (or rather its covering group) is picked out the subgroup associated with 
the product manifold M4 X S4. The factor associated with S4 has been denoted as SU(2)4 X SU(2)g. the instan- 
tion is supposed to lie in the algebra of SU(2)x. It is invariant with respect to the diagonal subgroup of SU(2)p 


+6 See for example the discussion in ref. [9]. 


59 


514 


Volume 132B, number ! ,2,3 PHYSICS LETTERS 24 November 1983 


X SU(2), in which tangent space rotations are accompanied by gauge transformations. Finally, the pieces which 
are irreducible with respect to SU(2), X SU(2)pig can be expanded in SO(S) harmonics. 

Now consider the eight-spinor of SO(1,7) which also belongs to 2¢ + 1 of SU(2),. With respect to SL{2,C) 
X SU(2), X SU(2)g it branches into two pieces, ¥; and Wp. The SU(2), X SU(2), X SU(2), content is 


Vp ~(2,1,2t41) and pp ~(1,2,26+1). (23) 
With respect to SU(2), X SU(2), 4g? We have 
Wy ~(@2,2t+1), Wp ~ (1, 24) +(1, 2t + 2). (24) 


To facilitate the expansion we re-express these SO(4) representations in the notation [m,,m>] of Gel’fand and 
Zetlin [12], 


Vp w[tt/2,t- 1/2], vp ~[t—1/2,¢- 1/2] + [¢+1/2,¢4 1/2). (25) 


The SO(5)-harmonics are labelled by a pair of integers (or half integers) (n, ,7) and the expansion of an SO(4) 
piece {m, mm] must include all (n,n) subject to the inequalities 


n, >m, Pn, >\m,|. (26) 
It is easy to verify that the only harmonic which fails to appear in both v, and Wp is 

n, =n, =t~1/2, (27) 
which is present only in yp. This must constitute the zero-mode multiplet. Its dimensionality is given by eq. (20) 
d(t — 1/2,t — 1/2)=4t(¢ + 1)(2¢ +1), (28) 


which agrees with the prediction (22) of the index theorem. 
We are appreciative of discussions with E. Witten. 
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We show that a gauged supergravity theory based on Eg X E7 X U(1) is free of gauge and gravitational anomalies in six 
dimensions. It compactifies to (Minkowski)* x S? by the standard monopole mechanism. With a monopole of strength n in 
Eg, the resulting four-dimensional! theory exhibits chiral SO(10) X U(1) with 2|n| families (and no antifamilies). Supersym- 


metry is broken. 


1. Introduction. Green and Schwarz [1] have re- 
cently shown that ten-dimensional N = 1 supergravity 
coupled to O(32) or Eg X Eg Yang—Mills fields is free 
of gauge and gravitational anomalies. Witten [2] has 
argued that the O(32) model might even be realistic. 
in that it could compactify so as to yield a four-dimen- 
sional effective chiral SU(5) gauge theory with any 
number of generations of quarks and leptons. Such a 
compactification however is conjectural [3]. If solu- 
tions can be found it would be interesting to know 
whether they correspond to minkowskian or anti-de 
Sitter space—time, and whether they are stable. 

In this note we give critefia for constructing anom- 
aly free gauge supergravities in six dimensions. These 
theories involve an antisymmetric tensor as part of the 
gravity supermultiplet and this field plays the same 
role in the structure of anomaly cancelling counter- 
terms as in the ten-dimensional model of Green and 
Schwarz. In six dimensions it is possible to introduce 
matter as well as gauge multiplets and, as we show, 


x Supported by Schweizerischer Nationalfonds. 
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both are necessary in order to achieve cancellation of 
gauge and gravitational anomalies. We also exhibit 
explicit compactification on Minkowski X S?. 

An important property of 0(32), exploited by 
Green and Schwarz is the absence of an algebraically 
independent sixth-order Casimir invariant [4], i.e. 

Tr F6 ~ Tr F2 Tr F4. For six dimensions the analo- 
gous property, which we use, is the absence of inde- 
pendent fourth-order invariants in the exceptional 
algebras [3] *1. Apart from this, the structure of our 
model is heavily influenced by the purely gravitational 
anomalies. Specifically, the various contributions to 
the term tr R4 are required to cancel. 

One of the aims in constructing the model was to 
find an explicit compactifying solution with the geom- 
etry of Minkowski space—time @ internal two-sphere. 
One way to achieve such compactification is through 
a non-vanishing magnetic monopole background con- 
figuration on the two-sphere. It is therefore required 


*1 Note that SU(2) and SU(3) have the same property. A 
model based.on SU(3) X SU(2) X U(1) is being considered. 
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that the model contain gauge fields. Among various 
anomaly free possibilities we found that the most 
elegant combination involved Eg X E7 X U(1). The 
monopole background lies in the algebra of E¢ caus- 
ing it to break spontaneously to SO(10) in the course 
of compactification. This compactification leads to a 
chiral SO(10) theory in four dimensions with the num- 
ber of quark and lepton generations, 2|n|, governed 
by the monopole strength, n. (Stability at the classical 
level requires || = 1.) Supersymmetry is broken by 
the Eg background. The gravitino, along with the 
hypermatter is massive. The E, gauge symmetry re- 
mains unbroken but all light fermions are neutral with 
respect to it. 


2. The model. In six dimensions the following NV 
= 2 supermultiplets exist [5]: 


gravity e,”, yf, B7,, u,m=0,1,...,.5, A=1,2, 


hypermatter ¥p7,¢%, @=1,...,2n, w= 1,..., 40, 


Yang-Mills A, d,4, 
tensor Biv xr4, oO. 


The antisymmetric tensors B},, and B-, are con- 
strained to have self-dual and anti-self-dual field 
strengths, respectively. In the model to be treated here 
they appear only through the combination By yt Boy 
which is unconstrained. The index A = 1, 2 indicates 
that ¥,, Ay and xp are doublets with respect to 
Sp(1). They are also Weyl spinors ~y or Yp with 
respect to SO(1, 5). They belong to real representa- 
tions of SO(1, 5) X Sp(1) and are subject to reality 
conditions. In our model the Sp(1) symmetry is explic- 
itly broken to U(1), which is gauged. The hyperinos 
WR are neutral with respect to U(1) although their 
partners @ are charged. In general, the hyperscalars 
¢* — with 2n complex or 4n real components — must 
parametrize a non-compact quarternionic Kahler mani- 
fold [6]. 

In our model this turns out to be Sp(456, 1)/ 
Sp(456) X Sp(1). The hypermatter belongs to the 
pseudoreal 912 of Sp(456) and the fermions are sub- 
ject to a reality condition of the symplectic-Majorana 
type *?, The dimensionality, 4n = 4 X 456, of the 
hyper-Kahler manifold is determined here by the re- 
quirement that the gravitational anomaly of the type 
tr R4 should be absent. It can be shown that this 
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happens only if the number, n, of hyperinos is related 
to the number, m, of gauginos by *3 


n=m+244, (2.1) 


We take m = 78 + 133 + 1 corresponding to the Yang— 
Mills group E, X E7 X U(1). With n = 456 it is then 
natural to assign the hyperinos to the 912 of E, C 
Sp(456). What is then truly remarkable is the com- 
plete cancellation of all gauge and gravitational anoma- 
lies which results (see section 3). 

Locally supersymmetric couplings of the above 
multiplets have been given in ref. [5]. In particular, 
the antisymmetric tensor was included in order to 
overcome the difficulties associated with the action 
principle for constrained antisymmetric tensors. In 
ref, [5], the entire hypersymmetry Sp() was gauged. 
Here we shall gauge only the subgroup E7 with respect 
to which the 912 of Sp(456) is irreducible. 

The lagrangian is given by ** 


(3) 12 = 5e-?R ~ 50,0)" — soxe*°G?, 


1 -2pI'2 ,.-2n2 4-272 
~ ge (86 Fey +87 Fou t 81 Fir) 


— 7849 (9) D,o* D, 6° 
—bx~4e-*9 (gl? + ¢2C2,) + fermion terms , 
(2.2) 


where g,,,(@) is the quarternionic-Kahler metric, and 
the usual riemannian Syurv(*) is tacit. The gauge field 

strengths and coupling constants of Eg X E, X U(1) 

are denoted, respectively, by Fg, F7, F, and g¢, 87, 

8. The hyperscalar potential is constructed from 


Cf = Are, 1=1,2,3, 
Cy, = ALG)(T39)* — 5,3 , (2.3) 


*2 Other non-compact quarternionic Kahler manifolds are the 
symmetric spaces SU(n, 2)/SU(m) X U(1) X Sp(1), 
SO(n, 4)/SO@) X SO(3) X Sp(1), G2/SO(3) X Sp(1), 
F4/Sp(3) X Sp(1), Eg/SU(6) X Sp(1), E7/SO(12) x Sp(1), 
Es/E7 X Sp(1). The associated hyperinos would be assigned, 
respectively, to the real representation (, 1); + @, 1).1, 
(n, 2, 1), (4, 1), (14, 1), (20, 1), (32, 1) and (56, 1) of the 
appropriate isotropy group. A model based on E7/SO(12) 
X Sp(1) has been considered in ref. [7], but is anomalous. 

+3 This condition (2.1) changes to n =m +273 — 29 k, if k, the 
number of antisymmetric By, fields, does not equal unity. 
Theories with kK + 1 would not have a covariant lagrangian 
formulator, only covariant field equations. In this note we 
concentrate on k = 1. 

#4 See appendix for fermion terms. 
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where A‘) denotes the Sp(1) part of the canonical 
connection on the hyper-Kahler manifold. The gener- 
ators of Ez X Sp(1) are denoted by T! and T! = 
—io'/2. The field strength tensor G Dee includes the 
curl of the antisymmetric tensor B,,, and the Chern— 
Simons forms of the gauge group, E, X Ey X U(1). In 
the notation of differential forms, 


G=dB+g-? tr(AdA — 343). (2.4) 


The presence of the non-negative hyperscalar poten- 
tial in (2.2) is important for the minkowskian compac- 
tification of the theory [8]. 


3. Anomaly cancellation. In six-dimensional space— 
time the various anomalies are associated with quad- 
rangle graphs rather than triangles as in four dimen- 
sions. Another important difference is that the Weyl 
spinors of SO(1, 5) are pseudoreal rather than com- 
plex. If anomalies are to be cancelled then fields of 
both chiral types must be involved. In the model dis- 
cussed here the fermions and their classification with 
respect to SO(1, 5) X Eg X Eq X U(1) are as follows: 
gravitino WuL ~ (4,,1,1),; hyperino Wp ~ 
(4_, 1, 912)9; gaugino Ay ~ (4,, 78, 1); + 
(44,1, 133), + (4,, 1, 1), ; tensorino xp ~ (4_,1,1)}, 
where the suffixes L and R correspond to the Weyl 
spinors 4, and 4_, respectively. Because of the U(1) 
charge (indicated by a suffix) all these fields are com- 
plex except for yp which is real (because the represen- 
tation 912 of E, is pseudoreal). 

The quadrangle anomalies are usefully codified in 
the form of an invariant polynomial [9], P(F, R), 
which is an eight-form made from the Yang—Mills 
and curvature two-forms. The coefficients in this poly- 
nomial receive contributions from the fermions 
(listed above). According to the work of Alvarez- 
Gaumé and Witten [10] the various contributions are 
given by 


PCW, = Fy — BF] eR? + Hep tr RA 
— [(5 X 43)/(4 X 5760) (tr R2)2 , 
—2P(UR)= BT io, 2F4 + 96 Ti FF tr R? 
+ Hep [tr R4 — 5 (tr R2)*], 
—P(xp) = at + aF? TrR2 


+3705 [tr R4 — 3 (tr R?)?], 


3.1) 
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POL) = A(Tr7g Fe + 6 TrygF2Fi + 78 FY) 

+ A(T1133F4 + 6 11y33F3F? + 133 Ft) + Ft 

+ & [Tr7g Fo + 11133 F2 + (78 +133 +1) Fy] tr R? 


+ [(78 + 133 + 1)/5760] [tr R4 — 7(tr R2)?], 

(3.1 cont’d) 
where the field strength two-forms corresponding to 
O(1, 5), Eg, Ey and U(1) are denoted by R, Fe, Fy 
and F, respectively. The traces involving R are in the 
six-dimensional representation of O(1, 5) while the 
other traces are specified by a subscript to indicate the 
representation. In the case of Wp an extra factor of 3 
is needed to take account of the reality condition on 
VR- 

Because Eg and E7 have no independent quartic 
invariant it is possible to make some simplifications 


[3]: 
Trg Fé =2(Try7F2)?, Trg F2 =4Tr97 Fe 
Try33F4 = 8(Tts6F7)", Try33FF = 3 Ths? 
Tr919F3 = (Ts F3)*, Tt919FF = 30 Trs6 FF - 
The total P then reduces to 
P=—2(trR2)?2 + Ate R2 Try, FZ 
— dtr R? Treg F2 +2 tr R? FP + ag(Tt97 FQ)” 
+ Trpq FEF{ ~ a (Tt56 FF) 
+3 Tr56 FFF? +9F} . (3.2) 


The tr R4 contributions have cancelled. The four fac- 
tors O(1, 5), Eg, E7 and U(1) are involved in a rather 
symmetrical fashion and it proves advantageous to 
express P in the form 


P= u Bie GjGx » (3.3) 
where 

G,=4trR*, Gy =4§T197F2, 

G,=TtsgF?, Gy=3F?, (3.4) 


and 
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-3 1 —2 4 
i 11 0 2 (3.3) 
Le ee a ee 
4 2 1 3 


The four-forms G;, are closed; they can be expressed 
locally in terms of Chern—Simons forms G; = dew? 
Since o. is invariant, it follows that the gauge varia- 
tion 59 is itself closed, i.e. Swf = dew}. It can be 
shown (5) that six-forms G, wh satisfy the Wess— 
Zumino consistency conditions and hence that the 
potential anomalies corresponding to (3.3) would take 
the form 


However, the anomaly is defined only up to terms of 
the form 5(AL), the gauge variation of a counterterm. 
Our aim now is to show that the expression (3.6) can 
be completely eliminated by a counterterm. 

What counterterms are available? Following the 
approach of Green and Schwarz we shall consider 
those of the form 


A'L= 2 yj G; B+ re Sk ww? ww , (3.7) 


where B is the two-form specific to this type of super- 
gravity. The parameters -y, and €jk = — Gx are at our 
disposal. We shall suppose that B transforms according 
to 


8B=— Zh ay (3.8) 


where, again, the parameters a, are free. The gauge 
variation of (3.7) is 


5(A'D) = — 2 (14 o% — 6%) G cof . (3.9) 


If this is to cancel the expression (3.6) we must have 
Bix = % — Ep. But @ is symmetric while ¢ is anti- 
symmetric. Therefore 

je = GM — 4%)» Bre = BGM + 14%). (3.10) 
In other words, the model is free of gauge and gravi- 
tational anomalies if the matrix 8 given by (3.5) can 


be expressed in the form (3.10) with real parameters 
y and a, This highly non-trivial requirement is indeed 
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satisfied. One easily finds 
1 


(3.11) 


The complete counterterm is given by 
= 1 0 0 
AL= x 14,G,8 +5 2 YO; Op Or 
+ L(G + AG) — £(G) 
=(—trR? + tr FZ — 5 tr FP + 3F7)B 
+i(—$of tha) — 3009 + of) 


X (3w) + w9 + w9 + wh) + £(G + AG) — £(G). 
(3.12) 


where AG = 39 3008 - Surf + Fug and the G- 
containing part of £ is 


£(G)= HK e2"G? 


+ AK eG (Dry, yHrPy Wt + 2H ryHrPya x 


—KyHyex + Myurenl + Gayurey,), (3.13) 
where / labels the adjoint representation of Eg XE, 
X UC). 


4, Compactification. At the classical level the equa- 
tions of motion admit a vacuum solution in which the 
six-dimensional geometry factorizes into the product 
of four-dimensional minkowskian space—time with an 
internal two-sphere. This compactification is driven by 
one of the gauge fields which assumes a monopole con- 
figuration on the two-sphere. All other fields either 
vanish or assume constant values. There are many ways 
to pick out the non-vanishing gauge field since we have 
a 212-dimensional local symmetry Eg X E7 X U(1). 
For the purposes of this note we shall embed the 
monopole in the algebra of Eg, leaving Ey X U(1) un- 
broken. The E¢ symmetry will itself break to SO(10). 
This means that the final vacuum symmetry in four 
dimensions will be Poincaré X SU(2) xajuza—Klein 
X SO(10) X E> X U(1). One of our tasks in the follow- 
ing is to isolate the zero mode sector and show that it 
is free of anomalies (in the usual four-dimensional 
sense). 

First consider the relevant equations of motion 
derived from the bosonic part of (2.2). Since the only 
non-vanishing vacuum fields are the scalar a, a U(1) 
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gauge field from E¢ and the metric tensor, all equa- 
tions are trivially satisfied except for 


k?R gp = 2g 20% (FAC FE) + D4o Dgo 

(4.1) 
«Do = he¢7e"9 (Fp FA?) — Biante -Ko , (4. 2) 

Dy(V-g eX° FAB) =0, - (4.3) 


where g¢ and g, denote the E, and U(1) coupling con- 
stants, respectively, and 1672 is the four-dimensional 
gravitation coupling. 

We look for a solution of the form M4 X $2 with 
constant o and with the Ex, Yang—Mills field represent- 
ing a monopole. The potential one-form can then be 
written as 


A, =vQ(cos 6 F 1) dy, 


| ae 
— 3K leap Do, 


(4.4) 


where 6 and y are the usual polar coordinates on the 
internal S?, Q is a generator of E, and p is a number. 
It is necessary to use two coordinate patches and two 
expressions for the potential, one for the northern 
hemisphere and one for the southern. On the equator 
these potentials must be connected by a single-valued 
gauge transformation, A_ =S-1A,S+iS-!dS.A 
suitable mapping is S(y) = exp(2ivQy). The important 
condition of single valuedness, S(27) = S(O), implies 
that 2»Q must be an integer. 

We now identify Q with the U’(1) factor in the sub- 
group SO(10) X U'(1) of Eg. It can be normalized 
such that the 27 of Eg branches according to 


27 = 161/3 + 10_473 + lays > 
while the adjoint representation gives 
78 = 459 + 1p + 16_; + 16, . 


If the system were to contain any 27’s of E¢ then it is 
clear that 2p could only be an integer multiple of 3. 
However, our system contains only the adjoint repre- 
sentation. In effect our group is Ec/Z3 and we con- 
clude that 2v may be any integer, vy = 5. The field 


strength two-form F = dA, is then given by 
=inQsin6 dé A dy. (4.5) 


In an orthonormal basis the Ricci tensor reduces to 


Ryg=4-*6yg, 0, 8=4,5, (4.6) 
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where a denotes the radius of S. In this basis the field 
strength (4.5) is represented by the component, 

(4.7) 


On substituting (4.6) and (4.7) into (4.1) and (4.2) 
one obtains the algebraic equations 


K2g72 = nlg-4ge 2 eke 
O=n?hag 4 ge z2eke _Blate eRe", (4.8) 


These equations fix the radius of S?, a2 = 2x2g72exe, 
but they also imply a rather delicate constraint on the 
values of gg and g,, 


&&= t3ng, ' (4.9) 
Otherwise no solution of the desired type would be 
possible. 


The fermionic zero modes are contained among the 
gauginos of E¢ since these are the only fields that 
couple to the monopole background. Indeed, accord- 
ing Ly (4.7) and p = 5n the coupling is of strength vO 
= thn on the 16, and 16_, contained in the 78. The 
four-dimensional massless chiral fermions therefore 
comprise 2|n| families of SO(10) and no antifamilies. 
They belong to the |n|-dimensional irreducible repre- 
sentation of the Kaluza—Klein SU(2) symmetry. These 
fermions are neutral with respect to E7 but they carry 
the original U(1) charge, half the families are positive 
and the other half negative — so that no U(1) anomaly 
arises, The remaining symmetry, SU(2) X SO(10), is 
of course anomaly-free in four dimensions. 

All other fermionic modes, including those coming 


_ from the gravitino are massive. Supersymmetry is 


broken in this compactification. 

The U'(1) associated with the monopole background 
is broken. The mechanism explained by Witten [2] 
makes the gauge field massive but leaves the associated 
current conserved up to anomalies. Hence the four- 
dimensional theory should contain an axion. 

In the boson sector the four-dimensional theory 
must contain the graviton and the gauge vectors corre- 
sponding to SU(2) X SO(10) X E7 X U(1). The Ey vec- 
tors do not seem to have any interesting physical role 
at present. They are “drones” pairing with the E7 
gauginos which were needed to cancel the gravitational 
anomaly. They should at least be confined, perhaps 
make glueballs, etc. The SO(10) X U(1) vectors couple 
to quarks and leptons but the SU(2) Kaluza—Klein 
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vectors will couple to these fermions only if |n|> 1. 
Unfortunately, we may be limited to |n| = 1 (two 
families) for reasons of classical stability [11] *°. 

The question of classical stability needs to be fur- 
ther examined. We observe only that the massless 
scalar contained in o will presumably develop a mass 
at the one-loop level. Along with this, the expectation 
value (a), should be fixed, and hence the radius of the 
internal sphere. 

Other open questions are: is the safe Ex X Ey X 
U(1) in D = 6 somehow descended from the safe Eg 
X Eg in D = 10? Are the counter-terms which were 
needed to attain gauge and gravitational symmetry, 
sufficient to compensate any supercurrent anomalies 
which may arise, or are further (gauge-invariant) 
counter-terms needed? Is the theory one-loop finite? 
Like the Green—Schwarz theory which is supposed to 
represent a limit of the superstring in ten dimensions, 
we may conjecture that our model relates to a string 
with internal symmetry or a membrane theory *° in 
six dimensions [12]. This may motivate finiteness. 


Appendix. The fermion terms are [5] *7 
£y = rb yye’PD Wy t 2XY#D x + MDM 
+207" Dy Wg t KU yx 3,0 
— Ke yy"V"D,6 Weed 

1 & a 
+ gk2eKOG (Dyn rhrPy, YT + WyrverPyry 
— Kyhrry + Mynrenl + paynrey,) 
— 2-F2q ekol2(G, yuryrndrl, + eyvorie i) 
+2712, e—Ko/2 [g7 ve T cH + £10 ,7°T AC} 
— 9 xT NCH - gn xT acl 
— 287 °N4 Vag a(T 4 
~ 29,094 V,, A(T? Oy"), 
Other but less elegant anomaly-free models are: Eg X Sp(1) 
with 81 = 78 +3 gauginos and 325 hyperino singlets; and 
E, X U(1) with 134 = 133 +1 gauginos plus 355 = 2 x 133 
+2X56 hyperinos, 22 gaugino and 22 hyperino singlets. 
We express appreciation to Dr. T. Jayaraman for pointing 


out ref. [12] to us. 
*7 We use the signature (— + + + + +) here. 
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where the hyperscalars ¢* constitute a complex 912- 
vector of Sp(456) X U(1) charged with respect to U(1). 
For inner products of Sp(1) symplectic spinors, the 
contractions with €4, are always understood, e.g. 
Xyeent = KA yun. 
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We construct an N = 1 locally supersymmetric o-model with a Wess-Zumino term coupled to 
supergravity in two dimensions. If one takes the o-model manifold to be the product of 
d-dimensional Minkowski space M¢ and a group manifold G, and if the radius of G is quantized 
in appropriate units of the string tension, then the model describes a Neveu-Schwarz-Ramond 
(NSR)-type string moving on M, X G. (Our model generalizes earlier work of refs. {1,2] which do 
not contain a Wess-Zumino term and that of refs. [5,6] which is not locally supersymmetric.) The 
zweibein and the gravitino field equations yield constraints which generalize those of the NSR 
model to the case of a non-abelian group manifold. In particular, the fermionic constraint contains 
a new term trilinear in the fermionic fields. We quantize the theory in the light-cone gauge and 
derive the critical dimensions. We compute the mass spectrum of a closed string moving on 
M, X G and show that massless fermions do not arise for non-abelian G for the spinning string, in 
agreement with the result of Friedan and Shenker [22]. 
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1. Introduction 


Some time ago, Deser and Zumino [1] and Brink, di Vecchia and Howe [2] 
constructed the coupling of ten scalar supersymmetric multiplets to d = 2 supergrav- 
ity. They showed that the theory is conformally invariant and describes the d= 10 
Neveu-Schwarz-Ramond [3] string model [15]. From the d=2 point of view this 
theory is a locally supersymmetric o-model in which the scalar manifold is a d= 10 
flat Minkowski space-time, M,, = ISO(9, 1)/SO(9, 1). In this paper we consider the 
generalization of this model in which the scalars parametrize an arbitrary riemann- 
ian manifold. In such a generalization, a Wess-Zumino term [4-6] is coupled to 
d= 2 supergravity. This model furnishes a covariant description of a string moving 
in curved space. In particular when this space is M, X G where M,, is d-dimensional 
Minkowski space-time and G is a compact group manifold, the characteristic size of 
G is quantized in units of the string tension [7, 8b], while restrictions on d arise, due 
to the requirement of Lorentz invariance in M,, of the quantized theory. 

These results are relevant for the reduction of the critical dimensions in which the 
String theory can be consistently quantized. Recently, in refs. [7] and [8b] it was 
shown that the critical dimension for the bosonic string is given by 


dg 


ge 0S + ¢,/2IK| 


(bosonic string) , (1.1) 


where d, is the dimension of the group G, k is an integer and c, is the eigenvalue 
of the second Casimir operator of G in the adjoint representation (see eq. (1.3)). 
Extending this result, in ref. [7] it was conjectured that the critical dimension for the 
fermionic string is given by 


dg 


2 
eco a tee ae 


td, (spinning string) . (1.2) 


The value of c, for Lie groups is given by 


G SU(n) SO(2n+1) Sp(n) SO(2n) G, F Es E, E, (1.3) 
Ca 2n 4n—2 2n+2 4n-4 8 18 24 36 60° *" 
In this paper, starting from our locally supersymmetric action (see eq. (2.1)) we 
quantize the theory in the light-cone gauge, rederive (1.1) and verify (1.2). We 
emphasize that the main body of this paper deals with (i) the construction of the 
N=1, d=2 locally supersymmetric o-model with Wess-Zumino term and (ii) the 
derivation of the critical dimension formula for the fermionic superstring based on 
this model. 

The case of k =1 is special, since, as was shown by Witten [9], in this case the 
scalars of the non-linear o-model become equivalent to free fermions. For k = 1, the 
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solution to (1.1) includes G = SU(n), SO(2n), E,, E;, Eg or any product of these 
groups with* 


r=26-d, (1.4) 


where r is the rank of G**. As is well known, for d= 10, E, X E, is a solution of 
(1.4) which was used in the construction of the heterotic string [12]. 
For k = 1, assuming that G is simple, the unique solution to (1.2) is*** 


d=8, G=S0(3), 


d=6, G=SU(3), 


(spinning string) 
d=5, G=SO0(5), 


d=3, G=SU(4). (1.5) 


(Note that d= 4 is not included for any simple G.) All these solutions refer to 
classically and quantum mechanically consistent free string theories. At present it is 
not clear how to formulate consistent interacting string theories based on these 
solutions. 

This paper is organized as follows. In sect. 2 we construct the N=1 locally 
supersymmetric action with a Wess-Zumino term. In sect. 3 we derive the field 
equations and constraints following from the action. In sect. 4 we quantize the 
system and derive the critical dimension formula by the requirement of Lorentz 
invariance in M,,. In sect. 5 we discuss the spectrum of a closed string moving on 
M, x G. For the bosonic case it coincides with that of the string which compactifies 
on r-tori where 7 is the rank of a simply laced group. Various aspects of this 
phenomenon have been discussed by several authors [7, 8a, 19, 20). In the fermionic 
case, we find that massless fermions do not arise for nonabelian groups, in 
agreement with the result of Friedan and Shenker [22]. Finally in sect. 6 we discuss 
some of the open problems. 


* For k > 1, some of the solutions to (1.1) are: d= 7, E, (k = 3); d= 8, SU(5) (kK =15); d= 6, SU(7) 
(k= 5). 

** For a complete discussion see Goddard, Nahm and Olive (and other papers) in ref. [8a]. (It has 
recently been shown [10] that for arbitrary k the O(N) o-model is equivalent to free particles obeying 
parastatistics of order k. Regarding the question of parastatistics in strings see also ref. [11] where it is 
shown that d= 2 + 8/q for a free fermionic theory exhibiting parastatistics of order q. For q = 2 this 
gives d= 6.) 

*** For k> 1, the unique solution (for simple G) is: d= 8, SU(2) (k = 2); d= 4, SO(S5) (& = 2), SU(3) 
(k = 5); d= 2, SO(5) (k= 7). 
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2. A locally supersymmetric action with the Wess-Zumino term 


We construct the action of an N= 1 locally supersymmetric o-model coupled to 
supergravity in two dimensions, where the scalars of the o-model parametrize an 
arbitrary riemannian manifold M. N = 1 supergravity in two dimensions contains a 
zweibein e/ and a gravitino y,. As is well known, in two dimensions these fields do 
not describe physical degrees of freedom. Nevertheless they play an important role 
in that their field equations yield constraints on the scalars and spinors of the 
o-model. 

The full action reads as follows: 


1 a _ 
ef= 2aa’ ~ ign 3,6 9,o/ 8ij— Lix'ye( OP a + Vf, 4,o* x')g,; 
+0,7' yx! 9,67 85, — BY YX XB — BR ii OX! 

B , ij 4p » ij 12° ijkl 


k tk _. 
-e! eae Ou 9,9 0,6! — ——T,X'Y" 5x! 9,0 


l67 
k Siv ks f k? mn Si ksi l 
+ Gag TsaX'X X/YsxX! — 512722 TigmljinX ¥5X X7¥5X 
tk 7 Pe iss k 
+ a Tih’ VX'XW¥sx" |. 


p=0,1, i=1,...,dimM (2.1) 
and is invariant under the following transformations: 
bef = 2ityY,— Aes, 
by, = (4, ~ hutryae)e +iyn— Ay,, 
59g’ = —éx', 
i cap fa yi i jak k il Ss) k 1 i 
bx! = —iy*(9,6'+ ¥,x')e— Di, 8o/ x +7678 Tij(X?¥sx* e+ 4Ax!, (2.2) 


where e(o, 7), (0, 7) and A(o, 7) are the supersymmetry, conformal supersymme- 
try and Weyl scale transformation parameters, respectively. In (2.1) and (2.2) we 
have used the following definitions and conventions. The scalars ¢' (i = 1,... dim M) 
parametrize a riemannian manifold, M, with metric g, j(). The spinors x‘ and Vy 
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are two-component Majorana*. The parameter a’ is the coupling constant of the 
o-model and the coefficient k in front of the Wess-Zumino term is defined such that 
the path integral corresponding to (2.1) is well defined [9] (and last reference in [6]). 


Thus k is an integer. Our Riemann tensor is defined as R‘,,;= 0,Ij, + +++ . Note 
that y" = y%eh(u, a = 0,1). The 3-form T;,, is closed and is the curl of a ena 
antisymmetric tensor b,,(¢) = —b;(¢), which 4 is a function of the scalars ¢: 
Tj = 9 ;bjy, + O4b,; + 9 ;b4;. (2.3) 
ab 


The spin connection, w/, contains the contorsion tensor K,,,,= iv, w'y,. The 
term in 5x' containing the Christoffel symbol I’, has been added so that when it is 
taken to the left-hand side, (5x' + I'j,6¢/x*) transforms as a vector on M, as it 
should since the remaining terms on the right-hand side have the same transforma- 
tion property. Finally, the notation ; is standard for riemannian covariant deriva- 
tives. 

In order to derive (2.1) and (2.2) we proceed in two steps. First we generalize the 
action and transformation rules given in refs. [1] and [2] to the case of an arbitrary 
riemannian manifold, M, with metric g, iC), as follows: 


1 er o 
ef, = ora’ = 3g” ae 3,6’ ij a Lixiy*( a,x! +2, fy 8,0" Xx ‘Vg, 
+0, Vx! 0,6! 85) — Wa YAK Bi — BR ijesXXEKXX'] (2.4) 
and 


Sef = ity, — Aes, 

bv, = (4, -d0ty,,)et iyn—tAy,, 

8g! = —éx', 

éx'= —iy*( a6’ +¥,x')e— W506! x* + LAX’. (2.5) 


Remarkably we find that without any further modifications the covariantized 
action (2.4) is already fully invariant under the local supersymmetry and scale 
transformations given in (2.5). In fact a large class of variations are those which arise 
in either the model of refs. [1] and [2] (g,,*%,,. 8:;=i,;) provided that in the 


* We use the following conventions: Our metric is 9,, = diag(—1, +1). The d= 2 gamma matrices y“ 

(a=0,1) are y°=0, y'=i0, and y5= —o;. We take e = —1, e9,= +1 and x= xTy®. In 
two dimensions the following Fierz relations hold: pA=-~ LOW + Osh) ¥5 — On) and 
V(Ax) = —A(KP) — xCPA). Some further useful relations are: Wels = Bae be™ 1, ps, € = det ef 


and e"’y, = y" ys. 
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variation of the action the derivatives are covariantized with respect to M (e.g. 
d,x' > 0,x' +Tj,4,6/x*) or the globally supersymmetric o-model [13] (3,,= 
Nu» 81; # 1;;)» Therefore one only has to check the cancellation of the new variations 
which do not fall into these two classes. Most cancellations are trivial, the only 
non-trivial ones being those arising from the variation of the zweibein and x’ in the 
Rx* term. These variations give a vanishing result: 


= diy WAR i eiX' xXx! + LR Xx’ (iy’ed,x') 
+ BR Xx x'(iv’ed, x) =0. (2.6) 


To prove this, one must Fierz rearrange x/ and x’ in the second and third term and 
use the fact that 


Ri itX'X*X!Ysx! =0= Ri jeiX'X "Ky! - (2.7) 


This identity is easily proven by noting that R, ,,, is symmetric, whereas the x terms 
are antisymmetric in the pair interchange (ij)  (k/). We thus conclude that the 
action given in (2.4) is invariant under (2.5). 

We now consider the extension of (2.4), (2.5) by adding a Wess-Zumino term in a 
locally supersymmetric manner. A globally supersymmetric Wess-Zumino term has 
been constructed in refs. [5,6]. In the case of local supersymmetry we leave the 
transformation rules (2.5) intact except for 6x’ which we modify to read 


; a oe ae kk, oe 
8x! = —iy"(d,0' + ¥,x!)e— Ti, 86! x* + Teg 8 Tin (X/Ysx*)e. (2.8) 


Note that the k-dependent term in 6x! is precisely the one which occurs in the 
globally supersymmetric model. To obtain an action which is invariant under the 
local supersymmetries (2.5), (2.8), we first covariantize the globally supersymmetric 
Wess-Zumino action [5,6] with respect to the two-dimensional space-time. This 
yields 


k ‘ _ Ik = ; 
e£,= ~ eh eb, 4,¢' 4,9! — ee TX’ Y7Y°X! 0,0" ef 


ij 


2 


TitjeX XX sx! — 8" TiemTjinX VsXK5X'- (2.9) 


a k 
64a 5122? 
We now consider the new variations in £, + £,, given in (2.4) and (2.9), which do 

not arise in the globally supersymmetric Wess-Zumino term of refs. [5] and [6]. One 

class of variations are the terms proportional to T* coming from the variation of the 
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determinant e and of x! in the T?x* term. These variations are 


1 k? 
~ Qna’ | 5120? TigmlyiX YsX XK! Y5X '(2iey\p, ) 
2 
* 89 V72e2 Tigm lt” x 'Ysx XJy,(—iy” ew,X ‘yy. (2.10) 


The Fierz rearrangement of x'x/ in the second term yields two terms one of which 
cancels the first term. The final result is 


eee ik? mai kaj isa¥ 
Saarad Dikmly"X'YSX'X/ 1X BY YSY Wy (2.11) 


In order to cancel this we add to the action the following new term: 


ik 
ON = a Tita XK SX (2.12) 


One can easily show by appropriate Fierz rearrangements that all the x’s in (2.12) 
contribute with the same weight to 6€,. In particular, the T-dependent variation of 
the x’s in (2.12) gives 
ik — og k a 
BX Semis (Tiber V") Ter Timm ™YSX"X YX e | (2.13) 


which exactly cancels (2.11). 

Remarkably we now find that with the addition of ©, given in (2.12) the full 
lagrangian ©=£,+£,+£, given in (2.4), (2.9), (2.12) or (2.1) is invariant under 
the local supersymmetries (2.5), (2.8) or (2.2) without any further modifications. We 
have checked this by a straightforward but tedious calculation which will not be 
reproduced. 


3. Field equations and constraints 


We now study the field equations which follow from the action, (2.1). As 
mentioned in the introduction the scalar manifold is taken to be M, X G. We shall 
see that for a particular relation among the parameters of the theory (see eq. (3.7), 
the field equations for ¢' and x‘ will be completely integrable. The field equations 
for ef and y, lead to constraints on ¢' and x! which generalize those of the 
Neveu- Schwarz-Ramond model. These constraints will play an important role in 
determining the critical dimension for strings in curved space, as we shall show in 
the next section. 
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We first choose co-ordinates appropriate to the product structure M , X G: 


(xe (ee 
e-(*], v-(*}, a=0,1,....d-1, I=1,...,dg. (3-1a) 
y x 


Correspondingly 


lap 0 0 0 


8i;= b,.= 27a 


. é ; (3.1b) 
0 giy(y) ’ 10 pe burly) 


where 7,, is the usual metric in M, and g,, is the G X G invariant metric on G. 
Note that we have introduced an additional parameter R, which is associated with 
the characteristic size of the compact group manifold G. In terms of the coordinates 
x“ and y! the lagrangian (2.1) splits into two parts which are separately invariant. 
One part, &£(M,), depends only on x* and has exactly the same form as the 
lagrangian given in refs. [1] and [2] 


1 a 
e€(M,)= a [— 49%” a,x° 9,x? nup — LIA Y" ONE ag 


+07 y"d4( 0,x*) nag a Ly yp Pn ap | . (3.2) 


The other part &(G) depends only on the group co-ordinates y’, On a group 
manifold G we can take 7,,, to be 


1 1 1 
Thx = plavcli lil fe plareRIRGR = RK ’ (3.3) 


where f,,° are the structure constants of the group G and L%(¢) are the left- 
invariant basis elements on the group manifold G, which are defined by 


1 1 
gd.g= plita ay’, gd,g=- prita a,y’. (3.4) 


Here g is a group element and T° are the antihermitian generators of the Lie algebra 
of G. From (3.3) it follows that T,,, is an invariant 3-form on G and hence that b,, 
is an invariant 2-form (up to a total derivative). 

Using (3.3) and the following relations [14, 13] 


Rigxi= aR! a SKuM > (3.5a) 


RisxiX % BX"x" =3R UKLX'YsX *Xy5x" > (3.5b) 


E. Bergshoeff et al. / Supersymmetric o-model 85 


the Lagrangian £(G) now reads 


e} 71 BY, ka’ —lpe 
£(G)=7 a v' O,y" |g But spe eb 


i ka’ 
Fak vs x’+(th- aartlie) 8 uv *x ‘Neu 


a’? 2 
+ sere nam) ~ 4R4 |xraxtrox! 


1 _ ib. 8 
— v T J eeehtlee v sl.J, 
Sea Wi’ yx! O,Y° Sry Sau! Wu’ VW XX Bry 


ik 8 
Bape IRVV VX WYSX* (3.6) 
We see that for 
= 31k |’ (3.7) 


the quartic x* terms in (3.6) cancel. Without loss of generality we shall always take 
k to be positive. Using (3.7), in the superconformal gauge 


en =f(6, T) or, +,=7,A(o, 7) (3.7’) 


the field equations following from (3.2) and (3.6) are 


=79"9,0,x°=0,  A,=y"d,\"=0, (3.8a,b) 
1 
A,=n" 0,0,y' + d,y7 a, y* (erTh- opel ‘| =0, (3.8c) 
1 
A,=y" agx! + 1*( The 5 hints} a,y’ x*=0, (3.8d) 


As =" y"Ag Ox% + yx! O,y7 Bi + io aqlux?” y*x’x’yy¥sy*=0, (3.8e) 


Ag= Tap =0.x" a,xF + 37?” O,x% a,x") — tidy, Ora 


+g14( Hes ay! a,y” a dn?” a,y,y7) a 3X’ y, a,x? 817 


1 
, aaben a sqrt] any x Bry =0. (3.8f) 
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Note that A, = A,=A,=A,=0 are the physical field equations, while A, = A, = 0 
are constraint equations. The field equation A,=0 corresponds to the variation 
51/Sy! — TK (81/8x*)x7 =0 to ensure covariance. This variation gives the result 
(3.8c) plus a term which vanishes upon use of the x’ field equation. Note that the 
resulting equation, 4,=0, does not depend on x/. Also in (3.8f) the x/ field 
equation has been used. 

It is convenient to rewrite (3.8c) in terms of the bosonic part of the currents 
associated with the right and left translations on the group manifold. These currents 
are defined by 


Jo =H nt + oh”) 0, y LG, (3.9) 
Jit = 3( nh — 0”) 0, y'Rj. (3.9b) 
Furthermore, the following relations will be useful in simplifying the field equations 


[14] 
817 = LULZ = RYRS, 


I a I 1 I a I 1 I 
Dx = LO; La t+ SRK = ~ REAR, FR IaK ’ 


1 1 
a,L5- a,L; + pial =0=0,R5- 0,;R5 = pir Re : (3.10) 


Using (3.9) and (3.10), we can rewrite (3.8c) as 
0, JR? =0, 0,Jf7 =0. (3.11a, b) 


To simplify 4, =A,=A,=0 we now define the components of x’ in the left and 
right invariant basis elements as follows: 


xX°=X'L7, X= x'RG. (3.12) 
It is not difficult to show that the supersymmetry variation of JR* contains 
x7 =1(1+ y5)x% and that of J#* contains x2 = 5(1 — ys)X*. Thus it is natural to 
express equations A,=A,=A,=0 in terms of xf and xR. Again using (3.9) and 
(3.10), from (3.8d, e, f) it now follows that 


y",x2=0,  y*d,x2=0, (3.13a, b) 
i 

(n+ | Apa IX" + XiTR Taploocrtxtrxt | =0, — (3.14a) 
i x 

(nt - )( An 8,x° + KRI4 — ples KARR =0, (3.146) 


Nap( — 9,x% 9,x8 + 4n,,n°? a,x d,x") — iN, OAL 
— LAR, 9,ARa + Nap — 9,97 8,7 + 4n,,0°70, y! 9, y7) 


—hiXty, 0,x1 — HXAY 9X8 = 0. (3.15) 
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Note that the last terms in (3.8d,f) have dropped out, due to the fact that we have 
expressed x/, , in the appropriate basis. 

In summary, the field equations following from the action (3.2), (3.6) are given by 
(3.8a, b), (3.11a, b) and (3.13a, b), while the constraints are given by (3.14) and (3.15). 
In particular, note the presence of the x? terms in (3.14) which are necessary for the 
closure of the super-Virasoro algebra. We will use these equations as a starting point 
for the quantization of the system in the next section. 


4. The critical dimension formula for strings moving on M? x G 


We now solve the free field equations given in (3.8), (3.11) and (3.13). Next we 
quantize the system subject to the constraints given in (3.14) and (3.15). The 
requirement of Lorentz invariance of the quantized theory in M,, puts restrictions on 
the dimensions d and d, of M, and the group manifold G, respectively. These 
restrictions have recently been obtained for the bosonic string in refs. [7] and [8b] 
and conjectured for the fermionic string in ref. [7]. In this section we shall restrict 
ourselves to closed strings. The case of open string can be treated similarly. 

The solutions to the field equations are given by (setting 2a’ = 1)* 


1 
x%(r,0)=q*t pert hi Ly (age 2m + &te“2im(™—9)) (4.1) 


n#0 
ka . 
a.=y2 a Beer re.. , (4.1b) 
n=—oO 
ad ~ . 
Jai Bee, (4.10) 
n=— CO 
00 ~ . 
WH = Yo dte-inr-o) , (4.1d) 
nat — 00 
aa ~ 
AM) SY dae 2in(r+) | (4.1e) 
n=— oO 
oo 
x= Yo Saen2inr-e), (4.1f) 
n=— oo 
ae Be 
x7 = YL Fae Pinr +0), (4.1g) 
n=—O 


* The light-cone coordinates on the string world sheet are defined by gft= it (7+), and those on 


M, by x*= VE (x° + x¢~1), In this section the index i refers to transverse directions on My. 
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where A%()2@) is the single non-vanishing component of A%(A%). In (4.1d) and 
(4.1e) the sums are over integers (half integers) if a periodic (antiperiodic) boundary 
condition for A is chosen, and similarly for (4.1f) and (4.1g). To eliminate the gauge 
degrees of freedom, we use the light-cone gauge defined by 


x*= Ptr, ATMH=0, ATAH=O, (4.2) 
In this gauge, substituting (4.1) into the constraint equations (3.14) and ++ and 
—-— projections of (3.15), we solve for the Fourier components of x” and A’, 


respectively, as follows: 


0 00 
a Slt 2 att Lea Be 
m=— 0 m= — 00 
00 2 
+4 ES (m-4n)di gd tt ES (m—dn) se. 2a) "eh (4.3a) 
m=-— oo m= —0O P 
a, ~ Geen p= 2ap = 2G , = 2a) = 20, 
2 esd 1 oo 
dy =— di_ai+ a_ —_j So SF 
n pt 2a n—-m@ nis n— ant 6vk Fave ft n~m-—l 4 
2 
a. Looe 
n p* n? 


where L, and F, are the same as L, and F, with all the oscillators replaced by the 
ones with tilde. We now quantize this system and compute the central extension 
[7,8a] in the commutator algebra of L, and F,. Demanding the closure of the 
Lorentz algebra requires a special value of this central extension which in turn 
determines the critical dimension. The quantization proceeds by imposing the 
following (anti) commutator relations 


[q', p/] =i8", [ai,, a7] = M8 nan.od”, (4.4a) 
[82.8 i = Fl Bian n Onin: oO 5°”, (4.4b) 
{4in> dj\= OF Seis (4.4c) 
{S4,S?} =8? S,4n0° (4.4d) 
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Similar relations hold for tilde oscillators, and the latter commute with those without 
tilde. In deriving (4.4b) we have used the result of Witten [9] which gives the 
commutator [J4,, J°,]. 
We now consider the commutator algebra of L, and F, given in (4.3). First we 
note that these satisfy the following (anti) Poisson brackets: 
[Ln» Ly lp = (m-n)L 


m+n? 


LF.» L,|p= (m 1n) Fens 
(Fr Fa bp=2Lnen (4.5) 


and similar expressions for L,, and F.,. 

These brackets define a super Virasoro algebra with no central extension. In the 
quantum case one must take care of operator ordering. With the normalization of 
the individual terms given as in (4.3) one finds, however, that the (anti) commutator 
algebra of L,, and F, does not close. By demanding closure, we find that the terms in 
L,, and F,, have to be normalized differently than in (4.3). The resulting (quantum) 
expressions are 


© 
=1 a yt i. 
L,=3 > + By mm: 
m= — 


oO 
fo of 
+4 E (m-tn):di indi: 


: Be mB 
a : Be mB: 
any 2(l+c,/2k) wee-o 
fo a) 
+4 YY (m-3in): S¢_,,82: +(e(d—2) + &dg)s, 0, (4.6a) 
m= — 0 
2 1 
R= ) :d2i_ct——— 
m=~ 0 1+c¢,/2k 
| : gm (4.66) 
x ‘p, wae eee : aN aa apts oY ; 4.6b 
me — 00 6vk i,m=— 0 


where ‘ 
Pee er ay) “5 (bo~ ay), 


Seat = C4 845, 


antiperiodic b.c. for » 
periodic b.c. for A, 


antiperiodic b.c. for x 


4. 
periodic b.c. for x. on) 
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In (4.6a) in order to discuss all the boundary conditions simultaneously we have 
added a constant term to Ly. For the value of c,, see eq. (1.3). One can now show 
that L, and F, satisfy the super-Virasoro algebra [16] 


[L,..L,)= (m= 1) Linn t iem(m? — 1) 8, m+n,o? (4.8a) 
{ Fas Fr} =2Lmint $e(m?— 2) 8nsno> (4.8b) 
[Fn Ln} = (m= I) Fao (4.8c) 
where c is the central extension which is given by 
eed) ei (4.9) 
1+ ¢,/2k 


We now require Lorentz invariance in M,. The only non-trivial commutator is 
[M‘~, M/~]=0. We find that this commutator holds provided that a)= 4 and 
c = 12. Thus follows the following critical dimension formula: 


d=10-~————--}d, (spinning string). (4.10) 


In the case of the purely bosonic string where d!, and S% are absent (and thus 
F,, = 9), the only surviving commutator is given by (4.8a) with central extension c 
which now reads 


dg 


oe (ee eee 
‘ 1+¢,/2k 


(bosonic string) . (4.11) 
The validity of [M‘~, M/~]=0 now requires that ay =1 and c = 24 which implies 
the following critical dimension formula: 

dg 


d= 26 —- ———__ 
: 1+c,/2k 


(bosonic string) . (4.12) 


Finally, we quote the quantum mass formula 
M? = 8(L,— a) — pp’. (4.13) 
For the case of semisimple group G= G, x G, X --- XGp the formulae (4.10) 
and (4.12) are replaced by 
d@ 


2 So 
asi 2 1+ cP/2kM 


i=1 


-B 


P 
~1)'d® (spinning string) (4.14) 
i=l 
d@ 


T+ cf /2KO (bosonic string) . (4.15) 
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5. Mass spectrum 


In this section we study the mass spectrum of a bosonic closed string moving on 
(Minkowski), x G, which will illustrate both gravitational as well as Yang-Mills 
degrees of freedom. We shall comment on the spinning string case at the end of this 
section. 

The quantum mass operator in (Minkowski), of the closed bosonic string is given 
by (see eq. (4.13)) 


ta’M*=N,+ Ngot1, (5.1) 
where 
d-2 © : 
N,=>d Vaio, (5.2) 
i=l n=1 
1 dg ie) 


pie Dae ee hee (5.3) 


a=] n=—0 


No= 304 ¢,/2k) 


N, and Ng are the occupation number operators for the left movers satisfying 
[N,, a,] = —na’,,[Ng, B72] = —nB%. Analogously one defines the occupation num- 
ber operators for the right movers, N, and Ng with a and 6 replaced by & and B, 
respectively. These number operators must satisfy the following closed string con- 
straint: 


N,+No=N,+ Ng- (5.4) 


To identify the mass spectrum we need to study the representations of the 
Kac-Moody algebra [20] of the operators 87. (For a review see ref. {21].) From now 
on, we shall specialize to the case of simply laced G. (The more complicated case of 
non-simply laced algebras has been treated in ref. [21].) Furthermore we restrict 
ourselves to k =1. As for the ordinary Lie algebras every representation is char- 
acterized by a highest weight vector. The basis of the representation space is 
obtained by successive application of the step operators on it. A weight vector 
obtained in this way is denoted by [20] 


1=(A',«,8), J=1,...,rankG, (5.5) 


where A’ are the components of a vector on the weight lattice of G, « is the 
eigenvalue of k (see (4.4b)) and 6 is the eigenvalue of the derivation operator d [20] 
which, in our case, is nothing but (1 — Ng). 

We shall consider the basic representation [20] which is characterized by the 
highest weight /, = (0,1,1). This weight corresponds to the ground state |0). Given 
the highest weight /,, the remaining bases of the representation space are obtained 
by successive application of the appropriate step operators, 8“, ... Be \0) with 
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positive n,...,m. Using the infinite discrete Weyl group, W, Frenkel and Kac [29] 
have shown that the weight vectors of the states obtained in this way must have the 
form (proposition (2.1) in ref. [29]) 


(a’,1,1-p—4a'a’),  p=0,1,2,..., (5.6) 


with degeneracy M,(r) given by 


oO 00 
LY M,(r)x?= T] (’— x?) = 1 text hr(r + 3)x72 + --. (5.7) 
p=0 p=1 


Here r is the rank of G, and a’ is a vector on the root lattice. From (5.6) it follows 
that N,=p + (4a’a’). Thus, eq. (5.1) implies 


1q’M? =p + tala’ -1. (5.8) 


To illustrate the details of the spectrum let us consider the case of M,, X SU(3) as 
an example. The states 8%,,8°,,...8,,|0) are eigenstates of d=1—Ng with 
eigenvalues 1 —(n,+n,+ --- +n,). Hence the states B“,|0) have d=0. These 
have the weights (a,1,0) and (0,1,0) where a@ is a root of SU(3). The six weights 
(a, 1,0) have unit multiplicity each, while the multiplicity of (0,1,0) is two. There- 
fore they form an SU(3) octet. 

The next set of states (corresponding to d= —1) are B2,8°,|) and B%,|0). By 
virtue of the commutation relations satisfied by the B’s, the state B%,|0) is the 
antisymmetric part of 8% ,8°,|0). Thus this state is not independent. 

The states 82,8" ,|0) have the weights (a, 1, — 1) and (0,1, — 1) with multiplicities 
2 and 5, respectively. They therefore form the representation 1®8@8 of SU(3). 
Note that the states 10, 10 and 27 in the product 8 x 8 are not present because their 
weights are not of the form given in (5.6). One can show that they have vanishing 
norm. We have checked that the spectrum thus obtained indeed does coincide with 
the mass spectrum of a bosonic string moving on a direct product of 24-dimensional 
Minkowski space with a 2-dimensional torus. As mentioned in the introduction, 
various aspects of this equivalence have been discussed in refs. [7, 8a, 19, 20}. 

To apply this construction to the case of a closed bosonic string propagating on 
M, X G we need to include 8? as well as a‘, and & in the operator algebra. Since 8 
and B generate two commuting Kac-Moody algebras the spectrum has GX G 
symmetry. 

The ground state |0) here is a singlet of the Poincaré group of M, as well as of 
G x G. It is annihilated by all a’, &,, 8 and B¢ for which n > 1. Hence its mass is 
given by 4a’M? = —1 and therefore it is a tachyonic state. 

The first excited level is massless and consists of the following states: a‘_,&/_,|0) 
containing a graviton, a second-rank antisymmetric tensor and a dilaton; the states 
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TABLE 1 
The scalars obtained by the operation of 8“,, and 8? on |0) 
for the first five levels for G = SU(3) 


Le’ M? States SU(3) x SU(3) representation 
-1 0) | (1,1) 
0 B2,B" 110) (8,8) 
+1 84,8 B2, 84,10) (1,1) + 2(1,8) + 28,1) + 4(8, 8) 


+2 B% B21 BB, B-, B%|0) —4(1,1) + 6,8) + 68,1) + 21, 10) + 2(10, 1) 
+2(1, 10) + 2(10 ,1) + 9(8, 8) + 3(8, 10) + 3(10, 8) 
+3(8, 10) + 3( 10,8) + (10,10) + (10, 10) 
+(10,10) + (10, 10) 

+3 B%, B82, BL Bia (1,1) + 6(1,8) + 6(8, 1) + (1,10) + (10,1) + (1, 10) 

xB" BL, BL, B%,}0) +(10 ,1) + (1,27) + (27,1) + 36(8, 8) 

+ 6(8,10) + 6(10, 8) + 6(8, 10) + 6(10,8) + 6(8,27) 
+ 6(27,8) + (10,10) + (10, 10) + (10,10) + (10, 10) 
+ (10,27) + (27,10) + (10 ,27) + (27, 10) + (27,27) 


a‘_,B4,|0) and &'_,8%,|0) which have spin one and transform in the adjoint 
representation of G X G; and finally there are the scalars B¢ iB * 10) which trans- 
form as (adj, adj) of G x G. For G = SU(3) in table 1 we have given the spin-zero 
states obtained by the operation of 8 and B on |0) for the first five levels. 

For the closed spinning string the mass formula reads: 


lq’/M* =NZ+NO+N¢+NE +4, 
where 


io] 
Ng=1 ¥ n:di,di:, 


nu=—oO 


eo 
NS=1 ¥ an: 84,82: 


n=—-o 


and N@ and N& are given as before with the constraint 
Ng+NG+NE+NS=Ni+NG+ NE+ NS. 


Corresponding to periodic (P) and antiperiodic (AP) boundary conditions, there are 
nine possible sectors. However to simplify the discussion we consider only four of 
these sectors corresponding to the cases where A” and A® (idem x™ and x) 
obey the same boundary conditions. This will not change our results. On table 2 we 
give A as well as the transformation properties of the ground state and the masses of 
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TABLE 2 
The values of A, the transformation properties of the ground state and the mass levels for different 
sectors, corresponding to periodic (P) or antiperiodic (AP) boundary conditions or 
the fermions A* and x? 


"x? A ground state ia’ M? 
f M, 
AP AP -! pers. HOt ot 
and G 

agen see scalarofM, and, pinch ape deg 

16 ( G ) spinor of SO(dg) ie ( G7 > 16 G> i6( ct 8),... 

Gutepe! spinor of M, 1 7 i 
P AP ;,(d-10) ae ig(4 — 10), 76 (d — 2), i¢(4 + 6),... 

; spinor of M, and, : : 
P P ig{d+dg-10) SO(dg) ig(4 + dg — 10), ¢(d t+ dg + 6), 76(d + dg + 22),... 


the first few levels. We can infer from this table that if we desire to have a 
non-abelian group G we cannot have massless fermions, in agreement with the 
result of Friedan and Shenker [22]. To clarify this, note that physical fermions must 
have periodic boundary conditions in Minkowski space-time and therefore are 
contained in the last two rows of table 2. Thus, supersymmetry in space-time (as 
contrasted to supersymmetry in d= 2) is unlikely to arise in such theories. The only 
possibility for massless fermions is when d+ dg = 10, which when combined with 
eq. (1.2) gives the unique solution c,=0. This would permit only a product of 
U(1)’s (e.g. U(1)* for d= 6)*. 


6. Open problems 


The results of this paper can be extended in the following directions: 

(i) Generalization of our model to spaces other than group manifolds. 

(ii) Generalization to N = 2,4,8,16 supersymmetries in d= 2. The extension of 
our N=1 model to N=2 has been recently obtained [23], though the critical 
dimensional formula has not been derived. (See however ref. [24].) 

(iii) To study, in any one of the models mentioned above, the possibility of 
introducing consistent interactions. 

In this paper, in d-dimensional space-time we have lost supersymmetry. To 
maintain it, one may have to consider models of the type constructed by Green and 
Schwarz [18]. Such models can exist in 3, 4, 6 and 10 dimensions. Recently, Witten 
has constructed the d= 10 Green-Schwarz type action in curved space [25]. Follow- 


* Note that there are two possible G-parity [15] operators in the theories of this type, (— 1)2¥F-1 of 
(-1)?4"-1, These may be useful for suppressing the tachyons. 


E. Bergshoeff et al. / Supersymmetric o-model 95 


ing Witten’s method, we have constructed similar actions in d= 3, 4,6 [26]. In this 
context it is worth remarking that an anomaly-free N = 2, d= 6 supergravity with 
E, X E, X U(1) symmetry exists [17] and may provide a good phenomenological 
model for quarks and leptons. Whether such a theory is a field theoretical limit of a 
string theory remains to be seen. 


We appreciate discussions with L. Alvarez-Gaumé, M. Green, D. Olive, A. Neveu, 
A. Schwimmer, J. Strathdee and E. Witten. 
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The propagation of closed bosonic strings interacting with background gravitational and dila- 
ton fields is reviewed. The string is treated as a quantum field theory on a compact 2-dimensional 
manifold. The question is posed as to how the conditions for the vanishing trace anomaly and 
the ensuing background field equations may depend on global features of the manifold. It is 
shown that to the leading order in o-model perturbation theory the string loop effects do not 
modify the gravitational and the dilaton field equations. However for the purely bosonic strings 
new terms involving the modular parameter of the world sheet are induced by quantum effects 
which can be absorbed into a re-definition of the background fields. We also discuss some aspects 
of several regularization schemes such as dimensional, Pauli-Villars and the proper-time cut off 
in an appendix. 


Introduction 


It is hoped that one or other of the superstring theories! will generate a realistic low 
energy phenomenology.” The low energy physics would be described by an effective 
field theory which must include at least the standard model of electroweak interactions 
as well as the gravitational interaction. The extraction of such an effective field theory 
is a technical problem, the general aspects of which are quite well understood.* Thus, 
if the spectrum of string states is known and if the amplitudes involving the scattering 
of massless states can be constructed, then the low energy behavior of these amplitudes 
can be reproduced by an effective field theory based on massless fields with specified 
interactions. By this means it was found, for example, that the gravitational interaction 
is comprised in certain string theories. 

A different way to extract the low energy theory is couched in the language of 
2-dimensional conformal field theory or ¢-models.* In this approach the string ampli- 
tudes are not needed. Instead, the putative massless string states are represented by 


* Supported by Tomalla-Stiftung und Schweizerischer Nationalfonds 
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background fields whose arguments are the string coordinates, the dynamical variables 
of the 2-dimensional world.* Out of the coherent amplitudes of the 2-dimensional 
system it is possible, in principle, to extract the physical amplitudes. For this program 
to be consistent it is necessary that the 2-dimensional theory should be conformal 
invariant and this implies restrictions on the background configurations. These restric- 
tions take the form of equations of motion for the background fields and it seems they 
are governed by an action principle.*-> The action for the background fields arrived 
at in this way defines the low energy effective field theory. It ought to be equivalent to 
the theory defined by the low energy behavior of the string amplitudes. 

Both methods involve lengthy analysis and neither has been carried very far. Their 
equivalence has yet to be clearly demonstrated. Indeed, there are conceptual uncer- 
tainties in the o-model when it comes to including the effects of string loops. In par- 
ticular, since the conformal anomaly would seem to be a short-distance, or local effect, 
one may ask how can it be sensitive to global features of the 2-dimensional space-time? 
Put another way, a local quantity like the trace anomaly requires a given 2-manifold 
for its definition. How is one to sum this quantity over various topologies? As far as 
we are aware, all computations presented up to now have treated the world sheet as 
a flat infinite space.® At a technical level this banishing of global features is very con- 
venient for computing o-model loop corrections because it permits the use of dimen- 
sional regularization. In our view the matter of finding a regularization scheme which 
both respects the local symmetries (reparametrization invariance) and makes allowance 
for world sheet topology, is an important unsolved problem. An instance of the kind 
of difficulty generated by this neglect of topological constraints in ¢-model calculations 
is the infrared singularity that always appears.’’*-? This singularity is an artefact which 
results from replacing the compact sphere with a noncompact plane. We show that 
the infrared singularity can be dealt with by using heat kernel methods, at least to the 
orders considered up to now. 

The aim of this note is to make a preliminary attempt at o-model computations on 
compact manifolds. We shall consider only the bosonic string coupled to background 
metric tensor and dilaton fields.> Using Green’s functions appropriate to the surface 
we shall attempt to calculate the leading contributions to the conformal anomaly. We 
avoid using the flat space dimensional regularization in this calculation and fall back 
on a proper-time method?!° to regularize the propagator and define coincidence limits 
which is probably adequate for the leading order though not for higher orders. 
Although there is no infrared problem here, there is a normalizable zero-mode of the 
Laplacian which must be dealt with carefully. This results in the presence of a “gauge” 
parameter in the Green’s functions and it is necessary to show that the conformal 
anomaly is independent of this parameter. The coincidence limits of the Green’s 
functions do also depend on the modular parameters t of the surface. Consequently 
the c-model vacuum amplitude explicitly contains t. We show however that the back- 
ground field equations for the massless modes i.e. the gravity-dilaton system are 
t-independent. 

Our results for the gravity-dilaton field equations are identical to earlier calculations 
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based on flat space dimensional regularization. However if a proper-time cut off or 
Pauli-Villars regularization is used we must define the measure of the path-integral 


properly in order to agree with the predictions of the dimensional regularization. This ~ 


is discussed in Sec. 4. 

The plan of this paper is as follows. Section 2 contains a brief recapitulation of the 
a-model formalism. This includes the leading terms in a normal coordinate expansion”’® 
of the Fradkin-Tsytlin® action and a discussion of the Feynman graphs which are 
relevant. Section 3 gives suitably gauge fixed Green’s functions. Here we also consider 
the various coincidence limits. In Sec. 4 the leading contributions to the conformal 
anomaly are computed. In Sec. 5 we present our conclusion. 

In Appendix A the various regularization schemes are discussed in detail. In Appendix 
B we give a derivation of the full regularized scalar Green’s function on S*; 


2. Generalities 


To fix the notation we present here a summary description of the closed bosonic 
string coupled to background metric tensor and dilaton fields. The dynamical variables 
are the string coordinates X‘(o), i = 1,..., D and the Euclidean signature metric, y,¢(o), 
a, B = 1, 2 where a = (c',07) labels a point on the world sheet (which is taken to be 
compact with Euler number y). The action functional of Fradkin and Tsetlyn*:"" is 
given by 


1 ‘ a’ 
S=7 | Poy [772.x'04X 20414) - = R000] (2.1) 
me’ Ju, 2 


The background fields g,(X) and (X) represent the space-time graviton and dilaton, 
respectively. 

In principle one should regard X‘ and y,, as dynamical variables on the same footing. 
In practice the metric y,, plays a secondary role. Firstly, by exploiting the general 
covariance it can be reduced, at least locally to the conformally flat form 


Vag = eP ap (2.2) 


where p(c) is a real field. The first term of (2.1) is conformally invariant and hence 
independent of p. The second contains p explicitly, but this is deceptive. A principal 
aim of the program is to ensure that p drops out of the final amplitudes or, in other 
words to ensure that the quantized theory is conformal invariant.‘ It is therefore usual 
to treat p as an external field rather than a dynamical one. We shall follow this usage 
here. (In a suitably regularized theory p would probably have to be treated as a truly 
dynamical variable at least up to the state where renormalized on-shell amplitudes are 
defined.) 

The quantum field theory based on S starts with the geodesic coordinate expansion”** 
of the string coordinates X‘(c) around some classical configuration y‘(a). One writes 
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X"(a) = y'(o) + /2na' E(o) + °° (2.3) 


where ¢!(c) represents the quantum fluctuations. On substituting the geodesic co- 
ordinate expansion (2.3) into (2.1) one obtains 


S=S,+S,+5,+°°: (2.4) 


where S, includes the terms of order ’, 


1 ; si 
So =a [eos E Fay apyigyly) — = R,0)0()| : 


1 1 
S2= [eos Face + 57 RarceVey?S?SVpy" 


-Eronererv.to |, 


J 2na! 2 
8, = { #Po/y [ Fe Rasese Vey VpV EEE + 5/2 Rare PVaY" SE WS 


(2n0')>? 
48n 


RIGIVNV.OEE | , 
2 1,08 1 azbre d 1 arbre dxe 
Sy = | dov/y| may" 4 RarcaVa*e°E°Wp6% + 7 RereareVay"S?S°Vp6*s 
1 
+ 74 (Ratedies + AReaRerd Var Wa rtererere} 


mo’? axbyerd 
-B R2(y)VaVyVeVaPererd ee |, (2.5) 


etc. To simplify the writing of these expressions we have introduced an orthnormal 
basis e;*(y), a = 1, 2,..., D in the target space. In terms of this basis we have 
94 = ee; Sup , 
Vay" = a,y'e;*, (2.6) 


Vio7 = 0.6% + dy'wprs?, 
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where «/? is the target space (Riemannian) spin connection. Covariant derivatives of 
target space quantities such as R,,,, employ this connection. In (2.5) all dependence 
on the derivatives 0, y' is explicit. 

The first order term, S,, is not included in (2.4) because, of course, the configuration 
y‘(c) must minimize the classical action: it must satisfy the equations 


an 
vy 


where Tj,(y) is the target space connection in a coordinate basis. Generally, this 
equation must be solved on the world sheet M, with punctures corresponding to 
emission vertices. At these punctures suitable boundary data, characterizing the emitted 
states, would have to be supplied. 

Amplitudes in the quantized theory are given by Feynman path integrals, 


: a’ : 
(a/v apy!) + yp day" Opy' Thy) = — 7 Rataa Oy (2.7) 


e~” = Const. fa déjeS, (2.8) 


Thus defined, W is a functional of g,, ® and, through y(o), of the boundary data which 
specifies the scattering process. With respect to the 2-dimensional quantum fields, &', 
the functional W is just the connected part of the vacuum amplitude.'° The first few 
terms in its loop expansion are shown in Fig. 1. 


W e 1 
\ ' —— = 


Fig. 1. Graphical representation of the connected part of the vacuum amplitude for the 2-dimensional 
quantum field theory defined by the action (2.4), (2.5). Lines represent the propagator corresponding to S,, 
the single dot represents the classical contribution, Sp, and the circle without vertices represents the one-loop 
contribution in Det S,. 


The propagators and vertices needed for the construction of W are defined by the 
functionals, S,, S;,... listed above. In particular, the propagator defined by the path 
integral 


G*(a,0') = [ maeneroreroye® (2.9a) 


must satisfy the equation 


345 


672 S. Randjbar-Daemi, A. Salam & J. A. Strathdee 


1 
| -3.9° + 9? RascaVaY" Vey? — TROV.2 | GS (o,0') = eis 6,(0, 0’) — const. 
? 


(2.9b) 


where 6,(0, a’) is the delta function on the manifold M. It is a scalar density. 

To justify the loop expansion it is necessary that the successive terms in (2.4) should 
be small. Presumably this is obtained when the background fields, g,, and ®, are slowly 
varying on the scale of the slope parameter, a’. We shall assume that Ja! Gy,x and 
Ja’ 6,® are small. We shall also assume that the derivatives 0, y‘ are small in the sense 
that bd,g,(x) and bd,®(y) are small where b measures the “size” of the world sheet, 
R,(y) ~ 1/b. Of course, this is a somewhat artificial consideration since the final theory 
is supposed to be conformal invariant, i.e. independent of b, but it gives a useful 
ordering principle at the intermediate stages of the calculations. With these assump- 
tions it is straightforward to obtain the leading terms in the expansion of W in powers 
of the small quantities 


a’ Rarcar /2',@ and (bV,y)*Rasca- 


The results are collected in Sec. 4. 

A necessary ingredient for these computations is an explicit representation for the 
Green’s function on M,. There are some technical subtleties connected with the 
separation of zero-modes. These are reviewed in Sec. 3. 


3. Green’s Functions 


The Green’s function defined by (2.9) involves the background fields, g,, and ©. If 
these fields are slowly varying then an expansion is called for. The zeroth order term 
will be essentially the kernel of the Laplace-Beltrami operator on a compact manifold. 
The purpose of this section is to review some of its properties and derive its various 
coincidence limits. 

The first point to observe is the that the path integral (2.9a) is ill-defined owing to 
the presence of zero-modes. The action S,, in the absence of background fields, is 
invariant under the shift, 


O*(o) > O(a) + c® (3.1) 


where the c*, a = 1, ..., D are independent of o. This means, for example, that the 
average over M, of ¢°(c) is not determined. It is a “gauge dependent” quantity. The 
gauge transformations (3.1) are quite trivial, and one hardly needs the Faddeev-Popov 
armoury to deal with them. Indeed it is simple to show that a suitable gauge fixed 
action is given by 


2 
S, = ; [eo vrveaeraye + sl [azo/ve" | (3.2) 
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where f is a constant. One must ensure that the gauge parameter, f, does not appear 
in any observable quantities.* 
The Green’s function corresponding to (3.2) can be represented by the path integral 


G%(o,0') = | (Tde)e*(a)E"(o')e“*?. (3.3) 


Amore precise expression is obtained by expanding the fields in a discrete orthonormal 
basis, 


&4(a) = )) onu,(o) (3.4a) 
where the coefficients £2 are defined by 
Es | d?o,/yu,(a)E(o), n=0,1,.... (3.4b) 


Choose the functions u,(o) to diagonalize the action (3.2), i.e. 


1 


Jy a (./ vy"? Opty) = Arup . 
The zero mode, n = 0, is given by 


Cee = 


JV 
where V is the area of the manifold, M,. The action takes the form, 


pV 


1 
S,= 3 2, AEay + > oy’. 


Integration of (3.3) then leads directly to the series representation, 


G”(c,0') = 5% (x, jzmleuy(e + 5) (3.5) 


in which the gauge dependence of G is manifest. It is clear that this Green’s function 


* Although it will not be important for the limited calculations of Sec. 4, we should point out that the 
transformation (3.1) is a symmetry of the free action only. It is the linearized remnant of the target space 
general coordinate transformations with respect to which the action (2.1) is invariant. The zero modes would 
in general correspond to symmetries of the background field configuration {killing vectors of g,,(X), (x)). 


547 


548 


674 S. Randjbar-Daemi, A. Salam & J. A. Strathdee 


is symmetric under the interchange of o with o’ and that it satisfies 


1 
- Fuee) = ¥ ualo)ua(o') 


= na a’) — 5 : (3.6) 


v9 


Now consider the case of the sphere. Here it is quite useful to project onto the 
complex plane, defining 


z=./2b cot sel 


where b denotes the radius of the sphere and 0, ¢ are the usual polar angles. With this 
parametrization the south pole, 9 = x, maps to the origin, z = 0, and the north pole, 
6 = 0, maps to the point at infinity. The line element takes the form 


ds? = (3.7) 


Equation (3.6) now takes the form 


1 

— 206,0;G(z,Z) = 6,(z,Z) — Say Sasa (3.8) 
anb(1 + a 
It is solved by” 
92 

G(z,2') = — pa are + const. z #2’ (3.9a) 

(1 : a) (1 ss or) 
G(z,2)|,=7 = hie (3.9b) 

2, 2)\z=2° = 4n ’ . 


where ¢ is a short distance cut off. (The form (3.9b) is dictated by the rotational 
symmetry of S?.) 

As was to be expected this propagator is bounded for z — 00, but has the usual short 
distance behavior. The constant could be evaluated by integrating (3.9) over the sphere 
and comparing with (3.5). 


> See Appendix B for derivations. 
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Consider the case of the torus. The torus can be represented by a parallelogram in 
the complex plane 


z=o'4+1o? Imt>0,0<oa',0? <1 
with opposite sides identified. The line element is flat, 
ds* = dz dz. (3.10) 


The area of the torus is given by 


1 1 
Ve | do’ | do?, /y 
0 0 
=T). (3.11) 
Equation (3.6) for the Green’s function takes the form 


—40,0,G(z,z') = * 64(2,2' aus (3.12) 
2 


T2 


It must be solved subject to periodicity conditions, z + z + 1 and z > z + t. In terms 
of real coordinates (a', a”), the solution can be represented as a double Fourier series, 


G(z,z') = oat yy |tn, — nz"? exp 2xi(n, 01 + n,0?) + const. (3.13) 


where the sum over integers n,, n2, excludes the point n, = n, = 0. This result can be 
expressed in a manifestly modular invariant* form, 


6,(z = 2’, t) 


Z#z' 
n(t) 


1 1 
G(z, z’) = dz, (me = 2'))? = an 
(3.14) 


1 1 
G(z, z,£) = —q, ine = 7 lnla(a)I, 


* The modular group of the torus is generated by two elements with respect to which t and z transform as 
(t,z) > (t + 1,z) and (—1/z, z/t). The invariance of (3.14) follows from the identities, '? 


9, (z,t + 1) = exp(in/4)0, (2,7); a(t + 1) = n(2) 
O,(2/t, —1/t) = —(—it)'? exp(inz?/2)6,(z, 7) 


‘In(—1/2)| = It? n(e)| 
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where 0, is the odd Jacobi theta function and y (z) is the Dedkind function, defined by 
n(t) = q°?* I (1 — q”) 


where g = exp(2zit). 

For the lowest order calculation of Sec. 4, the full propagator is not needed, only 
some coincidence limits. These require the adaptation of some regularization scheme. 
Since most of the specific aspects of the string physics are intimately related to the 
2-dimensionality of the world sheet it is preferable to use a scheme of regularization 
which preserves this basic feature. The heat kernel method is ideally suited for this, as 
the compactness of the surface and the presence of the normalizable zero modes can 
be readily treated in this scheme. (Other regularizations are discussed in the Appendices 
A and B.) 

Following Polyakov! we define the regularized propagator by 


G(a,0';8) = > ane ehh (3.16a) 


In the conformal coordinates (2.2) the p-dependence of G(a, a; 2) has been worked out 
by Polyakov.!* From the calculations on S? and T? it seems likely that on any surface 
(see also Appendix A) 


G(o, 0; £) = —zine +5 P(e) + g(t) (3.16b) 


where g(t) is independent of o and ¢ and depends only on the modular parameters. 
For instance comparison with (3.14) indicates that for T? 


1 
g(t) = ——InIn()]. 


For a higher genus surface g(t) can be read from the explicit formulae of Ref. 17. 
Next we show that G(o, o; s) and the coincidence limit of the heat kernel are the only 
ingredients needed to obtain the derivatives of G in the coincidence limit. 
From (3.16a) it follows that 


V,G(c, 0’; £)|,=5 = =V,G(a, a, €) (3.17a) 


1 
2 


1 
V.V,G(o, 0’; &) jee = 3V G6, 0,&) + K'(o,¢; 8) (3.17b) 
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where K’(a, 0’; «) is defined by 


K'(o,0';2) = Y. u,(c)u,(o’)e™™* 
0 


nF 
= K(o,0'38) — ua. (3.18a) 
As o—o' and ¢e > 0 we have?® 
1 ; 2) 
K(a, 0’; 2) = —e “rol °c! H(o,0') (3.18b) 
4ne 1=0 


where d(a, a’) is the geodesic distance between o and o’ and H,(o, 0’) are regular func- 
tions with well-defined coincidence limits. In 2-dimensions we only need H,(o,c) = ! 
and H, (0,0) = $R2(y). 


. ts . 1 
The constant u2 in (3.18a) is given by the volume of the surface, i.e. u2 = y As we 


saw in (3.11) for T?, V = t,. Thus the relevant part of (3.18b) is given by 


1 1 1 
K(,0;2)=7 +a RW —7 +t O(e). (3.19) 


Now we summarize the relevant coincidence limits 


1 1 
G(o, 0; 6) = —4q, me + 5, Pl) + g(t), (3.20a) 
6,G(¢, 6’; &) |= = : 6 3.20b 
(4 aM 9 ay aP > (3. ) 
1 
0,0,G(6, 0’; 8) leo = mn? ? + e?°K'(a,0;8) (3.20c) 


1 e7? =e 


~ 6a a Doe rain (3.20d) 
The coefficient of 67:9 on the right-hand side of (3.20d) coincides with a derivation 
based on Pauli-Villars regularization. It disagrees with the one obtained from the 
application of the dimensional regularization (see Ref. 13 and the appendices). 

The leading terms in the vacuum functional W, to be described in Sec. 4, will receive 
t-dependent contributions from (3.20). However we shall show that 1 does not appear 
in the graviton-dilaton field equation. 
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4. Trace Anomaly 


Our purpose here is to examine the leading contributions to the connected vacuum 
amplitude W, defined in Sec. 2. The lowest order graphs are shown in Fig. 1. The 
zeroth-order term, indicated by a dot in Fig. 1, is just the classical contribution, Sp, 
defined in (2.5). The one-loop graph represents In Det A and this can be expanded in 
powers of the background R and V7. Terms linear in these quantities are indicated 
in Figs. 2a and 2b, respectively. Another term, linear in R, is indicated by the 2-loop 
graph in Fig. 2c. A contribution to the anomaly which is independent of the back- 
ground fields also arises here—this is to be cancelled by the contribution of repara- 
metrization ghosts'> when D = 26 and will be ignored in the following. 


OO CO 


(o) (b) 


Fig. 2. First order contributions to the vacuum amplitude. The Green's function G*(G, 0’) |guo is represented 
by a solid line. The vertices in (a) and (b) indicate insertions of the operators 4RasVey*e°6°Vey* and 


a’ . 
“3 pé*eV,V.®, respectively. The vertex in (c) corresponds to 7— ReseaVae "SE V.0%. 


3 


Our main objective is to evaluate the trace anomaly In general this quantity 


Ww 
dp(c) 
should receive contributions from both the variation of the measure as well as the 
variation of the p-dependence of the graphs mentioned above. The latter originates 
from the dependence of G(a, a; £) on p(c) and is the only source of the trace anomaly 
in dimensional regularization. However if we use a proper-time cut off the changes of 
the integration measure under p(c) > p(a) + dp(c) must also be accounted for. To this 
end we must reconsider the formal expression [] d&*(c) in (2.8) which is assumed to 


have descended from [] dX‘(o). 
o,é 


Before the expansion (2.3) the measure must be invariant under the general co- 
ordinate transformations of the target space. Hence for a fixed o we must consider the 
invariant volume element dX (a) (Det gy(X(o)))'?. Now by expanding gy(X (o)) in 
powers of (2.3), viz. 


9y(X(2)) = gy(y(o)) +? A Ras oHo)E' (o) +- 


we see that up to the relevant order in & we can write 


Det gy(X(o)) = expo RyE(0) E40). (4.1) 
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Next we consider'® the variation of []dé% Under p(c)— p(c) + 5p(a) the 


Laplacian A = —e~?°@? changes to A — 25pA and hence its eigenfunctions u,(c) 
change to u,(c) + du,(c). Since €4(¢) is neutral, it follows that 


Sa) = b. Shu,(0) 


= Yi te(u,(o) + 5u,(0)). 


Using the orthonormality of the eigenfunctions u, we can evaluate the Jacobian deter- 
minant and obtain 


Det (5) = Det [a (2 - | #20 épteyu(e\uq(0) 


= exp | - | ao,/y6pt0 x, uote) | . 


The sum in the exponent can be defined by 


X, 4a(7)4,(6) = lim ¥ u,(o)u,(a)e"™* 
a0 s-0 a0 


= lim K'(o,¢; 8) 
e~0 
where K’'(a, 0; e) is the heat kernel. Hence under p(c) > p(o) + dp(a) 


[] ats + [] dee fev rector e.ere, (4.2) 


Up to the relevant order in a’ the combined effect of (4.1) and (4.2) can be summarized 
by the following prescription: 
(i) Replace the action S in (2.8) by S’ 


s=s-a% [eosin o:)ResE*(0)€%0), (4.3) 


where a = 0 in dimensional regularization and a = 1 for a proper time cut off and 
Pauli-Villars scheme. In (4.3) S is given as before by (2.4) and (2.5). 


ow, 
(ii) In evaluating op ignore the changes of |] dés. 


With these preliminaries we can write the regularized expression for W. 
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W = Welt) + [ee] (a y*Vay Vay" — 5/9 Rel) 


4nxa’ 


+E /7K'(0,0:0 Ra Go, 058) 
1 

+ 5/17? Vay" Vey" Retce (6,052) 
a’ 

_ ZVIRaV,V.OG*(, 038) 


+ SV i1"* Reseal B26, 0; 8)G™(0, 0/56) 


+ 0,G% (6, 0’; &)6,G6(o, 0’; Doce | 


1 
= 2 i J 2 a2 
W(t) + fe o| aay 0,¥'gy + «'d* p®) 


1 f 
- 3 2ay'd,y/RyG(o, 0; 8) + 5a V?®G(o, 038) 


+ sR (- G,4'(6, 0’; £)G(a, 0; &) + G,(o, 0’; &)G,(0, 0; &) 


+ Vik'(0,0:016(6,0:8)) | (4.4) 


where W, is the partition function for a flat target space and vanishing ®. In this 
formula we have restored the target space coordinates y' and metric g,. The Ricci 
tensor is defined by Ry = Ry‘. 

The coincidence limits appearing here are to be read from (3.20). The result is 


W= Wot | ao| Aer! + 2'6%p0(,)) 


4na’ 
1. inj wo op 1 1 
+( 5 0Y Oy Ry + 79 pv*® Jq et 57 t+ alt) 


a’ 


+ 16x 


Rd, pa . (4.5) 
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The e-dependent terms can be absorbed in a renormalization of the background fields. 

However up to the relevant order in «’ the conditions for conformal invariance, = =0 
are insensitive to these renormalizations.® 

To evaluate - it is necessary to bear in mind that the p-dependence in (4.5) is not 


entirely explicit. The classical configuration y‘(«) depends explicitly on p because it 
must solve the equation (2.7) or 


Oy! + dytdy'Th = 53709990 (4.6) 


in which p appears explicitly albeit weakly. To the lowest order the explicit p-dependence 
can be ignored and the variational derivative of W takes the form 


sw 


nae rf 4 
ip 7 pao — d,y'd,yiRy) + z(-3R + ve) ap. (4.7) 


It remains to use (4.6) to bring out the p-dependence of 6?® 
@20 = V,V,00,y'd,y/ + 52 p(vo)? (4.8) 


, ; Ww 
substitute in (4.7) and set i = 0 to obtain 


R, — V,V,® = 0 (4.9a) 


4R — V2 —4(VO)? = 0. (4.9b) 


4 In (4.5) we can absorb all t-dependence in the renormalization counter-term, viz. 


a 
gf =Gy+ 7 Reline — 4ng(z)) 
@F = Oy) — “Vvo(ine — 4xg(t)) 


owe 
Up to the relevant order in « the background equations for gf and ®* derived from a = 0 are identical 
Pp 


to (4.9). The above counterterms as well as Wo in (4.5) will yield a new infinity due to the t-integration. It 
has been suggested in Ref. 19 that the regularization of this infinity may be one possible way of incorporating 
the string loop effects in the low energy field theory. 
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Thus—up to the leading order in the o-model perturbation theory—the graviton- 
dilaton field equations are independent of t and hence they will not reflect the effects 
of the string loop corrections. 


8S. Discussion 


Our purpose in this work has been to study some of the features of o-model 
calculations on compactified world sheets. If global properties of the world sheet are 
significant for the low energy theory then it is essential to have regulators that are 
compatible with modular invariance. In general the c-model vacuum amplitude, W, 
depends explicitly on the moduli of the world sheet. In the lowest o-model order, 
however, this dependence drops out of the part of the conformal anomaly containing 
the massless modes of the string. Hence if the vanishing of the trace anomaly is to yield 
the low energy field equations for the massless states of the string these equations—at 
least up to the order considered—will be insensitive to the string loop corrections. 

Within the closed bosonic strings the t-integral of W over the modular space is 
infinite. It is known that for a flat target space the divergences are related to the 
presence of the tachyon as well as the dilaton in the spectrum. In a curved target 
space the t-dependence of W can be absorbed in the renormalization counterterms of 
both ® and g,. The t-integral of the infinite counterterms will therefore interrelate 
the o-model divergences with the string loop infinities. 

In the string application of the o-model the e-dependent part of W can also be 
removed by a trivial rescaling of y,,, namely by replacing p by p + 41n¢. This amounts 


ow 
to a simple change of the integration variable.° It is not difficult to check that the Oe 


is unaltered and hence we obtain the same gravity-dilation field equations as before. 

The possibility of eliminating the e-dependent terms from W indicates that the only 
sources of divergences in the string scattering amplitudes are the modular integrals. 
The o-model infinities are just the artefact of a two-step process of calculation. We 
expect that the above prescription, applied to a superstring theory, should yield a 
completely unambiguous and finite expression for the generating functional of the 
S-matrix elements defined by 


ts y [, du(t) | (dp)e""e-) (5.1) 


where F denotes the fundamental domain in the space of the moduli. 

It may turn out that the most efficient way to extract the low energy physics is by 
examining the low energy behavior of amplitudes for massless string states in a flat 
background.* Generally there are two free parameters, the slope, a’, and the loop 
counting parameter, g. A typical bosonic amplitude in ten dimensions, with E external 
lines would take the form of a sum over loop contributions, 
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T(ky,...5kp) = g?*?4-2 0/225 F(/a'ky,...). (5.2) 
L 


The dependence on «’ is governed by dimensional considerations.* To single out the 
gravitational part, if it can be shown that these amplitudes are consistent with general 
covariance then their low energy forms must be obtainable from an equivalent gener- 
ally covariant field theory. Schematically, this theory would be characterized by the 
action functional, 


1 1 
I~ [ares] = Ray + ag’ + a,g* + ve) + wage Ro + b,g? + ve) 


1 
+a Reo tag ++]. (5.3) 


The numerical coefficients, a,, b,, ... can in principle be obtained by comparing 
amplitudes computed on the basis of (5.3) with the L loop string amplitudes (5.2). 
Of course these amplitudes are not yet well understood for L > 2, and the utility of 
this approach remains to be seen. 

The approach to background field equations by examining the ultraviolet infinities 
of o-models, up to now, has been formulated on a flat noncompact world sheet.® If 
the program is extended to compact manifolds one expects to find new infinities 
associated with the integration over modular variables. The connection, if any, of these 
infinities to the background consistency problem remains to be clarified. In any event, 
to our knowledge, no proposal for obtaining the higher string-loop coefficients,1® 
a,, b,, ..., through an examination of the ultraviolet properties of c-models has yet 
appeared. 

Perhaps one of the more inconvenient aspects of the approach discussed in Sec. 2 
is the involvement of the classical configuration y‘(c) at every step. This is of course a 
well known feature of the background field method. It could be avoided if the variables 
p(c) and X‘(c) were treated on the same footing. One could then define propagators 
for both p and X‘ by expanding the classical action S(p, X) around an arbitrary point 


? : : h 
in configuration space. The quantum action,!° I'(p, X) = S + jin Det G + ---, would 


then correspond to the sum of irreducible vacuum graphs. The advantage of this 
program is that the condition for conformal invariance—including, perhaps, ultra- 


violet finiteness—would be expressed by the equations, of = 0, which would have 


dp(a) 
to be identities in X‘(c) (at least for world sheets without punctures). Before such a 
program can be formulated, however, it will be necessary to have a suitably regularized 


* The canonical dimension of a D = 10 bosonic field is 4. The dimensions of g and @’ are 0 and —2, 
respectively. 
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S(p, X) so that p(o) will not simply decouple as it does from the unregularized classical 
action. 
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Appendix A On Regularization Schemes 


In this appendix we calculate regularized expressions for G(o,¢), V,G(a, 0’) |p=o and 
y?V.VpG(6,0') lane We shall show that for VV'G(a,0’)|,=.: the heat kernel methods. 
yield results in agreement with Pauli-Villars regularization and disagreement with the 
predictions of the dimensional regularization. 

A.l. The basic equations 
On a compact 2-dimensional manifold the Laplace-Beltrami operator is defined by 


1 
A= Tyee) (A.1a) 


with the following eigenvalue equation 


Au, = A2u,, (A.1b) 
[eeVit = bans (A.1c) 
b(o — 
¥. u,(o)u,(0’) = a 2 (A.1d) 
7 Y 
where 6,(0 — o’) is a 2-dimensional scalar density. 
The heat kernel is defined by 
K(o,0';8) = ¥ u,(a)u,(o’ Je. (A.2a) 
We shall refer to ¢ as the “proper time”. It follows from Eq. (A.1) that 
: 0 
AK(o, a’; ) = —3, Kl, o’;6) (A.2b) 


for ¢ +o’ and small ¢ it is convenient to expand K as 
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1 ; 
K(a,0';8) = aor yee 2, e'H,(a, 0’) (A.2c) 


where d(a, o’) denotes the geodesic distance between o and o’. We assume a is close to 
o’ so that there is a unique geodesic connecting them. The functions H,(o, 0’) are 
determined easily in the coincidence limit o = o’. If we substitute (A.2c) in (A.2b) and 
equate the coefficients of the various powers of ¢ we obtain 


H(e,0) = 1 (A.3a) 


H,(o,0) =4R (A.3b) 


1 ‘ ‘ : 
It is worthwhile noting that the power of a on the right-hand side of (A.2c) is 
dimension dependent. It is determined from the normalization condition that in the 


flat n-space 


1 
(4xey"? 


e e-e'P4e —_ §.(0 — 0’). 


A.2. The proper time cut off 
This is a regularization scheme in a curved 2-space and has no infrared ambiguities. 
Following Polyakov we define the regularized G(o, 0’; s) by 


Un(O)Un(O") a2 


G(o,o’;2)= > 5 (A.4a) 
nk An 
and immediately obtain 
V.G(o, 0’; e)lo=e — 4V,G(e, o; é) (A.5a) 
YPVEVGG (00's Nene: = 9°? Yetta) ges 
An #0 n 
= 4V’G(e,0;8) + K(c,0;6) — u2. (A.5b) 


Therefore the knowledge of G(c, a; ¢) and K(o,0;«) are the only ingredients to determine 
the coincidence limits of the derivatives of G. 
To evaluate G(c, a; &) we observe from (A.4a) that 
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| d?o./y5G(6,0;8) = Y. a d?a,/y6u,(a)u,(a)e~"* 
An#O “Ay 


Ban ea 
_— —eé A 
xok 
2 
-ey Bon ait, (A.6a) 
4n¥#0 aan 
If we take the variation to be induced by dy,, = 25p),, then from (A.1a)-(A.1c) it 
follows that 
542 = — 22? [ee Jrépterutorute (A.6b) 
| do ./y5u,(o)u,(o) = - [ae J 6p(a)u,(o)u,(o). (A.6c) 
Hence (A.6a) reduces to 


[ee Jyact.0i0 = 2¢ [eo /reotaVK¢o o38) — 8) ar 5 [eo /y6p(6). 
It follows that 


1 
G(o, 6; 8) = on p(c) + “const”. (A.7a) 


The “constant” in Eq. (A.2a) can contain a fixed function pp, an s-dependent term and 
a t-dependent part. The fixed function p9 can be taken to be the constant curvature 
metric on the surface such that for the metrics which admit isometries—such as the 
rotational invariant metric on S?, G(o, 0; 2) becomes a o-independent constant. Hence 
we may write 


G(o, 036) = 5-(p(0) ~ po(o)) + ate.) (A.76) 


To determine the e-dependence of G(o,¢;£) we can substitute the short distance 
expansion (A.2c) into 


G(o, a3) = {° dt(K(a,0;t) — u2), 
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write [? = |? + {? and ignore [? to obtain 
1 
G(o,o;2) = ——-Ine+°:: 
4n 
Hence (A.7b) may be re-written as 
G(o,0;8) = ~(p(0) — polo)) — 2-1 AT 
> 2) = 5, Pw PAC — 4, net of), (A.7c) 


where g(t) may contain any other constants which may be relevant. 
It can be shown that pp decouples from the gravity-dilation field equations. For this 
reason we have set it to zero in the text. If we do so we obtain 


1 1 
G(o, 038) = —q, ine + 57 Plo) + g(t), (A.8a) 
0,G(6, 0’; 8) |= = : 0, (a) A.8b 
3 teed ana’ = 47 CaPA9); (A. ) 
0,0,G(a,0’ | a2 er etoely2 
7 2 roi f , p2ele 
,0,G(G, 0’; 8) ane én p(s) + dng OO (A.8c) 


The last of these expressions seems to be regularization dependent. We shall show 


1 
below that although the Pauli-Villars scheme yields the same coefficient es of 7p in 


1 
(A.8c) the dimensional regularization produces a value of i In Appendix B we shall 


give an exact expression for the regularized G(c,o’;e) on the symmetric S?. There 
the regularization will be different from all the above mentioned three schemes and 
the value of the numerical coefficient in front of 2? p will be zero. 
A.3. Pauli-Villars 

In this scheme one starts from the following definition of the regularized G 


G,.,(6,0') = G(a,0') — ¥\ c,G,(a, 0’|M?) (A.9a) 


where G(a,0’|M2) satisfy 


6,(o — 0’) 


vy 


The constants c, and M? in (A.9a) are constrained by the requirement that if y,.5 = 5,5 


(A + M2)G(o,0"|M2) = (A.9b) 
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then Gyeg(5, 5), Op Greg(F,0')lg=o° ANd 0,4, Greg(G, 0’ )le=ar are regular functions of ¢. To 
ensure this we must demand 


ve =1, (A.10a) 
¥ c,M2 =0. (A.10b) 


Throughout this calculation we shall work in the conformal coordinates. Then Eq. (A.9b) 
becomes 


(62 — M2e?")G(a,0’|M?) = —6,(6 — 0’). 
G(a, 0’) in (A.9a) satisfies a similar equation with M? replaced by zero. From (A.9a) 


OGreg(F,0') 5G(o,0'|M,) 


” aa r ” A.11a) 
Sle") Slo") ( 
From Eq. (A.10) it follows that 
5G(c, 0’|M?) ‘ 
Nt = —G(0,0"|M2)2M2620G(o", o'|M2). Alb 
0G) (o,0"|M2) (o",0'|M2) (A.11b) 
Hence 
5G,..(0,0'|M2 : 
Great IMF) _ 5° 6, G(a,0"|M2)2M2e?#°"G(0",0'|M2),  (A.L1c) 
dp(o") ; 
5G,..(0,0'|M2 : 
16 = Y ¢,d,G(a, 0"|M?)2M2¢"°",.G(o”, o’|M2). (A.11d) 


Now set p = const. and use the Fourier transforms 


d’p eiP(e-o') 


G(o,0’|M?) = (an)? p? + Mze% (A.12a) 

aah nel o'|M2)lgna: = | os F(pyel@-e"), (A.12b) 
Qug Oa Goal 0 IMPYlave = Seeks vere, (A.12c) 
BOs Gra o'|M2)lewe = | - FYp)e2?-8), (A124) 
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The functions F°, F! and F? can be determined by comparing Eq. (A.12) with Eq. (A.11). 
The results are 


1 


d?q 
f° 220 ——————— 
Ler2M; : j (2x)? (q? + Mye??)[(q — p)? + Mre??]’ Ce 


d*q iq 
F\(p) = M2 ¢2 AE eke A. 
a (P) =) c-2Mre |e @? + Me\[(q—pt+ Mize]? (A130) 


q'(q — P) (A.130) 


d*q 
2 = 2 2p ae ma 
BPs Laer J (2m)? (q? + M?e**)[(q — p) + M?e**] 


We shail eventually let M? > oo. The only surviving contributions will be the first 
few terms in a power series expansion of the functions F°, F! and F?. The results are 


1 
0 
F°(p) re (A.14a) 
F1(p) ——> (A.14b) 
aA Miso Aq” 
Fp) — -—_p? rails M2e?In( 1+ (A.14c) 
Mimo 6 ees M2e?? }° ; 


If we substitute these expressions in Eq. (A.11) and integrate with respect to p we 
recover the same p-dependencies as in (A.8). 


A.4. Dimensional regularization 

Like Pauli-Villars the dimensional regularization is an infinite flat space scheme. 
We start from Eq. (3.6) written in an n-dimensional space with uy = 0. Then we 
evaluate the response of G(o, 0’) to a variation 5y,, = 2),,5p under which 5(/y y%*) = 
(n — 2),/yy%5p. We thus obtain 


(n — 2)4,(6p/y 70g) G(a, 0’) + 0,./y 7% 0,5G(a, 0’) = 0. 


6G 
Set yg = O,g and solve for oe 


5G(o",0’) 


Bays ee ee es (A.15a) 


where A is defined by 
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Alo — 0’) = —dn(o — 0’). (A.15b) 
From (A.15a) it follows that 
dG(o",¢') ee = = 
Oe Ray ae (2 — n)(#4,A(o' — 0))d,A(o — o’), (A.15Sc) 
PM etal Ca = (2 —n)(0’0,A(o' — 0)) 00, A(o — 0’). (A.15d) 
5p() |arno’ 


These equations are similar to Eq. (A.11). Hence we again use the notation of Eq. (A.12). 
and obtain the following expressions for the functions F°, F!, F?. 


q'(q— Pp) 


SET EAT eT A.1 
en or Cer 
F q°(q — p)ila — Phe A.16b 
0-0-0 cram naar em | Mt 
ade (q:-(q—p)?? Ad 
Poem | erg amac peal oe 


where m? is an infrared regulator. It is straightforward to calculate the pole parts of 
the integrals as (2 — n)} > 0. The result is 


PP) a? 5 (A.17a) 
1 ae 

Fe (p) a3 Gy Po (A.17b) 
2 1 , 

F*(p) => — GPa (A.17c) 


These expressions reproduce the same p-dependencies for G(a, a) and dG(o, 0’)\,2,', aS 


in (A.8a) and (A.8b). However the coefficient of 0? p in (A.8c) becomes x instead of 
ie 


Appendix B_ Exact Expression for Regularized G(c, o’) on S” 


On a S? of radius b and with a symmetric metric the eigenfunctions of A are given 
by the spherical harmonics Y,,, (8, ) 
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i+1 
AYn(6,¢) = “+9 y,(0,9). @B.1) 
Hence 
1 Yim (9, P) Yim(9 @') 
G,(0,0;%,9') =- + B.2 
OS I alae DP aaa rar (B.2) 
where « is a constant “gauge parameter”. Using the well-known formulae 
: 21+ 1 
2 Yin(8, 0) Yim(6', 9”) = —G-— Fi(cos w), (B.3a) 
cos w = cos Ocos @’ + sin @sin 0 cos(g — ¢’), (B.3b) 
we get 
1 1 2i+1 
3F,9')=-+— ¥ —— : B4 
CL, 058.0) = 2 + FY Tr Pcos) (B4) 
Now if we write 
2a+1 ee ee 
—— = 1 F B. 
i+ [, a +t) le (B.5a) 
and use the following generating function of P, 
1 a 
= ¥ t'P(cos a) (B.5b) 


/1—2tcos@ +t? =o 


then (B.4) becomes 


1 1 f? 1 1 : 
: Ne ge. = 1 |}, B.6 
et) a 5 4n i a(t m 1G, — 2tcos@ + t? ) on 


It is clear from (B.6) that in the coincidence limit cos@ = 1 the integral diverges at 
t= 1 asin (1 — 2). 
Regularization 

We define the regularized G, by 


1 


1 1 fim 1 
Giga ea eee | ae et | (ey 
enae sta |, (+ ) Grerreres: ) 


(B.7) 
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where é — 0 is an ultraviolet regulator (not to be confused with the heat kernel «). It is 
not too hard to perform the t-integration. The result is 


G,(o, 0’; 6) = const. — sine + ./e? + 2(1 — (1 — cosw)] + O(c). — (B.8) 


Now we can study two limits 
(i) In the coincidence limit ¢ = a’ and cos w = 1 hence 


G,(¢, 0,&) = ~zIne + const. (B.9) 


(ii) If o # o’ we can set ¢ = 0 to obtain 


1 = 
Cow eS in Oh ee (B.10) 
4n 2 
It is easy to show that 
oo _ 72 2 

1 COs _ aed 2d _, (B.11) 

2 |Z| |2"| 

1+ Op? 1+ 2p? 


where Z = ./2b cot 6/2e'# defines the stereographic projection. Substitution of (B.11) 
into (B.10) reproduces Eq. (3.9) of the text. 
To conclude we examine the double derivatives of (B.10) in the coincidence limit 


re | 


0,03G,(c, a; e) = ane> pe 


2p (B.12) 


where 

1 

|Z|? cas 
( + BF 


The right-hand side of (B.12) is different from the prediction of all three regularization 
schemes we discussed in Appendix A. This indicates that there is no regularization 
independent significance in the double derivatives of G(o, 0’) in the coincidence limit. 


e7? = 
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A generalization of Friedmann—Robertson—Walker cosmology to 4 +X dimensions is considered. The space—time mani- 
fold R! x §3 x SK is characterized by two time-dependent scales, R(¢) and a(t). The equations of motion for R anda are 
derived from the 4 + K-dimensional Einstein action supplemented by a one-loop thermal term, corresponding to a gas of 
non-interacting scalar particles. It is shown that in the approximation when T < 1/a the equations of motion admit a solu- 


tion in which the internal space has a constant radius @ while the external R(t) evolves in the usual manner. 


1. Einstein equations. The idea of an internal space 
whose symmetries correspond to the observed internal 
symmetries of low energy physics has received much at- 


tention, recently. It is assumed in this picture that space— 


time has more than four dimensions and that all but four 
of them are highly curved and compactified so as to be 
unresolvable with the energies available at present. The 
relevant distance (measured in units of Planck length) 
would be inversely correlated with the gauge coupling 
constants in the theory. 

As with other questions involving inaccessibly small 
distance scales it seems appropriate to look for casmo- 
logical implications of the Kaluza—Klein hypothesis. 
Were the compact dimensions always compact and 
always so much more curved than the others? If there 
is a temporal evolution of the distance scales, is it com- 
patible with the observed constancy of gauge coupling 
parameters like the fine structure constant? We shall 
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demonstrate that it is indeed possible to maintain a 
mixed internal scale while the external radius evolves 
in the conventional manner. 

To study the cosmological aspects [1] of the 
Kaluza—Klein hypothesis we shall begin by setting up 
a straightforward generalization of the homogeneous 
Friedmann, Roberston, Walker cosmologies for space— 
times with extra dimensions. To be specific we shall 
assume the geometry R! X S3 Xx SK where R! corre- 
sponds to the time dimension, S? to the “large” space 
dimensions and S* to the “small” or internal space 
dimensions. Instead of the sphere S? one could choose 
an open space of constant curvature and, instead of 
the sphere SX one could choose a compact quotient 
space G/H of K dimensions, In any case the metric 
tensor could be presented in the form 


-1 
&un= R(tP'E mn(X) , (1.1) 


a(t)"z,,,(y) 


Reprinted with permission from Phys. Lett. 135B (1984) 388-392 
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where Zn» (x) and g,,,(y) represent metrics on the 
three- and K-dimensional spaces, respectively. The sizes 
of these two spaces are characterized by time-depen- 
dent scale factors, R(t) and a(t). 

The metric (1.1) admits a number of isometries. 
For the case R! X §3 X SK, the symmetry group of 
the group of the spatial section is O(4) X O(K + 1). 
The stress tensor, whose form would be dictated by 
Einstein’s equations, must have the same invariances. 
In the coordinate system where the metric is given by 
(1.1), the stress tensor is 


p 
P8mn ; 
P'Suy 


(1.2) 


Tyn = 


where the energy density p and pressures p, p’ may de- 


pend on time, but not on the space coordinates x”, y*. 


The Einstein equations for the scale factors R and 
a in terms of p, p and p’ can be derived from the action 
functional, 


r= fat*®x(-g)!/2[-G-(n + A] + Pye), 1.3) 


where R denotes the 4 + K-dimensional Ricci scalar, 
G is the coupling parameter and A is a cosmological 
constant. The source term, I, , represents the contri- 
butions of matter fields, vacuum fluctuations, etc. Its 
variation defines the stress tensor, 


By = fattkx(—gy/? 5 eM 9 Ty . (1.4) 


By substituting the O(4) X O(K + 1) invariant 
ansatz (1.1) into (1.3), one can reduce this action to 
the form 


r= farcR,a), 
where the lagrangian, £, is given by 
£= —(232/6) 


X [6R2/R? + 6K (R/R) d/a + K(K — 1)¢2/a?] -U. 
(1.5) 


Here {24 and {2 denote the spatial volumes, 
M3 = 2 R?, Ag = (2nyK*V/29K PK + 1)/2) 
(1.6) 


and U is an effective “potential”. The construction of 
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this potential will be discussed more fully in the follow- 
ing section. It incorporates a classical gravity term aris- 
ing from R + A [and displayed in the first bracket of 
(1.7)] plus terms in the second bracket which arise 
from I’, . The latter has a (one-loop) quantum part 
plus a thermal part depending on entropy, S 


U=(232¢/G)[-6/R?2 —K(K — 1)/a? + A] 


+ (6.23/04 + rS4/3R + tm). (1.7) 


Here og, 7 and { are numerical parameters which can 
be computed. The approximations which go into the 
form of the entropy (S)-dependent term in (1.7) will 
be discussed in the next section, but we believe that 
the given expression should be valid in the regime 


R>1/T>a, (1.8) 
where the temperature T is given by 
T= aU/as ~ $13 )R | (1.9) 


The time evolution of the Kaluza—Klein universe 
is governed by the Euler—Lagrange equations derived 
from (1.5). We now show that for an appropriate 
choice of the parameter A in U, it is possible to obtain 
a solution where the internal radius is constant (@ = 0) 
while the large radius evolves as in standard model 
cosmology. 

The two equations of motion simplify, on setting 
a = 0, to the following: 


a(RR)— 7 R? = 4, G(R7/2,N¢)RIU/AR , (1.10a) 
R~1,(R7R) — R? = G/6K)(R?/2,.2,)adU/aa . 
(1.10b) 


The “energy” integral corresponding to these equa- 
tions reduces, when d = 0, to 


E= (032,/G)(6R2/R2)+ U. (1.11) 


The compatibility of (1.10a), (1.10b) and (1.11) re- 
quires the algebraic relation 


RaU/aR — (2/K)adU/da=E —U. (1.12) 
On taking F = {m, this condition reduces to 
f@=V/u=0, (1.13a) 
where *! 


#1 Eqs. (13a) are the same as those of Candelas and Weinberg 
[2] for the static case considered by them (R = ©). 
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£@) = (Qe /G)[-K(K — 1)fa? + Al + ofa* . 


Determining A and a in terms of G from (1.13a) and 
substituting the results into (1.10b), we obtain, 


(1.13b) 


3,(RR)=—1, (1.14) 
which is solved by 
R? =t(t) — 1), (1.15) 


wire to, the time of err a is given by (1.11), ive. 
t2 =(r/3n2) (G/Q,)s4! 
The expresiion (I 1.15) for R2(r) gives the conven- 
tional Friedmann—Robertson—Walker cosmology for 
the case when the standard three-curvature parameter 
kK equals unity. In the general case, the 6/R2 term in the 
first bracket in (1.7) reads 6k/R2 and the right-hand 
side of (1.14) equals (—k), with appropriate changes in 
(1.15). 
To summarize, if R > 1/T >a, and if A anda are 
determined in terms of G from (1.13a), we find 4(t) 
= 0, while R(#) evolves in the conventional manner. 


2. The free energy. In order to have a meaningful 
expression for the components of the stress tensor, it 


is necessary to derive them from a free energy function, 


F(R, a, T). From F one obtains the energy as a func- 
tion of the entropy, S = —dF/d7, by the usual 
Legendre transform 


U=F + TS=Q2,20(R, 4,8). (2.1) 


If the pressures p andp’ of eq. (1.2) are defined by the 
thermodynamic identity, 


d(Q32xp)= TAS — AypdQ,—Ns3p'dQy , (2.2) 


then as is well-known the conservation of energy , 
Vyt™ Nn = 0, implies conservation of entropy. It fol- 
lows that the Einstein equations deriving from (1.5) 
require that S be independent of time. This was tacitly 
assumed in section 1. 

Since we have no a priori idea of what equations 
of state would be appropriate for Kaluza—Klein cos- 
mology, we shall proceed on the basis of a simple 
model. We shall suppose that the density and pressures 
are due to a gas of non-interacting, spinless particles in 
thermal equilibrium. The free energy of such a system 
can be expressed by a one-loop integral, 


AF =1in De t(-O+ x), (2.3) 
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where y is a mass parameter and C] denotes the 
laplacian on the compact manifold S$! x §3 x SX, 
This manifold is characterized by three radii, 8/27 

= 1/22T, R and a. The expression (2.3) is given for- 
mally by a triple sum over the eigenvalues of —O + yu’, 


X In{(2a7/8)? + m(m + 2)/R? + n(n + K — 1)/a? + y?], 
(2.4) 


where D,,,, is a multiplicity factor. It is equal to the 
dimension of the O(4) X O(K + 1) representation (m, . 
0) X (7, 0, ..., 0) in Gel’fand Zetlin notation, 


Dian = (m + 1)? 


X (n+ K —1)n+K —2(K—-D!. 


The sum (2.4) is of course divergent. But it is easy 
to regularize [3]. For this purpose write 


(2.5) 


d 
InX= 5X ls2o 


“Sec5 i dt 8~! exp(-tX)) 


for each term in the sum. After some rearrangements 
one obtains an expression for the finite part 


BF = Aben f dt t-*~!exp(—tu) 
0 


X o (412 1/6)03(1R?) ox ¢/0?)] . (2.6) 
“we 


where the functions 01, o3 and ox are defined, respec- 
tively, by 


0, (4172/6?)= 24 exp(—e(2mri6)?] , 
o3(H/R?)=2y (m + 1)Pexpl-m(m + 2)1/R?] , 


ox (t/a?) = 2 (Qn+K —1)(n+K —2'(K —-1)in}] 


X exp[—n(n + K — 1)t/a?] . (2.7) 
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These sums converge and define analytic functions on 
the half-plane Re ¢ > 0. At ¢ = 0 they are singular, 


Oo) ~ ple. 03 ~t73/2 > Or™~ 17 K/2 . 

To evaluate the integral (2.6) it is necessary to make 
approximations to the o,. The most important obser- 
vation in this connection [4] is that these functions 


are closely related to the Jacobi Theta functions [5}. 
In particular, 


63(Oliu/n)= 27 exp(—7u) 


= Jnl >> exp [(rr)?u-1y ; (2.8) 


The two series on the right-hand side provide highly 
convergent expansions for the o; around u = °° and 
around u = 0 *?, respectively. In particular, the zero- 
temperature limit corresponds to the term 

oy = (4nt/8?)-1/2 , (2.9) 


and gives 


=o=-4/-_1 
FRaT=0)= 4 (aS 


Xx if dt ¢-5—3/2 exp tu )05(tIR)ox (Wa?)), 
0 


In a similar fashion, the flat space limit, R > ©, of 
the energy density, F, /2n7R, corresponds to 


03 ~AVaRFt 3/2 | (2.10) 
The effective potential of section 1 was obtained 
by assuming R > 8 > a, while the mass parameter u 


for the scalar particles is small (more precisely u < T). 
To derive it, use (2.9) and (2.11) to obtain, 


*2 This seems to be true for the odd-dimensional spheres. For 
the even-dimensional spheres one probably has to employ 


asymptotic series ox(u~K/2(q + pu + yu2 + ---), nearu = 0. 
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R? a 1 of —s/3 
Feng alica { ans 
x (1 +2 2 exp(776?/41)] ag(oe?)| 
s=0 


a d (= 


r -s—3 
“16 & Ts) F duu . ox(u)) 


s= 


~2 f dt 173 2 exp (76/4004 (0?) |2.11) 
0 


The “‘s-regularization” can be safely removed in the 
temperature dependent terms, which converge at t = 
0. It can also be removed in the zero-temperature 
term if K is odd, since the integral involving 0,(u) is 
analytic at s = 0 in that case. (For even K one obtains 
~a—4 Ina in the limit s = 0.) Thus 


Fx Q,(oga~* — % WB 4+ ...), (2.12) 
where 
Neer -3 
Ox =—-——~ J duu” -or(u). (2.13) 
y reel 


In obtaining the second term of (2.12) we have taken 
ox = 1, in effect discarding the exponentially small 
terms ~exp (—86/a). (Otherwise stated, only the internal 
space zero modes are retained in the sum over states.) 
Details of these various approximations will be discuss- 
ed elsewhere. 

The one-loop contribution to the energy, used in 
section 1, is then obtained by taking the Legendre 
transform of (2.12) 


Ux 0f93/a* + r84*/3/R , (2.14) 
where 
7=3(45/40*)123 | (2.15) 


[If there are other species of particles, in addition 

to scalars which circulate around the loop (for ex- 
ample gravitons, gauge particles, or spinors) the numer- 
ical values of the parameters oy and 7 will change.] 


3. Conclusions. It is interesting to confirm that the 
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5. Condensed Matter and Biology 


The papers collected in this final section represent something of a departure 
from Salam’s earlier interests. Almost all the previous papers (save only perhaps 
the very first) deal with the properties of elementary particles. In recent years, how- 
ever, his interests have ranged more widely, encompassing in particular fundamental 
problems in condensed matter physics and in biology. 

In the field of superconductivity, the standard model that has served the test 
of time is the theory of Bardeen, Cooper and Schrieffer (BCS), which provides an 
excellent description of the metallic superconductors. Like the unified electroweak 
theory, the BCS model is a spontaneously broken gauge theory. The symmetry in 
question is ordinary electromagnetic gauge invariance. The underlying theory is 
of course fully gauge-invariant, but the ground state is not. The phonon-mediated 
interaction between electrons leads to a condensation of ‘Cooper pairs’, pairs of 
electrons of equal and opposite momentum and spin. Thus the photon acquires 
an effective mass and magnetic fields are expelled from the superconductor — the 
Meissner effect. 

In the mid-80s the world of superconductivity was revolutionized by the dis- 
covery by Georg Bednorz and Alex Miller of a quite different class of non-metallic 
compounds exhibiting superconductivity up to remarkably high temperatures, well 
over 100 K. The underlying mechanism is not yet well understood; the BCS model 
provides no explanation for their behaviour. 

One of the important characteristics of the materials in question is their an- 
isotropic structure, characterized by two-dimensional copper-oxide layers. The 
electron motion is thus largely confined to two dimensions. It is therefore not 
surprising that theorists have sought an explanation for the curious properties of 
high-temperature superconductors in two-dimensional models. 

There is a remarkable class of models in (2+1)-dimensional space-time, in which 
unbroken gauge symmetry is associated with massive quanta and short-range forces. 
These are the Chern-Simons theories, of which the paradigm is described by the 
Lagrangian density 

L= FF pM = oP AO,A, + j" Ay, (38) 
with Fy, = 0,A, — 0,A)y. Provided the current j4 is conserved, this Lagrangian 
is gauge-invariant up to a total divergence. In two spatial dimensions, the gauge 
coupling e has the dimensions of mass, while the Chern-Simons coupling v is dimen- 
sionless. If space is compactified, v is restricted to being integral by the requirement 
of gauge-invariance of the exponential of the action, exp (i f £d°z). 
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Seifallah Randjbar-Daemi, Abdus Salam and John Strathdee studied some of the 
implications of a theory in which the electrons are coupled to an effective Chern- 
Simons gauge field, in particular computing the finite temperature corrections and 
showing that the Meissner effect present at zero temperature persists at finite tem- 
perature, though as yet it is unclear how realistic the model can be. 

The same authors have also studied generalized spin systems. Systems of coupled 
spins, such as the Heisenberg model of a ferromagnet, have played an important role 
in many-body theory. In such models, each point n of a lattice is associated with 
a spin operator, S("), whose components obey the SU(2) commutation relations. 
Randjbar-Daemi, Salam and Strathdee considered extended models in which at each 
lattice site there is an operator belonging to a representation of a larger symmetry 
group. They derived many interesting features of the models, showing in particular 
that their continuum limits are o-models. 

The other subject represented in this final section is fundamental theoretical 
biology, in particular the question of why it is that most biological molecules appear 
in nature in only one of two mirror-image forms. How did this chirality originate? 
Can it be related to the lack of mirror symmetry in the weak interactions? 

The weak neutral force mediated by the Z particle does give rise to a small 
energy difference between the L and D isomeric forms of molecules such as amino 
acids. A number of authors have calculated this energy difference and found that 
the L form generally has lower energy by an amount of order 107!® eV. This is a 
very tiny advantage, and it is unclear that it would have been enough to ensure the 
overwhelming dominance of the L forms in biological materials — though of course 
one must bear in mind the enormously long time, of the order of billions of years, 
over which such an effect might have operated. 

Salam proposed a radical solution to this problem, namely that a phase transi- 
tion is involved, with a Bose condensation below some critical temperature, as in 
the BCS theory of superconductivity. It seems unlikely, however, that the critical 
temperature could be high enough to allow this condensation to occur on the primi- 
tive Earth, so he suggested that the original selection may have occurred elsewhere. 
This is certainly an intriguing theory, with the merit of being fairly readily testable. 

It is fitting that this selection should end, as it began, with papers demonstrating 
Salam’s penetrating insight, originality and wide interests. 
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A simple gauge theory discussed recently in the literature as a model of high-temperature 
superconductors is examined. The model contains a Maxwell field and a Chern-Simons field 
coupled to fermions in (2 + 1)-dimensional spacetime. This model has been shown to exhibit a 
kind of Meissner effect at zero temperature, which originates in the 1-loop mixing between the 
two gauge fields. We use a euclidean effective action formulation to show that the effect persists 
at finite temperatures. Although a long-range magnetic type interaction arises at non-zero 
temperatures, in competition with the finite range forces which dominate the zero temperature 
interaction, the effect varies smoothly with temperature. 


1. Introduction 


Gauge symmetries in (3 + 1)-dimensional spacetime are normally associated with 
long-range forces such as electromagnetism. In the appropriate circumstances, 
however, the gauge symmetry can be spontaneously broken, in which cases the 
associated force has a finite range. This mechanism is invoked in the BCS theory 
of superconductivity where a weakly attractive force between electrons gives rise to 
a condensate of Cooper pairs. The BCS ground state is not invariant with respect 
to the electromagnetic gauge transformations and the photon, in effect, acquires a 
mass. Magnetic fields are consequently expelled from the superconductor. This 
mechanism is non-perturbative in the sense that the formation of quasi-bound 
states, the Cooper pairs, is an essential feature. On the other hand, it has been 
known for some years that gauge symmetries in (2 + 1)-dimensional spacetime are 
not necessarily associated with long range forces [1]. Here it is consistent with 
unbroken gauge symmetry to have massive gauge quanta. In the lagrangian 
formulation the mass term is represented by a Chern—Simons density, 


1 v 
w= Gerth - aq AAD +j*A,,. (1.1) 


This density is invariant, up to a total derivative with respect to the U(1) gauge 
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transformations, A » A, +4,A, provided the current is conserved, 8, j* = 0. The 
coupling parameter, e*, has the dimensions of mass (in natural units) while the 
second coupling parameter, v, is dimensionless. It is an elementary exercise to 
show that the effective current—current interaction, due to the exchange of a gauge 
quantum, is given by 


| I 25 (—k) fk) — ej (—k) jC) 
Se e pee —-—eE Pe — 
2\ K+ (v/myery |” pe - 
1 1inr er aod 
+5 92 Ze iC —k)K,i,(k) - (1.2) 


This indicates that the force has both finite and long-range components. Both of 
these forces have a parity violating piece with strength w/v. (The long-range 
component in fact describes an instantaneous interaction of the currents — see 
eq. (2.24).) 

The parameter » is arbitrary if the 2-dimensional space has euclidean topology. 
However, if the space is compactified then it becomes possible to consider 
topologically non-trivial gauge transformations under which the Chern—Simons 
term in eq. (1.1) is not invariant. Then, in order to maintain invariance of the 
phase, exp(i/_/”), it becomes necessary to restrict v to be an integer [2]. 

The relevance of (2 + 1)-dimensional gauge theory to the description of high- 
temperature superconductors [3] is suggested by the possibility that the layered 
structure of copper oxide crystals causes the electron motion to be effectively 
2-dimensional. One could then consider (1.1) as an effective lagrangian, in which 
the coupling parameter, e, is obtained by averaging over the thickness of the 
layers 


e*~ a/b, 


where @ ~ 1/137 is the usual fine structure constant and 5 ~ 10~’ cm is a measure 
of thickness. The parameter, v, is not so easy to interpret — it would have to be 
generated by some parity violating effect in the underlying crystal structure. In this 
paper we shall examine a simple model which has been considered recently by a 
number of authors [4, 8]. It contains a fundamental Chern-Simons field, @ yw» Which 
couples to the “electrons” exactly like the electromagnetic A nz: This Chern-Simons 
field should be viewed as a kind of vector excitation of the underlying microscopic 
dynamics. It can be shown that the introduction of a fundamental Chern-Simons 
gauge field coupled to 2-dimensional fermions is mathematically equivalent to 
modifying the statistics of these fermions [5] — changing them into what are called 
“anyons” [6]. It is known that such particles, although otherwise free, can exhibit 
an effective interaction which is caused by their fractional statistics [7]. This is 
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demonstrated by eliminating the Chern—Simons field as an independent dynamical 
variable [4]. Here we shall adopt the point of view that it is more practical to keep 
the Chern-Simons field among the independent variables and treat it as a gauge 
field on the same footing as the electromagnetic field. The electrons will therefore 
obey normal Fermi statistics. It is then possible to carry out perturbative calcula- 
tions by expanding in powers of 7/v, which is to be regarded as a small 
parameter. Using this approach, the authors of refs. [4,8] were able to show that, 
at the level of 1-loop quantum corrections, an effective Chern—Simons type of term 
involving the electromagnetic potential, A,, is induced along with the usual 
ground-state polarization effects. In other words, the photon develops a mass in 
the lowest order of perturbation theory. Specifically, the effective lagrangian 
includes the term 


Vv 
xeite( Aa + 4,)4(4, +4), (1.3) 


along with other bilinear terms involving the electric and magnetic field strengths. 
This phenomenon can be interpreted as a kind of 2-dimensional superconductivity 
with a Meissner effect [4, 8] (finite penetration depth) and a supercurrent which is 
proportional to the Chern—Simons electric-type field strength. 

In sect. 2 we review the model and describe the 1-loop computation in terms of 
an effective action formulation. Although this simple model may be somewhat 
artificial, it is at least arguable that it may be typical of a class of microscopic 
theories which incorporate P and T violation and which lead to an induced 
electromagnetic Chern—Simons term. We have studied the effective interaction 
and shown that there are two independent short-range forces, corresponding to 
the exchange of massive quanta. In the static limit one of these ranges is identical 
to the penetration depth found in refs. [4,8]. The other is generally shorter. 

To test this theory further, we have made a finite temperature computation 
which is described in sect. 3 and appendix C. The results are used in sect. 4 to 
obtain the effective current-current interaction at finite temperature. We find 
that, generally, there are three independent components to the magnetic interac- 
tion, two of finite range, corresponding to the exchange of massive quanta and, in 
addition a long-range component which vanishes in the zero-temperature limit. 
The relative strengths of these interactions vary smoothly with temperature. In the 
low-temperature regime we obtain a formula for the temperature dependence of 
the parameter, A, identified as “penetration depth” in refs. [4, 8] 


1 en, Arn, 
(1-4ye) + 


x om 


ye” 
p? 


where m and n, denote the electron mass and number density, respectively, and 
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y=an,/2vmT ~ 104 K/vT > 1. Notice that 1/A grows with T. Further, we find 
that the long-range component dominates at high temperatures. The two finite 
penetration depths appear to vary smoothly with temperature and, at least in the 
low and high regimes studied in sect. 4, cannot diverge to infinity. There is no 
indication of critical behaviour. However, the shorter of these goes to zero at a 
finite temperature which suggests an instability. (See note added in proof.) 

The failure of the present model in perturbation theory to provide a “realistic” 
description of high-temperature superconductivity, notwithstanding, we believe 
that it may still be possible to develop a more successful version based on the 
Chern-Simons idea*. We have therefore set out our calculations in some detail in 
the appendices. 


2. Effective action 


The model to be considered in 2 + 1 dimensions involves a gas of non-relativistic 
electrons coupled to two independent gauge fields. The latter are represented by 
the electromagnetic potential, A,, and the Chern—Simons potential, a,. The 
lagrangian for this system is 


Bw? 


1 v 1 
w= —-—F Fe 570 a8, + pti Vow — Din Viet Vid, (2.1) 


where the electron field, y, is a two-component spinor whose covariant derivatives 
are given by 


Vw = (3, iA, —ia, yp, 
Vw" = (0, +iA, +ia,)y*. 


The lagrangian of Hosotani and Chakravarty [8] includes a magnetic moment term 
~ F,,* 03, but we shall ignore this for the present. The system described by eq. 
(2.1) can be quantized in the standard way and Feynman rules given for the 
perturbative development in powers of the coupling parameters e? and w/v. In 
principle, one could construct an effective action functional to any given order by 
evaluating irreducible graphs. However, since our main interest lies in finding 
effective field equations for the two gauge fields which are accurate to 1-loop 
order, we shall simply integrate out the electron field to obtain 


1 v 1 
I'(A,a) = —- ree - Tye aay + zi detG(A+a), (2.2) 


* For example, it is widely believed that the finite temperature behaviour of anyon superconductors 
will be of the Kosterlitz~Thouless type. If this turns out to be the case, then the perturbative 
description given here wili not be adequate. 


S. Randjbar-Daemi et al. / Superconductivity 407 


eo CO ie O 


Fig. 1. One-loop ground-state polarization tensor. 


where G(A + a) denotes the electron Green function in a specified background. 
The functional determinant in eq. (2.2) gives the complete 1-loop contribution to 
I’. Higher loop contributions would require the evaluation of graphs involving 
internal A- and a-lines and so would be proportional to positive powers of the 
small parameters e* and 7/v. We shall therefore ignore them. Because of the 
assumed minimal couplings, the 1-loop term is a functional of the sum, A, +a,. 
The introduction of non-minimal terms in eq. (2.1) would destroy this simplicity*. 

The next simplification that we shall make is to assume that the fields A, and 
aj), =a, — ay are small and we shall evaluate [ up to second order in these small 
quantities. Here, the “background” a® represents the ground-state expectation 


“he 
value and corresponds to a uniform Chern—Simons magnetic field. We shall take 


x 
a} =a =0, atm — =, (2.3) 


where /? is a constant to be determined. This background enters both the electron 
propagator and the vertices. It causes the electron energy levels to be quantized in 
units of 1/ml? (Landau levels) and the resulting electron propagator G(a°) is 
neither translation nor rotation invariant. However, it should be recognized that 
the breaking of these continuous symmetries is only a gauge artifact since the 
background field strength, f?, =0,a? — 4,a0, is invariant. Covariance with respect 
to combined rotations, translations and suitable background gauge transformations 
will be maintained (see appendix A). Gauge-invariant quantities such as the 
ground-state polarization tensors will turn out to have the correct spacetime 
covariance. On the other hand, with respect to discrete symmetries, such as the 
reflection x, —Xx,, X, > X>, the background magnetic field is not invariant and 
these symmetries are broken. 

The leading terms in the development of the 1-loop effective action can be 
expressed in terms of ground-state expectation values of the time-ordered products 


* At the end of this section we include the contribution due to an electron magnetic moment, see eq. 
(2.21). 
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of electron current operators 
Tyy= [Px I*(x)(A,(x) + a/(x)) 


+3 f dx dx’ P(x, x')(A,(x) +a'(x))(A,(4') +4i(x’))+..., (2.4) 
where (see fig. 1) 
P#(x) = —(j*(x)), 
Per(x, x’) =i TH" (2)7"(2')) — Ci" (2), (2.5) 
with the current operators given by 
Jo( x) = ere, 
i 
A(x) = see Vi. — Owe), 
iol Xx") = 0, 


1 
Jag X,x') = = Suda * —x')ery, (2.6) 


in which V, indicates the covariant derivative with the background connection a). 
(We are using the minkowskian metric for which j, = —j°, j, =J*). 
The electron Green function, 


Goo X,x') = TH(x)o(x')) (2.7) 


is obtained by solving the equation 
id : V2 |G 6 2.8 
+— xy=- -x’'), 
(i% Im ?] (x, x’) 3(4-x’) (2.8) 


subject to appropriate boundary conditions. It can be expressed by the integral 


dw /« GRY, adi riciod 13 


yet — 20 


G(x, x’) = if 


v,[( 22/1) +k,l]v*[(x3/) +k!) 


w—E, 


x ; yi (2.9) 
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where the functions v,, 2 =0,1,..., are orthonormalized harmonic oscillator wave 
functions. They satisfy the eigenvalue equations 


x 2 
— («+ 3] ~aifoy= eu, 
=(n+3) : (2.10) 
&,=(nt+35 fae : 


The choice of contour C,, for the integration over frequencies is dictated by the 
boundary conditions which define the ground state, viz. 


> eT fenlt— 8) t<t', 
n<N 
y; efenlt—#) t>t’, 
n2oN 


G(x, x’) ~ 


where N is an integer which counts the number of filled Landau levels. Hence the 
contour C,, must pass below the poles at w =e, for n =0,1,..., N—1 and above 
all the rest, n >N. Using this propagator it is straightforward to compute the 
quantities (2.5) 


P(x) =iTr G(x, x’)|,, 


=x, t'=t+0’ 


1 
I*(x) = —(V, - Vi) Tr G(x, x’) ; (2.11) 
2m xxx, t'=t+0 


Fr =i Tr G(x, x')G(x',x), 
1 
r(x, x') = ae Tr(V,.G(x, x')G(x', x) — G(x, x') V,G(2x',x)), 
i 
r"(x,x')=- tat Tr(V, G(x, x') V'G(x', x) — G(x, x') V, V)'G(x', x)) 
+ V'G(x, x’) V,G(2x', x) — V, Vi G(x, x')G(x',x)) 


i 
= 7 ets & — TE G(x, x’) ; (2.12) 


x’ =x, t'=t+0 
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The linear components (2.11) are given by 


P(x) = I*(x) =0, (2.13) 


al?’ 
The polarization components (2.12), being gauge independent, must have transla- 
tion and rotation symmetry. Further, because of current conservation their Fourier 
components can be expressed in terms of three independent invariants*, 


Pi = w5Hy + ie y@1T, + (k75,,— kk, ) Ty, (2.14) 


where w =k° = —k,. The general structure of the invariants IT), H, and IT, is 
considered in appendix B. They are functions of w? and k* but here we need only 
their threshold values 


N N N? 
0, = —mi*, qT=—, ,=-—. (2.15) 
T 7 7m 
These are zeroth-order terms in expansions in powers of (k/)? and (wml?). 

The results (2.13) and (2.15) define the behaviour of the 1-loop effective action 
for small fluctuations of the gauge potentials around the ground state values 
A, = 0, a, = a’. For a consistent determination of the ground state it is necessary 
to satisfy the effective equations of motion 


é6r 66 


=n.ob, —=0, (2.16) 
5A, ba, 


where n, denotes an external uniform charge density representing an average 
density of compensating positive charge. (It is assumed that only the electromag- 
netic potential is coupled to this charge.) The functional derivatives in eq. (2.16) 
are to be evaluated at A = 0, a =a°® where the non-vanishing components are 


N yl N (2.17) 
—{ =”,, -- 5+ =0, : 
ae wl? gl? 
respectively. The first term in the latter equation represents the classical contribu- 
tion 6S/da, evaluated at the point (2.3). It follows that the ground state parame- 


* Where £1, = —e2, = 1. The three-dimensional permutation symbol is defined such that ¢9!? = 1 = 
—€12, etc. Current conservation and rotation invariance alone would allow four independent 
invariants but the lagrangian (2.1) is also PT invariant. 
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ters, N and /? are fixed by the consistency requirement 


N=v and [?= (2.18) 


wn, 
This means, in particular, that the coupling parameter, v, which was introduced in 
the classical lagrangian (2.1), must be an integer, positive or negative. (In the above 
treatment we have assumed that » is positive. Consistency for the case of negative 
v requires merely a change of sign in eq. (2.3) and subsequent formulae.) 

Having dealt with the linear term in the effective action and its role in 
determining the ground-state parameters, we can now combine the polarization 
terms (2.15) with the classical terms to define an effective lagrangian which is 
bilinear in the gauge potentials A, and a_,. 


1 v lyjv\2m 
= 2_ p2\_ , ’ ey ee ae 2 
Ly 502 (Fi B?) Tee aha ay + =(=| oma), 


v\2 ar gp geet 
“Ste! 7, (B+ 5) ey “P(A, +.a4)0,(A, +45), (2.19) 


where the electric and magnetic field strengths are defined by 
E,=9 9A; —9;Ao, B=0,A,-9,A,, 
e; = Aga — d.ay, b =0,a5 — 03a). 


In obtaining eq. (2.19) we have discarded higher derivative terms. Hence this 
lagrangian should be used for the description of fields which are slowly varying in 
the sense 


IE «E, ml%,E«E, (2.20) 


etc. At this point it may be remarked that the inclusion of an electron magnetic 
moment term —y,Bw*o; in the original lagrangian would give rise to a higher 
derivative term in eq. (2.19) 


v 


(=) =e. (2.21) 


With », = 1/2m this term would become significant at longer wavelengths than 
those which are excluded by eq. (2.20) but we shall nevertheless discard it along 
with all the other higher derivative terms. 

From the effective lagrangian (2.19), we can obtain expressions for the gauge 
field Green functions. The procedure for doing this is straightforward in principle 
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but the computations are somewhat lengthy because of the mixing and they are not 
very illuminating. Some of the details are given in appendix D. The main result is 
that the energy spectrum has two branches given by the zeros of the function 


v 
T 


A(w?, k2) = (a) [( ~ 2) My - ~e2n1,\ - (w? - #)/ y( cs “1, +eM) 


+42(Ip +11) (a? -~k),- (=) 0 ven} (2.22) 


which is quadratic in w?. The roots are real and positive if e717, > 0. In the limit 
k — 0 they define the rest energies 


3 vy? 1 7 5 a on \ 2 
13-(=-} i (1- =m, +e M1) (1- =, -e*1) + 4e2I, | . (2.23) 


(It may be remarked that in the special situation, 17, = — IT), the lagrangian (2.19) 
becomes Lorentz invariant as does the function (2.22). In this case the rest 
energies (2.23) can be interpreted as rest masses. In practice, as we shall see, 
IT, « IH], and the system is far from relativistic.) 

The static interaction, mediated by the exchange of zero frequency gauge 
quanta, is governed by the zeros of the function A (0, k”) which is quadratic in k?. 
There are two roots, k2, which are both negative, corresponding to forces of finite 
range. In the relativistic case these ranges are given by the Compton wavelengths 
w,', but in general they are given by quite complicated expressions. The finite 
ranges of the static interaction are a manifestation of the Meissner effect in this 
system. They define two independent “penetration depths”. Since our main 
concern in this paper is to study the temperature dependence of this effect, we 
postpone further discussion to sect. 4, where the finite temperature version of the 
function A (0, k?) is obtained. 


3. Thermodynamic potential 


To obtain a description of the system at finite temperature we shall apply the 
methods of euclidean field theory and the grand canonical ensemble [9]. That is, 
we shall make the substitution t- —iz and regard the real parameter 7 as a 
coordinate on a circle of circumference B = 1/T. Bosonic fields are required to be 
single-valued (periodic) on this circle while fermions are double-valued (antiperi- 
odic). The time components of vectors such as A » and J,, are likewise redefined 


A,7iA,,  Jg>id, 
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and the conjugate electron field ¥* is replaced by w. We obtain the euclidean 
action 


B 1 iv a ee - 
SE = f drf dx] Sa Fa + 5 Funded, + 0 VU + —— Vb Heb — wb |, 
(3.1) 
where é,,. = 1, and the covariant derivatives are defined in the natural way 
F,, =9,A,—9,A,, p,v=r,1,2, 
Ve = (4, —iA,- ia, )¥; 
Vw = (9, +iA, +ia,)e. 


It is important to keep in mind that the components A, and a, are imaginary and 
that # is not the hermitian conjugate of %. Note that the coefficient of the 
Chern—Simons term is now purely imaginary. 

The euclidean action (3.1) contains a new parameter, 4, the chemical potential. 
It will be determined as a function of temperature and the other parameters in eq. 
(3.1) by the conditions of thermal equilibrium to be described. 

A euclidean effective action can be defined in close analogy to the minkowskian 
case discussed in sect. 2. One proceeds by introducing external sources I, and J, 
for the gauge potentials A, and a,,, respectively. Define the functional W(/, J) by 
path integration over periodic boson and antiperiodic fermion fields 


eM = f(dAdady aD)emp| -S*- [a°x( 1,4, +,0,) : 


The averaged fields are defined by functional differentiation 


sw 5W 
ry ey i 


and are to be treated as independent variables. The euclidean effective action, F', 
is then given by the Legendre transform of W 


r®(A,a) =W(1,J) — [?x(1,A, +J,a,)- 


It can be expressed as a loop expansion in which the zeroth term is the classical 
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euclidean action 
r®(A,a) =S™(A,a)+T&(A,a)+.... (3.2) 


The successive terms are represented by irreducible graphs. In the following we 
shall obtain the leading 1-loop terms in a weak field expansion around the constant 
Chern-Simons background (2.3) 


b= fax DE(x)(A,(x) + a(x)) 
+ pf ds dx’ DE( x, x')(A,(x) +.4/(x))(A,(x) + a8(2')) +.... (3.3) 


The coefficient functions in this case are expressed in terms of r-ordered correla- 
tion functions 


P(x) = -(i,()) 5 
PEC) = (TCI (2)) — Ci *)) » (3.4) 
where the euclidean current components are given by 
i(x) = iby, 
* i rae Ve 
ila) = — 5 (UM — Vee), 


Jal x, x’) =0, 


1 = 
Ja(x,x') = - Fy Ont Oal * —x')by. (3.5) 
To evaluate the correlators (3.4) we need the electron thermal Green func- 
tion [9] 
I(x, x) = (TW x)H(2)) « (3.6) 
This Green function is obtained by solving the equation 


(2.- = v= |x ') = -8,(x-x’) (3.7) 
eo aan te OE x,x') = -8,(x-x’), : 


subject to the requirement of antiperiodicity under the translation r > 7 +B. It 
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can be expanded in normal modes 


Val (42/1) + kyl] o¥[(5/)) +k!) 
if,-e, the 


? 


1 dk, . ees 
MEE ge hag? ee Ee 
(3.8) 


where the functions v, are the same harmonic oscillator eigenfunctions that 
appeared in sect. 2. The discrete frequencies, ¢,, are half-integer multiples 
of 27 /B 


1\27 
gn (s+5)=. seZ. (3.9) 


In terms of the thermal Green function (3.8), the correlators (3.4) are given by 


DF(x) = -iTr4(x,x')|,, 


=x,7T'=T+0’ 


PE(x) = (%,- V,)Tr F(x, x’) (3.10) 


jx'=x,7'=7+0 


E(x, x’) = —Tr( F(x, x')F(x',x)), 


1 
DE(x,x') = oa Tr(V,F (2, x')F(x',x) —-F(x,x')V,F(x',x)), 
1 
E(x, x') = - am Tr(V. F(x, x’) V/F(x', x) — V, Vr F(x, x’) F(x', x) 


+0/F(x,x')V,F(x',x) — F(x, x')V, V/'F(x', x)) 


1 
+ oy Ona x — #) TE A(x, 2’) ; (3.11) 


jx =x,7'=7T+0 


where all covariant derivatives refer to the background Chern—Simons field (2.3). 
Some details of the computation are discussed in appendix C. The result for the 
components (3.10) is given by 


-1 2 
P(x) = ay Le (er + 1) : 


TE(x) =0. (3.12) 
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The polarization components (3.11) can be represented by Fourier expansions 


elk (2-#)-iwdt—7) FE (yk), (3.13) 


rsx) 5D fc 


a 


where, since the currents are periodic under r > 7 + 8, the frequencies are integer 
multiples of 27/8 
21s 


ae a sEZ., (3.14) 


Again, because of current conservation and rotation symmetry, there are three 
independent invariants 


Lp =,k IF + e,k ITF, 
GF = 028, 11F + € ITP + (k8;, — kjk, HE (3.15) 


The invariants JTF, JTF and If are functions of w? and k? and we shall be 
interested in their behaviour near w, = k = 0. It turns out that JTF, IF are regular 
there but [Jf has a simple pole at k?=0 in the amplitude with w,=0. The 
results, for w, = 0, are 


1 


eer 4a ist 


zseg 7B(e, — mM) 


ml? 1 8B 
+E (ee + 1)! — Pn + I)sech? $8(e, — a), 
T n 7 n 


1 | 
Hf = —¥ (e%-#) +1) "Fie ar Ln + 1)sech? 1B(e,—-); 
n 


1 - 1 B 
WE=— + Blen—H) Peay ana yo 2 21 ey 
A mm W(2n 1)(e +1) Ton mee & (2041) sech? $B(e, — 12) 


(3.16) 


The results (3.12) and (3.16) define the behaviour of the 1-loop contribution to 
the euclidean effective action for weak long-wave fluctuations of the gauge 
potentials around the equilibrium values A, =0, a, =a}. For a consistent deter- 
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mination of the equilibrium configuration it is necessary to satisfy the euclidean 
equations of motion 


is ind ie 0 3.17 
54, ee ga ot) 


B 


where, as before, n, represents an external uniform charge density. The functional 
derivatives are to be evaluated at A, =0, a, =a}. According to eq. (3.12) the 
non-vanishing components are 


1 = 
ari? (een) Be 1) _ Me; 
1 ai 
PoE Ys (eh 4.1) =0, (3.18) 


where the first term in the latter equation represents the 0-loop contribution. The 
equilibrium value of the magnetic length, /, is therefore given by 


[2 = —., (3.19) 


independently of the temperature. On the other hand, the chemical potential, yw, is 
determined by the equation 


v= Deh 41), (3.20) 


which indicates that the Chern—Simons parameter v is to be identified with the 
thermal average of the electron occupation numbers. (At zero temperature the 
right-hand side of eq. (3.20) reduces to the number of occupied Landau levels in 
the ground state.) 

The coefficients (3.16) determine the bilinear part of the euclidean effective 
action for slowly varying fields 


1 B 
Kl<>,  2mls| «—5. (3.21) 


If we restrict our considerations to fields which are independent of 7 then the 
euclidean action can be interpreted as a thermodynamic potential 


re=,0 (3.22) 
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with 


1 iv ; 
N= fex| sa(8 +B?) + ab + 5(E; + e;) IF (E; + e;) + IF (B + b) 


—ilTF(A,+a,)(B+b)|, (3.23) 


where, because of its pole at k?=0, JIF is to be understood as an integral 
operator. The functional (3.23) can be used to evaluate the thermal averages of 
interaction energies associated with static current distributions. For example, the 
thermal averaged fields A, and a’, associated with an external electromagnetic 
current distribution, /,(x), are obtained by solving the equations 


60 60 
$A(a) > Saray 7 


The value of the thermodynamic potential is then given by the integral 
0,=4/Px1,A,, (3.24) 


which is a bilinear functional of the currents. Some aspects of this computation will 
be examined in sect. 4. 

Next, we give the leading terms in the low-temperature expansions of the 
expressions (3.12) and (3.16). The characterization “low” is taken here to mean 
that the temperature is small in comparison with the level spacing, or 


Bx»mPe=——. (3.25) 


The first step is to obtain an approximate expression for the chemical potential by 
solving eq. (3.20). To this end, we write 
ePlen—H) me yO 1/2)—n (3.26) 
where 
w =e B/mi? p=pml?, (3.27) 


For small w it is possible to expand the right-hand side of eq. (3.21) in fractional 
powers of w 


ré wl -8)_ wrle +1/2) 


Ltwev-") = [pei + O(-)'" 
n r>l1 


, (3.28) 


l-w’ 
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where [p + 3] denotes the positive integer defined by 
p+t=[pt+3]+5, 0<6<1. 
If w is sufficiently small then eq. (3.20) takes the form 
v=[p+ 5] —we + wih + wetre + |, 


and is solved in leading order by 


The chemical potential is therefore given by 


ee eee 


Bem? 2B 


On substituting this result into eq. (3.26) we obtain 


419 


(3.29) 


(3.30) 


ePlen-H) = {ex| Fe (n +i- jlo the Ot /2/mP 4 ). (3.31) 


It is now a simple exercise to find the leading terms in the expressions (3.16) 


NE=> a e7B/2ml? 5 pa (1 - “Fe Pmt ; 
T ml 


2 2B 1 
Sees —B/2mi2 _ —pB/2mi? : 
ans wt! a2 


(3.32) 


These results will be applied in sect. 4 to find the temperature dependence of the 


penetration depth. 


For completeness we now give the high-temperature approximations for these 
amplitudes. When the temperature is large in comparison with the level splitting, 
B <mi’, it is possible to approximate the sums (3.16) by integrals and so to 
evaluate the leading terms in expansions in powers of B/ml?. The details of this 


ee eee a Se vee ef me ee ere 
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computation are given in appendix C. The results are 


2 


fel ee tala] sinh Face... 
= rs - Ja[ ca) (seat - jsecht | + .), 
We — aan ght (Se) (seat - 3 he | 
ne = — roe + ama) smb +...) (3.33) 


where the chemical potential 4 is determined by the formula 


3 


ml? 1/ B B B 
v=ml*p+ oar In(1 + e~8#) — 56 (age feet + of = . (3.34) 


96 


The approximations are valid if 8 /ml? « By. If we impose the stronger condition 
that Bu >» 1 then eq. (3.34) can be solved by iteration to give 


1 
a eer aa (3.35) 


This expression can be used to eliminate 4 from eq. (3.33), leading to series 
expansions in powers of the small quantity exp(—8v/mil7). The steps are justified 
if » > 1, in which case the high-temperature approximations (3.33) can be looked 
upon as expansions in powers of 1/v. 


4. Static couplings of electromagnetic currents 


The euclidean action functional obtained in the last section can be used to 
evaluate the thermal averages of interaction energies associated with static current 
distributions. Here we shall consider only the simplest case, computation of the 
functional WU, J) with J,=0 and J, small. With the understanding that the 
background equations which determine the equilibrium are satisfied, we can treat 
J, as a weak perturbation and determine the response by solving the linear 
equations 


=0, (4.1) 
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where I’ comprises the bilinear parts of the classical and 1-loop terms 
E 3 1 iv ’ ’ 
r =fa x ei fur Faw + ee) 


+ 3 fd’ 3x’ DE(x —x')(A,(x) + a4 (x)(A,(2') +4/(2'))). (4.2) 


On substituting the solution of the inhomogeneous equations (4.1) into (4.2) and 
taking the Legendre transform, as discussed in sect. 3, we obtain the functional 


W(1,0) =FE(A,a) + [oxt,A, 
=5fd'x1,A,, 


an expression which is bilinear in the external current distribution, J,,, 


W(1,0) = 5 fd?xd?x'I,(x)D,, (4-2) L(+) 


1 dk . di s 
= 3p ES appellee Palas kh (es). (4.3) 


Since we are interested here only in static current distributions we shall take 
Lo, k) = 5.oB1,(k) * 
in which case (4.3) reduces to the form 


ak. : : 
W(1,0) = SI GPW BOK) 


=BF(1), (4.4) 


where F(J) represents the free energy of the given current distribution. The matrix 
D,,{x —x') can of course be interpreted as the thermal Green function for the 
electromagnetic field, and the functional F(/) represents the interaction energy 
due to 1-photon exchange, including the effects due to mixing between electromag- 
netic and Chern-Simons fields. We shall show that this mixture simulates the 
exchange of two distinct massive states. One of these states may be interpreted as 


a massive “photon” and its presence is indicative of a kind of Meissner effect. The. 
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other state, which is generally much heavier, probably plays the role of the Higgs 
state, familiar in Landau Gizburg theory, although here it is a vector rather than a 
scalar. In addition, the functional F(/) will be found to contain a long-range static 
magnetic interaction ~ -1,I, /k? which vanishes at zero temperature. 
The equations of motion (4.1) take the form 
1 


5 (KA, ~k,k,A,) + FE(k)(A, +4) =f, 


“u 


a 


Vv 


k,a@', + FE(k)(A, +4) =0, (4.5) 


—-—E€é 
A 
qr tthe 


where the components of IE are given by eqs. (3.15) and (3.16). In addition to the 


static condition, k, = 0, we shall impose the gauge conditions k, A, =k,,@/, = 0. It 
is then a simple algebraic exercise to construct the solution 


The components of the propagator can be expressed in terms of three independent 
invariants, 


D,,= Dg, 
D,;= =D = ak, Dy, 
kjk; 
Dj = (2: Fr |i. (4.6) 


The expressions for Dy), D, and D, are not very transparent and we shall simplify 
their appearance by introducing a number of parameters to characterize the 
low-momentum behaviour of the tensor [6 defined in eq. (3.15) 


a 
Mg=7z+6, WF=c, Mf=d. (4.7) 


These temperature-dependent parameters are defined by the sums (3.16). A 
lengthy but straightforward computation gives 


Do=~3|z2(1~ Ze) +a{1+5(2) (e+em)], 


on FL Sh=Eef (Beale d(z ea) es 
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where A is quadratic in k? 


2 


a w \? w\? k? 2 
A= +c?+ad+ = |(1-2¢} ter +e'd +etbd + (=| od| + (=| (=] e*bd. 
e e v v 


(4.9) 


To gain some understanding of these quantities it is essential to make approxi- 
mations. We shall therefore assume, firstly, that we are in the low-temperature 
regime, B >> ml’, and, secondly, that the Chern—-Simons parameter is large, v > 1. 
The formulae (3.32) then give 


4m myvy\? 
=—yer, b=—(=) (1-4ye), 
w n.\q 
v py? 
c=—(1-4ye’), d=—(1-4ye”), (4.10) 
T rm 


where y = 8/2ml?. Higher powers of e~” and 1/v are neglected in eq. (4.10)*. 
Among the dimensionful parameters e?, n, and m there are two dimensionless 
ratios for which we shall adopt the estimates used by Hosotani and Chakravarty 
[8]. These authors regard the Maxwell lagrangian as a 3-dimensional remnant of 
the standard 4-dimensional theory, obtained by integrating over the thickness, 
5 ~ 107’ cm, of some crystal layer. This suggests the value 


e?~e2/8~(10-5 cm). 


They also assume that the density of charge carriers is similar to the density of ions 


in the lattice 


n,~ (1077 cm)’. 


Finally, they assume that the “electron” mass is the usual one 


m ~ 10! cm7!. 
With these estimates we have 
2 


e n 
= 7 10% and a2 ~ 10°, (4.11) 


and it becomes feasible to make significant simplifications. 
* At zero temperature, y —» 0, we have a = 0 while the coefficients b, c and d reduce to I], [1, and 


—IT,, respectively, given by eq. (2.15). Also in this limit the expression (4.9) reduces to (2.22) 
evaluated at w = 0. 
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Firstly, in order to justify the low-temperature expansions, we should require 
y > 5 (say). This implies 


7 
— = = ~~ <— x10°K. (4.12) 
Secondly, the dominant parts of A are given by 

a ow k2\" 
A= > +c7+k*e-7b + (5 bd 

é ve 

7 \ 2 2 2 2 
= (<=) bd(k? +M2)(k?+M2), (4.13) 


where the masses are given approximately by 


e*;a 
Mi=5(5 +e] 
e?n n. 
= —(1-4ye”) +—~ye”, 
vp \2e? 
w(3 
aw) d 
em 
=—(1+4ye-’). (4.14) 
T 


Here we have discarded terms of order 


w\2dja n 
—) —/— 21.7.2 710-6 
(=) (2+) “5 ~ 10 


is comparison with unity. The value of M2 at zero temperature coincides with the 
formula for penetration depth given by others [4, 8]. Our result gives the low-tem- 
perature corrections and we see that M2 increases with temperature. 

Although, regrettably, this model does not appear to undergo a phase transition 
at finite temperature*, we can define a pseudo-critical temperature at which the 
thermal contribution to the Meissner effect overtakes the zero-temperature contri- 
bution. The two contributions to M2, according to the approximate formula (4.14), 


* One should bear in mind that this is a perturbative result. It is conceivable that non-perturbative 
effects might lead to a qualitatively different conclusion, particularly in the case of small v where 
our methods cannot be applied. (See note added in proof.) 
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Fig. 2. Plot of pseudocritical coupling, v.(y). For v <v, the penetration depth is dominated by the 
thermal contribution. The curve is reliable provided » and y = 1/2ml°T are not small. 


become comparable at a temperature-dependent coupling, v,(y) given by 


7m 
3 ye (1+4ye). (4.15) 


The expression for M2 then takes the form 


2 
vy = 


1 ene ve e 
M?=—*(1+ S|(1—4ye”), (4.16) 


and we see that the thermal contribution dominates for v < v,. The pseudocritical 
coupling v, is plotted in fig. 2 for a range of temperatures. 

The invariant components (4.8) reduce, in the low-temperature regime and with 
the neglect of higher powers of the ratios (4.11), to the following form 


e? e? = 8arn, 
Po BEE * EME me” 
1 ve'n, 7m 
~Dy= ~ pry aes |!-4ve?(2- Se) 
1 vet w\? n, 
* ppm Teme [+ (5) ne 
e? 4am 4am 
~ Daa greagg |i Sever + 8ye7)(1+ Ser] | 
m (4a 4arm a 
+5 (Freres eve n(1+ Save : (4.17) 


In order to have a rough idea of the relative strengths of the various forces 
involved here, we give the energy functional at zero temperature with the 
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Chern-Simons parameter assigned to an intermediate range such that 


Be) eo (4.18) 
«/-|«<-—, : 
7«(=) «3 
which means 1 « »y « 10°. At the same time we restore the real charge density 
I, = il,. The result is 


e 


d’k 
EU Sas at “a ht) 


1 


ve 
+i) aa - at | € ik, 1,(k) 


e 


oe fi Go Ka 


rege): (4.19) 


This indicates that the static force between currents is of intermediate range and 
attractive. There is a two-component force, one of which is longer ranged, between 
charge and current. 
To complete the discussion, we now consider the high temperature regime, 
B «mil?. If v >> 1 then we have, according to eq. (3.35) 
v n. 


=—= 4.2 
ae ea (4.20) 


and the limiting forms of the expressions (3.33) give 


m 1 
a=—, b=0=c, d=——_, (4.21) 
7 127m 


which can be substituted into eqs. (4.8) and (4.9). We obtain 


e 
Disc 
k? + me? /a 
5 1 e/1 1 
1 24 vm | ke? k? + me*/r}’ 
Pe 
Dy=— 75. (4.22) 


The pole at k?=0 in D, indicates the presence of a long-range magnetic 
interaction. This does not imply a phase transition, however. Indeed, the long-range 
effect, which derives from the pole in ITf, is present at any finite temperature. Its 
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coupling strength depends on the temperature and, as can be seen from the 
low-temperature expression for D, given by eq. (4.17), this coupling goes smoothly 
to zero at zero temperature. The pure Meissner effect which is observed at zero 
temperature, for example in the formula (4.19), is certainly compromised by the 
appearance of this pole in the finite temperature amplitude. We must conclude 
that the magnetic field does in fact develop a long-range component along with the 
finite range (~ M7!) component which dominates at low temperature. What we 
have found is that the relative strengths of these components varies smoothly with 
temperature and that the long-range part comes to dominate at high temperatures. 


5. Conclusions 


In this paper we have applied standard field-theoretic perturbation theory to 
calculate thermal corrections to the Meissner effect recently demonstrated in a 
simple model of Chern—Simons superconductivity [4,8]. The calculation is ex- 
pressed in the language of effective action functionals - minkowskian for the zero 
temperature case and euclidean for the finite temperature case. Our main approxi- 
mations are the restriction to weak and slowly varying fields, and the neglect of 
2-loop contributions. The model involves two coupling parameters, e”, with the 
dimensions of mass, and 7/v, which is dimensionless. Both of these parameters 
must be small in order to justify the 1-loop approximation. It may eventually 
become possible to improve on this, extending the range to small values of the 
Chern-—Simons parameter, v, by applying the methods of fractional statistics, but 
we have not attempted such a calculation. In this paper the (2 + 1)-dimensional 
“electrons” are treated as ordinary fermions. 

The mechanism which gives rise to a kind of Meissner effect in this model is the 
induction, at 1-loop level, of a Chern-Simons term for the electromagnetic 
potential. As we have pointed out in sect. 1, the presence of such a term along with 
the standard Maxwell kinetic term leads to a massive photon. Since there are two 
independent gauge fields in this model it is necessary to take account of their 
mixing, which is substantial. There are in fact two massive states representing the 
independent mixtures. Because of the assumed values of the parameters, n,, m 
and e, one of the states is considerably lighter than the other and it is reasonable 
to consider it as the massive “photon”. However, it should be kept in mind that 
there are two independent states which mediate the interaction between currents. 
The Meissner effect in this model is kinematically more complicated than in the 
classic Ginzburg-Landau description. At finite temperatures, the situation is 
further complicated by the appearance of a long-range component in the static 
interactions. We have shown that the relative strengths of the long and finite range 
components varies continuously with temperature. 

It is a great virtue of this model that the electron energies are quantized. The 
level splitting is inversely proportional to the Chern—Simons parameter, v. Rela- 
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tive to this splitting it is possible to define low- and high-temperature regimes, 
where the sums which define the thermal averages can be evaluated approxi- 
mately. For the values assumed in this paper, the level splitting is given by 
(ml*)-!=an,/mv ~ 10* K/v and this means that the physically interesting 
temperatures, ~ 10? K, may lie in either the low or high regime, depending on the 
value of v. If v is very large then we can view the high-temperature approximation 
as an expansion in powers of 1/v. 

It was, of course, a disappointment to find no indication of a conventional phase 
transition in the temperature dependence of the penetration depth. However, this 
conclusion seems to be inescapable. The usual criterion for the existence of a 
critical temperature, manifested as a divergence in the penetration depth, would 
be the vanishing at k? = 0 of the determinant, A(k7), given by eq. (4.9). But the 
value 


a 
A(0) = G +e* +ad, 


where a, c and d are defined by eqs. (4.7) and (3.16), seems to be inevitably 
positive. The coefficient a is given as a sum of positive terms and e7d is relatively 
small. In the high- and low-temperature approximations we have shown that e7d is 
in fact positive. Although we have not been able to show that this is always the 
case it is hard to see how it could become sufficiently large and negative to make 
A(0) vanish. However, our conclusion is based on the 1-loop approximation which 
makes sense only if w/v is small. A more sophisticated approach would be 
necessary if v is small, and the result could well be different*. 

The Chern-Simons parameter must be an integer. This restriction on the 
allowed values of v is based on two independent considerations. Firstly, as 
discussed in sect. 2, the consistency of the assumed ground-state configuration, 
with a uniform Chern-Simons magnetic background, requires that |»| should equal 
the number of filled Landau levels and therefore be a positive integer [4,8]. 
Secondly, the lagrangian density (2.1) is invariant with respect to gauge transforma- 
tion only up to a total derivative. If the theory is formulated on a compact space 
then it becomes possible to consider gauge transformations which are topologically 
non-trivial and for which the integral of the total derivative does not vanish. 
Invariance of the phase, e’’, with respect to such transformations is ensured only if 
v is an integer [2, 8]. On the other hand, we should point out that the temperature- 
dependent radiative correction to v, represented by the coefficient c, are not 
integral. This seems to indicate a breakdown of the topologically non-trivial parts 


of the gauge symmetry. 
* For example, such a difference might come about because of higher order effects. These could be 


estimated by a renormalization group approach which would make the coupling parameters, e? and 
v, into functions of the temperature. 
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It would be interesting to see if any modifications of the present simple model 
are able to exhibit critical behaviour at finite temperature. Even more interesting 
would be the discovery of some explanation, in terms of a more fundamental 
microscopic theory, for the appearance of a Chern—Simons field and its associated 
parameter, v. 


Note added in proof 


After submitting this work we found that our discussion of the high-temperature 
regime was incomplete. We overlooked the fact that the parameter ITF =c 
changes sign (compare (3.32) with (C.24)) at a finite temperature. This implies that 
M2? goes to infinity at this temperature and becomes formally negative at higher 
temperatures. The consequent instability of our translation invariant ground state 
indicates the breakdown of the perturbation scheme and the appearance of a new 
phase. 


We are indebted to E. Witten for a very useful discussion which stimulated our 
interest in this subject. We are also grateful to Y. Hosotani for pointing out an 
error in an early version of this paper. 


Appendix A 


KINEMATICS OF LANDAU STATES 


Because of the presence of a uniform magnetic field, the 1-electron hamiltonian 
is not invariant with respect to rotations and translations. However, because the 
field is uniform it should be possible to compensate for the action of these space 
transformations by means of gauge transformations. In this appendix we shall 
construct the appropriate gauge action and show that the hamiltonian is indeed 
invariant with respect to the combined group. 

The background Chern-Simons field, used in sect. 2, is given by 


a(x) = —x, a,(x) =0. (A.1) 


Here, in order to streamline the notation we shall adopt a system of units in which 
the magnetic length, /, is equal to unity. The action on the Chern—Simons vector of 
an arbitrary space transformation 


X, 7x, =X, cosP+x,sind+e,, 
Xy 7x5= —x,8in@+x,cosd+«,, 
followed by a gauge transformation, is given by 
a,(x) ~ a{(x') =a,(x)cos 0 +a,(x)sin6+0,A, 
a(x) > a5(x’) = —a,(x)sin 0 + a,(x)cosd+9,A. (A.2) 
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In order to have a(x) = a,(x) or, more specifically, 
ai(x')=—x, — a3(x') =0, 
for arbitrary @ and «,, it is necessary to choose 
A(x) = 3 (x? —x3)sin 6 —x,£,. (A.3) 


This is the compensating gauge transformation. The action of the combined 
transformation on the electron field is given by* 


v(x) > p(x’) = eM U(x). (A.4) 
We can define the generators of infinitesimal transformations in the 1-electron 
Hilbert space by expanding eq. (A.4) 
5y(x) =p'(x) - o(x) 
= —ie,Py(x) + idJb(x). 
This gives 
Pip = —id,y, 
Poy = (—id, + x,)y, 
Jip = -i( x,8, —x,0,) yp + 3 (x? — x2). (A.5) 


It is, of course, true that the space group does not commute with the gauge group 
and, in deriving eq. (A.5) we have required the compensating gauge transformation 
to follow the space transformation. The non-commutativity of these groups gives 
rise to a modification of the Lie algebra of the effective invariance group in 
comparison with that of the pure space group. Indeed, from eq. (A.5) it follows 
that 


[P,,J]=—iP,, [P,,J)=iP,, [P,,P,)=—i. (A.6) 


Notice that the “translation” generators do not commute. Instead, they behave 
like canonically conjugate variables. 

It is instructive and useful to replace the original canonical variables x, and 
a; = —10; by the liner combinations, 


Q=7,+2%2, Q=7,+Xk,, 


P=7), p=7}\;, (A.7) 


* We treat the electron field as a space scalar. 
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which define two independent canonical pairs (q, p) and (Q, P). It is a simple 
exercise to express the generators (A.5) in terms of the new variables 


P, =p, P,=4q, 
J=3(q? +p?) -— 3(Q? + P?). (A.8) 


Moreover, the 1-electron hamiltonian becomes 
H=—-(Q?+P?) (A9) 
2m : 


which clearly commutes with the generators (A.8). 

Since the angular momentum is now expressed as the difference of two indepen- 
dent oscillator hamiltonians (one the true hamiltonian and the other a kind of 
shadow hamiltonian that makes no contribution to the energy) it will be relatively 
easy to perform rotation invariant computations by using a basis of oscillator 


eigenstates 
1 (Q-iP\" 1 (q-py\' 
ry) =—|——] =| ——| 10), A.10 
motel Ala. aw 
where the ground state is defined by 
(Q + iP)|0) =(q + ip)|0) =0. (A.11) 


With respect to the coordinate basis |Q,q) the wave functions factorize 
| (Q,aln,r) =0,(Q)0,(a), (A.12) 
where the v’s are expressed in the familiar way in terms of Hermite polynomials 
(Q|n) =v,(Q) = (vr2"n!) "7 H,(Q)e"2"7?. (A.13) 


We shall have occasion to employ a momentum basis |P) as well. These states are 
normalized according to the convention 


(Q|Q") =6(Q-Q'), 
( P|P’) = 278(P—P’) (A.14) 
and the transition amplitudes are given by 


(Q|P) =e'2? (A.15) 
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Appendix B 


THE ZERO-TEMPERATURE LOOP INTEGRAL 


The 1-electron Green function of sect. 2 satisfies the differential equation 
(id) —H) G(x, x’) = —6,(x-x’) 


and it can be expressed in the form of an integral over frequencies 
dw , 
G(x, x’) =f sT eet x|G(w) |x’), (B.1) 
Cy 27 


where the operator G(w) is defined by 
G(w) =(H-o)"', (B.2) 


provided w does not coincide with any of the eigenvalues of H. The arrangement 
of the integration contour C,, is described in sect. 2. Here we shall be concerned 
mainly with the matrix elements of G(w). We shall also need expressions for the 
derivatives V,G(x, x’), V;'G(x, x’), etc. In the notation of appendix A we have 


Vi, =0, +ix, =i(7,+x,) =iQ, 
V, =0, =im,=iP (B.3) 
and it is useful to define the 2-vector H, according to 
II, = Q, T1,=P. (B.4) 
In terms of this operator the covariant derivatives of y and w#* are expressed by 
Vib=ill and Vip*= —iptT,. (B.5) 


It follows that the covariant derivatives V,G(x, x’) and V,’G(x, x’) can be repre- 
sented by contour integrals like (B.1) with the operator G(w) replaced by iT;G() 
and —iG(w)IT,, respectively. Higher order covariant derivatives of G(x, x‘) are 
given by obvious generalizations of this rule. 

Let us now consider the structure of the 1-lcop ground state polarization tensor. 
In the typical 1-loop computation we arrive at the integral 


fd?xd?x'e 4 (1G (a,)Ix')(x'|G(w2)|e) = Tre“ * G(w, Je“ * G(w)). 


(B.6) 
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However, because the operator G(w) involves only the canonical pair (Q, P) and 
not the pair (q, p) we can affect an immediate simplification. Substituting from 
eq. (A.7) 


k-x=k(q—P)+k(Q-p) 

=kiq—k,p—-k,P+k,Q 

=k.q—k,p+k-Il, (B.7) 
where II, denotes the dual of IT, defined above 

,=—-H,, 1,=M,. (B.8) 
The trace (B.6) factorizes 

Tr(e“!** G(w,)ei*"* G(w2)) 
= Tr(e~iki9 tikap elkiq-iksp)Ty(e Hen G(w,)e#'™ G()) . 

The first factor can be evaluated explicitly 


Tr(e~i*9 +ikp eikia—ikzp) = Tr(e~Hki-kide elk2—Ki)P)gilkeika—kik3)/2 
= faa eer ki)a/ q| eltta-kide| 9) eitkik2—kik3)/2 


= 278,(k—k’). (B.9) 
Thus, the integral (B.6) reduces to the form 
Tr(e~*'* G(w,)e** G(w)) 


= 2975,(k — k')Tr(e-*'" G(w, e*' ™ G(w,)) 


-ik- intl 
~2m8,(k—e) 5 Ste mle gio) 
nym (Em — @1)(€, — 2) 
Generalization to integrals which involve covariant derivatives of the Green 
function is immediate. One has only to make the appropriate modifications, 
G(w,) 7 i11;G(w,), etc. The rotation and translation invariance of the polarization 
tensor is manifest in these expressions. 

The oscillator matrix elements in eq. (B.10) can be evaluated to any desired 
accuracy by employing the wave functions (A.13). In this paper we are interested 
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only in the leading terms in an expansion in powers of k. For this it is sufficient to 
use algebraic methods. To illustrate, we define the irreducible components 


k= —=(k, tik) (B.11) 


and write 


=k,a*—k_a, (B.12) 


where a* and a are the raising and lowering operators 
—(Q+iP), a*=——-(Q-iP) (B.13) 
=—=(Q+iP), =—~—(Q-iP). : 
a a Qti a 7a i 
The oscillator eigenstates are defined by 
: (a*)"0 (B.14) 
nd>=-—<— (2a . 
a) Tat |0) 
and it is straightforward to evaluate the first few terms of the expansion 
ik- ft 1 r 
Mn) = Do (k.a*— ka) in) 
oe 


=|n) tk ,vn+1|[n+1) —k_vVn|n— 1) + 4k? Y(n + 1)(n + 2) |n + 2) 
—k,k_(n + })|n) + 4k2 Yn(n - 1) |n-2)+..., (B.15) 


etc. It is clear that the matrix element (m|e‘*"|n) has the threshold behaviour 
k'’"-"| and it follows that, in evaluating the sum (B.10) to order k*‘, we need to 
keep only the terms with |m—n| <s. 

It remains to consider the integration over frequencies. The most direct way to 
deal with these integrals is to displace the eigenvalues of H by infinitesimal 
imaginary parts and then take the contour C,, along the real axis. Specifically, we 
make the displacements 


€, ~€, +16, O<n<QN, 


£,—76&, 185, n2N, (B.16) 


where 6 is real and positive. The computation then proceeds in a straightforward 
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way. To illustrate, we consider the polarization component I, defined in eq. 
(2.12). The 3-dimensional Fourier transform is given by 


Foo(k, k") = f dx d2x' e+ i Te G(x, x')G(x', x) 


= 2i fade de’ efot—ie't f do, e~feit-t’) 
20 


ar ae a the 
x fzre ten? Tr(e ik G(w,)e* ¥G(w)) 


= (21)278(@ —- wf Sites G(@,)e** G(w, —w)) 


= 278(@ — w')(27)5(k —k') Pog, k) 


In the first line of this development there is a trace over the spin degree of 
freedom which yields the factor 2 in the succeeding lines. Substituting the expres- 
sion (B.10) and extracting the momentum conservation delta functions one obtains, 


2 i ,dw Sead ks 
Fog( sk) = = f 5— Tr(e“* 8 G(w,)e* ™ G(w, — 0)) 


== ¥ (nie*Mymy(mie* ny 
do, -1 -1 
x [5 (em = 01) (€,-@,+0)7'. (B.17) 


With the energies displaced off the real axis according to the rule (B.16) the 
integral over w, is well defined and easy to evaluate. It is non-vanishing only if the 
two poles are situated on opposite sides of the real axis. Using Cauchy’s theorem 


dw (e,-&, +o) ', m>N,n<N, 
1 ~1 -1 
Fmi (em 1) (€, —@, +) = ~(e,-&, +0) ', m<N,n>N, 
0, otherwise. 
(B.18) 


Hence the result 


(nje~* my (mje* Hin) 


E, ~ Em, tO 


Fg(,k) = — -Y Y+EE . (B.19) 


meNn<N m<Nn3N 
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The other components of the polarization tensor are obtained in the same way 


4 1 <ni{e*9, 1 }m)(me* 8 ny 
‘o(@,k) = -——| - + Se eee 
Fo(, ) Im yh yy E, ~ E_, +@ 

: 1 (n|{e~* 9, Tm) (m| {e* 4, T1}\n) 
TORS | ee ee 
7 m>Nn<N m<NnaaN En ~Em +o 
N 
rm 


where the symbol { , } denotes the anticommutator. On expanding in powers of k; 
and w, using the formula (B.15) for the oscillator matrix elements, the results 
(2.15) are obtained. 


Appendix C 


FINITE TEMPERATURE COMPUTATIONS 


The 1-electron thermal Green function of sect. 3 satisfies the differential 
equation 


(8, +H — p) A(x, x') = —8;(x — x’) 


and it can be expanded in the form of a sum over discrete frequencies 
1 bass 
A(4,4') = =F Le 1 G(iE, + w) 2), (C.1) 
Ss 


where G(w) is the operator (B.2) defined in appendix B and 
4 1\27 7 
= -|— eZ. 
‘ (: | Bp’ 


The chemical potential, 4, is determined by the equilibrium conditions (3.17) as 
discussed in the main text. This determination depends on the formula (3.12) for 
the tadpole amplitude F(x) which we now derive. The component [F(x) is 
defined by the first of equations (3.10) 


DF(x) =iTr F(x, x’) 


a ee) 


_ 
=~ 5 Leth xiG(ig, + wx), (C2) 
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where 6 is an infinitesimal positive quantity. For fixed x =, the diagonal matrix 
element in eq. (C.2) can be expressed as a trace in the 1-electron Hilbert space 


( 1G(it, + u)|2) = Tr(8(2-2)G(ig, + 4) 


d?k 
| (2m)? 


e* 2 Tr(e* * Gi, + n)) 


dk i, aoe ree 
aa Tr(ef19-k2P) Tree G(ig, +p)), 


She 


where we have used eq. (B.7) to separate the trace into independent factors. The 
first factor is purely kinematical 


Tr(ei*19-#*2?) = 275,(k), 


according to eq. (B.9). Hence, we have 


1 
( 216(4%, + u)|2) = == THG(iE, + u)) 
ee i Be C3 
= Fg Uelen ism) ’ ( 3) 
and, on substituting into eq. (C.2), 
i 1 
TF(2) == D5 Lite, +m) em (Ca) 


The sum over s does not converge very well but it can be defined in a plausible 
way. Thus, by taking a derivative with respect to 4% the convergence is improved 
and we can set 5 = 0. The resulting sum can be evaluated by contour methods, 


=—2 


2 


ioe 5 yt pda foe 
— By Ube en +H) ~~ shag | pect 


where the contour C encircles all the zeros of cot 1z, ie. z=5s+ ;, s & Z, in the 
positive sense. This contour can be replaced by a pair of straight lines, one running 
to the right just below the real axis and one running to the left just above the real 
axis. These two segments can be closed by means of large semicircles in the lower 
and upper half planes, respectively (see fig. 3). Their evaluation is then trivial since 
one or other of these contours will contain the dipole at z=(8/27iXe, — »), 
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Imz 


Rez 


Fig. 3. The contour used in evaluating thermal sums. Poles on the real axis are given by the zeros of 
cot wz (appendix C). 


depending on whether ¢,, — u is positive or negative. The result is 
1 
5 Elie, ey bu)? = Fsech?S (65-1). (C5) 
This can be integrated to give, up to a constant, 
1 : B 
=~ Lo (ig,-e, +m)! =3(1-tho(e, - pn) 
B Ss 2 


= (eFln—) 4 1)", (C.6) 


The constant of integration is fixed by requiring appropriate behaviour in the 
zero-temperature limit, 8 — ©. Thus, we obtain the formula, 


rF(x)= . vi (hen) 41) 1, (C.7) 


It is easy to see that the space components LF must vanish since, according to 
eq. (3.10), they must contain the factor Tr(I,G) which clearly vanishes. 
Now consider the components of the polarization tensor 


E(x, x') = -Tr F(x, x')F(x', x) 
2 -i —fr ° ' ’ g 

Ra De eb IG (iL, + wx’) x'1G(iL,, + wx), 
51,52 
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where we have substituted the expansion (C.1) and taken the trace over the spin 
degree of freedom. As in appendix B we take the Fourier transform and remove 
the delta functions associated with energy and momentum conservation to obtain 


is 1 tele spade 
TE(w,,k) = —- ae YY Tries G(ig,, + we" Gig, — iw, + p)| , (C8) 


where w, = 22rs/B, s © Z. The trace refers to the Hilbert space of the oscillator 
variables P and Q. (This formula could have been obtained directly from the zero 
temperature expression (B.17) by making the replacements w > iw,, w, > if; +p 
and 


On expressing the trace in eq. (C.8) in terms of oscillator matrix elements we arrive 
at the sum 


1 : 7 
= 3 L lem ib, ~y)'(e,-if, —w tio), (C.9) 


which can be evaluated by the contour method discussed above. For the case 
m=n and s=0 the result is given by eq. (C.5). Otherwise, the sum (C.9) reduces 
to 


(&, — bq + iw,)'[(e% m+ 1)? — (oF 41) "]. (C10) 


On substituting into eq. (C.8) we obtain firstly for s #0 


Pipes 1 (nije 4|my(mle* 4 \n) 1 1 
rls, ee E, — Em tiw, elle w et eben eae] |r 
and, for s =0 
piece r (nie |m)<mle* in) 1 1 
770, ee. E, — E ePlem-=H 4.1 ehlen-“H 47 
‘ iki iki B 2B 
+— DY cnle*" In) (ne In) 7/sech 3 fen): (C.11) 
T 


n 


Expressions for the other components, TE and Ee are obtained by making the 
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replacements 
pe i eae aiid i foc 
ewe a > een Nl. elk i > kl ; C.12 
2m { its 2m { i} ( ) 


as in the zero-temperature case. 

The leading terms in the expansion around k = 0 are obtainec by restricting the 
sum over m to the values m=n, n +1, etc. and using the formula (B.15). The 
results are expressed through the formulae (3.16). 

The low-temperature approximation is discussed in sect. 3. Here we give some of 
the background for computations in the high-temperature regime B < ml?. When 
the temperature is large in comparison with the level spacing it becomes feasible to 
approximate the sums over discrete energy levels by integrals. For the sums 
appearing in eq. (3.15) it is possible to evaluate the resulting integrals in terms of 
elementary functions and so obtain the leading terms in expansions in powers of 
the small quantity 8 /mi/*. The coefficients in these expansions will turn out to be 
functions of Bu, where yw is the chemical potential, and we need not assume that 
this quantity is small. 

To begin with the general problem, suppose we are to approximate the sum, 
L,F,. where the quantities f, are interpolated by a smooth function 


f, =f(Be,) 
= 4[(n + $)a], (C.13) 
B 
a=7 iG. (C.14) 


Let us further suppose that the function (z) is slowly varying on the scale of a 


a*h"(z) «$(z), 


etc. In order to convert the sum into an integral, it is necessary to construct a 
function F(z, a) such that 


$[(n + da] = [O° dzF(z,a). (C.15) 
na 
With such a function we can write 


Uf,= [azF(z,a). (C.16) 
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It is a simple exercise to find the first few terms in the expansion of F(z, a) in 
powers of a, 


1 a 7 
=— = ah" A A 
F(z,a) = —$(z) ma? (2) + see? (z)+.... (C.17) 


One can easily verify that this function satisfies eq. (C.15) by expanding in powers 
of z—(n+ 4)a. On substituting eq. (C.17) into eq. (C.16) we obtain the formula 


1, 7 
Lh s [dza(z) + <6) - aa") +.., (C18) 


which is valid under the assumptions that the integral converges and that the 
interpolating function vanishes with sufficient rapidity at z-—> ©. These assump- 
tions are justified in the cases to be considered. 

Now, to treat the sum (3.20) which defines the chemical potential 


v= Yi (e8n—) 4.1) a : 


n 


we must choose the interpolating function 
o(z) = (er +1) 
and evaluate the quantities 
f dz¢(z) =In(1+ e*), 
0 


$'(0) = —gsech? 7Bp., 


$"(0) = — ;sech? 3Bpy + gsech*3 Bu, 
which are to be substituted into eq. (C.18). This gives 
p= ~ (Bu + In(1 + e~8")) — ga sech? 5By 
+ gga?(2sech? 4Bu —3sech*iBu)+..., (C.19) 


where a = 8/ml?. If we make the further assumption that By is large, then eq. 
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(C.19) can be solved by iteration to give 


+ O(e~27/mP) , 


Li aya ‘ 1(p\ 7 Bp \* 
Be ml? a Sila) +=alaz| Bae 


The assumption that By is large while B/mi? is small requires that v is large*. 
We are, in effect, obtaining an expansion in powers of 1/v. On substituting for /? 
from the formula (3.19) we obtain 


n, 1 1 / Ban,’ 
= 7 — —e~Btne/m | y — +o..ft..., 2 
Ved en A | mal vm | | ca 


Turning next to the sums which define the low-momentum behaviour of the 
polarization tensor, consider firstly the quantity 


B 


4r/? 


Lsech? 3B(e, - #) (C.21) 


n 


Here we choose 


z- 
o(z)= sech?| ais 
2 
4S (ee 41)! 
= —4—(e? FH + 
a (e ) 
To obtain the first correction term we need 
¢'(0) = —sinh By sech* $By. 


On substituting this into eq. (C.18) we obtain 


m 1 1/6 \’_. Bp Bu. 
ee A ne ae SE } 3 
_— mara sinh 5 sech 5 is cee |[4 (C.22) 


Next, for the quantity 


v 1 £B B 
ae ey: L(2n + I)sech’> (€, —p) 
1 a B 
ses a (ener +1) -3Be, sech* (¢, -»)| : (C.23) 


* The convergence of the expansion (C.17) necessitates that #(z) should vary slowly on the scale of 
a. This implies B/mi? « Bu which is consistent with v > 1. 
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choose 


1 
(z) = — |(er# + 1) - dz sech?$(z — Bu) | 


1d _ 
= ——[z(e7™ +1) |, 
-1 . -1 3 
¢'(0) = Fy ee da 6”(0) = a eae + ga . 
a3 T 2 27 2 


In this case the integral of #(z) vanishes and we are left with the correction term 


. (C.24) 


-1 7 : 3 
car Lae pee ea [secre - secnt + 
1 2 5760 


ml? 2 2 2 


Since, according to the definitions (3.16) and (4.7) we have b = —ml*c, there 
remains only the quantity 


ape Bp B 
Ble, 2) Head et ee 2 ech? —(e. — 
(2n+1)(e +1) 16 wie (2n + 1)“sech 5 (en ¥)| 


1 
d=—> 
Tm , 


2 [2 1 
sa ol lee, (eFlen“#) + 1)" - g ( Ben)” sech? = (ey -»)| .  (C.25) 


wm B 


Here we choose 


2 


2 a 
$(z = ater Bus 4)- '— F sect? * ee | 


m B 2 
1 mil? d -1 
Ne 2(p2-By 1 
am B dz aXe a) |. 
2 mil? -1 3 Bu Bu 
' oe —Bu ” Sats, | Ee, 1 h3? — 
¢'(0) ae (l+e%) , (0) cr - sin 7 seh’ 


Again the integral of ¢(z) vanishes and we therefore obtain 


21 
5760a7m 


1 -1 
d= Dam" 9a aaa) i 


B\ Be Bu 
—,; } sinh — eee ee 2 
De [=] sinh 5 sech 5 + (C.26) 
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Appendix D 


THE EFFECTIVE INTERACTION AT ZERO TEMPERATURE 


To gain a better understanding of the dynamics of the two gauge fields, A, and 
ay, with their various mixing terms, it is instructive to derive the effective 
current—current interaction. Part of the result of this computation is exhibited in 
sect. 2. Here we provide some of the details. 

The bilinear part of the effective action is given by 


r=10 eee pee BAPG 9 
=f x te ‘iy mae G,,0)4, 


+ if d°x dx’ T#*(x —x')(A,(x) +.4,(2))(A,(2’) +.4,(2’)), (D-1) 


where the Fourier components of I), are expressed in terms of the three 
invariants, Ij, IT, and IT,, which are constants in the long-wavelength, low- 
frequency approximation (see eqs. (2.14) and (2.15)). 

To obtain the effective interaction between a pair of conserved electromagnetic 
currents we must solve the field equations, 


8P/bA,(x)=-I*(x), 80 /8a,(x) =0, (D.2) 


and evaluate the amplitude 
W(1) =I'(A,a) + [d?xI*(x)A,(x) 
= 5 fPxi*(x)A,(x) 
=1 | d3x d?x! I#(x)D,,(x—-x')I’(2'). (D.3) 
In Fourier space the field equations (D.2) are 
: ak (ea — Kod) + F(k)(A, +4,) = —F*, 
- * erekyd, + F*(k)(A, +a,) =0, (D.4) 


where kL, = wl, +k;,f, = 0. Since we do not generally have Lorentz invariance 
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(which is obtained only for I], = —II,) we cannot choose any particularly advanta- 
geous frame. However, it is helpful to employ a complex basis, writing 


A,= lA +iA)), 
etc. Since eq. (D.4) is gauge invariant we can look for the solution with 
Ay =4,)=0. (D.5) 
With this restriction the equations reduce to the form 
1 2 , 24 fa¢ faa 
al(o —kk_)A,+kA;| +P,,(A,+4,) +1 ,,(Azt Gz) ads 
— v = = 
F —wa,+ P,.(A,+@,)4+l,,(Az+az)=0. (D6) 
On eliminating a, they reduce to 


a,A,+p,A_= aa 
B_A,+a_A_=-j_, (D.7) 
where 
ws T ~ cs ms 
“ve T as T ia 
j= (1 <i —ii, + = wlly|f_— —II,k_I,, (D.8) 
Vv Vv Vv 
and the coefficients a ,, 8, are given by 
sr 2 ¥ 2 
a= #5 0(o IT, - fe M1, + kk (IT, ~ T)| 


ve 


w? T P kik 
hal m,)- 


_ T 
(1-=u7,-en,), 
Vv 


— 7 : 
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The solution is 


1 
ee - . 
+ aig (ads B,i-), 


1 
A_= —s(a.j-— Bis), (D.10) 


where the denominator is given by 


1 
A= —(a,a_-B,B_) 
@ 


w \2 v 2 2 2 
ip (=) | {(u*-24,4_)m-“e'm,) : (-} (0? 2k,k_)(1 2 “1, +e*Ny| 
2 
+2kk_(Hq+11;){(w?~2k,k_)Mp (=) a(isem)}}. (D.11) 
T 
This expression is quadratic in w? which implies that there are two branches to the 


dispersion relation. Their values at k = 0 define the “masses” y”,, referred to in 
the text. They are real and positive if e7/T, is positive 


F lyjvy2? 1 T ‘ 7 5 2 5 
“= 5(=| Tie (1- <i, +6 Mg} + (1- Fa, -e M1} + 4e I 


(D.12) 


2 


The solutions (D.10) are singular at w =0 and one might suspect that this is 
merely a gauge artifact. However, this may not be the case, at least in higher 
orders. A careful evaluation of the functional (D.3) shows that the singularity may 
persist and give rise to a long-range instantaneous interaction between the cur- 
rents. The final result is 


way =4f SS Sl {(1- Za etm (Z) acu 


lyr)? 7 2 
-5(=) (Ty + T;)k?} 141, ~ {(1 - = 1,] - ell, 
v v 


T\?2 T T 7 \2 
+(=] Ty 1T,( w? -K) i$ - (Eni - =] + (=) TI} (w? — k?) 
v v 


7 \2 ve? i 
+(=} My + H,)k?} “—— e 
Vv TT WwW 


ij 


iri] (D.13) 
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The combination of currents that appears in the last term is in fact Lorentz 
invariant. On using current conservation it can be expressed in the Chern—Simons 
form 


1 
[l= eT Fk, 


aes = 
ig a ee eer 


1 
= pai (Pkt; — I kilo). (D.14) 


Indeed, the entire functional (D.13) becomes Lorentz invariant, as it should, when 
II, = —TIly. If we substitute the 1-loop value for I,, as given in eq. (2.15), the 
residue of the pole at w = 0 vanishes. However, this may not be the case in higher 
orders. 
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We study the coupling of an abelian Chern-Simons field to fermions in space-times of the form Rx M?, where M? is a compact 
riemannian manifold. Upon integrating out the non-zero modes of the Chern-Simons field, an effective N-particle hamiltonian 
is constructed, which involves a term representing the effects of the zero modes. We also study the transformation to the fractional 
statistics (anyon) basis. It is shown that unlike the case of the flat euclidean M? the anyon wave equation involves some residual 
metric dependent interactions, and the wave function is multivalued. 


1. Fractional statistics and Chern-Simons theory 


The (2+ 1 )-dimensional Chern-Simons theories have been the subject of many recent studies [1]. It is well 
known that the abelian gauge field in (2+1) dimensions is without any dynamical degrees of freedom [2]. It 
can be solved for and eliminated, leaving only a characteristic instantaneous interaction between the charged 
particles to which it couples [3]. This is true at least when the spacetime is topological trivial. However, if there 
are nontrivial homotopies then it is possible for the Chern-Simons field to carry zero mode excitations which 
correspond to true dynamical degrees of freedom: they give rise, in effect, to retarded interactions among the 
charged particles [4]. In this note we shall consider spacetimes of the form M?XR where M? is a compact 
riemannian space and R is the time. Since the Chern-Simons action functional does not depend on the metric, 
we can regard M? as a Riemann surface and employ the machinery of conformal geometry to analyze the theory. 
In such cases we can integrate out the Chern-Simons field, apart from the zero mode variables, and express the 
resulting instantaneous interaction in terms of a scalar Green’s function, which is given in terms of well known 
Riemann surface quantities such as the prime form. The zero mode couplings, on the other hand, are expressed 
in terms of the holomorphic one-forms of the Riemann surface. 

One of the motivations for studying abelian Chern-Simons theory in (2+ 1) dimensions is the intimate as- 
sociation with fractional statistics [5]. In particular, it is possible to construct a (singular) gauge transformation 
which converts a system of ordinary fermions with Chern-Simons interactions into a system of free particles 
which obeys fractional statistics (anyons) [6]. This is true only if M? has the topology of R?. Otherwise the 
anyons are not free. There is generally a residual, metric dependent background and, in the case of higher genus, 
there is a coupling to the zero modes and a residual interaction between the anyons which cannot be gauged 
away. The purpose of this note is to give a formal description of these residual effects in the case of a simple 
model in which the Chern-Simons field is coupled to non-relativistic fermions on a compact surface without 
boundaries. 


Reprinted with permission from Phys. Lett. 240 (1990) 121-126 121 
© 1990 Elsevier Science Publishers B.V. 
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2. The model 


The action functional describing a system of non-relativistic charged fermions, y, to a Chern-Simons field, 
a,, 18 given by 


. 1 k 
S= J d3x (Ve y* iVoy— cP Jaa'Vivt Viy— ane ma asd, ) ; (1) 


where g,, is a time independent metric on M? and ¢4” is the three-dimensional permutation symbol. We shall 
not treat the metric as a dynamical variable. The fermions may carry spin in which case the covariant derivative, 
V, would have to include the spin connection. For simplicity we shall here treat the fermions as scalars. The 
covariant derivatives therefore contain only the Chern-Simons connection 


Vi.w= (4, —ia,,)¥, Viv" =(0,+ia,)y* , (2) 


The action functional (1) is clearly invariant with respect to infinitesimal, or topologically trivial gauge trans- 
formations. However, as is well known, it is not invariant with respect to the topologically non-trivial transfor- 
mations: it is shifted by integer multiples of 27k. The coupling parameter, k, is required to be an integer in order 
that exp(iS), and hence the quantized theory, shall be invariant. 
The equations of motion for the Chern-Simons field take the form 

£9 .4,=— ap, (3) 
which implies that the field strength must vanish in empty space. It follows that the Chern-Simons field can be 
gauged away from regions where no charged particles are located. The transformation which achieves this is 
necessarily singular at the particle locations and it leads to the multivalued wave functions characteristic of 
fractional statistics [5,3]. One of our aims is to specify this transformation in the case of compact manifolds of 
finite genus. The strategy is to integrate out the Chern-Simons field to obtain the effective action for the charged 
fields y and y*. From this we can obtain the N-fermion hamiltonian with coupling effects included. The gauge 
transformation which eliminates these couplings — up to residual effects - can then be found by inspection. 


3. The effective action 


Elimination of the Chern-Simons field is a canonical exercise which can be carried out most conveniently in 
the temporal gauge, ag =0. However, owing to the compact and homotopically non-trivial features of the space, 
it is necessary to exercise some care, and we therefore sketch the procedure *!. 

Since the abelian Chern-Simons theory is gaussian we have 


: k i 
| (da)d(ao) exp [ J d3x (- ae eq, a,4,/°2,) | =exp (- ; Px a5 ; (4) 
where a‘! is a particular solution of the classical equations (3). The result (4) should be independent of the 
gauge choice if the current, J“, is conserved. This will be the case if the effective action is used for the computa- 


tion of on-shell quantities. In temporal gauge the appropriate classical solution is quite easily expressed, 


as! =0, af=— 7B far sy. (5) 


*' Details will be presented elsewhere. 
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Here, and in the following we use conformal coordinates on M?. The line element is given by ds?=2p dz dz 
where p(z) is real and positive. Although the effective interaction (4), bilinear in the current when a“ is given 
by (5), is independent of the metric, we find it is necessary to use a metric-containing Green’s function in order 
to separate the instantaneous (non-dynamical ) effects from the zero-mode (retarded) contributions. To de- 
scribe this Green’s function we must recall some notions from conformal geometry [7]. 

On a Riemann surface of finite genus, y, we can define the multivalued abelian integrals 


9 (z= { aw ow), i=l,..,7, (6) 


where the w, are holomorphic one-forms. We also have the prime form, E(z, w), which is holomorphic and 
multi-valued. It is antisymmetric and, near z=w, E(z, w) =z—w+.... Out of these we can make the quantity 


F(z, w) = |E(z, w)|? exp{ —22[¢2(z) —g2(w) ]tz'[92(z)—92(w) J} 


which is real, symmetric and single-valued. Here 92;(z) denotes the imaginary part of g,(z) and (t,),; denotes 
the imaginary part of the period matrix, t,,. The quantities g, E and F are conformal in the sense that they depend 
on the conformal class of the metric but not on the scale factor, p(z). This is in contrast with the Green’s 
function defined by [7] 


G(z, w)=—In F(z, w) + i ah) [In F(z, x) +1n F(x, w)J— { d2x ry PO) In F(x, y), (7) 
which depends explicitly on p (and the area A= { d?zp) and is therefore not conformal. However, the Green’s 
function is real, symmetric and single-valued, and it transforms as a scalar with respect to analytic reparametri- 
zations. Most important for our purposes, it satisfies the differential equations 

8,0,G(z, w) = —2n6,(z, w) +2402), 0,0,G(z, Ww) =2nd,(z, w) —nw(z)tz!w(w). (8a,b) 


Using these, the effective interaction can be expressed as follows: 


-4 faz di(J,at+J,a2) = a | ez dt dr [J,A(1-1t' )Ji -J,A(t—t )J 2] 
im 2 2 ’ ‘ ' 
=— d*z d*wdtdt’ J,e(t—t' )d,(z, w)Ji, 


= x | d?z d?w dt dt’ [0,J,6(t—1' )G(z, w)d,J, + J ,co(z) tz 'e(t—' )w(w) Ji) , (9) 
where 6(1—1’) is the step function, etc. We have used (8b) to introduce G(z, w) into the integrand. With the 
imposition of current conservation together with suitable assumptions, about the asymptotic current configu- 
rations, it is possible to express the right-hand side of (9) in the form 

i be aa5 ix ; = , : 
2k d*z d?w dt Jo(2, G(z, W) (Guy — Ady) + 2k dt dt’ O(t)tz'e(t-¢ )Q(t’), (10) 
where Q,(1) denotes the source component that couples to the zero modes. 
Qi) = | eas. (1) 
By introducing a set of dynamical variables u;(¢), %;(1), i=1, ..., y with the 2-point function, 
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CT u(iyg(e’)> =F (rz )yet—0'), (12) 


we can simulate the zero mode exchange, 


exp (- =| di dt’ Ors ee—-r 010) = (exp(+f arcaa+duy)) ; (13) 


The other term in (10) describes an instantaneous interaction between the currents. Taken together these terms 
define the Chern-Simons induced interactions between the fermions. It can be shown ™ that they are governed 
by the effective action functional 


S= | dt E UT 1p Ut | dz (ov*idow- ae (Viw* Viwt viv'v.v) : (14) 
where the covariant derivatives are of the form (2) but with the connection 

a, =(z)-ut Jf 20a.G(z, w)Jo(w) , (15) 
where the charge density is given by 

Jo=py*y. (16) 
4. The N-particle hamiltonian 


From the action integral (14) it is straightforward to extract the N-particle hamiltonian. Define the N-fermion 
basis vectors (u|y(é')...w(é*%) where (u|w* (¢) =0. The vacua are chosen to diagonalize the “holomorphic” 
zero mode operators u,, the conjugate operators are given by 


cula=— Eee ys Cal. (17) 


The action of the hamiltonian on the N-fermion states is given by 


Cul y(E) oH Culy(E).olE) | 22s (Way Vet Vey" Vey) 


af PED ' N 

= 2. ae (VaVa tVaVa) Culw(e')...w(e*) , (18) 
where the covariant derivative in N complex dimensions is defined by 

helen & eer ele) y+ a EB 
Va= gee —iA,(¢), Ve= ag ida($), Aa(G) =w(e%) ut Dk pe xO 14"), (19) 


and likewise for the components Ag = (A,)*. The hamiltonian is thereby reduced to a kind of N-dimensional 
Laplace operator. It is covariant with respect to the analytic reparametrizations €*~/(¢*), a=1,..., Nand also 
with respect to N-dimensional gauge transformations, 4, >A_+4,A. (It should be pointed out that the result 


®2 There is a technical complication arising from the a2w*y interaction in (1). To avoid this it is necessary to introduce auxiliary 
fermionic variables /7~ Vy so that the currents do not depend explicitly on a. The auxiliary variables can be eliminated after a itself 
has been eliminated. 
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(18), (19) is exact. There is no need to regularize the short-distance behaviour of G(z, w) because the sum 
(19) automatically excludes terms with =a.) It remains to consider how much of the interaction can be gauged 
away. 


5. Fractional statistics 


The transition to a new (anyonic) basis in which the N-particle wave functions exhibit fractional statistics is 
effected by means of a singular gauge transformation. In the original basis the interactions are described by the 
complex N-vector, Aj, which has singularities on the complex lines, ¢'=<£?, etc., and we can expect the gauge 
transformation to have these singularities. Away from these singular lines the components of the field strength 
corresponding to (19) are given by 


Fug=0, 9 Fag= Fool E)t5' w(é4) Bea, Fag=— ms (N-1) ee) 


p=a, (20) 
where we have used (8). This structure is to be contrasted with the planar case (genus y=0, area A=0o) where 
all components vanish. Here we shall not be able to gauge away the interaction so as to arrive at a system of free 
anyons. The best that can be achieved is to write 


Ag = Ay, $+ 92 , (21) 
where $2 is real, defined so as to remove the singular parts of the connection (19). We choose 
_yZ _ i aks A.) 2m xa a | 
Q= zy Z N= Vale) tin (0%) + oy E- In (Ze eA) n(é*)tin(e*) |, (22) 
where t, = Re t and y=1; ' Img. The corresponding residual connection takes the form 
ix s 
My = b(E*) — kX w(E*) tz! tn(€*) , (23) 


in which 6 is a metric-dependent background given by 
b in Sy i 2, p(w) ; 

(z= 2k (N—l)@(z)ty'4(z) +a(z) ut ok (N-lI) 1a ae i [a, InE(z, w)-2miw(z)n(w)]). (24) 
The expressions (22)-(24) are somewhat complicated. In fact »%, is a k-valued vector potential on M2. For 


example, on taking the coordinate ¢* around the cycle m-a+n-B the change in sf, is given by a gauge 
transformation, 


BE) fe = BAL, AL = = (NL yu(h) nt = Y wle)-n. (25) 
ane 

In these formulae real functions, 4(z) are defined like y(z), in terms of the abelian integrals (6), 

g=utm, g=utty. (26) 

They have simple periods, 

Smanbts =i, Omn¥i = Nj» (27) 


It follows that 6{%) 4 = (2n/k)(N6%*—1)n-m’ and hence exp(ikA)eU(1). Thus the wave functions are 
k-valued. 

The wavefunctions in the new basis are obtained from the original ones by multiplication with the phase 
factor, 
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—1/2k . : 
. E(é, 8) 1m at ay 4 27h a 
exp(—i@)= T] (ZE". exp(—FV-1) En am(E+ | Y mean), (28) 
which is clearly multivalued with respect to particle interchange. For example, with ¢' ~€?—exp(iz) (€!—€?) 
we obtain 


exp(—i22) >exp(—i22) exp(—iz/k) , (29) 


on using the antisymmetry of E(é', €?). This is the usual anyon phase factor [5,6] now generalized to the finite 
genus cases. The new feature here is that the anyon hamiltonian is not free, but includes interactions in the form 
of a residual connection, .%, specified by (23) and (24). 
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‘Any man who, upon looking down at his bare feet, 
doesn’t laugh, has either no sense of symmetry or no 
sense of humour”’ (Descartes, cf. Walker 1979) 


Summary. The role of chirality in the theories that 
determine the origin of life are reemphasized—in 
particular the fact that almost all amino acids uti- 
lized in living systems are of the L type. Starting 
from Z° interactions, I speculate on an explanation 
of the above fact in terms of quantum mechanical 
cooperative and condensation phenomena (possibly 
in terms of an e—1 condensate where the e-n system 
has the same status as Cooper-pairing), which could 
give rise to second-order phase transitions (includ- 
ing D to L transformations) below a critical temper- 
ature T,. As a general rule, T, is a low temperature. 
From this, it is conceivable that the earth provided 
too hot a location for the production of L amino 
acids. I suggest laboratory testing of these ideas by 
looking for the appropriate phase transitions. 


Key words: Prebiotic chirality — Origin of life — 
Condensation 
Section 1 


One may summarize the presently accepted view of 
the origin of life as occurring in three stages: the 
cosmic stage; the prebiotic chemical stage, and the 
biological stage: 

1) The cosmic stage concerns itself with the early 
history of the universe where electroweak forces 
made a phase transition into two forces, electro- 
magnetic and weak, 10-'? s after the universe was 
born. The temperature was then 250 GeV and the 


carriers of the neutral weak force—the Z, particle— 
acquired mass. 

2) Chemistry became important after the planets 
were formed (some 10 billion years later), though it 
may have played a role in the presolar epochs as 
well (long after the quarks of the early cosmic era 
had condensed into protons and neutrons and much 
after the recombination with electrons, which took 
place some 10° years following the big bang). Mol- 
ecules of future life could thus have formed even 
before the origin of the Earth itself (Ord et al. 1990a). 

3) The biological era concerns itself with the rep- 
lication of nucleic acid polymers and protein syn- 
thesis. The biological era may have started some 
3.8 billion years ago. 


Section 2 


Classically, a chiral molecule and its mirror image 
[defined by left (L) or right (D) optical/rotatory dis- 
persion] have been considered energetically equiv- 
alent. However, the parity-violating weak interac- 
tions give rise to L and D configurations (Mason and 
Tranter 1984), and ensure that this equivalence is 
no longer exact—one of the two molecules, L or p, 
being energetically stabilized, with energy differ- 
ences on the order of 3 x 10-'9 eV. 

In living systems, protein molecules are com- 
posed of 20 L amino acids (although some amino 
acids of the opposite D type do occur in cell walls 
of certain bacteria). Of the 74 amino acids, for ex- 
ample, found in samples of the Murchison mete- 
orite, only 8 are present in proteins, 1! have other 
biological roles, and the remaining 55 have been 
found only in extraterrestrial samples (Knervolden 
et al. 1971; Cronin 1989). 
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The polynucleotides contain sugars in D config- 
urations only. Clearly, once living processes had se- 
lected handedness, the complex machinery of pro- 
tein synthesis and stereoselectivity of enzymes could 
have assured that such handedness was perpetuated. 


Section 3 


The most significant of the parity-violating weak 
interactions are the weak—neutral, these being me- 
diated by the Z° bosons (Harris et al. 1978). These 
interactions are of exceptionally short range by 
atomic and strong nuclear physics standards, and to 
a very good approximation may be taken as contact 
phenomena. Recent calculations (Mason and Tran- 
ter 1984; Tranter and MacDermott 1989) indicate 
that four of the amino acids in aqueous zwitterionic 
conformation—essentially all the ones for which 
these calculations are available: alanine, valine, ser- 
ine, and aspartic acid—are L stabilized relative to 
their unnatural D mirrors for configurations in aque- 
ous media. (A minor triumph, for the sugars—par- 
ticularly for D-glyceraldehyde—the calculations show 
that the right-handed variety is the more stable.) 

This stability affects 1 out of 10!’ molecules at 
room temperatures (since 10-7 » (3 x 10719 eV)/ 
300°K)kg. It is the smallness of this figure that has 
prompted many chemists to wonder if this mech- 
anism could indeed be responsible for the ultimate 
optical asymmetry. 

The crucial problem is that of amplification of 
this electroweak advantage over the course of time 
so that, for example, the 20 amino acids (which 
make up the proteins) convert almost entirely from 
D into L types. This problem has been considered 
by Kondepudi and Nelson (1985) following the sem- 
inal ideas of F.C. Franck. 

Consider, for example, quartz crystals that may 
be taken as nonequilibrium statistical mechanical 
systems at ambient temperatures on the order of T 
= 300°K. Using an autocatalytic mechanism and 
theory of delayed bifurcations, one can show that a 
lake 1 km? and 4 m deep would need 10* years to 
produce the necessary electroweak advantage so far 
as quartz is concerned. Kondepudi and Nelson give 
a general theory of spontaneous chiral symmetry 
breaking in nonequilibrium chemical systems and 
the possible influence of weak-neutral currents in 
such a process. They conclude that on a long time 
scale (10* years), for reactions occurring in large 
volumes, such as the oceans, the effects of parity 
violations due to weak-neutral currents cannot be 
considered small. 

Objections to this work have been voiced (Gol- 
danski in Avetisov et al. 1987). For one thing, these 


authors (as well as L. Orgel, personal communica- 
tion) maintain that the electroweak advantage takes 
place by repetitive steps in these calculations and 
that there are m = 10!’ steps involved. The earth 
must therefore have contained n? = (10'7) = 104 
chiral molecules to take proper account of the re- 
sulting fluctuations. This, these authors (Goldanski 
in Avetisov et al. 1987) find difficult to credit, and 
conclude that “the role of weak neutral currents in 
the origination of the biomolecular chirality should 
not be considered essential.” Kondepudi (personal 
communication) agrees with this estimate (103) but 
maintains that “this number of molecules need not 
all be reacting at the same time. This is the total 
number that is fluxed through the nonequilibrium 
flow system in 1.5 x 10* years.” 

Without necessarily disagreeing with the work of 
Kondepudi and Nelson (particularly at high tem- 
peratures where the equations they use may be con- 
sidered part of the renormalization group), we spec- 
ulate on an alternative mechanism. The discussion 
in this note is mainly physical in character. The 
enhancement due to phase transitions is discussed 
in Appendices A-E. 

I would like to treat this quantum mechanically 
as an equilibrium problem. The quantum mechan- 
ical formalism treats the phenomenon as a coop- 
erative one where condensation aspects are empha- 
sized and the transitions D to L are accomplished 
below a critical temperature T,. 

In general, when global cooperative and conden- 
sation phenomena do take place, low temperatures 
(or high densities, e.g., as for neutron stars) are nec- 
essary; now if 7, for the amino acid turns out to be 
very small, then it would be plausible that the origin 
space in which production of chiral amino acids 
takes place, was larger than the Earth. This problem 
is discussed below. 


Section 4 


A modern version of the phenomenon of conden- 
sation has been described by Leggett (1990) giving 
a uniform treatment of a superfluid (like liquid he- 
lium II), where 7,—the so-called degeneracy tem- 
perature—is ~3°K, as well as of metallic supercon- 
ductivity for Cooper-paired electrons below a 
transition temperature 7,. The latter is more rele- 
vant for our purposes as we shall see below. 
What is condensation? 


Imagine that you are on a mountain-top looking down at 
a distant city square. The crowd is milling around at random, 
and each individual is doing something different: Now sup- 
pose, however, that it is not market day but the day of a 
military parade, and the crowd is replaced by a battalion of 
well drilled soldiers. Every soldier is doing the same thing 
at the same time, and it is very much easier to see (or hear) 
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from a distance what that is. The physics analogy is that a 
normal system is like the market day crowd—every atom is 
doing something different—whereas in a Bose condensed 
system the atoms (or, more accurately, the fraction of them 
which is condensed at the temperature in question) are all 
forced to be in the same quantum state, and therefore re- 
semble the well drilled soldiers: every atom must do exactly 
the same thing at the same time (Leggett 1990). 


The analogy of the behavior of the crowd with 
racemicity and of the well-drilled soldiers with L 
amino acids is apt. The number of particles in any 
given energy level is fixed as a function of temper- 
ature, and as a result the total number of particles 
occupying the levels cannot be greater than some 
number N,,,,(7) (which decreases along with 7). At 
some temperature 7, the quantity N,.., becomes 
equal to the total number of particles in the system 
N, whereas below T, we have Ni, < N. At such 
temperatures there are simply not enough quantum 
states available to accommodate ail the particles. 
“The resolution of the problem is remarkably sim- 
ple: below 7, the system adjusts by taking all the 
particles which cannot be accommodated by the dis- 
tribution formula and putting them in the single 
quantum state which has the lowest energy” (Leggett 
1990). Because these surplus particles are a finite 
fraction of the whole (in fact, at zero temperature 
all of them), we reach the remarkable result that a 
macroscopic number of particles (of order N, which 
typically is of order 103) occupy a single quantum 
state. This phenomenon is known as Bose conden- 
sation. 


Section 5 


The necessary conditions for condensation have been 
studied by L. Landau (Landau et al. 1980). Landau 
distinguished between Bose superfluids and Fermi 
superfluids (even for Fermi superfluids like super- 
conductors the “superfluidity”’ is produced by bo- 
sonic condensates like those for Cooper pairs). [A 
condensate is the constant part of a spin zero field 
(#) that can arise for some theories (provided the 
potential for ¢ is like an inverted Mexican hat). This 
is achievable for parts of fields that carry zero fre- 
quency (zero energy and zero momentum).] 

“A Fermi gas with attraction between the parti- 
cles must have the property of superfluidity . . . how- 
soever weak the attraction is” (Abrikosov 1987). To 
clarify this point further, consider the following sit- 
uation (Goodstein 1985): 


Imagine two people on an old sagging, nonlinear mattress. 
They tend to roll toward the middle, even if they don’t like 
each other. That is, there is an attractive interaction. The 
cause of this interaction . . . is that the people create distor- 
tions in the mattress, and the distortions try to merge. The 
electrons in the metal do not stand still but rather zip through 
the lattice at something like the Fermi velocity. The ions are 
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attracted to the electrons but, owing to their large mass, move 
very slowly compared to the much lighter electrons. By the 
time the ions respond the electron is long gone, but it has, 
in effect, left behind a trail of positive charge, which is the 
lattice distortion we mentioned above. Another electron, 
transversing the same path, would find that its way has been 
prepared with the positive charge that it finds so attractive. 
We can imagine that the first electron created a phonon, 
which the second happily absorbs. Notice that the interaction 
is strongest if the two electrons traverse exactly the same 
path—that is, ifthey have, say, equal and opposite momenta. 


Section 6 


For T = T, the phase transition is present with all 
its aspects of suddenness. For T < 7, the “super- 
fluidity” persists, reaching its climax at 7 = 0. The 
question arises as to what happens when 7 > T,. 
To answer this question, let us consider cooperative 
phenomena. The main features of cooperative phe- 
nomena can be illustrated by considering with At- 
kins (1959), the semiclassical treatment of ferro- 
magnetism. At 0°K the electron spins are aligned 
parallel to one another to give aresultant magnetiza- 
tion even in the absence of an external magnetic 
field. However, at a finite temperature thermal ag- 
itation is able to turn over some of the spins and 
the average magnetic moment in the direction of 
magnetization is thereby decreased. ‘‘As soon as this 
process starts, an electron chosen at random is likely 
to have neighbors pointing against the direction of 
magnetization as well as with it and this reduces the 
energy needed to reverse the spin of the electron, so 
that as the temperature increases and more spins 
are turned over, it becomes increasingly easier to 
turn over the remaining spins and the disordering 
process develops with ever-increasing rapidity. At 
the Curie point the disordering is eventually com- 
plete and the spins point equally in both directions” 
so that only a 50-50 racemic state survives. 

The results of this section will be used in Appen- 
dix B to obtain one estimate of 7, for most amino 
acids. 


Section 7 


How important are the effects of the parity-violating 
weak interactions for specific amino acids? This 
question may be answered by setting (1 — 4 sin’6) 
= 0; the resulting elegant expression for the Ham- 
iltonian has led to molecular conformation-depen- 
dent values for parity violation, which for Ala, Val, 
Ser, and Asp have been calculated to give (Mason 
and Tranter 1984; Tranter and MacDermott 1989) 
~3.0, —6.2, —2.3, and —4.8, in units of 10-'9 eV. 
These authors express the energy values in atomic 
units (1 atomic unit = | Hartree = 27.2 eV) cor- 
responding to the L configuration of the aqueous 
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zwitterionic amino acids. The simplest amino acid, 
glycine (residue R = H), is not resolvable into optical 
isomers. On account of the further symmetry im- 
plied by R = H, parity violation, when averaged 
over a complete rotation of the carboxylate group 
through all configuration angles, turns out to be zero, 
in agreement with experimental results. For the sug- 
ar glyceraldehyde the value is +1.8 x 107!9 eV 
corresponding to its p configuration [see section 1, 
Appendix E]. 

The classical chemist has hitherto used the elec- 
tromagnetic force as the only fundamental force that 
can produce chemical effects. He has not considered 
the electroweak force, and in particular its Z° com- 
ponent, because the effects due to Z° are supposedly 
very small at low temperatures. I shall now show 
that the electroweak interactions (for which there is 
nothing comparable in classical chemistry) can give 
rise to phase transitions. 

The superconductivity phase transition can be 
attributed to the attractive force due to the parity 
nonconserving effective interaction produced by the 
spin-0 part of Z°, which is itself caused by spon- 
taneous symmetry breaking associated with the con- 
densate (?) ¥ 0. 

Like all phase transitions, this one will have a 
behavior like (T, — 1), T ~ T,. This makes the 
amplitude (or derivatives thereof) an infinite quan- 
tity. 

To compute T, exactly is difficult (for one thing, 
on account of the incompleteness of the standard 
model of elementary particles), but 7, can be mea- 
sured without much difficulty. In the sequel it is 
assumed that 7, does exist and that it has been 
measured for each amino acid. 


Section 8 


Because the ambient temperature of the Earth’s sur- 
face is ~300°K (the maximum temperature on the 
surface being ~350°K), if 7, < 300°K, the present 
formalism may not apply to the Earth. The fact that 
the prebiotic temperatures may indeed be less than 
300°K was the content of a paper by Sanchez et al. 
(1966); these authors claim that tetramer formation 
in 0.01 M HCN is accelerated by lowering the tem- 
perature from 300°K to 250°K. The authors con- 
clude that “‘we may have to replace the usual picture 
of a warm dilute prebiotic medium with one more 
cold and much more concentrated at least for some 
syntheses.” Thus in the language of the present note, 
the data of Sanchez et al. may perhaps be interpreted 
as advocating T, <= 250°K. On the other hand, K.D. 
Kondepudi (personal communication) has suggest- 
ed that unless T, < 2.77K—the ambient universal 
temperature—the entire interstellar space could be 
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optically active provided, of course, the density of 
amino acids is not too dilute over most of space. 

In this case, there could be several possible sce- 
narios: 

1) Presolar contributions may be necessary to get 
low enough temperatures. 

2) Major contributions come from the more dis- 
tant and the cooler parts of the solar system with 
ambient temperatures less than 7,. In this context 
it is good to remember that the maximum surface 
temperatures have been estimated at 135°K for Ju- 
piter, 120°K for Saturn, 85°K for Uranus, 55°K for 
Neptune, and 20°K for Pluto (see section 2, Appen- 
dix E). 

3) If 7, is considerably less than 300°K, then one 
could entertain the (somewhat odd) notion that the 
Earth only acted as a junction place where L amino 
acids came together with D sugars and nucleotides 
for the replication phenomena to get started for the 
biotic stage mentioned in Section 2 to be imple- 
mented. 

In order for the biotic alternative to prevail, it is 
necessary to invent a mechanism to deliver organic 
molecules to the Earth from the cooler locations 
mentioned above. This was considered by Ord (Ord 
1961; Ord et al. 1990a), and in greater detail recently 
by Chyba et al. (1990). The latter authors conclude 
that: 

1) “The Earth did accrete prebiotic organic mol- 
ecules important for the origins of life from impacts 
of carbonaceous asteroids and comets during the 
period of heavy bombardment 4.5 x 10° to 3.8 x 
10° years ago”’ (cf. the Chiron comet?). 

2) For plausibly dense (10-bar carbon dioxide) 
early atmospheres, these authors find that 4.5 x 10° 
years ago the Earth was accreting intact cometary 
organics at a rate of at least ~ 10° to 10” kg per year— 
a flux that thereafter declined with a half-life of ~ 10° 
years. These results may be placed in context by 
comparison with terrestrial oceanic and total bio- 
masses, ~3 x 10'2 kg and ~6 x 10'* kg, respec- 
tively. 

3) Contrary to the general impression, alanine 
molecules could withstand temperatures as high as 
=700°K for 1 s whereas other amino acids could 
withstand temperatures in the range of 600-800°K. 
for a like period of time and remain stable and intact 
upon impact with the Earth. 

It is tempting to assume further that this material 
(* 10 to 107 kg) maintained its chirality at delivery 
(particularly if T, had a small value near zero). This 
follows from the formula 


ET 


(see Appendix B.2) if the formula applies to the case 
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ofamino acids. At this juncture life could have start- 
ed and the chirality perpetuated in accordance with 
the biotic picture mentioned in Section 2. 


Section 9 


Is the laboratory testing of the central hypothesis of 
this note feasible? This can be tested by taking a 
racemic mixture of crystalline L and D amino acids. 

The crystalline conformations of L and p amino 
acids do not differ much from the zwitterionic forms 
except for the absence of water molecules inside the 
lattice cell. Barring for alanine, there are no definite 
calculations which show that it is indeed the L con- 
figuration that prevails for these crystals. However 
this may not affect the laboratory testing of the hy- 
pothesis of this paper because lowering of the tem- 
perature below the transition temperature would 
eventually convert all amino acids into that partic- 
ular configuration that only partially predominated 
before. Conversely, a raising of temperature through 
T, would show that a pure configuration below T, 
can be converted into a racemic mixture for T > 
Ty. 
To conclude, note that ideally one should be able 
to compute the values of T, when electroweak theory 
is fully worked out. The numerical value of this 
quantity could lie anywhere around 2.7°K (the am- 
bient temperature of outer space) or beyond 350°K. 
but below the dissociation temperatures. 

One could contemplate reaching 0°K, but this 
would have to be strictly local. The best way to 
determine T, for a given amino acid is at present 
by experimentation. The analogy of the “superfiu- 
idity” exhibited by amino acids and sugars is to 
“superfluidity” in superconductors and not to the 
liquid helium. In the case of superconductivity, one 
has to apply an external magnetic field and look for 
the Meissner effect to determine T,. Likewise, the 
“superfluidity” of amino acids (or sugars) is mea- 
sured by shining on these external light sources (see 
section 3, Appendix E). 

One direct way to test for evidence of the hy- 
pothesis (regarding the existence of such a phase 
transition) is to lower the temperature while mea- 
suring optical activity when polarized light is shined 
upon a racemic mixture of a particular amino acid. 
If the polarization vector gets rotated, one may be 
sure that the appropriate phase transition has taken 
place. 

The process itself could perhaps be detected by 
optical rotatory dispersion (ORD) for circular di- 
chroism (CD) (see section 4, Appendix E). An al- 
ternative means of detecting the process may be by 
measuring differences of specific heats and looking 
for anomalies in the curve C = yT + B72 + ... like 
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what has been done (see Appendix D) for the non- 
amino acids like melanins and tumor melanosomes 
(Mitzutani et al. 1976). 


Section 10 


I have shown that chirality may provide a boundary 
condition for theories of the origin of life and that 
Z° interactions—as well as what comes beyond the 
standard model of fundamental interactions (CP vi- 
olation, for example)—ought to play a central role 
in this story. In this context, the following quotation 
from L. Pasteur (who did not even know of Z° par- 
ticles) is perhaps prophetic: “Life as manifested to 
us is a function of the asymmetry of the Universe 
and of the consequences of this fact. The Universe 
is asymmetrical. Life is dominated by asymmetrical 
actions. I can even imagine that all living species 
are primordially in their structure, in their external 
forms a function of cosmic asymmetry” (Pasteur 
1860). 
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Appendix A 


Section A.1 


To implement these ideas for L amino acids we start with the Z° 
interaction 
e 


ne (Tar — sin?@ Jem),Z2] 


int (A. 1) 
(units A = c = 1). Here J,,, is the electromagnetic current, 73, is 
the left-handed third component of the weak isospin consisting 
of the (anomaly-free) combination of the proton-neutron (p, 7) 
and neutrino-electron (uv, ¢) left-handed doublets (of weak iso- 
5 

<r r4y where 7, = (1, —1) where ¢ 
stands either for the doublet of protons (p) and neutrons (”), or 
for the doublet of neutrinos (v,) and electrons (e). Proton and 
neutron (composite) fields have been used in preference to the 
elementary quarks, as this illustrates the point that for our present 
calculations (up to certain energies and temperatures), it is not 
important to know the elementary entities themselves. In addi- 
tion there is the Higgs field ?, with a known nonzero expectation 
value (¥), which is needed to give masses to the protons, neu- 
trons, and electrons as well as the Z° particle. Choosing the value 
of (¥) * 0 is the same as spontaneous symmetry breaking. The 
Higgs particles on account of their nonzero expectation value 
(<#) * 0) can act as perfect condensates at zero temperatures. In 
terms of this quantity ((¢) = 250 GeV) the electron mass m, 
turns out to be a very tiny number (~2 x 10-° x (¥)). [It is 
perhaps worth remarking that this number is very large for the 
top quark if its mass is in excess of 100 GeV. Thus the terms 
that give this, look like b¥t? where b = 3%. Some physicists, like 
Y. Nambu, take this as the defining property of the field ¢, i.e., 
¢ is considered as a tf composite.] 

Let (1 — 4 sin’@) = ¥,, with the present empirical value of the 
parameter sin*@ ~ 0.231. Unlike some authors (Harris et al. 1978; 
Mason and Tranter 1984; Tranter and MacDermott 1989) let us 
not assume this quantity to equal zero. Neglecting neutrinos (and 
Higgs), the right-hand side of (A.1) can be written in the form: 


spin), i.e., Ty, = $7, 


Tanpont (V, - a)Z, (A.2) 

Here 
V, =(1 -— 4 sin?®Won, + (—AY,n) (A.3) 

and 
—a, = (By, yp — Ay,ysn) — (y,75) (A.4) 


To this must be added the purely electromagnetic terms (which 
are parity conserving) ‘ 


Jem, * Ay (A.5) 


Section A.2 


In order to address the question of the existence of a finite critical 
temperature T, for the phase transition into a condensed mode, 
we recall that our picture of amino acids is as follows: 

Amino acids consist of a backbone made up of atoms of 
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carbon (2 in number, one of which C, acts as the center for the 
mirror transformations), oxygen (2), nitrogen (1) and hydrogen 
(4), plus a residue that may consist of hydrogens (up to 15), 
carbons (up to 8), nitrogens (up to 3), oxygens (up to 2), and 
sulfur (up to 1). The electrons interact with protons and neutrons 
essentially (in fact with the quarks contained inside the nucleons) 
at the location of these objects; they in particular interact with 
neutrons. 

The amino acid gets its L or D configurations through mirror 
arrangements of the atoms contained in the backbone structure. 
It has been shown that L or D configurations are correlated with 
left or right chirality (Mason and Tranter 1984). 

The state of a given amino acid as composite of p, 7, e, 
and v will be shown in the sequel. It must be remembered that 
the amino acids are not metallic compounds. Thus there is no 
concept of Fermi energy nor of wandering electrons for them. 
The electrons from the inner shells interact with the nucleons, 
in particular with the neutrons and quarks inside them. 


Appendix B 


Section B.1 


Consider the pseudoscalar terms in the effective interactions, 
which, after integrating out the Z° field, is proportional to V, x 
A, +A, * V, © by Wry’ +.... A part of these terms is 
proportional to (1 — 4 sin? @). Such terms have been set equal 
to zero by some authors (Harris et a]. 1978, Mason and Tranter 
1984; Tranter and MacDermott 1989). I shall not make this 
approximation. These terms contain 4-Fermi interaction of elec- 
trons that are proportional to the pseudoscalar quantity o-p in 
the nonrelativistic approximation, where only large components 
are kept. Such terms are proportional to (1 — 4 sin’@}{(ete x 


o: oe os 
e Pe + (ete x nt Ls ui 
mM, m 


n)) + n‘n x e* e. The important 


point for our purposes is that this part of the parity-violating 
sector of e-e coupling is negative for half the states of the system, 
i.e., for states that have the opposite eigenvalue for the operator 
o-p before and after the interaction—and positive for the re- 
maining half of the states. 

I concentrate on the attractive set among the parity-violating 
terms. Because of the absence of such terms in the parity-con- 
serving (in fact repulsive) Coulomb force, this would allow us to 
develop the analogy for metals within the theory of supercon- 
ductivity. The situation is analogous to that of BCS theory where 
the 4-Fermi effective interaction of the electrons is attractive. 
According to Landau’s criterion, the electron fluid must therefore 
exhibit “superfluidity” (Abrikosov 1987). 


Section B.2 


The ideas and results from BCS theory, which may be of interest 
to us in developing our analogy, are next emphasized. 
The condensate wave function for a metallic superconductor 


-2 ‘ 
is the “gap” function A(0) = wyex: om . Here wp is the Debye 


cutoff = 10°K for most metals, p, stands for the Fermi momen- 
tum, wy is the corrresponding Fermi energy, and g is the effective 
4-Fermi coupling parameter for electrons, which in general is 
given by v= sali whereas gy = | represents an approximation. 
. 2 
Thus the expression for the exponent may be taken to be of order 
unity (as gu = 1). I shall continue to make this approximation. 
Empirically, one finds that wp) = (10-9-10-*)w,: (“The fact that 
the interaction spreads over an energy interval Aw, implies, ac- 
cording to quantum mechanics, that it is retarded, or in other 


eel 


words, it operates during a finite time interval At = (4w,)-'” 
(Abrikosov 1987). This implies that for the electron-phonon 
interaction, the time interval is given by approximately 10-"? s 
for T. = 10°K for the case of niobium (superconductivity) and 
10° s for the case of amino acids if w) = 3 x 10-'¥ eV.) 

Using the methods of Gorkov and Sakita for the nonrelativ- 
istic electron case, an equivalent Landau-Ginzburg equation for 
the BCS theory is written down. This gives the following results 
for the superconductivity case: 

1) T,, the critical temperature is given by T, © (1.76)-' x 
A(0). 

2) The dependence of A(7) on temperature is approximately 


given by A(7) = 73) (TAT. — TI” = 3.06(7 (7, — TY" 


for T < T,; here {(x) is the Riemann zeta function: {(x) = 
@ , n-*. S(T) decreases with increasing temperature. Its de- 
rivative with respect to T becomes infinite at T = T, (Abrikosov 


1987). 
4 ppm 
3) CAT, CAT.) + 7) T,. Here C, corresponds to 


specific heat for the superconducting phase, whereas C, denotes 
the corresponding quantity for the normal case. From this, the 
result that [C,(7.) — C,(T.)} is proportional to T, is obtained. 
The same formula seems to apply for some of the organic ma- 
terials as shown by Mizutani et al. (1976). 

4) The expression 2 above, for A(7), holds for T < T,. What 
happens in general for T > T,? Goodstein states that for the 
(analogous) case of magnetic susceptibility, this expression is of 
the form, f, x «~* for T > T,, provided the susceptibility for T 


< T, has the form f_(~«)-*’, where ¢ = i 7 Le 


One consequence of scaling laws of physics is that y = 7‘ 
(Goodstein 1985, p. 481). 

If these results can be carried over to the amino acid case, a 
racemic mixture starts forming for T > 7, completing, in general, 
the process to a 50-50 mixture for (f, + /_)T,. Because the 
melting point (m.p.) represents the dissociation limit for the ami- 
no acids, one expects that (f, + /_)T7, is less than 7,,,. Mr. P. 
Agbedjro, to whom thanks are due, has compiled from the 1988- 
1989 “Handbook of Chemistry and Physics,” the following table 
of the melting points of the amino acids: Ala 568°K, Arg 537°K, 
Cys 533°K, Glu 497°K, Gly 535°K, His 560°K, Pro 511°K, Ile 
557°K, Leu 566°K, Lys 497°K, Met 554°K, Phe 557°K, Pro 493°K, 
Ser 519°K, Try 563°K, Tyr 615°K, and Val 571°K. These numbers 
uniformly lie between 500°K and 600°K except for Tyr, which 
is =615°K. 

This could give 250-300°K iff, = /_ = 1 (compare the work 
of Sanchez et al. (1966), cf. Section 8] for one estimate of T,. 
However this estimate could vary between a very wide range of 
values iff, « f. #1. 

5) The present BCS theory applies to the low temperature 
case. How are the ideas of this theory utilized for the case of high 
T.? Our interest is in the critical temperatures for amino acids 
that may well be in excess of 350°K. Such a model beyond BCS 
might, for example, follow more the analogy of high 7, super- 
conductivity where present experiments take 7, to values as high 
as 125°K. There is, as yet, no accepted theory (Randjbar-Daemi 
et al. 1990) of these high 7. superconductors and it is not clear 
what, if anything, is the analogue of Cooper pairs. 

Two of the mechanisms suggested that high 7, superconduc- 
tivity may possibly be of relevance to the case of “superfluidity” 
for amino acids. These are: (1) The use of the electrons of inner 
shells of atoms that are retained in the lattice ions. w, could be 
as high as ~10°°K; and (2) an attempt to find a transmitting 
system of electrons with high polarizability: molecular organic 
crystals, polymers, for example C,, (where C stands for carbon 
and x represents a multiple repetition of the group). Unfortu- 
nately, as far as high 7, superconductivity is concerned, neither 
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of these two suggestions have proven very effective in increasing 
T, to higher values. 


Appendix C 


To proceed for the case of amino acids from these expressions 
is not that easy: the difficulties in carrying this program through 
are recounted below. 


Section C.1 


For the amino acids, let us take an expression for T, that is similar 
in form to the expression for superconductivity 7, = AE exp(—1/ 
d). “AE is the energy difference between the states A and A®. A 
is the ground state, A* is the excited state of the .. . system (it 
can easily be shown that such an interaction is necessarily an 
attraction if it is not strong).” A depends on the interaction of 
electrons for the case of superconductivity, and AE is related to 
Wp, and A « gu. Let us designate exp(—1/A) as the probability 
factor for the transition A to A* to take place. The major problem 
will be to secure gv ™ 1 so that this probability factor is not too 
small. 
1) A nonperturbative calculation like the one used by Sakita 
(1985) is needed for the case of superconductivity but for at- 
tractive parity-violating interactions. The difficulty in this case 
lies in choosing what the analogy is for the Fermi energy. 

2) The electrons in the inner shells of atoms are probing much 
more deeply into the quark structure of the nucleon. In Appendix 
B such electrons were observed to give rise to 10*K in the su- 
perconductivity case. Chemical phenomena are probing deeply 
into the centers of nucleons (and the quarks within them), the 
energies involved being much higher than one is used to. 

3) gv = I may be difficult to achieve. Because \ « gu the fact 
that gv * 1, in general, may mean a diminution of probability 
represented by exp(— 1/A). 


Section C.2 


There is another possibility, that is, to consider the relativistic 
term fy,n x &y,75e. This term does not have the factor (1 — 4 
sin? 6) in front of it. 

Could we utilize this term to invent a condensate model of 
&A pairing like the Cooper pairing? The answer is clearly yes, 
as can be seen by the fact that an interchange of particies 2 and 
4 by a Fierz reshuffle can be made, so that the term reads fe- 
@y,n. Both factors contained here are scalars and a field ©’ can 
be invented that could have the effective coupling [? x (fe + 
@y;n)|. From the calculations previously made (Mason and Tran- 
ter 1984; Tranter and MacDermott 1989), for this particular case 
if T, © wp exp(—2/g’v') and if gv’ * 1, wp can be taken as 3 x 
10-'S eV. 

What field does © correspond to? Clearly an &-A pairing (with 
AB ¥ 0, AL * 0) brings back the memories of proton decays and 
baryon number violation. The question would then be, is this 
triggered off by a grand unification mass *10'*-10'°GeV or does 
it rely upon the work of Rubakov and his collaborators (Kuzmin 
et al. 1985; Arnold and McLerran 1987; Ringwald 1990), which 
ascribes baryon violation to the standard model with (®) = 250 
GeV? In other words is (#) = (¥)’? I would tend to favor this, 
but this does bring us to the modern unresolved controversies 
that are the substance of present-day theoretical particle physics. 

There is a further uncertainty that comes about because of 
the uncertainty in physics of the standard model. This theory 
(with Z° particles) violates P and C but conserves CP. If parity 
violation P is accompanied by CP (aT) violation (and this seems 
to be the case from the K* system), this is accomplished by writing 
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down a mass matrix of the Cabibbo-Kobayashi-Maskawa type. 
Such a mass matrix has been shown to involve necessarily a 
phase factor if there are three generations. A different procedure 
would be to build this violation as a consequence of extra terms 
as in Weinberg’s new theory that uses gluons. It could also be 
built in by postulating the existence of invisible axions, where 
the appropriate mass terms may be greater than 10’? GeV, or by 
enhancing the symmetry of theory to left-right symmetry, or of 
the idea above of considering the condensate (%’) * 0 of spin-0 
particle, which has interactions with 42 and ey;7. This may mean 
the addition of extra terms to the standard model, and more 
terms added for T. like the ones already included. 


Section C.3 


The value 250°K obtained in Appendix B.4, if correct, could 
provide one of the better possibilities physically. It would mean 
that the Earth had a reasonable chance of being the site of pre- 
biotic L amino acid production. [The very best possibility is, of 
course, T, = 350°K. This would mean that the Earth suffices for 
the production site of amino acids, in general. This is a possibility 
that should not be ignored if laboratory tests are made for amino 
acids in accordance with what is suggested in Section 9.] 

All that may reasonably be inferred at this stage is the exis- 
tence of a nonzero T, due to the attractive forces mentioned 
before. 

Be that as it may, consider the case of 4-Fermi interactions 
with electrons. Because this term comes together with the factor 
(J — 4 sin? 6), the form to be expected is of the type 


T, ane exp[—2/gu(l — 4 sin?)] 


m= 2.5 x 10°K (C.1) 


Here SE is taken to be =(%) multiplied by the old familiar 
factor of 10-3, while gv is still taken *1. The exponential factor 
gives exp —26 * 10-'°, so that altogether one has 10-'3 x (#).* 

Because the only quantity that has the right transformation 
character (for such parity-violating interactions) is Zo, or its lon- 
gitudinal part where 9Z,/dx, ~ M®, therefore 250 GeV must 
somehow play a role of in the formulae that have been set up. 

To emphasize the arbitrariness in the calculation so far shown, 
it is worth remarking that T, comes out to be 7, = w {exp — 


2A1 — 4 sin6) = 5°K if one takes wp ™ m, ™ 2X ——. 


Appendix D 


After this paper was completed, Dr. J. Chela-Flores provided the 
following quotation to be inserted into the text. I gladly do so: 


Perhaps the earliest suggestion of the possible occurrence of 
condensation in biology was made almost three decades ago 
by Delbrick, who was concerned as to “whether or not some- 
thing very peculiar from the quantum mechanical point of 
view, like superconductivity or superfluid helium, will come 
up. If strange cooperative phenomena can happen at room 
temperature in very special molecules ..., then certainly 
life will have discovered this (Delbriick 1963). Within the 
context of the origin of life, condensation was conjectured 
to occur in the earliest riboorganism (Chela-Flores 1985) 


* This is such an important point that I shall discuss it further 


in a separate note to be published in a physics journal. The top 
quark is necessary to get gv = 1. The reason for this is that 
contains m?, which is of the order of m2. 
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under the effect of low temperatures estimated to be ap- 
proximately 160°K. 

Regarding the laboratory tests mentioned in the text, I 
thank Dr. A.J. MacDermott for sharpening the suggestion 
regarding the polarization measurements, and Dr. J. Chela- 
Flores for the suggestion regarding the use of specific heats. 

Appendix E consists of four clarifications that occur in 
places in the text. 


Appendix E 


1) It may be noted in passing that if (1 - 4 sin? 6) = 0 
uniformly, one is taking the contribution of the neutrons inside 
the nuclei into account, but not of the protons, except when 
deuterons substitute for protons. Also note that the isotope C'? 
should give a different contribution than C'?. This is the peculiar 
hallmark of Z° interactions. Such behavior has been attributed 
in the past to presolar cosmic abundances. For example, “the 
discovery that amino acids from the Murchison meteorite are as 
a group highly enriched in deuterium (5D = 1370%) strongly 
suggests that the amino acids or their percursors were formed at 
low temperatures in interstellar clouds” (Chyba et al. 1990). This 
pathway reportedly supports the hypothesis of a direct relation- 
ship between organic-rich interstellar grains, comets, dark aster- 
oids, and carbonaceous chondrites (Cruikshank 1989). It is clear- 
ly important to get the precise ratios of D/H, tritium/hydrogen, 
as well as C'>/C"? separately in order to distinguish the effects of 
Z° from the contributions due to abundances in the early uni- 
verse. This has been done for the Murchison meteorite (Engel et 
al. 1990); these authors conclude that optically active materials 
were present in the early solar system before life began. 

2) Such extraterrestriality had been anticipated on different 
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grounds. Some 40 years ago, Stanley Miller performed funda- 
mental experiments demonstrating that the action of electrical 
discharges on a mixture of water vapor, methane, and ammonia 
could produce reasonable yields of simple amino acids (glycine 
and alanine). Subsequent experiments along the same lines by 
Orgel, Ponnamperuma, and others have confirmed Miller’s find- 
ings. The Miller-Orgel-Ponnamperuma “experiments simulated 
an environment rather similar to the lower atmospheric regions 
of Jupiter, where it is known that there are violent thunderstorms. 
Jupiter (or one of its satellites like Europa) may well be the best 
candidate in the solar system for rudimentary extraterrestrial 
life!’ (Ord 1961; Ponnamperuma and Molten 1973; Mitton 1977; 
Hanel et al. 1979a; Ord and Mills 1989; Ord et al. 1990b). It is 
also conceivable that chemical evolution and synthesis of bio- 
chemical compounds have occurred and are occurring now in 
Titan—the largest satellite of Saturn. Titan has a reducing at- 
mosphere—a desirable feature. This may explain in part, “some 
of the darker spots observed in Europa’s outer surface and more 
recently in Triton, the remarkable satellite of Neptune” (Oro et 
al. 1990b). [Triton’s surface temperature apparently is =38 + 
4°K (Soderblom et al. 1990).] 

3) The difference between superconductivity and Bose su- 
perfluidity for He‘ lies in the fact that the Cooper pairs (which 
are bosons) are rather large objects (~ 10-* cm) compared with 
the interparticle distance (~10-¢ cm), i.e., there is a significant 
overlap between Cooper pairs. 

4) It is conceivable that the experiments are best done where 
a heavy atom substitutes for one of the light atoms. The analogy 
could be with the Patterson phases in normal x-ray diffraction 
analyses where one uses atoms of gold, platinum, or mercury. I 
find that amino acid crystals have been made with nickel, iron, 
or copper, for example, crystals of silver glycine AgOOC-CH,- 
NH, or copper DL-a-aminobutyrate Cu(OOC -C,H,NH,), (Wyck- 
off 1966). 
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“Atoms such as carbon, oxygen, nitrogen and hydrogen, the major constituents of biological molecules, are less than 0.4 nm in 
diameter.... The behaviour of small molecules is a reflection of the intrinsic properties of the constituent atoms. Hence it might 
be expected that the behaviour of large macromolecules can be explained by a knowledge of atomic properties. Since organelles, 
whole cells and organisms are essentially macromolecular assemblies, it may be possible in time to derive an atomic theory of 
life” [A.R. Rees and M.J.E. Sternberg, From cells to atoms — An illustrated introduction to molecular biology (Blackwell, Oxford, 
1984) p. 3]. It has been suggested that chirality among the twenty amino acids which make up the proteins may bea consequence 
of a phase transition which is analogous to that due to BCS superconductivity [A. Salam, J. Mol. Evol. 33 (1991) 105]. We 
explore these ideas in this paper and show, following Lee and Drell [I.H. Lee and S.D. Drell, in: Fermion masses in the standard 
model, M.A.B. Bég Memorial Volume, eds. A. Ali and P. Hoodbhoy (World Scientific, Singapore, 1991) p. 13], that a crucial 
form for the transition temperature 7, involves dynamical symmetry breaking. The t-quarks or supersymmetry (or something 
similar which ensures a heavy mass) appear to be essential if such mechanisms are to hold. 


1, The 7, for BCS superconductivity for metals is of the form w exp[—2/g-mo(0)]. We conjectured that a 
similar formula may hold for the case of amino acids chains. In the present paper we shall explore this further. 

First, let us review the subject of BCS superconductivity. The best treatment, which I know of has been given 
by Sakita [1], following on the work of Ginsberg and Landau [2] and of Gorkov [3]. 

The idea is to start from the Feynman lagrangian methodology of writing down the BCS theory for the super- 
conducting electronic system. One tries to write down the equivalent Ginzburg~Landau equation. From this 
equation is deduced the value of temperature T,. 


2. The BCS hamiltonian is given by 
H =H i) + val lo 


Hy= ¥ faxvtcn (2 (-v)-n) un, 
Hy=—gen | drys (xvi (edyi(edyy(2) (2.1) 


where g,, is an attractive coupling constant between spin up (t) and spin down (1) electrons and antielectrons 
is the chemical potential. The sign of geis part of the assumption of the hamiltonian which signifies an attractive 
force between Cooper-paired systems of electrons consist of one of the particles being replaced by its antiparticle 
with a factor of two which appears in the mass term. 

We can introduce electro-magnetic interaction in a gauge-invariant way by the minimal substitution 


VV-ied4, 


and treat the vector potential A(x) as an external source. Then, in general, the hamiltonian equals 
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H= 2. { dx y? (x) (- = (V—ied)*—1) val) Bar { dx wi (x)yt (x)wi(x)y, (x), (2.2) 


which is invariant under gauge transformations: 
W(x) —exp[ieA(x)]y,(x), A(x) A(x) +VA(x). (2.3) 


The partition function based on the appropriate lagrangian corresponding to the above hamiltonian is given by 


B 
t) 1 : 
z= [ pyDvexp| - Jacfarn (2 75a (V—ied)*—1) v.| 4 


where we have written a non-relativistic equation for the fermion (electron) y in the theory: 
B 

exp (gar f dr f de vi(2 rv. Cermi(zr¥4(2)). (2.4) 
0 Vv 


Note that the sign before g., has changed to plus ge instead of minus ge in the hamiltonian formulation. This 
is because AH= — AL for the case of potentials which do not contain time derivatives of the fields themselves. 
The four-fermion interaction can be expressed in terms of a complex auxiliary Higgs scalar field ¢: 


1 

4 DoDprexp(+x? f arcororee | atxiv.notwne)), (25) 

where we have used the notation 
8 

fat = facfarx. (2.6) 
0 Vv 

The constant C is given by 

C= | Dee exp(+x2 | atxore), (2.7) 


where x is a constant with dimension of mass. We shall introduce a source for the ¢ field in the form 


1 —ied)? 
Zu.i1=%| Dvay De Der exp] - f atxv,(2- P54 _ 1) y,] 


at 2m 

xexp( +x? | oreateteufe [ atcaniotwivie'ti"6+67)). (28) 
The partition function is given by 
Z=Z[/,J*] | jmjrmd . (2.9) 
The action which has appeared in (2.8) is L dt where 
L=L)+L;, , (2.10) 
lo= f ax[ (2-3 ) + 2 ae 2 

= W\ ar — Fp TH) Ms tO? |, (2.11) 
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ie e = 

L\= } dx (- Im LPsVWs— (Ws )WslAt 5 VWA? + gr K(V,WOt+y, v0) : (2.12) 

Using the temperature dependent Fourier decomposition 

W.(x, tT) = (BV)—'/? » (k,n) exp[i(k-x—¢.7)], (2.13) 

we obtain the free action 

B 

| dtLo= py [W.(k, 2) (ig, +o.) U.(k, n)+K76"(k, n)O(k, n)) ; (2.14) 

0 at 


Therefore, the propagator of the electron with four momentum (k, 1) is given by 


2 


via 
——_— >= a = 2.1 
,— ic, “*= Im” on pore aa 
and the propagator of ¢ by 
1 
4. (2.16) 


Notice that the propagator of ¢ to this order does not depend on four momentum, because the lagrangian (2.11) 
does not contain the kinetic energy term. 


3. Calculation of the loop diagram. We shall compute one-loop diagram with two external ¢-lines. The (tem- 
perature dependent ) leading terms are 


p 
q,=0 
. __ Sek? 1 2 
= HAF Beg? +... 3.1 
: : Wt 5 Geant may) ee? 
q-p=p’ 
where 
_ Bete? Sesrk~ aa | 
coma Lavan 8 “Bayi a a eeere oe 
Introducing density of states ¢(w) from the ansatz 
Gaps | d= J do, o(,) (3.3) 
we get 
Beak? ( doo(w) Sesrk? 
Mog) ae OR. gO je Bea’ oe 


where w,=p?/2m—u=0 is the Fermi surface and we have approximated by using density of states at the Fermi 
surface by putting a cut-off n,,.x 


Op =kp TA(2Mmax +1) (3.5) 
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Thus 
4 
A=8erk0(0) In ae y= the Euler constant . (3.6) 
B 


The coefficient of |¢,|? terms '[¢,, $2] is then 


2 47@p * 
K (1 —8era(0) In ‘ie PEG. - (3.7) 


The expression within the brackets gives the critical temperature as 


4yWp 1 
Te" aks exp( - am): (3.8) 


Note that the terms appearing before the logarithm in (3.7) appear in the exponent while terms which are 
arguments for the log appear as Apw in the formula for T,. 

Since the Higgs mechanism is the relativistic version of the above, one may write the entire calculation of one- 
loop diagrams as well as the calculation of 7, in the form of corrections to the calculation of mass of the Higgs 
field. We shall adopt this procedure with slight variations. 


4. The point we wish to make is summarized by (3.8) which has the form Awp exp[—2/geqa(0) ]. In order 
that the exponential factor does not present too much ofa restriction 1/g-0(0) should be of the order of unity. 
This gives 7, (yWp/nkg) exp(—2). 

Before proceeding, we shall make some remarks about the amino acids. The crystalline structure of amino 
acids is characterized by the graph shown in fig. 1. 

Apart from the N terms, here R, to R, are the residues which specify the amino acid concerned. The peptide 
bond which gives rise to proteins is formed, for example, where the molecules of water are consistently expelled 
and the lattice structure is reduced to the simple form 


peptide bond 
formation by 
elimination 
of water 


carboxy! or 
C-terminus 


polypeptide —c—c—o— 
main chain ’ i 1 O—H 
H oH fo) 


| 
! 
' 
1 
{ 
{ 

side chain 

| 

| 


Amino acid 


| Amino acid residue! Amino acid ; 
R, | residue R, | residue R, 


Free amino acid 


R 
{ 4 


«= Continuous and unbranched polymer —__--_. + «—______ monomer ————__+ 
Fig. 1. This diagram is taken from ref. [4]. 
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The hydrogens give up their loose electrons and act as metallic hydrogens. (Superconductivity has been estab- 
lished for a similar case by Carr [5].) 


5. Helicity and chirality of the matter fields *', Let us review the definition of chirality, which is the eigenvalue 
of ys, with y;= + 1 corresponding to right-handedness, and y,= — 1 to left-handedness: 
ysR=R, Rys=—-R, ysL=—-L, Lys=L, (5.1) 


where R, L are Dirac spinors with only two independent components. They may be obtained from a four-com- 
ponent Dirac spinor y by the following projections: 


R=}(1+75)y, R=4$w(1-ys), L=4(1—-ys)y, L=sw(tys). (5.2) 
For later applications, it is important to note that 

Wyv=CR+RL, wyw=Ly*Lt+Ry*R, (5.3) 
written as 

(a-pt+fm)y=Ey, E=(p?+m?)'”, (5.4) 


Using the identity a=¥,0, and the fact that y, and ¢ commute, we can rewrite this in the form 
E m E m 
opR=—R—-——BL, p=\|pl, oplL=——L——£R. 5.5 
pee . BL, p=\p| B. op B (5.5) 


These equations become decoupled if m=0: 
o-pR=R, opL=—-L . (5.6) 


Therefore, for massless Dirac particles, chirality is the same as helicity, for antiparticles, chirality is the opposite 
of helicity. [An antiparticle has the same chirality as the particle, by definition; but it has the opposite helicity 
due to a change in the sign of E in (5.4). ] 

A conventional mechanical mass term in the lagrangian density cannot be invariant under SU (2), because it 
is proportional to Yw=IR+RL. Therefore, in this theory the electron mass can arise only by virtue of a spon- 
taneous breakdown of SU(2). A convenient way to implement this is to introduce a doublet Higgs field 


_ (+ 7 
ae c). on 


where the subscripts refer to the electric charges. The mass term is 
gna a9( Con+ Rott 2) : (5.8) 
0 
where L¢ is an SU(2) singlet, and a Dirac spinor. If ¢ has non-zero vacuum value, then for low excitations and 
P=Po, (5.8) is indistinguishable from a conventional mass term. 
The Weinberg-Salam model is obtained by gauging SU(2) x U(1), generated by weak hypercharge. 


*! This chapter is taken essentially from the book of Huang [6]. 
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With these, the covariant derivative can be written in the form 
D*=0'+ig( Wit, +W48t,)+ieQA"+ieQ’ Z,. (5.9) 
Electric charge =eQ, Q=13;+ Tt where the neutral charge matrix Q’ is defined by 
eQ' =7; cot 6, —T tan 4, . (5.10) 


Here tp is the singlet matrix among 79, 7), 72, 73, While Q= 73+ %. 
To study the masses of the gauge fields, it is convenient to go to unitary gauge **, in which 


0 


where p/pp is a real field. 
In terms of fields in the unitary gauge, the lagrangian density is 


2 
L=-}(G-G+H-A)+427p? (wi +Wi+ =z) + dp: dp—A(p?—p3)? . (5.12) 


Rewrite in the unitary gauge, where 7 is the real Higgs field in unitary gauge, in which ¢(x) has the form 
(5.12) and 


P(X) =Po +(x) . (5.13) 


6. To compute any further, we must guarantee the g-rr in the effective lagrangian is a positive number corre- 
sponding to attraction. Further, the proton left behind migrates to the nitrogen so that the Z° meson before 
being annihilated gives rise to an interaction between the quarks contained inside the proton and inside the 
nitrogen. (That it has to be nitrogen rather than the carbon (next door) is empirically guaranteed by the “right” 
configuration which is imparted to the corresponding molecule which contains sugars *? and no nitrogens ™. ) 

To consider Z° containing part of the lagrangian, write it as 


"2 We should in fact have a triplet of fields 


likewise W - = W, + 1W,/ J2 belonging to a vector representation of the internal group SU (2), while the Higgs particles are a complex 
4 representation of the same group SU (2). We have neglected W * and W- throughout this paper because their contribution is small 
at low momenta. 

© We may consider 2, 8, 20, 28, 50, 82 and 126 as ‘magic numbers” for nuclei, provided spin-orbit coupling is taken into account. (See 
ref. [7}.) Nuclei containing 2, 8, 20, 28, 50, 82 or 126 neutrons or protons are particularly stable. The detailed evidence supporting 
this point of view is discussed in ref. [8] with the fact of 20 coming out naturally. Goeppert Mayer goes on to consider in detail the 
protons and neutrons and the spin-orbit couplings in terms of a potential energy which has a shape somewhat between that of a square 
well and a three-dimensional isotropic oscillator. (See table 1.) 

“ The discussion from now on is not exclusively relevant to the rest of this paper. The problem for the usual quark model is to see if the 
Pauli principle holds for quark assignments. This means that in the final analysis the quark model which substitutes quarks for nu- 
cleons will have quark spheres of influence reduced depending on the number of colours. This implies that certain discrepancies in 
the nucleon model are removed when quarks are taken into account. These discrepancies, for example, concern the spin of ,,Na'?. 
The magnetic moment of this nucleus would indicate p3,2 rather than d;,2 orbit. That these considerations have something new to tell 
us is an important point in its favour. (We would urge very strongly that parity violation among the proteins used by this mechanism 
should be further examined in order that the Z° and its decay are properly considered. ) 


158 


641 


Volume 288, number 1,2 PHYSICS LETTERS B 20 August 1992 
Table 1 
Oscillator number Square well Spectral term Spin term Number of states Shells Total number 
0 Is Is 1s, /2 2 2 2 
Ipiy2 4 

1 Ip 2p 1ps/2 2 6 8 

Id 3d Id3,2 6 
2 1d3,2 4 12 

2s 2s 2512 2 20 
Lim(Z°)= eo — [ (Ty, = Sin?8Jom ton) | (6.1) 

‘int = sin 0 cos 8 3L em L+R . . 


Here J. is the electromagnetic current, 73, is the left-handed third component of the weak isospin consisting 
of the (anomaly-free) combination of the proton and neutron (p, n), (or the quarks inside the proton or the 
neutron). Z° here requires a mass because of the spontaneous symmetry breaking implied by the last equation. 


L™*9 = geg[T} — (4 Sin?OJem 14n) )Lin (6.2) 


Here g, is proportional to (e7/16 sin?@cos70)n,,,/(k?—m3) where ,,=1, —1, —1, —1. This is positive pro- 
vided m2, >» k? and we consider the three space-rotation invariant part of the expression above. 

We shall take (1—4 sin?@) ~ 7; with the present empirical value of the parameter sin?@~ 0.231. We shall not 
take this quantity to equal zero as has been done by authors of refs. [8,9] in the hope that the renormalization 
group will give the “exact” value as } (personal communication). We do not believe this will ever happen. 

For the mass term we take the ansatz, as the symmetry breaking which is given by eq. (2.4), which follows on 
from (2.5) and (2.7) where x is a constant with dimension of mass. We shall introduce a source for the ¢ field 
in the form of eq. (2.8). In terms of the quantity (<g>°=250 GeV) the electron mass M, turns out to be a very 
tiny number ~2 x 10-°. Such a number is large only for the top quark if its mass is in excess of 100 GeV. Thus 
the term which gives rise to this, looks like fgf_t, where f > 2. Some physicists (like Y. Nambu) take this as the 
defining property of the field 9, i.e. g is considered as a tt composite. 

According to Lee and Drell, a proposal is considered according to which the masses of the fermions in the 
standard model are determined by dynamical symmetry breaking rather than being introduced as arbitrary 
parameters in the lagrangian, they are determined self-consistently by the requirement that the proper self- 
energy vanish the fermion mass shell. They find that in the one-loop approximation it is possible to generate a 
heavy top quark mass dynamically while the other fermions remain massless [10]. We find that non-zero solu- 
tions for m, do exist and they are always greater than 70 GeV for all values of cutoffs 4=5 m,, 10 m,, 20 m, and 
is the only Higgs mass explored in the problem. 

One may thus be led to conclude that, while a heavy top quark mass can be generated dynamically, the ob- 
served masses of the light fermion cannot be generated in this approach. 

Recently, Ruiz-Altaba, Gonzalez and Vargas [11] extended this to a two-loop calculation predicting m,= 124 
GeV, my=234 GeV and the weak mixing angle sin74,, ~ 0.24. 

Our physical motivation is to remove the fermion masses arbitrary parameters of the standard model and 
treat them as parameters determined by the dynamics in the sub-TeV region. Rather than cancel the divergences, 
they impose and interpret the standard model ¥ as an effective lagrangian in order to determine the physical 
masses. Thus using Sakita’s formulation, we get the result 


T, = <® exp[—2/geno(1 —4 sin?) ] ~2.5X 107K. (6.3) 


159 


642 


SS ES SSS 


Volume 288, number 1,2 PHYSICS LETTERS B 20 August 1992 
The exponential factor gives exp( — 26) + 10~'°. Assuming that (0) = m2 we obtain g.70(0) =I. 


7. Now we go on to the supersymmetry case. The symmetry resolves the dilemma of hierarchy. In a theory 
possessing fermion-boson symmetry because of the presence of both fermionic and bosonic radiative loops, the 
radiative shifts for scalar fields are not quadratically divergent. In the limit of broken supersymmetry, the shifts 
in v? only depend logarithmically on the cutoff A. 

To guarantee that g--o(0) = 1, we must take some mass in the theory which is large enough. The simplest mass 
is obtained by taking supersymmetry such that 


$00 + cxf AM?] In &, (7.1) 
0 


where AM? is the mass splitting between supersymmetry fermions and is of order 1! TeV [12] which gives 
AM?/92 m2 =I and thus g-qo(0) of the order of unity once again. 

This paper started with the possibility of defining a science of life based on atomic physics. What we have 
shown is that if the model is Z, it is possible to have the quark instead of the nucleons. The mass of Zp is = 100 
GeV, while the mass of the quarks is ~ 200 GeV so that if Zy loops are considered the tt quarks go through these 
loops. The ge which is proportional to mz? then is of the right magnitude to be able to let these quarks make 
composites which are manifested through their passage through these loops. 
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A generalization of the SU(2) spin systems on a lattice and their continuum limit to an arbitrary com- 
pact group G is discussed. The continuum limits are, in general, nonrelativistic o-model-type field 
theories targeted on a homogeneous space G/H, where H contains the maximal torus of G. In the fer- 
romagnetic case the’ equations of motion derived from our continuum Lagrangian generalize the 
Landau-Lifshitz equations with quadratic dispersion relation for small wave vectors. In the antiferro- 
magnetic case the dispersion law is always linear in the long-wavelength limit. The models become rela- 
tivistic only when G/H is a symmetric space. Also discussed are a generalization of the Holstein- 
Primakoff representation of the SU(N) algebra, the topological term, and the existence of the instanton- 
type solutions in the continuum limit of the antiferromagnetic systems. 


I. INTRODUCTION 


Spin systems have been studied for many years and 
continue to provide new insights into the behavior of 
quantum mechanical systems with many degrees of free- 
dom.' In this paper the notion of spin is generalized to 
include the representations of groups larger than the 
three-dimensional rotation group.” 

The usual spin system is a collection of SU(2) spin 
operators associated with the sites of a lattice and cou- 
pled to their neighbors. The Hamiltonian is 

H=F DF SS + te (1.1) 
m,n 
where lattice sites are labeled by sets of integers, 
m,n,..., and the spin operators satisfy the SU(2) com- 
mutation rules, 


[SY S38" ]=i8nnEapyS - 


In (1.1) only quadratic terms are indicated but higher- 
order terms could be added. Nonisotropic versions of 
(1.1), in which the SU(2) symmetry is broken, may also be 
considered. 

If the lattice is one dimensional and the spin operators 
are represented by Pauli matrices, then the problem can 
be solved exactly.? Otherwise, the rigorous results are 
only partial, and it becomes necessary to use approximate 
or numerical methods.! Two regimes are particularly 
suitable for approximation: large spins and long wave- 
lengths.* In the large spin or correspondence theory limit, 
the spin operators are represented by unit three-vectors, 


Sr ~sg?, @™-gM=1, s>>1, 


and the system becomes classical. In the long-wavelength 
limit the system approaches a continuum-field theory ap- 
propriate for the study of low-energy excitations. When 
both approximations are used in conjunction the system 
is described by a nonlinear o model,* 


Sz” ~salx) , 


mag Pe ee 
L 2 7f (Obe) a ; 

Corrections to the correspondence theory limit can be 
computed in the form of a loop expansion in which the 
system is represented by a so-called “quantum” nonlinear 
o model. It is widely believed that the quantum non- 
linear o model provides an accurate description of the 
long-wavelength, low-energy properties of the spin sys- 
tem, even in the small spin regime.® 

A primary goal in the investigation of spin systems is 
to find indications of phase transitions and critical 
behavior. Thus, at sufficiently low temperatures, it may 
be asked, is there long-range order? Does one find spon- 
taneous magnetization in the ground state? In the classi- 
cal regime this is certainly true, but, when quantum 
effects are taken into account, the ground state may well 
be disordered. For example, it is known that for the 
one-dimensional (D = 1) system there is no long-range or- 
der in the ground state. On the other hand, for D =3 
there can be long-range (antiferromagnetic) order. This 
order is destroyed at some finite critical temperature. 
For D=2 the ground state has been shown to exhibit 
long-range antiferromagnetic order for s > 1 but the situ- 
ation for s=4 is not clear, at least in the isotropic mod- 
els. Although there cannot be any long-range order for 
D=2 at finite temperature, it is interesting to consider 
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the behavior of the correlation length as the temperature 
goes to zero. Using renormalization-group methods it is 
possible to distinguish two regimes according to the cou- 
pling strength.® If the coupling exceeds a certain critical 
value then the correlation length remains finite for T—0, 
indicating a disordered ground state. If the coupling is 
less than the critical value then the correlation length 
diverges exponentially, indicating long-range order in the 
ground state.’ 

Most of the work in this field is concerned with the 
SU(2) spin models, since it is physically motivated. Our 
aim here is to extend some of these ideas to “spin” sys- 
tems based on an arbitrary Lie group. Instead of associ- 
ating SU(2) generators with the sites of a lattice we shall 
use the generators from any classical Lie algebra. We 
shall not attempt to generalize any of the rigorous 
theorems from the SU(2) literature. Rather, our purpose 
at this stage is to develop general formalism for treating 
the long-wavelength and correspondence-theory limits. 
Our view is that while such models may not have any im- 
mediate physical application (in the second paper of Ref. 
2, Affleck has argued that the N—0 replica limit of the 7 
models targeted on U(2N)/U(N)XU(N) may give the 
critical exponents of the localization transition in the 
quantum Hall effect; however in Ref. 9 he has questioned 
the approach to the N-—>0 limit), they may eventually 
serve to cast some light on general features of the SU(2) 
models by placing them in a broader context. Indeed 
Read and Sachdev® (and independently Affieck®) have 
used the fermionic realization of the U(N) generators to 
obtain models targeted on U(N)/U(N —M)XU(M). 
They have applied various well-known field-theoretical 
techniques, such as 1/N expansion, to examine their 
models. Our construction gives a more general class of 
models and, in principle, can be examined by similar 
methods. Our method, which uses bosonic variables, 
makes it clear why the models targeted on symmetric 
spaces such as U(N)/U(N—M)XU(M) are bound to 
have space-time Lorentz invariance. 

From a mathematical point of view the generalized 
models are interesting in themselves. In going to groups 
of rank > 1 the structure becomes much richer. For in- 
stance, one may contemplate new varieties of long-range 
order, beyond the familiar ferromagnetic and antiferro- 
magnetic. The SU(3) analogue of the s =}, SU(2) system 
would employ the triplets 3 and 3°. In the ground state 
one might expect to find an orderly arrangement of these 
states on the lattice. On the other hand, the large quan- 
tum number or correspondence limit will lead to a 
models on one or other of the manifolds, 
SU(3)/SU(2) X U(1),SU(3)/U(1) X U(1), ete., depending on 
the ground state. 

To generalize the well-known SU(2) spin-wave formal- 
ism it is necessary first of all to generalize the Holstein- 
Primakoff representation of spin matrices. The approach 
followed here starts from the coherent-state method used 
by Haldane,!° which is easy to generalize. In this 
method, the finite-dimensional vector spaces on which 
the spin matrices act are provided with an over-complete 
basis labeled by coordinates on a coset space. Transition 
amplitudes in this basis are represented by path integrals 
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whose meaning becomes unambiguous in the limit of 
large quantum numbers, and which can be used to extract 
a correspondence limit Lagrangian. In principle, it 
would also be possible to use this Lagrangian in the sub- 
correspondence regime, applying canonical quantization 
procedures to find corrections. However, the underlying 
path integral is subject to ordering ambiguities that make 
the passage to quantum theory less straightforward. This 
problem is solved, at least in the examples we have exam- 
ined, by extrapolating directly from the coherent basis 
expectation values of the generators to operator expres- 
sions whose correctness is then verified by using the 
canonical commutation rules. The procedure will be il- 
lustrated in Sec. VI for the case of CP’, where a realiza- 
tion of the Holstein-Primakoff type is obtained for the 
generators of SU(N +1). 

At the classical level, where ordering problems are 
suppressed, it is possible to give an explicit expression for 
the Lagrangian. The dynamical variables in terms of 
which it is expressed can be interpreted as coordinates on 
a coset space, G/H, where H includes the Cartan sub- 
group or maximal torus of G. If H is precisely the Cartan 
subgroup then G/H is a flag manifold. The detailed 
structure of the Lagrangian depends on the coherent 
state basis from which one starts. This basis is generated 
by applying finite transformations, L,, belonging to the 
group G, to some chosen reference state, |A), 


I)=LglA), LgEG. 


The stability group H is defined as the set of transforma- 
tions, which leave the reference state invariant, up to a 
phase 


h|A)=|Ayei*™ , 


The coordinates ¢*, u=1,2,...,dimG/H, may be 
chosen in any convenient way to parametrize representa- 
tives, L, from the cosets G/H. The Cartan components 
of the spin connection of G /H are defined by the | form 


Ly'dL,=— A“ g)H,+ see 


hEHCG. 


where the operators H; are generators of the Cartan alge- 
bra. These are among the generators of the stability 
group H and their eigenvalues serve to label the reference 
state, 


H,|A)=|A)A, . 


The coherent basis system is established at each site on 
the lattice and their direct products define an over- 
complete basis for the Hilbert space of the model. It will 
be shown in Sec. II that the correspondence limit La- 
grangian takes the form 


L=43 4,6, 18,¢4 Hd) , (1.2) 


where 
Albu )= AL by An; 


and 


3192 
H(¢)=(¢lHl¢) 
=F Inn Qal $n Qalb, Jtc+: , 


where the functions Q,(¢) are defined as coherent state 
expectation values of the generators of G, 


Qalbm I= (blOr” ig) . 


Generalized spin waves are obtained by examining 
weak excitations of the system described by (1.2). These 
are defined, at the classical level, when the coherent state 
at each site on the lattice is close to its reference value. If 
the Lagrangian is translation invariant then the usual 
Fourier techniques can be used to extract the spectrum. 
Some examples of this will be given in Sec. III where the 
question of classical stability is considered. 

Still at the classical level, it is straightforward to make 
the restriction to long-wavelength configurations, turning 
the lattice model into a continuum field theory. What 
emerges is a kind of nonlinear o model with fields target- 
ed on the coset space G/H. The Lagrangian will be first 
order in the time derivative but second (and higher) order 
in the space derivatives. However, if the (classical) 
ground state is “antiferromagnetic” in the sense that the 
reference state weights A,,; alternate in sign across the 
lattice, then some of the dynamical variables are algebra- 
ic and can be eliminated to give a Lagrangian, which is 
second order in the time derivative. This Lagrangian is 
generally nonrelativistic, even when higher-order space 
derivatives are neglected, unless G/H happens to be a 
symmetric space. This will be discussed in Sec. IV. 

In passing from the lattice to the continuum descrip- 
tion, a term appears in the Lagrangian density (for the 
antiferromagnetic case), which is a total derivative. Such 
a term has no relevance at the classical level, since it 
makes no contribution to the equations of motion. It is 
only an artefact of the method and may be safely discard- 
ed. In the quantized continuum theory, on the other 
hand, such a term may not be negligible. If it makes a 
finite contribution to the action functional then it will 
affect the sum over configurations. Since our discussion, 
in Sec. IV, of the passage to the continuum theory is 
couched in classical terms—the factor ordering question 
is ignored_—we cannot determine whether such terms are 
actually needed for the long-wavelength description of 
spin systems at the quantum level. Haldane observed this 
term in his treatment of SU(2) spin systems in one-space 
dimension (D = 1), and he noted that it has a topological 
interpretation, giving an alternating sign factor in the 
sum over configurations when the spin is a half in- 
teger.'?/ Within the limits of our discussion we have 
confirmed that this effect persists in the generalized anti- 
ferromagnetic D =1 spin systems. For D>1 our total 
derivative term does not seem to have a topological 
significance, and it has been argued that, at least for 
smooth field configurations, it should probably be 
suppressed in the quantum theory.!2 However, 
nonsmooth configurations such as the point singular 
“hedghogs” may induce interesting physical phenomena. 
In fact, following the work of Haldane in SU(2) case, 
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Read and Sachdev’? have shown that close to a phase 
boundary the SU(N) hedghogs, crucially influence the na- 
ture of transition from an ordered Néel state to a disor- 
dered phase. Topological aspects of the D =1 systems 
are discussed in Sec. V where first-order equations for 
generalized instantons are derived. 

The classical nonlinear @ models obtained by this ap- 
proach can be quantized in the usual way. It is not at all 
obvious that such quantum nonlinear a models have 
much relevance to the original spin problem but, as men- 
tioned above, there is a common belief in the SU(2) case 
that they are good for describing the long-wavelength, 
low-energy features of the spin problem. Some support 
for this view may perhaps derive from the standard treat- 
ment of quantized o models by dimensional regulariza- 
tion. In such treatments it is prescribed that quantum 
corrections associated with factor ordering should be dis- 
carded. Recall that it is precisely these ordering 
contributions—defined by the Holstein-Primakoff opera- 
tor valued expressions for the generators Q,(¢,,)—-which 
distinguish the subcorrespondence regime on the lattice. 
If they are indeed not relevant in the continuum limit 
then the quantum nonlinear o model should be appropri- 
ate for the long-wave behavior of the lattice model. 

Finally, it may be remarked that the loop expansions of 
the quantized theory comprise quantum corrections to 
the classical spin wave amplitudes. Since both A pl) 
and Q,,(¢) in (1.2) are linear in the weights A,, it is clear 
that the loop expansions can be read as expansions in 
powers of 1/A if the couplings J,,, are redefined to ab- 
sorb one power of A, J,,, =J;,,/A. With this interpreta- 
tion, the classical theory emerges when A— ©. This is 
what is meant by the expression, large quantum number 
of correspondence limit. 


Il, THE SEMICLASSICAL REGIME 


Our purpose is to discuss the large quantum number, 
or correspondence limit of generalized spin systems. 
Typically, the Hamiltonian is given as a sum of terms in 
which operators associated with sites on a lattice are cou- 
pled, 


1 
H= > DInnQa" Os + -°* (2.1) 
mn 
where m,n, ... label the sites and the coefficients J°? are 
coupling parameters. The matrices Q'”) are generators 
of some representation of a Lie group G. They satisfy the 
commutation rules 


[OQ 1=Byncap"QY - 
B af xy 


The couplings are assumed to be G invariant, i.e., propor- 
tional to the Killing metric, 


(2.2) 


JHB =FinnB™ 5 (2.3) 
and also translation invariant, ; 
Jinn =Jm—n* (2.4) 


Higher order and/or noninvariant coupling terms could 
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be included in the Hamiltonian (2.1), but we shall not 
consider such possibilities. 

We are not looking for exact solutions. Following 
Affieck,? our aim is to find a Lagrangian description, 
which can be used for semiclassical approximations, gen- 
eralized spin waves, and which leads to various o-model- 
type theories in the continuum limit. Our approach is to 
generalize the method used by Haidane.'° As outlined in 
Sec. I this involves the introduction of an over-complete 
basis of coherent states in the finite-dimensional vector 
space on which the Q, act, followed by the construction 
of a path integral representation for transition amplitudes 
in the coherent basis. In the SU(2) case the coherent 
states in question are associated with the points of the 
manifold SU(2)/U(1), and they describe the orientation of 
the spin vector in the correspondence theory limit. This 
picture generalizes easily to the cosets G/H. 

Let G be a Lie group and H one of its subgroups. We 
are interested in those subgroups, which include at least 
the Cartan subgroup (maximal Abelian subgroup). If H 
is precisely the Cartan subgroup then G /H is a flag mani- 
fold, but we may consider larger, non-Abelian subgroups 
so that G/H becomes a subspace of the flag manifold. 

Suppose that G is decomposed into left cosets with 
respect to the subgroup H. From each coset one can 
choose a representative element L,EG where ¢={9"} 
labels a point on the manifold G/H. This means that, for 
arbitrary g &G, there is a map 


o—9'= $9.8) 
defined by 


BLy=Lyh, (2.5) 
where h =h(¢,g)EH. The detailed form of the func- 
tions $'(¢,g) and 4(¢,g) depends on the choice of 
representative elements L,. 

In the vector space that carries one of the irreducible 
representations of G, choose one vector |A) that is in- 
variant, up to a phase, under the action of H, 

h|A)=|Ade! | (2.6) 
This vector will be referred to as the “reference state.” 
Now, corresponding to the points ¢6©G/H, define the 
coherent states 


IP)=L,lA) . (2.7) 


Under the action of G these states are transformed ac- 
cording to 


gld)=|¢'deiM™ | (2.8) 


where ¢' and A are determined by (2.5). 
The coherent states can be expanded in an orthonor- 
mal basis, 


a 
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IP)=SIAMAIL,IAD , (2.9) 
A 


and it is possible to project the orthonormal basis vectors 
from the coherent states by integrating over the coset 
manifold, 


lAd= fdpldrla rales lay , (2.10) 


where dy is a suitably normalized G invariant measure 
on G/H. The coherent states therefore constitute an 
over-complete basis. 

Of particular interest is the overlap between neighbor- 
ing states, 


(p+dgld)=CAIL gt aglylA) 
=(A|(1-Ly 'dL,)|A) 


=1+ AA, , (2.11) 
where the | forms, 4/=d¢" Ai (9), are the Cartan com- 
ponents of the spin connection on G/H. To obtain this 
we have expanded the Maurer-Cartan form in a basis of 
the Lie algebra of G, 


Lj 'dL,=e"Q, 


=~ A/H, +e7Q,+e°Q, , (2.12) 


where the operators Q, satisfy the commutation rules 


[QarQp]=Cap"Q, - 


The generators of the Cartan algebra are denoted H). 
These operators are all in the algebra of H together (in 
general) with non-Abelian elements Q,. The remaining 
generators are denoted by Q,. Their coefficient 1 forms, 
e*, in the Maurer-Cartan form define the frames on 
G/H. The requirement (2.6) that |A) be invariant, up to 
a phase, under the action of H means 


(2,13) 


H,|A)=|ADA, , 
Q,iA)=0. 


(2.14) 


The operators Q. belong to some representation of H. 
This representation is often reducible, but it cannot con- 
tain any components that are neutral with respect to the 
Cartan algebra. Hence, (A/Q,{A)=0 and the result 
(2.11) follows. 

The infinitesimal formula (2.11) can be integrated to 
obtain a path integral representation for the finite over- 
lap. To do this one makes repeated use of the complete- 
ness condition (2.10) or 


1= f dulled! . 


Thus, one writes firstly 


(2.15) 


(616) = f (bu lbw —1dulby— i bn—116y—2duldy—2)- . -duld,)( $1199) , 
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where ¢y=¢’ and ¢)=¢. The intermediate points, 
ony—1:$n—2 +--+, are integrated over G/H. In the lim- 
it N—» co this gives rise in the usual formal way to a path 
integral over configurations ¢(t). The factors in the in- 
tegrand are given by (2.11), 


(¢+d¢l¢)=exp( A/A,) 
=exp(dt # AL(B)A;) > 
to first order in dt. Hence, the finite overlap is 
(6'16)= f (durexp f de # AL(G)A, - 


Finally, the coherent state transition amplitudes are 
represented by the path integrals 


(2.16) 


(6 exp ~ 41 ||6)= f due gfau, 
(2.17) 
where the Lagrangian is given by 
L= AY ALA, — HUG) (2.18) 


The classical Hamiltonian H(¢) is defined by the diago- 
nal elements of H in the coherent basis, 


H(¢)=(4lHl|¢) . 


The Euler Lagrange equations deriving from (2.18) take 
the form 


(2.19) 


7 AP a (2.20) 
where Fi, =3, A/—4,A/ are the Cartan components of 
the curvature tensor on G /H. 

The path integral representation (2.17) is of course only 
formal. To give it a precise meaning one must apply 
canonical quantization methods to the classical Lagrang- 
ian (2.18) and invent a suitable prescription for interpret- 
ing the ambiguous factor ordering in H(¢). The canoni- 
cal momenta are defined by 

OL _& ,; 

of aera da : 
To proceed further with this it will be necessary to 
choose some parametrization of G/H and obtain explicit 
formulae for the components A/,. Once the commutation 
rules have been determined for the ¢”, it becomes possi- 
ble to consider the structure of H(¢). For the systems we 
are concerned with, the Hamiltonian is given as a polyno- 
mial in the generators Q,. This means that the classical 
Hamiltonian will be expressed in terms of the functions 


2,(¢)=(dlQ,|¢) . 


These functions are unambiguous at the classical level 
but when the dynamical variables ¢* are quantized it is 
necessary to determine the factor ordering such that the 
algebra is realized, 


[Qa($),Op($)]=Cag’Q,(4) « 


(2.21) 


(2.22) 
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This is precisely the problem solved by Holstein and Pri- 
makoff'* for the case of SU(2). In Sec. VI we shall give a 
generalization for the case of SU(N + 1) with coordinates 
¢ on CP. There it will be verified that the ¢ commuta- 
tors vanish like 1/A in the limit A—> [see Eq. (6.10)]. 
But first we shall continue with the classical approxima- 
tion (i.e., the large quantum number limit). 


I. WEAK EXCITATIONS AND 
CLASSICAL STABILITY 


Suppose that the Hamiltonian for the generalized spin 
system on a lattice is given as a sum over pairs of sites, 
etc., as described in Sec. I. In the classical approxima- 
tion, | 


HO)=F DnB Qa bm Opa) °-* 5 


where g is the Killing metric and the functions Q,(¢) 
are defined by (2.22). It is convenient to express these 
functions in terms of matrix elements of L, in the adjoint 
representation. These matrices, D,°, are defined by 


gs 'Q.g=D(8)0,, gEG. 


It follows from the definition (2.7) of the coherent states 
that 


Qa(G=(AILZ'Q.L4|A) 
=D AL, AlQg|A) 


(3.1) 


=DHL,)A; - (3.2) 
Hence (3.1) takes the form 
H(¢)=42 inn BOD AL y We Lg \AmjpAnk + *** 
=n AD MEG Ly gt ss, 3.3) 


where the invariance of the metric has been used, 
gD AL) =g/2D AL) =g*D, AL). 


The indices j,k refer to components in the Cartan alge- 
bra, and we take a basis such that the metric tensor is 
block diagonal. 

Since the coset manifold is homogeneous, no generality 
is lost by assuming that ¢, becomes independent if n in 
the ground state, i.e., 


(LoL, )=1. (3.4) 


With this convention the ground state value of the Ham- 


iltonian (3.3) reduces to 


(H(6))=43 Jinn Am Ag tort. 


(3.5) 


Minimization of this expression must~be our guide in 
choosing the weights A, that define the ground-state 
configuration. To be more specific, we shall suppose that 
the pattern of weights takes the form of a finite number 
of translation invariant sublattices. Write the variables in 
the form 
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\é 


{o,J={4,.1 » (3.6) 


where n=(71,7,... 
components and v=1,... 


»Ap) is a D vector with integer 
»f indicates the sublattice. 


The weights are independent of n, 
Ayy= A, 
The translation invariant coupling parameters J,,,,, ,, de- 


pend on m—nz. The ground-state energy per cell is then 
given by 


4 > JivovAy Ay . 


BY 


(3.7) 


To minimize the ground-state energy density in, for ex- 
ample, a one-dimensional system with nearest-neighbor 
couplings one should choose A, :A, +; to be positive (neg- 
ative) if J,,,+, is negative (positive). In this way one is 
led to the most obvious generalizations of ferromagnetic 
(antiferromagnetic) order. In more than one dimension 
there are new possibilities. For example, in two dimen- 
sions with a triangular lattice each site has six nearest 

SS ee ee 


Ly Lgsag= t+ AGeL ~18,L + LAGAAG"L ~'8,3,L + + 
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neighbors. If all nearest neighbors are coupled with the 
same positive strength then one can make an ordered 
ground state with three distinct sublattices such that the 
energy density is 


J(A,A,+A,A3+ AyA)) 
=F [Ay + Ag+ Ay? APA A] ; 


Hence the configuration with A, +A,+A,;=0 would be 
favored. Such a generalized antiferromagnet becomes a 
possibility in the SU(3) models. 

To test the stability of conjectured ground-state 
configurations one can compute the energy associated 
with weak perturbations and find the excitation spec- 
trum. Write 


6, =o+A¢, , (3.8) 


where ¢ is a constant and Ad, is small. Substitute into 
(3.3) and collect the bilinear terms. To carry out this 
computation we need the formula 


=1+ Adte,"Q, +5Ad"Ad(3,e,70, +¢,%¢,50,0g)+ *** 


which derives from (2.12). Hence, 


L aE 6, =14+ [(4¢,?— 4g," )e,." + 7 4¢,,°4¢, on A$," Ad._ "0,09 — zAgbn Ag, "e,Peytcp, "10a 


+ HAG," Abn“ V MG,” BG, "0,22, On0g+ *°* 


and, in the adjoint representation, 


DML gy Ly \=Sk+ $(B}b,"— Adm" WAG,” —AGm “Ne, 7 
With this approximation the Hamiltonian (3.3) takes the form 
A(O)=4£2J aglAm “A, +1(AG,®— AG," OG,” — Abn kG) + rd, 


where k,,, is a symmetric G-invariant tensor on G/H 
defined by 

man 

py 
The ground state wil] be stable against weak classical per- 
turbations if the matrix, J,,,k[y, is positive. To examine 
this question it is helpful to express the algebra of G in 
the Cartan-Weyl basis with generators H; and E,, where 
a denotes a root. The commutation rules include 


[H) Es:qgl=tajE+q ’ 
[E,,E_,)=a/H, . 


eye PAL cia’ Cyp nk - (3.10) 


Since we are dealing with unitary representations we can 
choose the basis such that 
H,'=H, and E,'=E_,. 


The root vectors are then real. However, it is important 
to remark that, since L~'dZ. is anti-Hermitian, the frame 
components in the Cartan-Wey] basis must satisfy 


k 
ey tun tere, 


3.9) 
ee en ee 
(Adte,.2)" =—Adte, 2 . 


The tensor (3.10) reduces in this basis to a sum over 
roots, 


hiv = Dey ey CA, Gard, . (3.11) 
roots 
Therefore, 
APAg ki =— > |Ad*e,“|7A,, -aa-A, . 


roots 


It follows that the conjectured ground state will be stable 
if the matrix, Jinn AmjAnx, is negative definite. This is a 
sufficient condition. It would be straightforward, in prin- 
ciple, to sharpen this criterion for a specific model, but it 
would not be very useful to pursue the question in gen- 
erality. 

We conclude this discussion with brief remarks about 
the excitation spectrum. To simplify the notation define 
the frame components of the weak fluctuations, 


Ag,te,°=W= (Ys 2)". (3.12) 
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In terms of these variables the bilinear part of the Hamil- 
tonian (2.31) becomes 


Hy=—£E TInnAm aah, le—vs,?, 


a>Om,n 


(3.13) 


where the sum is restricted to positive roots. With the 
translation invariant background, described above, 
comprising a finite number of sublattices, {n}={n,v}, it 
is natural to use Fourier series. Define the Fourier com- 


ee ee | 


es dk 
foe xf Qn 


a>0 


D 


=z] ae SP) He Ak 


a>o 


Stability requires that the matrix H%,(k) should be posi- 
tive definite for each root. 

To obtain the frequency spectrum it is necessary to ex- 
tract the bilinear part of the Lagrangian (2.18), 


L=4SG ALG, My HOG). 
n 
Substituting (3.8) and discarding a total derivative gives 


h ah Sent 
Ly= 3 SAG AGF hy (Ay Hy 


=z 


a>od 


rd oe 
Be Anda (G3, wwe 


+3 Dian An -aa-A,, |ps—p% |? . (3.16) 
mn 


To obtain this expression we have used the Maurer- 
Cartan expression for the curvature tensor, 
F,,,/=e,,°e "cag! 
uv Sv “ap - 
In the Cartan-Weyl basis this gives 


FyyAnj= 3 ey%y Ua-A,) « (3.17) 
roots 


The linearized equations of motion are easily obtained, 
— ah, Faye k= SHS AEWA) 
v 


The frequencies are therefore given by the zeroes of the 
determinant 

det[a-A,5,,fio—H%,(k)] . (3.18) 

To illustrate, we consider the one-dimensional chain 

with nearest-neighbor coupling where there are two fa- 

miliar cases, ferromagnetic and antiferromagnetic, for 
which the spectrum is easily obtained. 
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ponents, 
VkI=Sye~ #2, 
a (3.14) 
viv= f E Tikre®, 


where the integration ranges over a cell of volume (277)?. 
The Hamiltonian (3.13) then takes the form 


D 
DDavevAvaa Ay lok jeika?2— Gok Je meee |s 
av 


(3.15) 


A. Ferromagnetic ground state (J <0) 


In this case we have a simple lattice with A indepen- 
dent of n. The fluctuation Hamiltonian (3.13) takes the 
form 


H,=—-J> (a-AYS|o3— 24,1? 


a>o a 
= IE aa? f FE Fk) ee A2y%(K) : 
i.e, 
H%k)=—43(a-A)sin’k /2 , (3.19) 
so that 
f= —4Ja-Asin?k /2 . (3.20) 


The sign of w is not significant. If a-A <0 we can inter- 
pret #* as the creation operator and #~° as the annihila- 
tion operator for an excitation of energy 4|a|. 


B. Antiferromagnetic ground state (J > 0) 
In this case we have two sublattices with 


A,=A=—A,. The Hamiltonian (3.13) now takes the 
form 


Hy =J > (a-AV Soi — Pal? + lp — VG 1,217) 


a>0o n 
=> (aa? f Ef lys—eo? 
a>0o 2a ‘ : 


+ e* ye k)—e—*2y9(k)|?] , 
i.e., 


—e—*? cosk /2 


a, = A)2 
H%k)=2J (a-A) — ek? cosk /2 1 


(3.21) 


The secular determinant (3.18) is 
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a-Afo—UW (aA WT (a-A)e~*” cosk /2 cies. The spectrum is relativistic for small k. In this case 

det 2 kh 2 the corresponding low-energy-field theory will turn out to 
Wla-Aye™ cosk/2 — —a-Afiw— 25 (aA) be the well-known relativistic nonlinear 7 model targeted 


=(a-A)[ —#ew?+4J%a-A) sink /2] on the appropriate symmetric space. 


IV. THE CONTINUUM LIMIT 
so that 
~ : To extract a continuum description of the long- 
a= +2 (a-A)sink /2 . (3.22) wavelength behavior of the system one supposes that the 


In contrast to the ferromagnetic case (3.20), the spectrum dynamical variables are slowly varying across the lattice 


is linear in kK near k =O. For symmetric spaces like bm —$, <K¢, « 
SU(N +M)/SU(N)XSU(M)XU(1), it can be shown that Pe ‘ 
a-A is independent of a and hence, so are the frequen- _—‘In the correspondence theory limit this means 


———— 
Qalom 10(¢, =A, DML y'Ly YAnk 
= Ag An + HGm— Ox bm On RDG, + 5 (4.1) 
where k,,, is the tensor introduced above, 


KIV(O)= ¥ ey "bey AOA, aarA,) . 
foots 


The idea is to express quantities like H (¢) as functionals of smooth interpolating fields $(x), 
H(g)= f d?x H(G(x),89(x), ...) (4.2) 


defining thereby a Hamiltonian density. Since the interpolating fields are supposed to be slowly varying one aims to find 
the leading terms in an expansion in powers of 3¢,2°¢, etc. The lattice sums one meets are usually simple enough that 
this expansion can be found by inspection. However, it is probably worth pointing out that there is a systematic pro- 
cedure that employs Fourier expansions. The lattice variables ¢, may be represented by Fourier integrals, 


D 
=f Es | Hk ye , (4.3) 


where the wave vectors are integrated over a cell of volume (277)”. The Fourier components ¢ are periodic in k with 
period 27. The Hamiltonian may be regarded as a functional of 4, ¢.g., 


1 -{dk, |°  [aky |? 

=g— fj «an ee ats 

H)== Wi f = Se | Hi as =o Rar dBUdey) + - Ble) 5 (4.4) 
where the coefficient functions Hy are of course periodic in the wave vectors k,,k,,...,ky. If ¢, is slowly varying 


then $(k) is nonvanishing only in the neighborhood of k =O{mod27). In this case it is therefore legitimate to expand 
the coefficient functions in powers of k,,...,kKy, e.8-5 


Hylky,... ky )=(20)P8( Ek Ay — Zk -kyhy't ++). 
The periodicity in & is now irrelevant, and one may substitute 
(29 )P8(Ek)= fdPx elk. 


Define the interpolating fields $(x) by the continuum Fourier integral, 
D 
= ak ik-x 
x)= f [| Hk eis | (4.5) 
One then obtains H(¢) in the form (4.2) with 


N 
2 [AN Ox 78d P+» 


AP o(x)¥+ 


1 
HIM 
=V(d)+Z(ohadrt+:-:. (4.6) 


In the following we shall discard terms containing more than two derivatives of the interpolating fields. Since the ex- 
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pression (4.1) is bilinear in ¢,,—@,, it will be sufficient to keep only the first derivative in this quantity. However, a 
minor complication arises from the need to keep track of the various translation invariant sublattices. We write 


Pav On +b» ’ 


where n is a D vector with integer-valued components and v=1,... 


strained to satisfy 


(4.7) 
»f labels the sublattice. The variables £,,, are con- 


2Snv=0» (4.8) 
v 

and they are small quantities of order ¢, —¢,,-. Hence, to leading order, 

bay byv=((2 —1'):06(x)+ E20) E(x) ] my > (4.9) 
which is to be substituted into the formula for the Hamiltonian, 

H(¢)=t > JavavlAy Ay tH byy— bn'v) (bay — Gay Pk oy (by Jerre]. 

nvyn'y 
Using the translation invariance of J,,, ,/, one obtains the density, 
(4.10) 


H=4 TIavovidy Ay + Hm -3dt+é,—Ey "(a -Bb+E,— Ey PRG) + ++]. 
av 


It is generally assumed that the coupling strengths fall off rapidly with distance between sites so that the sum over 7 in 
this expression contains only a few terms. Defining the moments, 


Davey Iw =Jyy > 
2 


Vey =I =I, » (4.11) 
a 
SnD yy =I, =I, , 
n 
one obtains 
HE= TDF Ny Ay + IG 3,786" +24 8, GE,— Ey)? + Ty (E,— Ey PE, Ey) Vee (GF). (4.12) 


w 


Although this general result may look rather forbidding, it can simplify in specific applications. For example, if the 
couplings are isotropic and J‘=0, J‘/~8, In the ferromagnetic case there are no sublattices so the variables é,, disap- 
pear along with the label v. In the antiferromagnetic case there are usually only two sublattices and £,= —£,,A,.=—A, 


and, moreover, one usually assumes J,,; =J,. =0, etc. 


To complete the discussion of the continuum limit, it is necessary to consider the kinetic term, 


, a ee 
fA AG) y; » 


(4.13) 


where A, is the spin connection on G/H. Substituting the expression (4.7) for ¢n,v and expanding in powers of &, one 


obtains after discarding a total derivative, 


(G+EVA (P+E =P A (P)+EG +E Fy +LEEH OF t+, 


where A ae ASA,; and F,, is the corresponding curva- 
ture tensor. 

In the ferromagnetic case there is nothing further to 
do. Only the first term in (4.14) is present and the equa- 
tions of motion will imply ¢/¢~O(k?) to the approxi- 
mation used in (4.12). In other cases, if we impose the 
condition, 


SA,j=0, (4.15) 


(4.14) 


SS 
then the first term in (4.14) is absent and the most impor- 
tant term becomes 
fie: 
j REA Fahy : (4.16) 
Here the equations of motion imply that both ¢/¢ and é, 
are O(k). It is therefore consistent in this approximation 


to discard all other terms in (4.14). Notice, in particular, 
that €, disappears from the Lagrangian. This means that 
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&, becomes an algebraic variable and can be eliminated 
from the dynamics. [If the condition (4.15) is not im- 
posed then &, becomes a true dynamical variable associat- 
ed with optical branches in the spectrum, ie., £/£ 
remains finite in the limit k —0.] 

To conclude, the Lagrangian for the ferromagnetic 
spin waves is given by 


4 1 ‘ 
L= fax 53,0 A, (b)~ 79,98 /b" ky AB) | 


(4.17) 
where A, = A/ A, and 
kywl@= 5 eye, AaAP . 
roots 


The tensor J'/ is assumed to be negative definite. 

The equations of motion derived from (4.17) are gen- 
eralizations of the well-known Landau-Lifshitz'® equa- 
tions for ferromagnetic spin waves. They are 

J 


id y 
Fudd =—k 


kwh" 


SSS | 


where we have assumed an isotropic coupling, i.e., 
Ji=Jb, J<0, 
and where the “Laplacian” is given by 
Ag’=d76"+1k OK oy tO,K a — Okay 18;¢73,¢ . 
It is not difficult to verify that for G/H =SU(2)/U(1) 
these equations assume their familiar form'* 


#0,2= — ZsaxVin ; 


where s is the spin and n is a unit vector describing the 
target space S*. 
For the antiferromagnetic case (with two sublattices), 


A,= = ~A, F 
&i=$=—&, 
the Lagrangian is given by 


L=fax 4 F 43,6” (F183 jb" +4) 3, GE” +4 EHE NK, LO) | , (4.18) 
where, for simplicity, we have taken J, =J 7, =0, and we have suppressed the sublattice indices, writing 

Ih =If =I), I= Ih as, 

JIn=Inas, 
and 

ki =k? =k,=— Se,%e,- aA). (4.19) 


py “ay Sp 
roots 


The tensor J'/ is assumed to be positive definite. The auxiliary variable £* can be eliminated from (4.18) by solving the 


Euler-Lagrange equation 5L /5E*=0, 
id jv é v Vv\— 
Fut — 2k, (F'9,6" + 2SE)=0 . 


This gives 
# ed! ¥ 
L=fd?x 4p buv9 Hb 77 OF 9h ca J 


where the tensor g,,,(¢) is defined by 


Suv FF ilk Pea = ey7ey * ti 7) 
roots 


{The formulas (4.19) and (3.17) have been used.] The ten- 
sor g,,, is G invariant and positive definite. 
For symmetric spaces there is a unique G-invariant 
second-rank symmetric tensor on G /H implying that 
Kyuy()=07g (6) 


when v is independent of ¢. If in addition we also have 


(4.20) 


J 20,4 ’ 
———_- 
invariance under space rotations, then 


pT 5 


and the theory becomes fully relativistic. This obtains 
automatically for D=1 for which we recover the well- 
known two-dimensional o models targeted on symmetric 
spaces. 

The Lagrangian (4.20) gives a sensible description of 
antiferromagnetic spin waves if 


3200 


. gizi 
J>0, wi 50. (4.22) 


The middle term in (4.20), 
A Ji : 
i 7 7 ie Fuvdh 


is of a topological nature. It makes no contribution to 
the classical equations of motion. Indeed, it can be ex- 
pressed as a total derivative. The integral of this quantity 
over a space-time region, M, reduces to a boundary in- 
tegral, 


(4.23) 


4 si . 
rer Sa dx 3:93,9"F ,, 


_ adi 
Sarre i. d?x[d,(3,¢" 4, )—3,(8,¢"4,,)] . 
(4.24) 


If M is a compact two-dimensional manifold this integral 
is a topological invariant —an integer multiple of 27% for 
the two sphere as will be shown in the following section. 
In general the integral (4.24) has no topological 
significance. For compact manifolds of higher dimension 
it has been argued that this term should vanish,’ at least 
for smooth field configurations. 


| 


1 


Jyh BEV TF FH8, GN 8,6'£21V IT F",3,4°)= 


a, 
rai 
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It was shown by Haldane, who discovered the term in 
the case of a one-dimensional antiferromagnetic spin sys- 
tem with nearest-neighbor couplings, that the topological 
contribution gives an alternating sign in the sum over 
configurations for half-integer spin systems.'! In the fol- 
lowing we consider some classical aspects of the one- 
dimensional case. 


Vv. INSTANTONS 


The continuum theory that emerges from the one- 
dimensional antiferromagnetic chain is described by a La- 
grangian of the type (4.20). Consider now the Euclidean 
version of this theory. The Lagrangian density is 


L= 18d HOGI ky Pe POn$" , (5.1) 
where we take A=1 and discard the topological term. 
The tensors g,, and k,,,, given by (4.21) and (4.19), re- 
spectively, are positive definite, and we shall assume that 
J and J’ are positive. 

There is a simple argument that suggests the possible 
existence of finite action solutions of the equations of 
motion, i.e., the instantons. Consider the expressions 


8,°8,g°tiV'/TF 13, 9°8,6" 


—F'8 yy FY F863, 6° 


1 ¥. iV t ? v 
= 4789: 9,9 tiVS /F F383, +I Kyy9, 60,6 > 


where 


SuvF = Fip= Dey ep “aA. (5.3) 
roots 
In a basis of real coordinates the components F,,, are 
pure imaginary. Hence, the expressions (5.2) are real and 
positive, i.e., 
1 v r Vv 
L= Fz 8 uv P98 FI’ yd, $3, 9 
2|VI'/I F,,,3,.¢48,¢"| . 


This means that the Euclidean action has a lower bound, 


fax 


1 v Vv 
G89: 9b +5 ky, 98,6 | 


> Wr fax F,,8,6°9,6"| . (5.4) 


It remains to determine whether there are configurations 
for which the integral on the right-hand side is finite. 
Suppose that the two-dimensional Euclidean space- 


(5.2) 


cc 
time has the topology of a sphere. The coordinate func- 
tions, ¢*(x), define the image of this sphere in the mani- 
fold, G/H. It is not difficult to see that such maps have a 
topological classification. The manifold is generally 
covered by more than one coordinate patch. If the coor- 
dinates in two patches that intersect are associated with 
the group elements Lj!) and LY, as described above in 
Sec. II, then at points in the overlap there is a relation, 

LP HLY AX) , (5.5) 
where h‘427EH, Only the Abelian part of h"!) is of in- 
terest because this is what determines the relation be- 
tween 4/(¢) in the two patches. With 


A2(g) =e MOM, (5.6) 
it follows from the definition (2.12) that 
Ai, =Ai,)—idy . (5.7) 


If the overlap between the two patches is not simply con- 
nected then the angles ¢(¢) can be multiple valued, i.e., 


Ay=Gdy+0o, 
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where the integral is taken around a closed path in the 
overlap. However, it is essential that the group element 
h'!2) be single valued and this implies 


AWA; E2nZ . (5.8) 


On the other hand, the flux of F/A, associated with a 
compact two space must reduce to a sum of such terms. 
With the two sphere suppose that the northern hemi- 
sphere maps into patch 1, while the southern maps into 
patch 2. Then the flux is given by 


fPia,= Jaan, 


= (Al, — 44, )A,=iAWA, , (5.9) 
where the contour runs around the image of the equator. 
The flux is an integer multiple of 27i. This integer, N, 
serves to classify the configurations and, in each class the 
Euclidean action is bounded below by |27NVJ'/J |. 

To saturate the bound one needs to solve the first-order 
differential equations, 


8yv9, 9" + iV JSF ,,8,6°=0 
or, more explicitly, 


(0,44 —2iV JJ'a-Ad, oe, 7=0 . (5.10) 
The solutions of these equations comprise the instantons. 
If G/H is a complex symmetric space it can be shown 
that Eq. (5.10) reduces to the well-studied case!® 


a,6‘=0, 


where z is a complex coordinate in the two-dimensional 
Euclidean space-time and (¢/,£) is a set of complex coor- 
dinates on the target space G/H. 

Returning to Haldane’s observation, it will be seen that 
our result (4.20) appears to differ in some respects. The 
Euclidean version of (4.20) with topological term includ- 
ed is 


1 Vv J* v 
L588 8,8" + TF yd Hd 
Jy? , 
+ |J7- = |k,.8,03,9", (5.11) 


where we have again set A=1. The coefficients J, J* and 
J™ are given in terms of the spin couplings, Jyo-n'o%7 by 
the lattice sums (4.11). In particular, 
J=TIatjo2 and J7=SaJ, 1.42 - (5.12) 
n a 
Due to the presence of the topological term the Euclide- 
an action contains the imaginary contribution 


2miNI*/J , 


where N is the instanton number. Haldane’s result, ob- 
tained for SU(2) spin models with nearest-neighbor cou- 
plings, is simply i7N. In fact, this result does agree with 
ours, since it can be shown quite generally that J*=J /2. 
The relevant coupling parameters are 


Farin Fn tn 1 » 


Jn 1,402 =F in 42,1;02 = K3 » (5.13) 


Fn 2, jn2 In 43,102 Ks » 
etc., corresponding to nearest, third-nearest, fifth-nearest, 
etc., neighbors on the lattice. Substituting into (5.12) 
gives 

J=2K,+2K,+2K,+---, 

J*=K, +Ky,t+Ks5+ South oe 


which confirms Haldane’s result in the more general con- 
text. 

To summarize, the Euclidean path integral for the gen- 
eralized antiferromagnetic spin chains includes the sign 


factor, e'*", where N is an integer defined by the flux in- 


tegral, 
__! JA = 1 j— i 
= 55 J FIA = 5o SP RM=NM 


(5.14) 


(3.15) 


The weights A/=gA, are integers for any finite- 
dimensional unitary representation of G. The coefficients 
N, are integers that characterize the configuration ¢"(x). 
Models in which the A/ are all even will not be sensitive 
to the classes of configurations—like the integer spin 
SU(2) models. Other models, in which one or more of the 
A/ are odd, will be sensitive—they must generalize, in 
various ways, the half-integer spin SU(2) models. 


VI. OPERATOR REALIZATION FOR SU(N +1) 


To resolve the factor ordering ambiguities in the quan- 
tized theory it is necessary to construct a realization of 
the generators Q,.(¢) in terms of the dynamical variables 
¢,- The details of such a realization will depend on the 
nature of the target manifold G/H and the quantum 
numbers of the reference state |A). We are not able to 
give a general solution but we can illustrate a method 
that works in at least some cases. Here we discuss the 
realization of SU(N + 1) in terms of operators associated 
with the coordinates of CP, 

The algebra of SU(N +1) is spanned by the N(N +2) 
generators, Q,°, A,B=1,2,...,N +1, which satisfy the 
commutation rules 

[2.47,0c?]=8%0c?—-82.0,? 
and the constraint Q,4=0. The fundamental represen- 
tation of this algebra is generated by the (N +1)- 
dimensional traceless Hermitian matrices, 

(247)c?= 8452 ——t 

We shall consider cosets of SU(N +1) with respect to 
the subgroup SU(N) XU(1) generated by the N? opera- 
tors, Q/, ij=1,...,N. The finite transformations, Ly 


that represent the cosets can be chosen such that, in the 
fundamental representation, 


Vi-est gb 
-¢ = v1-9"]’ 


(6.1) 


8582 . (6.2) 


(Ly )e?= (6.3) 
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where ¢ is an N-component column vector. The coordi- 
nates ¢; on the manifold CP” belong to the fundamental 
representation of SU(N). It is not difficult to verify that 
the matrix (6.3) is both unitary and unimodular. 

According to the general discussion of Sec. II, the 
reference state |A), from which the coherent states are 
generated, must be invariant up to a phase under the ac- 
tion of the stability group SU(N) XU(1). In particular, it 
must be a singlet of SU(N). We are therefore restricted 
to those representations of SU(N +1) that contain such a 
singlet. In terms of Young tableaux these representations 
(n,,n,) are characterized by n, columns with N boxes 
and nm, columns with 1 box. Each of these representa- 
tions contains just one singlet of SU(N). We shall find 
that the realizations to be obtained depend on n,—7, 
only. 

The Cartan subalgebra of Suny +1) is spanned by the 
N elements, Q,',Q,7,..., Qy™, whose eigenvalues define 
the components of the weight vectors 


Q/IAY=IA)A;, f=1,...,N. 


Since the reference state is a singlet of SU(N) these com- 
ponents are all equal 


A\=A,="°: =A. (6.4) 


It is convenient to define the hypercharge operator 
N . 
Y¥=Qy+1"*'=—3Q,/ (6.5) 
1 


to stand for the SU(N) singlet generator. In the funda- 
mental representation it is a diagonal matrix, 


IAN +1) 


De 
¥oo= -1/N +1) 


NN +1) 
(6.6) 


The value of the hypercharge in the reference state is 
given by 


Y|A)=—$Q,/|A)=—NA|A) . 
i 


On the other hand, since this state is the singlet com- 
ponent of a representation contained in the direct prod- 
uct of n, fundamental representations and n, conjugates, 
it follows that 
a es 


A—(N +1)Ad¢t 
(610,216) = sid 


using the elementary identities 
V 1-G4'¢=9V 1-4'$ 


and 


o'V 1-¢¢'=V 1-¢'49" . 
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4&8 
os ee es 
Y=(n, "ya 
or 
es EL 
WL (6.7) 


The U(1)-component of the spin connection of CP* is 
defined by 


Lg'dL,=iAY+-:: 
With the parametrization chosen in (6.3) this gives 


txt 
i 


A= (ptdg—dg') . (6.8) 


The overlap between neighboring coherent states is, 
therefore, 
(G+dgld)=(AIL gh agh glA) 
=1-iA(A|¥|A) 
=1+4(N+1)A(¢ldd—de's) , 


where A is given by (6.7). Hence, the Lagrangian (2.18) 
in this case takes the form 


=A +1)A($'d,6—3,6'9)—H(6,6"). (6.9) 
Canonical quantization gives the commutation rules 
[4;,¢;]=0, 
ty 
[69 6)]= WEA by» (6.10) 


[dL of]=o, 


where (N +1)A is an integer. 

To construct the generators out of these operators it is 
helpful to consider firstly their coherent state expectation 
values, 


(610.4716) =(AIL5 042,14) 
= (Lg) 4A AlQcPIA ML GIy? 
=—(N+DA(L4YL5") 4", 


where Y is the hypercharge matrix in the fundamental 
representation (6.6). With the matrices (Ly) 4? a. given by 
(6.3) one obtains 


—(N+1DAV 1—¢9'6¢. 
—(N+1)AV 1-9'96' —NA+(N+1)A¢"¢ 


(6.11) 
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The classical expressions on the right-hand side of (6.11) suggest the following operator realization for A <0, 


Ob) = A8/—-(N + AGO, =(A—18/—-(N + D)AG,9} , 


0.%+"g)=—-(N + DAV 1—9'66, = —(N + DAG: V 1-1/AN +1)A—9'9 
On rl6)=—(N + DAGIV 1-616 = —(N + DAV 1-1/1N +1A—9'6¢! , 


One N*'G)=—NAT(N +1DAG'S 


(6.12) 


It is easy to verify, using the commutation rules (6.10) that these operators satisfy the algebra of SU(N +1 ). The refer- 
ence state is annihilated by ¢;. The basis for a finite dimensional unitary representation of SU(N + 1) is given by 


IA), GIIA),O1 6L1A),-- 061.» OF 1A), 


(6.13) 


where p=—(N+1)A=n,—7, is a positive integer. The rest of the Fock space, spanned by vectors with 
pt+l,p +2, ...creation operators, carries a nonunitary infinite dimensional representation of SU(N + 1). 


Similarly, for A >O the operator realization is given by 


Q,16)=A8/—-(N +1)A9,61=(A+ 1)8/—-(N + LAGS; , 


0," *+%6)=—(N +1)AG,V 14+NAN +1)A—-6'6=—-(N +1IDAV 14+1/A—-$'89;, 


Qn. G)=—(N + DAV 14 N/AN + 1)A—6166! = —(N + D)AS'V 141/A-9'6 


Ona YT G)=—(AF+ DN +N +1)Ad'¢d . 


Here the reference is annihilated by ¢! and the basis for a 
finite dimensional unitary representation is given by 


|A),6:1A),9;,61,1A); vee Gaye #;,1A) , 


where p =(N +1)A=n,—1). 

It appears from the structure of the basis sets, (6.13) 
and (6.15) that the operators (6.12) and (6.14) realize, re- 
spectively, the unitary representations (0,n,—”,) and 
(mn, —m,,0) but not the general case (n,,n,). Our ap- 
proach clearly leaves something to be desired. This 
should not be a surprise, since we began with the assump- 
tion that commutators should be ignored in the first 
approximation—an assumption that is appropriate to the 
correspondence theory limit. The resulting formula 
should, therefore, be read as corrections to this limiting 
case valid, we expect, for large n, and , such that 


(6.15) 


In, —nq|<<n,+n,. 


We believe that it should be possible to construct exact 
expressions from ¢ and ¢* that realize the general case 
(n|,”,) and that reduce to the forms (6.12) and (6.14) 
when higher powers of |n, —n,|/(2, +n.) are neglected. 
Probably these expressions will have branch point singu- 
larities at 6=0. In support of the conjecture we have ex- 
amined a Holstein-Primakoff-type realization for the 
SU(2) case, which depends explicitly on the spin s and 
helicity 4 and which reduces to the standard Holstein- 
Primakoff form when A=+s. This realization is dis- 
cussed in the Appendix. 

Finally, in applying these formulas to an SU(N + 1) lat- 
tice model one must construct the Hamiltonian operator, 
Hi (¢,¢6") and set up the Feynman rules. Typically, the 
free propagator (T¢,¢!,) will have the Fourier repre- 
sentation 


(6.14) 


a 


1 

Clash) = TT lo Hk) 

and the higher-order contributions will be suppressed by 
powers of (n,—2”,)~'. Corrections to the classical 
theory are obtained in the usual way, as a loop expansion. 
Of course, at any finite order the approximate charge 
operators will give rise to transitions into the unphysical 
(nonunitary) part of the representation. This defect is en- 
demic to the semiclassical treatment of spin waves. 


VIL OUTLOOK 


In this paper we have begun the investigation of a class 
of spin systems based on an arbitrary Lie group. The 
purpose of this study is to develop a better understanding 
of the role of symmetry in the behavior of spin systems in 
general. We believe that it may eventually be possible to 
generalize some of the rigorous work that has traditional- 
ly been concentrated on the SU(2) systems, particularly 
that which concerns the nature of the ground state: the 
question of long-range order and its dependence on pa- 
rameters such as spin, coupling strength and the dimen- 
sionality of space. At this point we have not addressed 
such questions. The work described in this paper is of a 
preliminary nature, being concerned with kinematics and 
only the simplest approximations: the correspondence- 
theory limit and the naive long-wavelength limit. Even 
so, we believe that the results have some interest. 

First, we have shown that the classical theory that 
emerges in the correspondence-theory limit is associated 
with a flag manifold or one of its submanifolds. These 
manifolds are not, in general, symmetric spaces although 
they are homogeneous and can be analyzed by group 
theoretic methods. At least the preliminary features of 
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the semiclassical theory can be discerned in that it is pos- 
sible to identify dynamical variables and formulate a 
canonical quantization program. The problem of factor 
ordering, however, has been only partially resolved. To 
express interesting Hamiltonians as well-defined self- 
adjoint and group-invariant operators it will probably be 
necessary to obtain more general versions of the 
Holstein-Primakoff realization than we have found. Our 
version, discussed in Sec. VI, is able to realize only a lim- 
ited class of representations, those for which the weights 
are not degenerate. These representations are character- 
ized by a single quantum number, n,—n, in the case of 
SU(N +1). One of our motivations for going beyond 
SU(2) was to have a richer variety of quantum numbers 
on which interesting physical quantities might depend. 
This remains to be achieved. 

Second, we have shown that the long-wavelength prop- 
erties of the classical theory are described by generalized 
nonrelativistic @ models in which the fields take their 
values on a coset space G/H in which H includes the 
maximal torus. The Lagrangian is of first order in the 
time derivative but, depending on the nature of the 
ground-state ordering, it may be equivalent to a second- 
order theory. Such second-order systems resemble the 
relativistic @ models except that the space and time 
derivatives are coupled to independent tensors, k,, and 
Su» Tespectively. The flag manifold generally admits 
more than one invariant tensor of rank 2. This is to be 
contrasted with the homogeneous symmetric spaces, 
which admit only one: o models on symmetric spaces 
such as CP are inevitably relativistic. 

A question that calls for investigation is the long- 
wavelength behavior of the quantized theory. At present 
it is not clear whether the factor ordering ambiguities are 
significant in the continuum limit. If they are not, then it 
should be possible to set up renormalization-group equa- 
tions and search for fixed points. In particular, it would 
be interesting, in the case of second-order o models to see 
whether the tensors k,,, and g,,, evolve towards the rela- 
tivistic form, k wy OZ ays at the fixed point. This idea is 
pursued in a separate paper. 

Finally, for generalized spin systems in one space di- 
mension we have shown that the Haldane topological 
term emerges in the continuum limit of the antiferromag- 
netic chain. As in the the SU(2) case it appears that rep- 
resentations for which the contravariant weight com- 
ponents, A/, are odd integers are distinguished. They 
contribute an alternating sign to the path integrals. In 
higher than one space dimension, it should be interesting 
to examine the effect of the singular “hedghogs” on the 
phase structure of our generalized models, along the lines 
developed by Read and Sachdev."? This may shed some 
light on possible physical applications of the spin system 
studied in this paper. 


APPENDIX: THE REALIZATION OF SU(2) 


A generalization of the Holstein-Primakoff realization 
can be obtained by applying the method discussed in Sec. 
II. The structures here are sufficiently simple that all for- 
mulas can be exhibited in detail and so provide a useful il- 
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lustration of the method. In particular, we shall be able 
to see how the Holstein-Primakoff formulas emerge as a 
special case. 

Consider the (2s +1)-dimensional representation of 
SU(2) defined by 


J;\m)=|m)m , 
J4|m)=|m+1)V's ~m\(s +m +1), 
J_|m)=|m -1)V(s +m\s —m +1), 


where m =—s,—s+1,...,s and (mlm’)=86,,,,. The 
coherent states are defined by 


(Al) 


\6p)=LeglA)=e ee 3)a) (A2) 


where 0S 0<7, O0<p<27 and |A) is one of the eigen- 
states of J;. The expectation value of J is a three-vector 
of length |A|, 

( Og|J.|0p) =A sinde*'? 


(A3) 
(g|J3|Op) =A cos? . 


Applying the methods of Sec. II, computing the 
infinitesimal overlap of coherent states and expressing the 
transition amplitudes in path integral notation one ar- 
rives at the classical Lagrangian 

L =fi(cos0—1)0,9—H(6,9) , (A4) 


where (cos6—1)dg is the spin connection on the two 
sphere in polar coordinates. The canonical variables are 


g and 7=fid(cos@—1). 
In the quantized theory they are represented by operators 
subject to the commutation rule 
h 
[7, 7] = oy 
or, more precisely, since states should be represented by 


periodic functions of 9, 


e!?cosde!?=cosd— + : (A5) 


In the basis which diagonalizes the eigenstates of J, are 
represented by 
(glm)=eim? (A6) 


The canonical momentum can be represented by the 
differential operator 


a= —HWid, +A) (A7) 
which gives Acos6=—id,. With this choice one finds, 
using (A1) and (A6), 

J;=Acosé , 


F (A8) 
J 4. =e'?v'(s —AcosO)(s +A cosd+1) 


=V(s—Acosd+1)s +A cosd)e~!? . 


It is straightforward to verify that the operators (A8) 


ls 


satisfy the commutation rules of SU(2) as well as the con- 
straint 


AI ,I_+I_J4 +3} =s(s 41). (A9) 


It is clear from (A5) that the operators g and 6 become 
commutative in the limit |A|—+ 0. Also the large quan- 
tum number behavior of the operators (A8) approximates 
the classical formulas (A3). For example, under the as- 
sumptions 


s?—ASO(\A|) and |Alsin?@>>1 (A10) 
as s and |A| become large, one finds the expansion 
; ~,2— 
J, ~he'*sing 1+ sist) fi Acosé 
2A?sin?0 
2 
_1 |slstU)-V—-Acos6 |, 
8 Msin20 
(All) 


To recover the usual form of the Holstein-Primakoff 
realization define the operator 


o=e'°V(1—cos0)/2=V(1—1/A—cos0)/2e'? = (A12) 


and its Hermitian conjugate 4. The commutation rule 
becomes 


1 


ya he 
[6.9 ]= yi {A13) 
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